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Abstract. A graph G is hamiltonian connected if there exists a hamiltonian path joining any
two distinct nodes of G. Two hamiltonian paths Py = (uy, ua, ..., uv(G)> and P, = (vi,vo,...,
vV(G)> of G from u to v are independent if u = u; = vi, v = uy(G) = Vy(g), and u; # v; for
every 1 <i <V(G). A set of hamiltonian paths, {Py, P»,..., P}, of G from u to v are mutually
independent if any two different hamiltonian paths are independent from u to v. A graph is k
mutually independent hamiltonian connected if for any two distinct nodes u and v, there are k
mutually independent hamiltonian paths from u to v. The mutually independent hamiltonian
connectivity of a graph G, IHP(G), is the maximum integer k such that G is k mutually inde-
pendent hamiltonian connected. Let n and k be any two distinct positive integers with n —k > 2.
We use S, & to denote the (n, k)-star graph. In this paper, we prove that IHP(S, ;) = n—2 ex-
cept for S4 5 such that IHP(S; 5) = 1.
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1. Introduction

For notations of graph theory, we refer to [2]. A (vi, v )-path P is a sequence of adja-

cent nodes from vy to v, written as (v, vo,..., vk), in which the nodes vy, v, ..., v
are distinct. We use P~! to denote the path (v, vi_1,..., v;) and we use P(i) to de-
note the i-th node v; of P. We also write the path (vi,va,..., Vi, Q,Vj, Vjt1,..-, Vi)

where Q is a (v;, v;)-path. A path of a graph G is hamiltonian if it contains all nodes
of G. A graph G is hamiltonian connected if, for any two distinct nodes of G, there

* Corresponding author.
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is a hamiltonian path of G between them. A hamiltonian cycle of G is a cycle that
contains all nodes of G. A graph is hamiltonian if it has a hamiltonian cycle.

We say two hamiltonian paths P; = <u = Ui, U2, Uy(G) = v> and P, = <u =
VI, V25 Wy(G) = v> of G from u to v are independent if u; # v; for every 1 <i <
V(G). A set of hamiltonian paths, {Py, Ps,..., P}, of G from u to v is mutually
independent if any two different hamiltonian paths are independent from u to v, and
we say there are k mutually independent hamiltonian paths from u to v at the same
time.

A graph is k mutually independent hamiltonian connected if, for any two distinct
nodes u and v, there are kK mutually independent hamiltonian paths from u to v. More-
over, the mutually independent hamiltonian connectivity of a graph G, IHP(G), is the
maximum integer k such that G is k mutually independent hamiltonian connected if
G is hamiltonian connected, and O otherwise. Some results on mutually independent
hamiltonian paths have been introduced by Lin et al. in [10], Sun et al. in [12], and
Teng et al. in [13].

The concept of mutually independent hamiltonian paths arises from the following
application. If there are k pieces of data needed to be sent from u to v, and the
data need to be processed at every node (and the process takes time), then we want
mutually independent hamiltonian paths from u to v so that there will be no waiting
time at a processor.

Assume that G is a graph with at least three nodes. Suppose that # and v are
adjacent in G. Let P = (u=vi,v2,..., v =v) be any hamiltonian path of G
from u to v. Since V(G) > 3, vo # v, then there are at most dg(u) — 1 mutually
independent hamiltonian paths in G from u to v. Hence, IHP(G) < 8(G) — 1 where
4(G) = min{dg(x) | x € V}.

An interconnection network connects the processors of parallel computers. Its ar-
chitecture can be represented as a graph, in which the nodes correspond to processors
and the edges correspond to connections. Hence, we use graphs and networks inter-
changeably. There are many mutually conflicting requirements in designing the topol-
ogy for interconnection networks. Thus, many families of interconnection networks
are proposed [1,4, 8, 11]. In particular, the (n, k)-star graph, S, , which proposed by
Chiang and Chen [4] has been recognized as an attractive interconnection network.
For this reason, many properties of the (n, k)-star graphs are studied [3,5-7,9, 10].

In this paper, we prove that /HP (Snﬁk) =n—2forany n —k > 2 except for S4 2,
and IHP(S42) = 1. In the following section, we give the definition and some prop-
erties of S, x. In Section 3, we prove our main result. The conclusion is given in
Section 4.

2. Preliminary

Assume that n and k are two positive integers with n > k. We use (n) to denote
the set {1,2,...,n}. The (n, k)-star graph, S, , is a graph with node set V (S, x) =
{wruz---uy | u;j € (n) and u; # u; fori # j}. Adjacency is defined as follows: A node
uiuy - - - u; - - - ug is adjacent to (1) the node u;uous - - - uj—yujuiy 1 - - -ug , where 2 <i <k
(i.e., swap u; with u;), and (2) the node xupus - - -ux where x € (n) — {u; | 1 <i <k}.
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The edges of type (1) are referred to i-edge and the edges of type (2) are referred to
as l-edges.

By definition, S, x is an (n — 1)-regular graph with n!/(n — k)! nodes. Moreover,
it is node transitive [4]. We use boldface to denote nodes in S, x. Let u = ujuy---uy
be any node of S, . We say that u; is the i-th coordinate of u, denoted by (u);, for
1 <i < k. By the definition of S, x, there is exactly one neighbor v of u such that u
and v are adjacent through an i-edge with 2 < i < k. For this reason, we use (u)’ to

denote the unique i-neighbor of u for 2 <i < k. Obviously, ((u)i )l =u. For1 <i<n,

let S{i} denote the subgraph of S, ; induced by those nodes u with (u); = i. In [4],
n,k grap , y
}

it was shown that S, ; can be decomposed into n subgraphs S,Efk, 1 <i<n, such

that each subgraph S,{,li is isomorphic to S, x—i. Thus, the (n, k)-star graph can be

constructed recursively. Obviously, u € Si(;:)k}. Let I C (n). We use Sfl « to denote
the subgraphs of S, x induced by those nodes u with (u), € I. For 1 <i<n and

1 < j<nwithi# j, we use E:, k to denote the set of edges between S,{,li and Sij g
The (n, k)-star graphs S3.1, S4.1, S4,2, and Ss » are shown in Figure 1.

1 1 4

2 3 2 3
SB,I S4‘|
a
{4}
st S5
31 41 14 24
o1 51 . 54 34
SS,Z
15 45
o) 25 35 5
S5 S55
12 52 53 43
42 32 23 13
Sis a Ss2 b

Figure 1: Some examples of the (n, k)-star graphs: 83,1, 84,1, S4,2, and S5 5.

Lemma 2.1. ([4]) Fork > 2,

iJ
En,k

=n=-2)!/(n—k).
Since S,,1 is isomorphic to the complete graph K, with n nodes, we have the

following result.

Lemma 2.2. Forn >3, S, 1 — F is hamiltonian connected if F C V (S, 1) with |F| <
n—2.
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Theorem 2.3. ([6]) Let n and k be any two positive integers with n — k > 2, and let
F CV(Suk)UE(Sy k). Then S, i —F is hamiltonian connected if |F| < n—4 and
Sn.k — F is hamiltonian if |F| < n—3.

