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Vehicle Full-State Estimation and Prediction
System Using State Observers

Ling-Yuan Hsu and Tsung-Lin Chen

Abstract—This paper presents a novel vehicle full-state esti-
mation and prediction system that employs a “full-state vehicle
model” together with lateral acceleration, longitudinal velocity,
and suspension displacement sensors to obtain the current and
future vehicle state information. The full-state vehicle model is
a vehicle model with 6 degrees of freedom (DOFs) and is de-
scribed by 20-state nonlinear differential equations. The proposed
approach differs from those in most of the existing literatures in
three aspects. First, the road angles and the nonlinear suspension
systems are incorporated into the vehicle modeling. Second, the
“switching observer scheme” is introduced to significantly reduce
the heavy work load that is required for the mathematical deriva-
tions. Finally, the full-state vehicle model is employed to predict
the vehicle dynamics at future times. The simulation results show
that the proposed system can accurately estimate and predict
the state values. The relative accuracy of the state estimation is
2.66% on average and 2.86% on average of the state prediction.
Furthermore, the proposed system can predict whether the vehicle
rollover will occur when a vehicle performs a quick turn on a
slope road.

Index Terms—Extended Kalman filtering (EKF), road angles,
rollover prediction, state estimation, state observers, state predic-
tion, switching computation scheme.

I. INTRODUCTION

MANY VEHICLE control systems use current and/or
future vehicle state information to improve vehicle sta-

bility. Current state information is used to calculate the control
input in real time [1], [2], whereas future state information is
used to determine the reference trajectory and the times when
these control actions should be in effect [3], [4]. The popularity
of these approaches highlights the importance of a vehicle state
estimation and prediction system that can obtain current and
future state information.

Many researchers use “state observer” techniques to obtain
current state values because these techniques can effectively
reduce the sensor usage [5], [6]. To accurately estimate the
state values, the mathematical model of the physical system
must be as precise as possible. However, this often leads to a
model with high-order nonlinear differential equations. Some
of the conventional nonlinear observer design methods, such as
the extended Kalman filtering (EKF), require information from
the Jacobian matrices of system equations and measurement
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equations at each sampling time [7]. To construct such an
observer for an n-state m-output nonlinear system, one needs
to derive (n × n + m × n) equations by hand. For large-scale
systems, this is impractical. For this reason, most of the ve-
hicle state estimation systems were developed from simplified
vehicle models [1], [5], [8], which means that a significant
portion of the vehicle dynamics was neglected. Although they
verified the feasibility of their approaches by experimental
results, without detailed discussions, the neglect of certain ve-
hicle dynamics may limit the observer design to certain vehicle
control applications.

In [9], the author proposed a novel switching computation
scheme that can numerically solve the differential equations.
With that method, a set of high-order differential equations
is first separated into two sets of low-order differential equa-
tions. These two sets of differential equations calculate the
state values in a way similar to the conventional alternative
direction implicit methods [10]. The state values calculated
by this method can fairly be close to those of the analytical
solutions, depending on the duration of the “switching time.”
This method can be extended to the nonlinear observer design
to greatly reduce the work required for the large amount of
equation derivations.

Many methods have been proposed to predict the vehicle
rollover, including time-to-rollover [11], rollover velocity [12],
genetic algorithm predictor [13], rollover index [14], etc. These
methods predict the vehicle rollover by using the current
vehicle state values accompanied with heuristic formulas or
oversimplified vehicle models. These methods may not be ap-
plicable to most cases because the vehicle rollover is a result of
multiple vehicle dynamics, vehicle maneuvering, road angles,
etc. All of these factors must simultaneously be examined for
reliable rollover predictions.

Many researches have shown that the road angles are crucial
to the vehicle attitude determination [15], [16]. However, they
are still ignored in most of the vehicle control systems. To
obtain the vehicle attitude without interference from the road
angles, two requirements must be met. First, the road angles
must be integrated into the vehicle model so that the model
can describe the vehicle behaviors on a slope road. Second,
the sensors deployed to measure the vehicle attitude must be
capable of excluding the road angles.

The aim of this paper is to construct a database that contains
the vehicle “full-state” information at the current and future
times for multiple vehicle control applications. The “full-state”
information refers to every state value where those states are
defined in the “full-state vehicle model.” The full-state vehicle
model, which was first proposed by [17], is a vehicle model
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Fig. 1. Four coordinate systems for vehicle modeling.

with 6 degrees of freedom (DOFs) in 3-D space. The vehicle
model used in this paper is similar to the model shown in [17]
but differs in road angles, suspension dynamics, and engine
dynamics. The proposed method in this paper consists of two
parts, i.e., the observer-based estimation system and the model-
based prediction system. The estimation system is developed
by using switching computation techniques. Not only does it
reduce the work load required for mathematical derivations but
also provides a convenient way of selecting suitable sensors.
The prediction system uses a full-state vehicle model and state
values from the estimation system to obtain state values at
future times, which presents solid evidences for the prediction
of the vehicle dynamics. At the end of this paper, the vehicle
rollover predictions are used as an example to demonstrate the
strength of this method.