Lemma 2.4. Let n and k be any two integers with k > 2 and n —k > 2. Let u be
any node of S, i, and let i be any positive integer with 1 <i < n. Then there is a
hamiltonian path P of Sy x — {u} joining a node X to a node y where (x)1 = (u); and
(y)1 =i

Proof. By Theorem 2.3 and Lemma 2.2, this statement holds for n > 5 and k = 1.
Therefore, we only need to check the case of n =4 and k = 2. Since S4 > is node
transitive, we assume that u = 14. Note that (u), = 4. We list all of the desired x, y,
and hamiltonian paths of S4 » — {u = 14} for each 1 <i <4 in Table 1. Hence, this
statement is proved. |

Table 1: The desired hamiltonian paths for S4 » — {14} of Lemma 2.4.
{i=1} | (x=41,21,31, 13, 23,43,34,24, 42,32, 12 = y)
{i=2} | (x=41,21,31, 13,43,34,24 42, 12,32,23 — y)
{i=3} | (x=41,21,31,13,23,43,34,24,42, 12,32 = y)
{i=4} (x_41,21,31,13,23,32,12,42,24,34,43_ y)

Lemma 2.5. Let n and k be any two integers withn > 5, k > 2, and n —k > 2. Let
u and v be any two distinct nodes of S, r with (w); = (v); for every 2 <t <k, and
let i and j be two integers in (n) with i < j. Then there is a hamiltonian path P of
Sn.k —{w, v} joining a node X to a node y with (x); =i and (y)| = j.

Proof. Without loss of generality, we assume that (u); = 1, (v); =2, and (u), =
(V)i =n—k+t forevery 2 <t <k. Since i < j, i #n, and j # 1. We have the
following cases:

Case 1. n=>5and k =2. Since (u); =1, (v); =2, and (u)2 = (v)2 = 5, we have
u =15 and v = 25. We list all of the desired hamiltonian paths of S5 — {u, v} for
all possible 1 <i < j <5 in Table 2.

Case 2. n=35and k =3. Since (u); =1, (v); =2, and (u), = (v); =1+ 2 for every
2<t<3,wehaveu=145and v=245. Letx; = 135, xp =235, x3 = 325, x4 = 425,
and po = 345. Depending on the value i, we set x and R as

135,315,415, 215, 125,425, 325,235, 435,345 = po

x=Xx; and R=

x =X and R = (235,325,425,125,215,415,315, 135,435,345 =pg) if i =2;

425,325, 125,215,415, 315, 135, 235, 435,345 = po

( ) if

( )
x=x3 and R = (325,425, 125,215,415, 315, 135, 235, 435, 345 = py) if i
x=x4 and R={ yif
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Table 2: The desired hamiltonian paths for Case 1 of Lemma 2.5.
{i=1,j=2}(12,42,52,32,23,13,43,53,35,45,54,34,24,14,41,31,51,21)
{i=1,j=3}[(12,42,52,32,23,13,43,53,35,45,54,34,24, 14,41, 21, 51, 31)
{i=1,j=4}(12,52,32,42,24,34,54,14, 41,21, 51,31, 13,23, 43,53, 35,45)
{i=1,j=5}[(12,42,52,32,23,13,43,53,35,45,54,34,24, 14,41, 31, 21,51)
{i=2,j=3}(23,13,43,53,35,45,54,34,24, 14,41, 31,51, 21, 12,42,52, 32)

(
(
(
(

{i=2, j=4}|(23,13,43,53, 35,45, 54, 34, 24, 14,41, 31,51, 21, 12, 32, 52, 42)
{i=2,j=5}|(23, 13,43, 53, 35,45, 54, 34,24, 14,41, 31, 51, 21, 12, 42, 32, 52)
{i=3, j=4}|(35,45, 54, 14, 24, 34, 43,53, 23, 13,31, 41,51, 21, 12, 32, 52, 42)
{i=3,j=5}|(35,45, 54, 14, 24, 34,43, 53,23, 13,31, 41, 51, 21, 12, 32, 42, 52)
{i=4, j=5}|(45,35,53, 23, 13, 43, 34, 24, 54, 14, 41, 31, 51, 21, 12, 32, 42, 52)

Note that R is a hamiltonian path of S§53} —{u, v} joining x to pg. We set p; =453,
, {Z|Z€S§}and 1:]}’ ’E’]‘—3
for 2 < j < 5. We can choose a node py4 in S{ ) {(p3)3} with (p4); = j. By Theo-

p2 =254, and p3 =

rem 2.3, there is a hamiltonian path Q; of Sé(g’ )3} joining (p,—1)> to p; forevery 1 <

t S 4. We set Y =Dp4 and P = <X7R7 Po, (PO)3» Qla P1; (P1)3» Q27 P2, (P3)3» Q47
ps= y>. Then P forms the desired path.

Case3. n>6,k>2,andn—k > 2. Letx and y be any two nodes of S, ; — {u, v} with
(x)1 =iand (y); = j. By Theorem 2.3, there is a hamiltonian path P of S,, x — {u, v}
joining X to y.

Thus, the statement is proved. [ |

Theorem 2.6. Let n and k be any two integers with n —k > 2 and k > 3, and let
I={i, ia,...,i} be any subset of (n) for 1 <r < n. Assume that u and v are two
distinct nodes of S, x with u € Siflk} and v € Sr{ll;(} Then there is a hamiltonian path
H={u=x1,H,y1,%2, H2,Yy2,. JXpy Hey yr = V) ofoijoiningu to v such that H;

is a hamiltonian path of S, ’k} Jjoining X toy; forevery 1 < j <r.

Proof. We set x; =u and y, = v. Since Sil’k} is isomorphic to S,_1 x—1 for every
J € (r), this statement holds for » = 1 by Theorem 2.3. Hence, we assume that r > 2.
=(n—-2)!/(n—k)! >3 for

’/ l/+|

Since k > 3 and n — k > 2, by Lemma 2.1,

every j € < — 1). We choose (y;, Xj+1) eEnj’kj+1 forevery j € (r—1) withy; € Si‘ k},

,¥Y1 #u, and X, # v. By Theorem 2.3, there is a hamiltonian path H; of

{}

& Joining X; to y; forevery j € (ry. Then H = (u=xy, Hy,y1, X2, H2, ¥2,. .., Xy,
H,,y, = v) forms the desired path. See Figure 2 as an illustration. |
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{i} {i,} {i}
S Sk Sk
u=x, 4, y,||x, H, y, x, H y,=v
o o0 -1 re———————@

Figure 2: An illustration for Theorem 2.6.

3. Mutually Independent Hamiltonian Paths of S, ;

We deal with the cases k = 1, k = 2, and k > 3 into the following three subsections.

3.1. IHP(Sy.1)

Theorem 3.1. IHP(S, 1) =n—2if n>3.

Proof. Since §(Sy,,1) =n—1if n >3 and IHP(G) < §(G) — 1 for every graph G with
at least three nodes, I[HP(S,, 1) < n—2 for every n > 3. To prove the statement, we
need to construct (n —2) mutually independent hamiltonian paths of S, ; between
any two distinct nodes. Let u and v be any two distinct nodes of S, 1. Since S, 1 is
isomorphic to the complete graph K, with node set {vi, va,..., v, }, we assume that
u=v,,v=v,_1. Forevery ] <i<n—2and 1 < j<n-—2,we setz; as

; Vigj—1, ifi+j<mn—1,and

7. =
Vitjontl, ifn<i+j.

We set P, = (u,z},2b,...,2,_,,v) forevery | <i<n—2. Then {P,Ps,...,

P,_»} forms a set of (n —2) mutually independent hamiltonian paths of S, | from u
tov. |

3.2. IHP(Sy,.)

Theorem 3.2. I[HP(S4,) = 1.

Proof. By Theorem 2.3, S4 7 is hamiltonian connected. Therefore, ITHP(S42) > 1.
Using depth-first search, we list all hamiltonian paths of S4 > from 12 to 14 in Table
3. Obviously, P (6) = P»(6) = 43. Thus, IHP(S4 ) < 2. Hence, IHP(S42) =1. 1

Table 3: All hamiltonian paths of S4 > between nodes 12 and 14.