The rest of this paper is organized as follows. Section II
introduces the four coordinate systems that are used for vehicle
modeling. The key features of the proposed full-state vehicle
model are discussed in Section III. In Section IV, the switching
observer scheme is introduced, followed by the design of the
vehicle full-state estimation and prediction system. Section V
discusses several system observability issues, and Section VI
shows the simulation results. Finally, Section VII concludes this
paper.

II. COORDINATE SYSTEMS AND EULER ANGLES

Two sets of Euler angles and four coordinate systems (see
Fig. 1) are used to construct the vehicle model. These four
coordinate systems are the global frame {g}, road frame {r},
body frame {b}, and auxiliary frame {a}. Similar to conven-
tional approaches, the global frame is fixed to a point on Earth,
whereas the body frame is fixed to the center of gravity (CG) of
the vehicle. In addition to the conventional approach, the road
frame is introduced to describe the vehicle dynamics on a slope
road. The relation between the road frame and the global frame
is described by the Euler angles (ψr, θr, φr), which are referred
to in this paper as the “road curve angle,” “road grade angle,”
and “road bank angle.” The relation between the road frame
and the body frame is described by another set of Euler angles
(ψ, θ, φ). These three angles can describe the vehicle attitude
relative to the road level and are referred to in this paper as the
“vehicle yaw angle,” “vehicle pitch angle,” and “vehicle roll

angle.” Since the road curve angle does not affect the vehicle
dynamics, it is assumed to be zero (ψr = 0) in this paper.

The auxiliary frame (aux-frame) is obtained by rotating the
z-axis of the road frame until the x-axis of the road frame is
aligned with the x-axis of the body frame. The aux-frame is
used because it can describe the vehicle translational motions
in an intuitive manner while preserving the information of other
vehicle dynamics relative to the road level. In the following
vehicle model, the vehicle translational motions are described
in the aux-frame, whereas the rotational motions are described
by the Euler angles (ψ, θ, φ).

III. VEHICLE MODEL

The construction of the full-state vehicle model can be di-
vided into three parts, i.e., sprung mass system, unsprung mass
system, and road angles. The sprung mass system describes
6 DOFs of the vehicle body. The unsprung mass system consists
of three subsystems, i.e., suspension, tire, and steering systems.

A. Dynamics of the Sprung Mass System

Similar to other research [18], the vehicle body is assumed
to be a rigid body. Using the Euler angles, the rotational motion
of the sprung mass can be described as

φ̈ = ψ̈ sin θ + ψ̇θ̇ cos θ + M̄x

θ̈ = − ψ̇φ̇ cos θ + M̄y cos φ − M̄z sin φ

ψ̈ = θ̇φ̇ sec θ + ψ̇θ̇ tan θ + M̄y sinφ sec θ

+ M̄z cos φ sec θ

M̄x =
Mx

Ix
− Iz − Iy

Ix
(θ̇ cos φ + ψ̇ cos θ sinφ)

· (−θ̇ sin φ + ψ̇ cos θ cos φ)

M̄y =
My

Iy
− Ix − Iz

Iy
(φ̇ − ψ̇ sin θ)

· (−θ̇ sin φ + ψ̇ cos θ cos φ)

M̄z =
Mz

Iz
− Iy − Ix

Iz
(φ̇ − ψ̇ sin θ)

· (θ̇ cos φ + ψ̇ cos θ sinφ) (1)

where Mx, My , and Mz are the external torques applied to the
CG of the vehicle along the three axes, and Ix, Iy, and Iz are
the moments of inertia of the sprung mass system along the
three axes.

As shown in Fig. 2, the Earth’s gravity is the only external
force acting on the vehicle body that is fixed to the global frame.
Therefore, the road angle effect can account for the gravita-
tional force presented in the aux-frame. The three components
of the gravitational force, which are represented in the aux-
frame (Ga

x, Ga
y , and Ga

z ), are

Ga
x = − g(− sin θr cos ψ + cos θr sinφr sinψ)

Ga
y = − g(sin θr sin ψ + cos θr sin φr cos ψ)

Ga
z = − g cos θr cos φr (2)

where the superscript a represents the physical quantity ob-
served in the aux-frame. Assuming that the angular rate and
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Fig. 2. Vehicles moving on a slope road. (a) Road curve angle ψr . (b) Road bank angle φr . (c) Road grade angle θr .

the angular acceleration along the z-axis are relatively small
(ψ̇2 ≈ 0, ψ̈ ≈ 0) and using the Newtonian method, the vehicle
translational dynamics, which is represented in the aux-frame,
can be written as

mtot(ẍa − ẏaψ̇) =
∑

F a
x,tire + mtotG

a
x

mtot(ÿa + ẋaψ̇) =
∑

F a
y,tire + mtotG

a
y

mtotz̈
a =

∑
F a

z,spring + mtotG
a
z (3)

where mtot is the mass of the vehicle; xa, ya, and za are the
translational displacements of the CG; and F a

x,tire, F a
y,tire, and

F a
z,spring are the net translational forces generated by the tires

and suspension systems.