Pr = (12,21,41,31, 13,43, 23, 32, 42, 24, 34, 14)
Py =(12,32,42,24,34,43,23,13,31,21,41, 14)




Mutually Independent Hamiltonian Connectivity 33

Lemma 3.3. Ler u be any node of S, 1, and let {iy,ia,...,in} be any non-empty
subset of (n) —{(w)1} with n > 2. Then, there are m hamiltonian paths Py, P, ..., Py
of Sn,1 such that

(1) Pjjoinsuto node x; withX; = (Xj)1 =ij forevery 1 < j <m, and
2) {P1(J), P2(j),---, Pu(j)}| = m for every2 < j<n.

Proof. Without loss of generality, we assume thatu= ()| =nandx; = (X;)1 =i;=j

forevery 1 < j<n—1.Foreveryl <j<n—1andforevery 1 </<n—1, weset
J

z] as

J

{j+ll, if j4+1<n, and
ZIZ

j+l—n, ifn+1<j+L

We setxj—]—z _,and P; = <u zl,z27 ,zf;flzxj> forevery 1 < j<n—1.
Then P;, P,,,..., P, form the desired paths. |

Theorem 3.4. Forn>5,[HP(S,2) =n—2.

Proof.  Since IHP(G) < 8(G) — 1 for every graph G with at least three nodes,
IHP(S,2) <n—2if n > 5. Let u and v be any two distinct nodes of S, ,. We
need to construct (n — 2) mutually independent hamiltonian paths of S, » from u to
v. Since S, i is node transitive, we assume that u = 12. According to the position of
v, we have the following cases:

Case 1. v=21. By Lemma 3.3, there are (n — 2) hamiltonian paths Hy, Hy,. .., Hy_»
of Sizz} such that

(1) H;joins u to nodex, with (x;); =i+ 2forevery 1 <i<n-—2,and
) {H:1()), H2(j), - —2(j/)}=n—2forevery2 < j<n-—1.

Again, there are (n — 2) hamiltonian paths Q;, Q»,..., On—2 of S;{,lz} such that

(1) Q) joinsvtoy; =nl and Q; joins vtoy; = (i+ 1)1 forevery 2 <i<n-—2,and
2) {21()); Q2(j),--+, On—2(j)}| =n—2forevery2 < j<n-—1.

Let A be a matrix of order (n —2) x (n — 2) defined by
i+j+1, ifi+j<n-—1, and
=
Y it jon+3, ifn<itj.
More precisely,
34..-n-2n—-1 n
45---n—1 n 3
A=

n3---n—-3n—2n-—1
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Obviously, g; 1a;,2 - - - ai n—1 forms a permutation of the set {3, 4,..., n} for every
iwith 1 <i<n—2.Moreover,a; ; #ai/yjforany 1<i<i’<n—-2and1<j<n-2.
In other words, A forms a square Latin square with entries in {3,4,..., n}.

We set pj) = x; and p,_, = (y;)* forevery | <i<n—2.Forevery | <i<n—2
and 1 <j<n-—3, weset p; =a;, j+1a;, j. By Theorem 2.3, there is a hamiltonian path

. . . 2 .
T OfS,{,,aé’"} joining (p’jf]) top’; forevery 1 <i<n—2and 1< j<n—2. WesetP;
= <ll, Hiv Xj = pé)a (pé)) ) Tlla pl]a (pll) ) Tzla pIZa ceey (p;,g,) ) Tyi—Z? p;,z = (yl) , Yi,
oL V> forevery 1 <i<n—2. Then {P;, P,,..., P,_»} forms a set of (n —2) mutu-

1
ally independent hamiltonian paths of S, » from u to v. See Figure 3 as an illustration

of this case for S¢ .

2) 4] {6}

Ses 5S¢ Ses S S Ses

1 N 1 N -1
u Hoox,=p|[(p))> T p!f|(p)> T pil|(p)* Ts  pil[(pH)> Ti  pl||(p))=y, Qv
S(Z) S(dl S(ﬁ) S(ﬁ) S(}) SU)
6,2 6,2 6,2 6,2 6,2 6,2

u H. ox,=p3|[(p2)2 T pi||(p)* T3 pil|(p)* T3 p2|[(p2)> TP p2||(p2)=y,Q;'v

Ses Ses Ses Ses Ses Ses
5 3 PR 3 3 5 -1
u Hy x,=p;||(p)>Ti  pi||(p)> T2 pi|[(p))? T5  pi|[(p})?> Ts  pi|[(P})>=Yy,Q,

& 1® e o1&

( [ [Ell 4] (5] [N
6,2 Sﬁ.l 5642 S()‘Z S(’.Z S6.2

S
u He ox,=pi|(p)2T1 pil[(pH) T3 pil[(pH)* T3 pil{(pH)> Ti  pi||(p)2=y. Q'Y

Figure 3: An illustration for Case 1 of Theorem 3.4 on S¢ >.

Case 2. Either (v); =2 and (v)2 # 1 or (v)o =1 and (v); # 2. Without loss of
generality, we assume that (u); # (v)2. Moreover, we assume that u = 12 and v = 23.

By Lemma 3.3, there are (n — 3) hamiltonian paths Hy, Ha, ..., H,_3 of S,{lzz} such that

(1) H; joins uto node x; = (i+3)2 forevery 1 <i<n-—3,and
Q2) |[{H1()), H2(j)y- .., Hi—3(j)} | =n—3forevery2 < j<n—1.

Again, there are (n — 3) hamiltonian paths Q1, Q»,..., Q,—3 of S,{l32} such that

(1) Q) joinsvtoy; =13 and Q; joins vtoy; = (i+2)3 forevery 2 <i<n-—3,and
@ {H1()), H2(j),-- -, Hi—3(j)}| =n—3forevery2 < j<n-—1.

Let A be a matrix of order (n — 3) x (n— 2) defined by

ivjt2, ifitj<n—2,
ajj= 1, ifi+j=n—1, and
itj—n+4, ifn<it].
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More precisely,

nld---n—-3n—-2n-—1

We set p6 =x; and psz = (y;)* forevery 1 <i<n—2.Forevery 1 <i<n—3

and 1 <j<n-—3,weset p;» = aj j+14;, j- By Theorem 2.3, there is a hamiltonian path
) . . 2 )
T; Ofsigl} joining (p’j;l) top foreveryl <i<n—3and1<j<n-—2. WesetP;
i (i) Ti i iN2 i i i \2 i i 2

= <ll, Hia X; = p07 (Po) ) Tlaplla (pll) ) T27 sz- tey (P”,3) ) Tri72? p£172 = (YI) , Yi,
o', V> the (n — 3) paths forevery 1 <i<n-—3.

Letby =1,bp=3,bj=i+1forevery3 <i<n-—1,and b, =2. We set wy =
u, w; = bib;;| forevery 1 <i<n-—1, and w, = (v)>. Note that (w;)?> =13, w, =
43, (w,,,l)2 =n2, and w, = 32. By Theorem 2.3, there is a hamiltonian path W; of

Sibé} joining (w;_1)? tow; foreveryi € (n—1)—{2}. By Lemma 2.2, there is a hamil-

tonian path W, of ijz} —{v} joining (w;)? to w2, and a hamiltonian path W, of ijz} -

{u} joining (W,1)* to w,. We set P, = (u=wo, (Wo)*, Wi, wi, (1), Wa, w2,
N (Wn71)2 5 Wm Wy = (V)27 V>'

Then {Py, P,,..., P,_»} forms a set of (n — 2) mutually independent hamiltonian
paths of S, > from u to v. See Figure 4 as an illustration of this case for S ».

S(Z) SH) SlS) S(Gl S(I) SH)
6,2 6,2 6,2 6,2 6,2 6,2
u Hoox,=p)||(p))2 T pil[(p)? T2 piff(p)> Ti pif[(pH)* Ti  pll|(p)=y, 2,V
Slll S[ﬂ SIM SH) SH] S(‘»)
6,2 6,2 6,2 6.2 6,2 6,2
u H:ox,=pi||(P)) T pi||(PD? T2 pil|(p)’ 75 p3l|(PD TE pi)|(P) =Y. 0.
{2} {6} (1} {4} {5} (3}
S ‘ S“f . . S(»‘Xz . : Sﬁ; o ‘ Sﬁ_f o { S“'f ) .
u Hs x,=p,|[[(p)> T pi||(pD)* T pi||(p)* T pi|[(p)* T+ p;||(P})°=y,Q,V
S SE-{v) |]se s¢ Se Si-(u)
ul|(w)2 Wi w [[(w)2Wow,[|[(w,)2 W  w[[(w)2W: w,|[(w)>Ws w[[(Ww)>Wsw,| V

Figure 4: An illustration for Case 2 of Theorem 3.4 on S¢ ».

Case 3. (v)2 = 2. Without loss of generality, we assume v = 32. Suppose that n = 5.
We show that there are 3 mutually independent hamiltonian paths on S5 ;> joining u
to v by exhibiting the three required hamiltonian paths in Table 4.
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Table 4: The 3 mutually independent hamiltonian paths of S5 » between 12 and 32.

Py = (12,42, 24, 34, 54, 14, 41,51, 21, 31, 13, 43, 23, 53, 35, 45, 15, 25, 52, 32)

P, = (12,52, 25, 15,45, 35,53, 43,23, 13, 31, 21, 51, 41, 14, 34, 54, 24, 42, 32)

Py = (12,21, 31,41, 51, 15, 45, 35,25, 52,42, 24, 14, 54, 34, 43,53, 13, 23, 32)

Therefore, we assume that n > 6. Forevery 1 <i<n—3and forevery 1 < j <

n—3, we set zi- as
(i+j+4)2,

zz-: (i+j—n+17)2,
42,

ifi+j<n—4,
ifn—3<i+j<2n-—7, and
ifi+j=2n—-6.

We set H; = (u,z,2b,...,2,_,) the (n— 3) paths for every 1 <i<n—3. Ob-

viously, H; is a hamiltonian path of S,{lzz} — {V, 1273} joining u to 1274 for every

1<i<n—3,and |{H\(j), H2(}), ..., Hi—3(j)}| =n—3forevery2 < j <n—3. Let
A be a matrix of order (n — 3) x (n— 1) defined by

i—j+4, ifi#n—3and j<i,

L, if j—1=i,

3, ifiZn—3and j—2=iori=n—3and j =2,

ajj=q n+i—j+3, ifi#n—-3andj-3>i,

n, ifi=n—3and j=1,

n—j+2, ifi=n—3and3<j<n-—3, and

4, ifi=n—3and j=n—1.

More precisely,

4 1 3 n n—1 8765
5 4 1 3 n 9876

A= : : : : Dot
n—ln—2n—3n—4n_5413n
n 3 n—1n-2n-3.---6514

Letq =24, qp =54, q3 =34, q; = (i+2)4 forevery4 <i<n—2,and q,—; =
14. Then we set Q1 = (q1, q2;---, qu—1), Q2 = (42, 41,43, Q4; - - -, Gn—1), and Q3 =
(qn-1,92, 43, - -, qu—2, q1). Obviously, (z,ll_4)2 = qy, and Q; is a hamiltonian path
of S,{l42} forevery 1 <i < 3.

1

2
We construct P; as follows. Let p% =(qu—1, p}Fl = (ans) , and p} =ai, jy1d1,;j

for every j, 2 < j <n—2. By Theorem 2.3, there is a hamiltonian path le of Si?zl'j}
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joining (P}'q) to pj forevery2 < j<n—1. Then we set P| = <u, Hy, z},74, qi, 01,

_ ol 1 1 1 1 _ (1 N2 1
dn-1 =Py (pl) ’ T2 y Py (Pnfz) ’ Tnfl’ P11 = (Zn73) » L35 V>'
We construct P, as follows. Let p% =(qu—1, p,il = (1%73)2, and p? =ap j11a2,
S{az.j}

{5}

for every 3 < j <n—2. By Theorem 2.3, there is a hamiltonian path T2 of
joining (P?,l) to p2 for every 3 < j <n—1, and a hamiltonian path H of S,
joining (2374) to (q2)%. Then we set P, = <u, Hy, 72 ,, (z,%74) JH, ()%, qo, 02,
2 2 2

anl = p%7 (p%) ) T327 p%> R (pgfz) ) Tn2717 pgfl = (ngf;) 9 Z3737 V>'

We construct the path P; for every 3 < i < n—3 as follows. Let p) =z, and
pi = (£, _3)* forevery3<i<n—3. We set p’; = a; j1a; j forevery 3 <i<n—3
and 1 < j <n—2. By Theorem 2.3, there is a hamiltonian path T’ of S{ i joining

(p’j;l) to p’j forevery3<i<n—3and1<j<n—1. WesetP;= <u, H;, 1274

=P, (P))" TP, (P1) . B, Ph, - (Ph) ™ Ty By = (2,,5) 7Zn737v> the
(n—5) paths for every 3 <i<n-—3.

We construct P,_, as follows. Let x; =n2, x; = (n —i+ 1)(n—i+2) for every
2 <i<n—4, and x,_3 = 35. By Lemma 2.2, there is a hamiltonian path W; of

{2}

S{ }
(x, 1) to x; for every 2 < i < n—3. Moreover, there is a ham1lt0n1an path W,_»
of S{32} JOlnlng (Xﬂ 3) to (V)z' We set Pn72 = <ll, (u)27 W07 ((In—l)27 qn—-1, Q37 qi,
(ql) » Wi, X1, (Xl) W, Xo,.., (Xn*4)27 Wi—3, Xp—3, (Xn*3)2a Wo—2, (V)za V>-

Then {Py, Ps,..., P,_»} forms a set of (n — 2) mutually independent hamiltonian
paths of S, > from u to v. See Figure 5 as an illustration of this case for S¢ ».

— {u, v} joining (q;)? to x;. By Theorem 2.3, there is a hamiltonian path Wo of

5 joining (u)? to (q,—1)*. Again, there is a hamiltonian path W; of S{ 2 joining

(4) (ry 3) 6} (5)

S‘;_z*{v,z,:q} Se. S Ses Sz Se2
u H oz, ¢ g p! (p) T: p! (pé)z T: p; (pz)z T: bp} (p )4 Ts  pilzl,v
S vz2)] s Ses S Se: Ser
u H. oz, <z By H(q) . @ p (p)* T p: (p1)° Ti o p:l[(p)* TP pilzl v
Sz )] 56 Sey 5e S se

(P2 T2 pi||(p)* T3 p3||(pD)2 T5 pi||(pD)> T3 pilzl v

{6) (5}

: S Sea-{u,v |86 S Sed
(w2 Wo(q,)%a,, &  ql[(@)2Wx||x) " x|{(x): w  x|[(x):w (D v

®c

Figure 5: An illustration for Case 3 of Theorem 3.4 on S¢ ».