B. Dynamics of the Unsprung Mass System

1) Suspension System: Without loss of generality, the sus-
pension system is modeled as a spring–mass–damper system.
Although most of the vehicle models assume a linear dynamics
for their suspension systems, this assumption is not applicable
to describe vehicle behaviors such as rollover and pitchover.
This is because these events are the results of tires lifting off
the ground on one end and suspensions reaching their com-
pression limits on the other end. The suspension on the liftoff
end generates a force to balance its own weight, whereas the
force generated by the other end gradually saturates. For these
reasons, a nonlinear spring is used in the suspension system to
handle these extreme cases. This leads to the following:

Ki =C1e
C2(Ha

i −C3) (i = 1−4)

Ha
i =

{
Ha

i , for Ha
i > −mu,ig/Ki

−mu,ig/Ki, for Ha
i ≤ −mu,ig/Ki

(4)

where Ki represents the spring stiffness of the suspension
corner i, and C1, C2, and C3 parameterize the stiffness; Ha

i

represents the displacement of the suspension corner i; mu,i

represents the unsprung mass of the suspension corner i; and
the subscript i refers to the four suspension corners in a way:
1 → front left, 2 to 4 in a clockwise motion. When all four tires
are on the ground, the suspension displacement is related to the
vehicle attitude and the translational motion in the z-direction.
These relations can be written as

Ha
1 = − za + lf sin θ − tf cos θ sin φ

Ha
2 = − za + lf sin θ + tf cos θ sin φ

Ha
3 = − za − lr sin θ + tr cos θ sinφ

Ha
4 = − za − lr sin θ − tr cos θ sinφ

where lf and lr are the distances from the CG to the front
and rear axes, respectively, and tf and tr are one-half of
the distances of the front and rear tracks, respectively. The
suspension dynamics, which is represented in the aux-frame,
can then be obtained as

F a
z,spring,i =KiH

a
i + DḢa

i + mu,ig (i = 1−4)

Ḣa
1 = − ża + lf θ̇ cos θ

+ tf (θ̇ sin θ sin φ − φ̇ cos θ cos φ)
Ḣa

2 = − ża + lf θ̇ cos θ

− tf (θ̇ sin θ sin φ − φ̇ cos θ cos φ)
Ḣa

3 = − ża − lr θ̇ cos θ

− tr(θ̇ sin θ sinφ − φ̇ cos θ cos φ)
Ḣa

4 = − ża − lr θ̇ cos θ

+ tr(θ̇ sin θ sinφ − φ̇ cos θ cos φ) (5)

where D is the damper coefficient. Note that the suspension
displacements (Ha

1−4) are redundant state variables when the
tires are on the ground and independent state variables when
the tires are off the ground. This suspension model is one of the
major differences from the model proposed in [17].

2) Tire System: Using (6), one can link together the tire
angular rate, powertrain system, braking system, and adhesive
forces as

Iω,iω̇
a
i = −re,iFa,i − Tb,i + Tm,i, (i = 1−4) (6)

where ωi is the angular rate of the tire i, Fa,i is the longitudinal
adhesive force generated by the tire i, Tb,i is the braking torque
applied to the tire i, Tm,i is the traction torque transmitted to the
tire i, Iω,i is the moment of inertia of the tire i, and re,i is the
effective rolling radius of the tire i. The adhesive forces are ob-
tained from Pacejka’s magic formula [19], [20], and the associ-
ated parameters in the magic formula are excerpted from Feng’s
dissertation [21]. According to the magic formula, the adhesive
force varies with the vertical load on each tire in real time.

3) Steering System: The Ackerman steering principle is ap-
plied to ensure the smooth cornering of the vehicles. This is
done by specifying the angular relations between the steering
wheel angle, inner tire angle, and outer tire angle [22]. Once
these angles are specified, the adhesive forces in the longi-
tudinal and lateral directions can be obtained. These output
forces are then fed into (3) to calculate the vehicle translational
motions.

From (1)–(6), one can obtain a 20-state vehicle model
that can simulate the highly nonlinear vehicle behaviors on a
slope road.
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Fig. 3. Schematic of the switching observer scheme. One observer estimates while the other is held static during a switching cycle. They switch their roles of
estimating the state values in the next cycle.