Case 4. (v); = 1. Without loss of generality, we assume that v = 13. By Lemma 3.3,
there are n — 2 hamiltonian paths Hy, Hp, ..., H, 2 of S, { 2} such that
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(1) H;joinsutox; = (i+4)2forevery 1 <i<n—4,x,_3=232,and x,,_» =42, and
Q2) {Hi1(j), H2(j)y-. s Hy—2(j)}| =n—2forevery2 < j<n-—1.

Let A be a matrix of order (n —2) x (n— 1) defined by

i+j+3, ifi+j<n-3,

i+j—n+5, ifn-2<i+j<n-—1,
ajj=1 1, ifi+j=n,

i+j—n+4, ifn+1<i+j<2n—4, and

3, ifi+j=2n-3.

More precisely,

5678 -- n 3 4 1
6789 -- 3 4 1 5
A= | .o : : :
n341---n—4n—-3n—2n—-1
3415---n—-3n—-2n—-1 n
|4156---n-2n—-1 n 3 ]
We set pj = X1, pj = ai_jy1a1j forevery 1 < j <n—2,andp,_; = (v)?. Note
that {(p,ll%)z =n3,p} ;= 43} cV (SY{,BZ}) —{v}. By Lemma 2.2, there is a hamil-
{a,;}

2
tonian path le of Snfzzl‘ joining (p}_l) to p} forevery j € (n—1) —{n—3}, and
there is a hamiltonian path Tnl_3 of S,?z} —{v} joining (p},_4)2 to p,ll_3. We set P =
2 2 2
(w,Hix=ph, (3)*, 715 pL (0), 7 Bh o (BL0) T Bhy = (V)2 V).
Lety; =aj+1.n—13 forevery 1 <i<n—4. Forevery 2 <i<n-—3, we set pf) =
Xi, P = ai jr1a; j forevery 1 < j <n—2,and p, | = (yi-1)*. Note that { (pg’3)2
= 23,p1 % = 43} cv (Sffz}) — {V, Y4} and {(p;j_‘i_4) —n3,pit :43} c
V(S,{fz}) —{v,yi} forevery 1 <i<n-—5. Forevery 2 <i<n-—3, by Lemma 2.2,
A - Ny ,
there is a hamiltonian path 7' of S,{fé" } joining the node (p’jfl) to pj; forevery j €
(n—1) —{n—i—2},and there is a hamiltonian path T, , of S,?z} —{v,yi—1} joining
(p;l—i—?,) to p;;_i_Z' We set })l = <ua Hia X; = p67 (pé)) ) Tll7 plla (pll) ) Tzla pIZa e
(pil_z)z, T Pl = (yie)? yiet, V> the (n — 4) paths for every 2 <i <n—3.
We set pg_z =X,_», p;f_z =ap—2, j41an—2,j forevery 1 < j <n—3, and pZ:% =
, 2
4n. By Theorem 2.3, there is a hamiltonian path Tj"_2 of Si?;’z" ) joining (p;':f) to
p?_z forevery jin (n—2) —{1}. We set w =34 and z = 23. By Lemma 2.2, there is a
hamiltonian path 77"~ of S,{fz} — {w7 (pZ:%)z} joining (pgfz)2 to p? 2. Again, there
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is a hamiltonian path Q of Si32} — {v} joining (w)? to z. Then we set the path P,

- _ 2\2
Tnn7227 P:,',%» (PZ&) , W, (W)zv Qa z,V).
Then {Py, Ps,..., P,—»} forms a set of (n —2) mutually independent hamiltonian
paths of S, > from u to v. See Figure 6 as an illustration of this case for S ».

<u, Hy 2 Xe o = pi 2 (o0 2)2 02,02, (0020 1 2 pi 2, (p02),

s s 5% Sed-{v}) Se s
u Hiox,=pb||(p)> 70 pi|(p)> T pif|(pi)> T3 pif{(pH)> T4 plf[(pl)* Ts pl|v
5 Se Su-{vy || s e o

2 2 5 2 5 272 2 2 2y2 2
u Ho x,=pi||(p5)* Tv pi{[(p})°Tzp3|([(p3)* To pif|(p})* Ts  pi|[(pD)* T5s pi|y v
s s-vyad|| st S se s

3 3ye T3 3 3)2 3 3 3)2 3 3 3)2 3 3
u Hoxe=po|[(p0)*Tipi|[(p1)2 T2 p3f|(p)> T pif{(p)* Ta pil|(pD)* Ts pily,v
s Se-woenall g, S Se si
u Heox,=pi||(p)Tipt|[(pH? T2 pif[(pH) T3 pi||(pH)* T pil(p)>w(w)* Q z v

Figure 6: An illustration for Case 4 of Theorem 3.4 on Sg ».

Case 5. (v)1, (v)2 € {1, 2}. Without loss of generality, we assume that v is the node

34. By Lemma 3.3, there are (n — 3) hamiltonian paths Hy, Hp, ..., H,_3 of Si )

that

(1) H;joins u to x;

and

@) {H()), H2(j), -
Again, there are (n — 3) hamiltonian paths Q1, Q2,..., Q,—3 of S,{,

(1) Q; joinsvtoy; =14 and Q; joins v to y;
2) H21()), 02

(7)s---

Let A be a matrix of order (n —3) x (n—2) as

More precisely,

H, 3(j)}|=n—3forevery2<j<n—1.

4}
2

i+j+3, ifi+j<n-—3,
ajj = e
1, ifi+j=n—1, and
i+j—n+5 iftn<li+j.
5678 n—1 n 1
6789 n 3 1 5
el N
n3lS5---n—-4n—-3n—-2n-1
3156---n—-3n—2n—-1 n

such that

2}

such

(i+4)2forevery 1 <i<n-—4and H, 3 joins u to X,_3 = 32,

(i4+3)4 forevery2 <i<n-3,and
,On3(j)}|=n—3forevery2<j<n—1.



40 S.Y.P. Chang et al.

We set pj) = x; and p,_, = (y;)* forevery 1 <i<n—3. Forevery  <i<n-—3
andevery 1 < j <n—3, weset p? =a; j+1a;, ;. By Theorem 2.3, there is a hamiltonian

‘ - Ny .
path 7} of S,{laé’" ; joining the node (p’j_l) to p); forevery 1 <i <n—3 and for every

1§]§n—2.WesetP,-:<u,H,-,X,-:p6, (pi)) aT]lvpllv(pl]) 3T217p123"'7(p;173) ;
T ,,pl 5, (p272)2 =y, 07, v> the (n — 3) paths for every 1 <i<n-—3.

1
Letby=1,bp=4,bj=i+2forevery3<i<n—2,b,_1 =2,and b, = 3. We
set Wo = u, W; = b;,1b; for every 1 <i<n— 1, and w, = (v)2. Note that (w{)? =
14, wy = 54, (W,_2)?> = n2, and w,_| = 32. By Lemma 2.2, there is a hamiltonian
path W; of Sibé} joining the node (w;_1)* to w; forevery i € (n) — {2, n— 1}, and there

is a hamiltonian path W, of 57{,42} — {v} joining the node (w )2 to wy. Again, there is

a hamiltonian path W,,_; of S,{lzz} — {u} joining the node (W, 2)? to w,_1. We set the
path P, > = (u=wo, (Wo)%, Wi, wi, (W1)2, Wa, Wa,..., (Wae1)?, Wiy, Wy = (V)2, V).

Then {Pj, Ps,..., P,_»} forms a set of (n —2) mutually independent hamiltonian
paths of S, > from u to v. See Figure 7 as an illustration of this case for S¢ ».