IV. FULL-STATE ESTIMATION AND PREDICTION SYSTEM

A. Vehicle Full-State Estimation System

The vehicle full-state information is obtained by using the
state observer techniques. As discussed before, using the con-
ventional EKF to construct an observer for this 20-state nonlin-
ear system, one must derive 400 partial derivative terms (20 ×
20 = 400). Moreover, one must derive at least 20 derivative
terms to determine the feasibility of a sensor candidate. It is
extremely difficult to do so. The switching observer scheme
[9] is used to reduce the intensive mathematical derivations in
the observer construction and to suggest suitable sensors. In
that case, one can then design two individual observers under
the switching computation scheme. Each observer requires
100 partial derivative terms, which is much less than the deriv-
ative terms required for the conventional EKF.

B. Switching Observer Scheme

According to the switching computation scheme shown in
[9], one set of high-order nonlinear differential equations can
be separated into two sets of low-order differential equations.
This leads to

ẋ = f(x) →
{

ẋ1 = f1(x1, x̄2)
ẋ2 = f2(x̄1, x2)

(7)

where x is the state vector of the original high-order differential
equation f(·); x1 and x2 are the state vectors of two low-order
differential equations [f1(·) and f2(·)], respectively; and (̄ )
denotes the constant values of that state within a switching
cycle. If the above high-order differential equations represent
the dynamics of a physical system, one can estimate its state
values by designing two individual observers for each set of
low-order differential equations

˙̂x1 = f1(x̂1, ¯̂x2) + L1(y1 − ŷ1)
ŷ1 = h1(x̂1, ¯̂x2)
˙̂x2 = f2(¯̂x1, x̂2) + L2(y2 − ŷ2)
ŷ2 = h2(¯̂x1, x̂2) (8)

where (̂ ) denotes the estimated state value, y1 and y2 represent
the sensor measurements, and L1 and L2 are the observer gains.

These two observers are operated in a switching computation
manner, which means that, in each switching cycle, one ob-
server estimates the state values while the other observer is held
static. They switch their roles in the next cycle. A diagram of
the switching observer scheme is shown in Fig. 3.

C. Vehicle Roll Model and Vehicle Yaw Model

Following the preceding discussion, this 20-state vehicle
model is separated into two ten-state submodels, which are
referred to as the “vehicle yaw model” and “vehicle roll model”
in this paper.

Vehicle yaw model

ψ̈ = θ̇φ̇ sec θ + ψ̇θ̇ tan θ + M̄y sin φ sec θ + M̄z cos φ sec θ

ẍa = ẏaψ̇ +
∑

F a
x,tire/mtot + Ga

x

ÿa = − ẋaψ̇ +
∑

F a
y,tire/mtot + Ga

y

ω̇a
i = (−re,iFa,i − Tb,i + Tm,i)/Iω,i. (9)

Vehicle roll model:

φ̈ = ψ̈ sin θ + ψ̇θ̇ cos θ + M̄x

θ̈ = − ψ̇φ̇ cos θ + M̄y cos φ − M̄z sin φ

z̈a =
∑

F a
z,spring/mtot + Ga

z

Ḣa
1 = − ża + lf θ̇ cos θ + tf (θ̇ sin θ sinφ − φ̇ cos θ cos φ)

Ḣa
2 = − ża + lf θ̇ cos θ − tf (θ̇ sin θ sinφ − φ̇ cos θ cos φ)

Ḣa
3 = − ża − lr θ̇ cos θ − tr(θ̇ sin θ sin φ − φ̇ cos θ cos φ)

Ḣa
4 = − ża − lr θ̇ cos θ + tr(θ̇ sin θ sin φ − φ̇ cos θ cos φ).

(10)

Note that this is not the only way of splitting a vehicle sys-
tem. From the stability analysis of the switching computation
scheme, the system (states) splitting can differently be done as
long as it satisfies certain stability constraints [9].

D. Sensor Selections

The lateral acceleration is crucial to vehicle roll dynamics.
Therefore, the states that constitute the lateral acceleration must
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TABLE I
THREE LARGEST EIGENVALUES AND THEIR ASSOCIATED

EIGENVECTOR OF THE OBSERVABILITY GRAMMIAN MATRIX

WHEN THE OUTPUT IS LATERAL ACCELERATION

accurately be estimated to ensure the accuracy of dynamics
prediction. Since those states are listed in the vehicle yaw
model, we use the lateral acceleration as the output of the
vehicle yaw model and examine the resulting observability
grammian matrix to reveal the states that are strongly corre-
lated to the lateral acceleration. Furthermore, since the lateral
acceleration cannot uniquely be measured, the output of a
lateral accelerometer attached to the vehicle CG [see ÿg

m in
(11)] is utilized instead. The observability grammian matrix is
calculated with the linearized yaw model for simplicity. The
three largest eigenvalues of the observability grammian matrix
and their corresponding eigenvectors are listed in Table I.

Because the first two eigenvalues are much larger than
the third eigenvalue, two predominant state combinations are
quickly observed. The first two eigenvectors indicate that these
state combinations consist of longitudinal velocity (ẋa), lateral
velocity (ẏa), and vehicle yaw rate (ψ̇). Furthermore, the third
eigenvalue and its corresponding eigenvector indicate that the
observability of the longitudinal velocity is quite low. There-
fore, to accurately estimate these three states, one more sensor
is needed. Here, we choose the longitudinal velocity sensor
(ẋa

m) as the second sensor. The measurement equations Y1

used in the observer algorithms of the vehicle yaw model are
listed as

Y1 =

⎡
⎢⎣

(
ẍa−ẏaψ̇+Ga

x

)
sin φ sin θ+

(
ÿa+ẋaψ̇ + Ga

y

)
cos φ

+ (z̈a + Ga
z) sin φ cos θ

ẋa

⎤
⎥⎦

=
[

ÿg
m

ẋa
m

]
. (11)

When taking the road angles into consideration, the preferred
sensors are those that can measure the vehicle dynamics relative
to the road level. For this reason, the suspension displacement
sensors are chosen to work with the observer of the vehicle roll
model. As discussed before, the suspension displacement Ha

i is
either a redundant or independent state depending on whether
the tire i is on the ground. Therefore, to accurately estimate
all the system states under all situations, we duplicate the mea-
surement equations shown in (12) for the observer algorithms.
The duplicated measurement equations share the same values
from the corresponding sensor measurements Ha

i,m. Once a

tire is identified to be off the ground, its duplicated equation
is removed as it is no longer valid. For example, if the first
tire is lifted off the ground, the fifth equation is removed. The
measurement equations Y2 used in the observer algorithms of
the vehicle roll model are shown as

Y2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ha
1

Ha
2

Ha
3

Ha
4

−za + lf sin θ − tf cos θ sin φ
−za + lf sin θ + tf cos θ sin φ
−za − lr sin θ + tr cos θ sinφ
−za − lr sin θ − tr cos θ sinφ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ha
1,m

Ha
2,m

Ha
3,m

Ha
4,m

Ha
1,m

Ha
2,m

Ha
3,m

Ha
4,m

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (12)

The observer algorithms are chosen to be the EKF because
it is simple and effective in the reduction of the sensor noise.
Although the EKF has been questioned for its capability of
state convergence [7], in that case, one can use an iterative
Kalman filter (IKF) to obtain both noise reduction and state
convergence. There are several issues of this switching observer
scheme, such as state estimation accuracy and system observ-
ability. Some of them have theoretically been proven. However,
these discussions are beyond the scope of this paper and thus
are omitted.

E. Vehicle Full-State Prediction System

From a system observability viewpoint [23], if both the
governing equations of a dynamic system and the state values
at an instant in time are given, the state values at any instant
in time can accordingly be calculated. Stemming from this
concept, one can predict the vehicle dynamics by using a full-
state vehicle model and the current state values obtained from
the state estimation system.

F. Block Diagram of the System

Fig. 4 shows a block diagram of the proposed vehicle full-
state estimation and prediction systems. The road angles are
assumed to be known in this paper. This information and the
driver maneuvers, such as steering wheel angle, braking force,
and tracking force, are treated as the inputs to the vehicle
system and fed into the observer algorithms. The sensor mea-
surements from the three types of sensors (lateral acceleration
sensors, longitudinal velocity sensors, and suspension displace-
ment sensors) are fed into the respective observer as well.
The switching observer then estimates the state values of the
vehicle system in real time. Using these current state values,
the prediction system calculates the state values for the next
few seconds. In the application of vehicle rollover predictions,
the vehicle roll angle at future times can indicate if a rollover
incident is likely to occur.

V. SYSTEM OBSERVABILITY ANALYSIS

The success of state estimation depends on the observability
of the system. The local observability of a nonlinear system
is determined by the rank of the observability matrix, which
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Fig. 4. Block diagram of the vehicle full-state estimation and prediction system.