S(Z) S(ﬁl S(fa) S(J) S(\) SH)
6,2 6,2 6,2 6,2 6,2 6,2
u Hoox,=p)||(p)>Ti  pi|(pD)> T2 pif|(pH)2 Ti plf|(pH)> Ti  pi||(p1)=y, Q'Y
Skll Stol SH] Sl!) S(S) S(M
6,2 6,2 6.2 6,2 6,2 6,2

u H ox,=p2|(p)2 T pil[(pH)* T3 pil{(p)* T3 pil{(p)> T pi||(p2)2=y, Q'Y

S& S S S Ses Siy
3 3 N 3 N 3 -1
u H: x,=py||(p))*Tr  pif|(pH)> T2 pi||(p3)* Ts pil[(pD)* T pi|[(p)=y: 0,V

8

Sea-(v}) Si: Ses Sen-{u} Si
(w)2 W w [|[(w)2Wow, [[(W,)2 W5 w [|[(w)2Wa  w,[[(W)2Ws w|[(w,)Wew,| Vv

o 1e

-

®c

\ 4 0

L]
®

Figure 7: An illustration for Case 5 of Theorem 3.4 on S¢ >.

Hence, the statement is proved. [ |

Note that the matrices A used in Theorem 3.4 are rectangular Latin squares. They
will be useful technique in the sequel of the paper, e.g., in Lemmas 3.5, 3.6, 3.7, and
Theorem 3.8.

3.3. IHP(Sy 1) for3<k<n-2

Lemma 3.5. Let {i, i2,..., i1} be any subset of (n), and let u be any node of S, i
with 2 <k < n—2. There are (n— 1) hamiltonian paths Py, Ps,..., P,_1 of S,  such
that

(1) Pj joins u to some node z; with (z;)1 = ij for every 1 < j <n—1, and
@) {Pi(), P2()s -5 Paa ()} = n— 1 for every 2 < j < V(S ).
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Proof. We prove the statement by induction on k. Suppose that n =4 and k = 2. Since
S4,2 18 node transitive, we assume that u = 14. We prove the statement holds on S4 >
by exhibiting the three required hamiltonian paths in Table 5.

Table 5: All cases of the required hamiltonian paths for S4 > of Lemma 3.5 .

— (14,34,24, 42,32, 23,43, 13, 31, 41, 21, 12)
= (14,41,21,31,13,43,34, 24,42, 12, 32, 23)
= (14,24,42,32,12,21,41,31, 13,23, 43, 34)
(14,34,24, 42,32, 23,43, 13,31, 41, 21, 12)
(14,41,31,21,12,32,42,24,34,43,13,23)
(14,24,34,43,23,13,31,41,21, 12,32, 42)
(14,24, 34,43, 23,32,42, 12, 21, 41, 31, 13)
( )
( )
( )
( )
( )

{ila i27 13} = {1a 27 3}

{ila i27 13} = {1a 274}

14,41,21,31,13,23,43,34, 24,42, 12,32
14,34,24,42,32, 12,21, 41,31, 13,23, 43
14,24, 34,43, 13, 31,41, 21, 12,42, 32, 23
14,41,21, 12,32, 42,24, 34,43, 23, 13,31
14,34,24,42,12,32,23,43, 13,31, 21, 41

{i, i, i3} ={2,3,4}

Py
P
Py
{it, 0,3} ={1,3,4} | P
P
Py
Py
P

Suppose that n > 5 and k = 2. Since S, > is node transitive, we assume that
u = 1n. Without loss of generality, we suppose that i} < ip < --- < iy—1. Obviously,
ij=jorj+1for1<j<n—1. Hence, ij ¢ {j+2,j+3} forevery 1 < ;<
n—4,in3 ¢ {l,n—1},ip—2 ¢ {1,2}, and i,—1 ¢ {2,3}. By Lemma 3.3, there are
(n — 2) hamiltonian paths H;, Hy, ..., H,_» of S,{lnz} such that
(1) Hj joins u to node x; = (j+ Dnforevery 1 < j<n-—2,and
) {H1()), H2(j)y--. s Hy2(j)}| =n—2forevery2 < j<n—1.
We choose the node z; = i;(j+2) for 1 < j <n—3,the node z,_» =i, 1. Let A be
a matrix of order (n —2) x (n—1) as
j—1+2, ifl<j+1, and
=
! joltntl, ifjr2<l
More precisely,
2 1 n—1n-2---4
3 2 1 n—1---5
n—2n—-3n—4n-5---1n—1
n—1n—-2n—-3n—-4---2 1
We construct the path P, as follows. Let p(z) =Xx; and p,2 = ay 1414y, for every
1 <1 <n-—2. Note that (plz)2 S Siazz‘l“} — {plzﬂ} for every 0 </ < n—2. Since

ir ¢ {4,5}, we can choose a node pil =iday -1 =12 in S,{lazz’"fz}. By Lemma 2.2,
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there is a hamiltonian path T in S{ ) { (p(z))2} joining y =43 to p3. Again, there is a

S{ a i} .

hamiltonian path le in joining (pl 1) to p,2 forevery2 <I<n—1. We set the

path P2 = <u7 H27 X2 = p07 (p(}) bl Y’ Ta p17 (p%)27 T227 p%7 (p%)27 T327 p§7 cet <p3_2)27

Tnzfl ’ pz‘l*l = Zz>.
For every j € (n—2)— {2}, we construct P; as follows. Let pé =x; forevery j €
(n—2)—{2}. We setpl] =aj41aj, forevery 1 < j<n—2and 1 </ <n-—2.Note

N2 , .
that (pf) € S,{la'z’”“} - {pljﬂ} forevery j € (n—2)— {2} and 0 <! <n—2. Since

ij¢{j+2, j—|—3}foreveryj€<n 2)—{2}in3 ¢ {l,n—1},andi,—» ¢ {1,2}, we

{jn 2}

can choose a node pn | =ijaju—1=12;in§, . By Lemma 2.2, there is a hamil-

{jl}

tonian path T’ inS, 7 joining (pl_l) to p, forevery j € (n—2)—{2}and 1 <!

. N2 N2 SN2
S n—1. We set P] - <ll, Hjaxj :péa (p{)) alea p{v (p{) asza pév"'a (pi,_z) 9
Tnji],pf;il = zj> the (n — 3) paths for every j € (n—2) — {2}.

Let P,_; be constructed as follows. Let x = 13,qo =n3, and q; = (n—i)(n —
i+1) forevery 1 <i<n-—2. Since i, ¢ {2,3}, we choose a node z = i,,_;2

in Sizz} . By Theorem 2.3, there is a hamiltonian path R of Sr{;z} joining (u)? =

nl to (x)> = 31. Again, there is a hamiltonian path Q, | of S;{l 2} joining (q,_2)?

to z. By Lemma 2.2, there is a hamiltonian path Q; of S{n} {u} joining (qo)?

to qi. And, there is a hamiltonian path Q; of S;{:’z "1 _ {q;} joining (qi_1)? to
wi=(mn—i—1)(n—i+1) for 2 <i<n—3. Moreover, there is a hamiltonian
path Q,,_» of sz} —{x,qo} joining (q,3)*> to q,—2. We set z, | =z and P,_;
= <ll, (u)27 R, (X)27 X, 40, (q0)27 01,41, (q])27 02, W2, q2, (q2)27 03, W3, q3, (q3)27
04, Wa, Q4, ..., (4n-3)% On—2, Gn—2, (@n—2)% Qn—1,2=2,—1). Then P, P5,..., P,y
form the desired paths of S, ». Note that q; = (n—i)(n —i+ 1) = p., ;, hence q; does
not equal 7}, | (2) for all 2 <i <n—3. Hence {P|, Ps,..., P,_1} forms a set of de-
sired hamiltonian paths of S, > for n > 5. See Figure 8 as an illustration of this case
for S6’2.

Suppose that this statement holds for S,, ; forevery4 <m <n—-1,2 <[ <k—1,
and / <m—2. Letu be any node of S, ;. Since S, i is node transitive, we assume that
u is a node in S,  with (u); = 1 and (u); = n—k+i for every 2 < i < k. Note that

uc S{ "} Without loss of generality, we suppose that i} < iy < -+ <iy_3 <ip_1 <
in—2. Obv10usly, ij# j+2forevery 1 < j<n—3,i, 2#2,and i, | # n. By the
induction hypothesis, there are (n — 2) hamiltonian paths Hy, Ha, ..., H,_2 of S{ "

such that H; is joining u to a node v; such that

() (vj)i = (Hj((n=1)/(n—k=1)1)); = j+3forevery | <j<n—4, (vi3)1 =
g d(n 1)! /(n—k—l)) =L (va2)y = (Hpa((n = 1)}/ (n =k =1)1)),; =

@) {H() Ha()), o Ha ()] = n—2for 2 < j < (n— 1)}/ (n—k— ).
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S s S5 86 s s
u Hooxe=pil|(p)*Ti o pi||(D T pi[()TE pil[(pPTE Y|P Tipi=2,
I Se2 Sar S Se2 Sed
u Hox=pil|(p)°y T pi||(pD) T p3l|(p)) T pil[(p)TE pl|(p2)T5pi=2,
Sa2 Saa Se2 Sed Sl e
u Hoox=pil|(p)F T pil[(pD T pi[(pDF TS paf|(PD) T pil|(p)Tipi=2,
Saa Se2 S Se Se Se
u Hoxespdl[e) T pi|(pDTE )| T )P0 TE pil|(p0) Tipi=z,

S Sea-{u) |]8ed S Sea-txagl ] 867
(W2 R (02X 4,(4,)°Q, 4,1[(4)° W, 4;)|(4:)° O, W, 4. |(4,)°C 4 |(0.)° Qs 2= 2

3
@ &

®c

Figure 8: An illustration for Lemma 3.5 on Sg ».

Sincen >5and k > 3,by Lemma 2.1, |[E k|*(n 2)!/(n—k)! > 3. We choose a
node z; ES{]+ Y with (zj)1=ijfor1 <j gn—3,anodezn,2€S{ y: with (z,-2); =

in—2, and anode z,,_| € S{n} {u} with (z,_1)1 = i,—1. Let B be a matrix of order
(n—2)x(n—1)as
JHI+2, ifj<n—3and j+I1<n-3,
. jHl-n+3, ifj<n—3andn—2<j+I,
MY 142, if j=n—2andl <n—3, and
l—n+3, ifj=n—2andn—-2<[/<n-1.
More precisely,
4 5.---n—2n—-1 1 2 3 ]
5 6---n—1 1 2 3 4

n—11--n—-6n—-5n—4n—-3n-2
1 2---n—-5n—-4n—-3n—-2n-1
3 4---n—-3n—-2n—-1 1 2

Let jbe any 1ndex withl1 <j<n-2. By Theorem2 6, there is a hamiltonian path
W = <X17 Ty X, T yh, X Ty 1> of S< ! joining the node (v,)*

to z; such that x{ (v ) yn | =1zj, and T is a hamiltonian path of S ’ [} joining

x{ to y{ forevery 1 </ <n—1. Weset P, = <u, H;, v, (vj)k = xl, W, yni1 = zi> the
(n—2) paths forevery 1 <i<n-—2.
Since S{ ,3 is isomorphic to S,,_1 41, by Lemma 2.4, there is a hamiltonian path

R of S{"} {u} joining a node w to a node z,_; with (w); = (u);_; =n—1 and
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(Zy—1)1 = in—1. By Theorem 2.6, there is a hamiltonian path W = <x'1’_1, " I Y !

oy X Ty 1> of Sff,:w joining the node (u)* to the node
(w)k such that x]~' = (u)¥, y"~| = (w)¥, and 7""' is a hamiltonian path of Sr{l’i
joining X!~ to y/ ! for 1 <i<n—1. We set P,y = (u, (w)k, W, (w)*, w, R, z,_1).
Then {Py, P»,..., P, } forms a set of desired paths of S, . Note that ( " ])1 =

2, (x’l‘ 3)1 =n, (an 1)1 =i+1, and ( X; )1 =i—1forevery2 <i<n-—1. See
Figure 9 for an illustration of this case for S¢ 3.

S ;(‘1) S ;43’ S ([wsl’ Sé]1> S éz7> S é31>
u Hi v ||x] Ty y!l|x! T,  y!l|x! T y!l|x}  Ti o yl|x! Tsyl=z
565 865 86 565 565 565
u H, v,||x} Ty y?l|x:2 T y:llxz T3 y:l|x® Ti yi|x: Tiyi=z,
56 56 Ses S Sl 565
uoHoow||xi o THoyil|xs T3oyi||xy TP yif|xi Tio yi||x} Tiyi=z,
565 865 864 565 5 565
u H, v,||x} TV yi||xd Ts  yillx: T3 yil|xt TP oyi|xt Tiyi=z,
56 564 S s 565 se-{u}
ulx: Ti yil|x; T yillxs T3 yil|xs T yi||xiTSyi=(w)||lw R z,
Figure 9: An illustration for Lemma 3.5 on Sg 3.
Hence, the statement is proved. [ |

Lemma 3.6. Letu=1n, v=2ny; = (i+2)nforevery 1 <i<n-—3, andy,_o =n2
be nodes in S, 2 withn > 5. Then there are (n—2) paths Py, P»,..., P, of Sy 2 such
that

(1) P; is a hamiltonian path of S,, » — {v, yi} joining u to a node x; with (x;); =i+1
forevery 1 <i<n-—2, and

@ {P(j)s P2())s--- s Paa(j)} =n—2forevery2 < j<n(n—1)—=2.
Proof. We have {u,v,y1,¥2,...,Yn-3} = V(S{ }) and y, o ES{ ). For every 1 <
ign—3and1gjgn—él,letzjbeas
; (i+j+2)n, ifi+j<n-3, and
7. =
(i+j—n+5n, ifn—2<i+j.

We set R; = (u,z},2),...,2,_,) the (n—3) paths for every 1 <i <n—3. Obvi-

ously, R; is a hamiltonian path of S{ " —{v, y;} joining u to zn 4 forevery 1 <i<
n—3,and |[{R1(j), R2()),-.., Ru— ( )}\ =n—3 forevery 2 < j <n—3. Moreover,
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(1,1174)1 =n—1and (zj;74)1 =i+ 1 forevery 2 <i<n-—3. Let C be a matrix of
order (n—3) x (n— 1) defined by

n—1, ifi=1and j=1,
5—J, ifi=land2 < j<4,
j—1, ifi=1and5 < j,
4—7j, ifi=2and 1< j<3,
A I ifi=2and4 < j,
i+, if3<iandi4+j<n-1,
n—i—j+3, if3<iandn<i+j<n+2,and
i+j—n+1, if3<iandn+3<i+.