Fig. 5. Case I: The vehicle does not roll over. The estimation system can accurately estimate most of the state values from 0 to 6.5 s. The prediction system
can accurately predict most of the vehicle dynamics from 6.5 to 8 s. The estimation and prediction system fails to obtain the state values for the longitudinal
displacement xa, lateral displacement ya, and vehicle yaw angle ψ.
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Fig. 6. Case II: Vehicle rollover occurs. The prediction system makes the prediction at the 6.5-s mark and successfully predicts rollover. The estimation and
prediction system can accurately obtain most of the state values with the exception of the longitudinal displacement xa, lateral displacement ya, and vehicle yaw
angle ψ.

is comprised of the gradient of the measurement equations
and their derivatives (13) [24]. With the switching observer
design, we discuss the observability of the system by separately
examining the observability of the vehicle yaw model and the
vehicle roll model as

Wo = ∇ [ Y Ẏ Ÿ · · · ]T (13)

where the Y ’s are the measurement equations of a system.

A. Observability of the Vehicle Yaw Model

Before examining the rank of the observability matrix of the
vehicle yaw model, we first check the partial derivatives of the
measurement equations [Y1 in (11)] and their derivatives with
respect to the states of the longitudinal displacement (xa) and
lateral displacement (ya) as

∂

∂xa

⎡
⎢⎢⎣

Y1

Ẏ1
...

Y
(n)
1

⎤
⎥⎥⎦ =

∂

∂ya

⎡
⎢⎢⎣

Y1

Ẏ1
...

Y
(n)
1

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0
0
...
0

⎤
⎥⎥⎦ . (14)

Equation (14) reveals that the associated partial derivatives are
always zeros, and thus, the longitudinal and lateral displace-
ments are globally unobservable. This result can be understood

by the fact that the displacement information cannot be obtained
by neither acceleration sensors nor velocity sensors.

Furthermore, the partial derivatives with respect to the vehi-
cle yaw angle (ψ) are also calculated as

∂

∂ψ

⎡
⎢⎢⎣

Y1

Ẏ1
...

Y
(n)
1

⎤
⎥⎥⎦ =

∂

∂ψ

⎡
⎢⎢⎢⎢⎣

2Ga
x sinφ sin θ + 2Ga

y cos φ
0

1
dt

(
2Ga

x sinφ sin θ + 2Ga
y cos φ

)
Ga

x
...

⎤
⎥⎥⎥⎥⎦ .

(15)

Since Ga
x and Ga

y are functions of θr and φr, the elements in
(15) are only zeros when θr = φr = 0 for the entire trajectory.
In that case, the vehicle is moving on a level road, and the ve-
hicle yaw angle cannot be observed from these sensor outputs.

The rank of the observability matrix of the vehicle yaw model
is difficult to calculate by hand due to the large amount of
mathematical derivations required. In this case, a trajectory of
the vehicle states is used to numerically calculate the observ-
ability matrix and its rank. The simulation results show that the
rank of the observability matrix is seven when the vehicle is
moving on a level road and eight when the vehicle is moving
on a slope road. According to (14) and (15), these unobservable
states are either (xa, ya) or (xa, ya, ψ), depending on the road
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Fig. 7. Case III: Vehicle rollover occurs. The prediction system makes the prediction at the 5-s mark and fails to predict rollover.

angles. Furthermore, since the elements in (14) and (15) are all
zeros, the rest of the states in the vehicle yaw model must all
be observable. Thus, it is possible to choose a suitable observer
algorithm to correctly estimate these state values.

B. Observability of the Vehicle Roll Model

For simplicity, we check the observability of the vehicle roll
model by only using the measurement equations and their first
derivatives, which leads to

Wo2 ≡ ∇
[

Y2

Ẏ2

]
=

[
04×6 I4×4

A12×6 012×4

]
16×10

(16)

where I is the identity matrix. One can show that the lower-
left matrix A can provide six independent columns, except
when θ = 90◦. Thus, all the states in the vehicle roll model
can be observed except when the vehicle pitch angle is at 90◦.
Furthermore, the derivation also indicates that the rank of the
observability matrix can still be ten when two of the dupli-
cated measurement equations in (12) and their derivatives are
removed from the observability matrix. This finding suggests
that two of the duplicated measurement equations in (12) are
redundant for state estimation. However, since it is impossible
to know in advance which tire would lift off, all four duplicated
measurement equations are used.

C. Tire Liftoff and Stability of State Estimation

Because the measurement equations in Y2 are excessive, and
because the values of Y2 (sensor measurements) are contami-
nated by noise, the number of local minimums in the estimation
process increases. Thus, the nonlinear observer algorithms are
likely to converge to wrong values when the vehicle dynamics
rapidly change, such as when the tires are lifted off the ground.
This problem can skillfully be avoided by removing the dupli-
cated measurement equations in Y2 prior to the tire liftoff. In the
following simulations, the duplicated measurement equation is
removed from Y2 when the corresponding suspension defor-
mation reaches 85% of its maximum extension. This approach
greatly increases the stability of state estimation for unstable
vehicle behaviors, such as rollover and pitchover. However,
more work is required to investigate this issue.

VI. ILLUSTRATIVE SIMULATIONS

The following simulations are meant to validate the feasibil-
ity of the proposed vehicle full-state estimation and prediction
method. In these simulations, the vehicle moves at a longitu-
dinal speed of 90 km/h and then makes a left-hand turn at the
fourth second. This turn is initiated by a change in the steering
wheel angle from the fourth to fifth second. The steering wheel
is held at this angle from the fifth to eight second and then
switched back from the eight to the ninth second. From 0 to
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Fig. 8. Case IV: Vehicle rollover occurs due to a road bank angle of −20◦. The prediction system makes the prediction at 6.5 s and successfully predicts
rollover. The estimation and prediction system can accurately obtain most of the state values with the exception of the longitudinal displacement xa and lateral
displacement ya.

6.5 s, the estimated state values are obtained from the switching
observers with measurements from three types of sensors. From
the 6.5-s mark to the end of the simulation, the estimated state
values are obtained from the full-state vehicle model with its
initial state values from the output of the switching observer at
the 6.5-s mark. Therefore, the estimated state values after the
6.5-s mark can be treated as the output of the prediction system
at 6.5 s. Since the steering wheel angle remains unchanged from
6.5 to 8 s, the output of the full-state model should be identical
to the output of the prediction system if the prediction system
properly functions.

To use EKF for the state estimation, one needs to provide
the covariance matrices for the sensor and modeling noises [7].
Without loss of generality, the noise that is associated with
each sensor is assumed to be white, independent, and with
a standard deviation of 0.01; this leads to a diagonal matrix
for the covariance matrix of the sensor noises. The fictitious
modeling noise is chosen to have the same properties as the
sensor noise for simplicity. Therefore, its covariance matrix
is the same as that of the sensor noise except it is scaled
by the “sampling time” of the system. The simulation results
are shown in Figs. 5–10. The state values from the full-state
vehicle model are shown as dashed blue lines and represent
the real vehicle dynamics. The state values from the proposed
estimation system (from 0 to 6.5 s) and prediction system (from

6.5 s on) are shown as solid green lines. Both the sampling time
of the overall system and the switching time of the switching
observers are set at 10−3 s.

Case I shows a vehicle performing a slow turn on a level road.
The steering wheel angle changes 180◦ within 1 s; this roughly
corresponds to a 10◦ change in the tire angles. As shown in
Fig. 5, the vehicle roll angle does not diverge to the applied dis-
turbance when making the turn from the fourth to the fifth sec-
ond, which means that the vehicle does not rollover as the roll
angle is attained within the bound limits. The estimation system
can accurately observe most of the vehicle dynamics, and the
prediction system can successfully predict most of the vehicle
dynamics from 6.5 to the eighth second. The prediction system
fails after the eighth second because it is not aware of the
change in the steering wheel angle on the eight second. Note
that, at the eight second, the prediction system is employing the
full-state vehicle model, and the states diverge because no cor-
rection action is applied when it is subjected to the system
disturbance, such as moving the steering wheel back to center
alignment, i.e., 0◦. As expected, the estimation system cannot
correctly estimate the longitudinal displacement, lateral dis-
placement, and vehicle yaw angle. Thus, the prediction system
fails for these states. The relative accuracy (≡ (estimated
value − real value)/(real value) [25]) of the state estimation is
2.66% on average and 2.86% on average of the state prediction.
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Fig. 9. Case V: The vehicle model does not include road angles. Both the estimation and prediction systems fail to obtain the correct state values.

Case II shows a vehicle performing a quick turn on a level
road. The steering wheel angle changes 360◦ within 1 s; this
roughly corresponds to a 20◦ change in the tire angles. As
shown in Fig. 6, the vehicle roll angle diverges, and vehicle
rollover occurs. The estimation system can accurately observe
most of the vehicle dynamics, and the prediction system can
successfully predict the vehicle rollover. Again, the estimations
of the longitudinal displacement, lateral displacement, and ve-
hicle yaw angle are erroneous. The relative accuracy of the state
estimation is 2.24% on average and 2.78% on average of the
state prediction.

Case III shows a vehicle performing a quick turn on a level
road while the prediction system predicts the vehicle dynamics
with the state values from the output of estimation system on
the fifth second. The only difference between Cases II and III
is the time when the system makes the prediction. As shown in
Fig. 7, the estimation system can observe most of the vehicle
dynamics, whereas the prediction system cannot precisely pre-
dict the vehicle rollover. This result will be discussed in detail
in the next section.

Case IV shows a vehicle performing a slow turn on a road
with a bank angle (φr) of −20◦. The only difference between
Cases I and IV is the road bank angle. As shown in Fig. 8,
vehicle rollover occurs, and both the vehicle estimation and pre-
diction systems work well. Furthermore, due to the road bank

angle, the vehicle yaw angle can correctly be estimated and thus
predicted. The relative accuracy of the state estimation is 1.84%
on average and 2.07% on average of the state prediction.

Case V shows a vehicle performing a slow turn on a road
with a bank angle (φr) of −20◦, whereas the vehicle state
estimation and prediction system excludes the road angles in
vehicle modeling. As shown in Fig. 9, neither the estimation
system nor the prediction system can obtain the correct vehicle
state values. These simulation results show the importance of
incorporating the road angles in vehicle modeling.

Case VI shows a vehicle performing a quick turn on a
level road with the duplicated measurement equation in Y2 not
removed prior to the tire lift off. In this case, the sensors are
on at all times, and the line in solid green is the output of the
estimation system. As shown in Fig. 10, the state estimation is
erroneous when two tires are off the ground at 5.5 s. This simu-
lation result agrees well with the discussion shown in Section V.

A. Discussion

In this vehicle dynamics estimation system, the three unob-
servable states are the longitudinal displacement, lateral dis-
placement, and vehicle yaw angle. Therefore, their estimated
values are obtained by the integral action over their respective
velocity state values. Figs. 5–10 show a deviation between
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Fig. 10. Case VI: The duplicated measurement equation of suspension displacement in the observer algorithm is not removed prior to tire liftoff. The estimation
system fails to obtain the correct state values.

the estimated and correct values for those unobservable states.
This deviation can be attributed to the following two sources:
1) unknown initial conditions of those states and 2) estimation
errors of their respective velocities. Therefore, although one can
reset the vehicle system and obtain correct initial conditions for
those unobservable states, the errors of those states could still
be large when their velocity state values do not converge to the
correct values soon enough.

As can be seen by comparing Figs. 6 and 7, the prediction
system can predict the future vehicle dynamics when the state
values are obtained from the output of the estimation system
at the 6.5-s mark (see Fig. 6). However, it fails when the state
values are obtained at the 5-s mark (see Fig. 7). According to
the simulation results, the error norm (the deviation between
the estimated state values and the state values of the full-state
vehicle model) is 0.1261 at 6.5 s and is 0.1843 at the 5-s
mark. Since the vehicle rollover is an unstable behavior, and
the model-based prediction system is an “open loop” system,
a small error in the estimated state values would gradually
diverge with time in the prediction system. This explains the
different prediction outcomes in the above two cases and thus
emphasizes the importance of an accurate state estimation when
trying to predict the unstable dynamics. Unfortunately, in the
simulation results of the rollover cases (unstable dynamics), the
slow divergence between the predicted state values and the real

dynamics cannot clearly be shown in the plots. This is because
the prediction algorithms got turned off at 8 s due to numerical
problems, and the scale of those plots is unable to show small
numbers. However, this divergence phenomenon can still be
expected from the simulation results that the relative accuracy
of the model-based prediction system is always larger than that
of the observer-based estimation system, as discussed in each
simulation case.

This paper discusses the importance of the road angle effects
and assumes that the road angles can be obtained beforehand.
Since it is not practical to make such assumptions, the sensors
and/or algorithms that can obtain this information are imper-
ative. Equations (2)–(4) show that the road angles do appear
in the vehicle model in the aux-frame and that the proposed
suspension displacement sensor can measure the state values
in the aux-frame. Therefore, it is possible to use suspension
displacement sensors and estimation algorithms to obtain the
road angles. Because this additional algorithm is beyond the
scope of this paper, the related discussions are omitted here.

VII. CONCLUSION

In this paper, a vehicle full-state estimation and prediction
system has been developed and verified by simulation results.
The full-state estimation system is established by using the
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switching observer technique along with three types of sen-
sors (lateral acceleration sensor, longitudinal velocity sensor,
and suspension displacement sensor). The switching observer
technique reduces the amount of mathematical derivations by
half. The proposed estimation system can accurately estimate
most of the vehicle state values, with the exception of the lon-
gitudinal displacement, lateral displacement, and vehicle yaw
angle. Furthermore, the success of vehicle yaw angle estimation
depends on whether the vehicle is moving on a level road or a
slope road. The full-state prediction system uses the full-state
vehicle model and the state values from the estimation system to
predict the vehicle dynamics in the future. To accurately predict
some instability vehicle behaviors, the estimated state values
must be as accurate as possible. The proposed state estimation
and prediction system achieves a relative accuracy of 2.66% on
average of the state estimation and 2.86% on average of the
state prediction.

According to this paper, reliable vehicle rollover predictions
require the following: 1) the inclusion of road angles in the
vehicle model; 2) sensors that are capable of differentiating
road angles from vehicle attitude; 3) a suspension model that
is capable of describing the nonlinear vehicle behaviors; and
4) sensors and an estimation system that are capable of obtain-
ing correct state values for situations when the tires are both on
the ground and off the ground.
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