More precisely,

n—1 3 214...n—5n—4n—3n-2]

3 2 145..n—-4n—-3n—-2n—-1
4 5 678...n—1 3 2 1
C=|15 6 789... 3 2 1 4

| n—=2n—-1321...n—6n-5n—-4n-3

Forevery 1 <i<n—3,we set p6 = zj'174, p; =cj jp1cijforevery 1 < j<n-—2,
. . - N2 o .
and p,,_; = (i+ 1)c;,n—1. Note that p’; € S,{:QJ} and (plj) € Si;”l} - {p’jH} for
every | <i<n—3and0<j<n—2.
. 2

By Theorem 2.3, there is a hamiltonian path 77 of S,{f;] } joining (P?q) to p
forevery j € (n— 1) — {2}, and there is a hamiltonian path T of Si%zﬁ} - { (p%)z}
joining the node w = 52 to p%. We set T22 = <(p%)2 w, T, p%, > By Theorem 2.3,

. . SN2
there is a hamiltonian path 7'/ of Sic’z i} joining (Pqu) top; forevery i € (n—3) and

1 <j<n—1except(i,j)=(2,2). Weset P = <u, R, pl, (p6)2, T}, pi, (p’i)Z, T,
Phiees (pfifz)z, Ti |, pj'171> the (n — 3) paths for every i € (n —3).
Wesetdi=1,db=2,di=i+1for3<i<n—2,d, 1 =3,andd, =n. We set
qi = (u)? and q; = d;_1d; for every 2 < i < n. Obviously, q; is in Sj;fié} and (q;)% is in
S,{lﬁ’l} —{q,_1} forevery 2 < i < n. Moreover, qy, (q3)* € S;{,ZZ} - {Yn72 = (V)z} and
qn € S,J;flz} —{u, v}. By Lemma 2.2, there is a hamiltonian path Q; of Sj;fié} joining node
q; to node (q;;1)? for every i € (n— 1) — {2}. Again, there is a hamiltonian path Q»
of Sj;f%} — {(q3)2, Ya—2} joining q2 to w = 52, and there is a hamiltonian path Q,, of
S,{hdg} —{u, v} joining the node q,, = 3n to the node z = (n — 1)n. Then we set the path
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Py = <u, W)’ =q1, 01, (), a2, Q2. W, (1), @u1. Qu1, (@n)°, G, O,
?)

Then Py, P»,..., P,_, form the desired paths. See Figure 10 for an illustration of
this case for Sg ». |

s vy )l [st PR P P P
6,2 2 J1 6,2 6,2 6,2 6,2 6,2
u Roopi|[(p)* T pif{(pD* T pif[(ph)> T5  pi||(p): Ti pl||(p)): T5s p!

o1&

(3} {2) (1}

S A ser e Se 55 Se2
u R. pil|(p5)* Ti pj (P )'w T po (Pg) s pi||(p3)* T pif|(p)* Ts  p3

s HIES Se Ses Se Ses
3 N 3 3 2 332 3
u Rs p||(p)* Tv pi||(p))* T2 pif|[(p3)* Ts  pif|(p3)* T« pi[(p)* Ts p;

Ses Sea{y.) Ses Ses Ses Si-{u, v}
ey 2, (a)|la, Q. (4))’||la, @, (a)’|la, ©Q, z

e & 1® o1& o1& 2

=
=
Q
=
_
=
Q
=
=
=
_

Figure 10: An illustration for Lemma 3.6 on S .

Lemma 3.7. Let n and k be any two positive integers withn > 5,k > 2, andn—k > 2.

Let w and v be two nodes of S, i with (w); =1, (v)1 =2, and (n); = (v); =n—k+i

for every 2 < i<k, and lety; € NSn,k(V) with (yi)1 =i+ 2 forevery 1 <i<n-—2.

Then there are (n—2) paths Py, Ps,..., Py_s of S, x such that

(1) P; is a hamiltonian path of S, x — {v, yi} joining u to a node x; with (x;); =i+ 1
forevery 1 <i<n-—2, and

Q2) UP1()), P2(j)y--- s Pa—a(j)} =n—2forevery2 < j<n!/(n—k)!—2.

Proof. Note that Lemma 3.6 proves the case k = 2. Note that {u, v, y1, y2,..., y1—3}

C S{ n} andy, ;€ S,{lzg. We have the following cases:

Case 1. n=>5 and k = 3. We have u = 145, v = 245, y; = 345, y, = 425, and
y3 = 542. We prove the statement holds on Ss 3 by listing every path in Table 6.

Table 6: Desired hamiltonian paths of S5 3 — {245, y;} for Lemma 3.7.

Y1 =345 | (145,415, 315, 215, 125, 425, 325, 235, 135, 435, 534, 354, 154, 254, 524, 324, 124, 214, 514,
314, 134,234, 432, 532, 352, 152, 452, 542, 342, 142, 412, 512, 312, 132, 231, 531, 431, 341,
541,241,421,321, 521,251,451, 351, 153,453, 543,243, 143,413, 513, 213, 123, 423, 523, 253)
— 435 | (145,345, 435, 235, 135, 315. 415, 215, 125, 325, 523, 423, 243, 143, 543, 453,253, 153. 513,
413,213, 123,321, 421, 521, 251, 351, 451, 541, 241, 341, 431, 531, 231, 132, 532, 352, 452,
152,512,312, 412, 142,542, 342,432, 234,324, 124, 524, 254,154, 514,214, 314, 134, 534, 354)
¥ =524 | (145,541, 241, 341,431, 231, 321, 421, 521, 251, 451, 351, 531, 135, 315, 415, 215, 125, 425,
305,235,435, 345, 543, 143, 243, 423, 523, 123,213, 413, 513, 153, 253, 453, 354, 154, 254,
524,124, 324,234,534, 134, 314,514, 214,412, 142, 342, 432, 532, 132, 312, 512, 152, 352, 452)

Case 2. n > 6,k > 3, and n — k > 2. We prove the case by induction on n and k. By
Lemma 3.6, this statement holds for every n > 5 and k = 2. By Case 1, this statement
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holds for n = 5 and k = 3. Therefore, we assume that this statement holds on S, ;

for every 5 < m < n and for every 2 <[ < k with m —[ > 2. By induction, there are

(n—3) paths Wy, Wa, ..., W,_3 of S,{lnk} such that

(1) W; is a hamiltonian path of Sr{lng —{v, y;} joining u to a node w; with (w;); =i+ 1
forevery 1 <i<n-—3,and

Q2) {Wi1(j), Wa(j)y-.., Wu3(j)}| =n—3forevery2 < j< (n—1)!/(n—k)! - 2.

Let C be a matrix of order (n —3) x (n — 1) defined by

i+, ifi+j<n-2,
1, ifi+j=n—1,
Ci,j = e
n—1, if i+ j=n, and
i+j—n+1, ifi+j>n+1.
More precisely,
2 3 4 5...n-3n-2 1 n—1
3 4 5 6...n—=2 1 n—1 2

n—-21n—-12...n—-6n—-5n—-4n-3

We set p6 =w,; for every 1 <i <n—3. We choose a node pj» in S,{lcli{‘j} with

(p?)l =c¢; j+1forevery 1 <i<n—3and 1< j<n-—2,and we choose a node p,_,
. . N\ K

in S,{,?,:”’l} with (p2—1)1 =i+ 1 forevery 1 <i<n—3. Note that (pb) is a node in

Si_clf(,m} B {p3+1} for every 1 <i <n—3 and for every 0 < j <n—2. By Theorem

. . ) k .
2.3, there is a hamiltonian path 77 of Sff,’(" ) joining the node (Pqu) to p'; for every
I1<i<n—3andforeveryl <;j<n-—1. Letx,':pih1 for 1 <i<n-—3, then we
set Py = (w, Wi, wi = b (ph)", 71 1. (p1) 05, (Bla) o T =) the
(n—3) paths forevery 1 <i<n-—3.
We setdy =1,d> =n,ds =n—1, and d; =i — 2 for every 4 < i <n. Since

n>6 k>3, andn—k>2, by Lemma 2.1, Ejf;f"“' =(n—2)!/(n—k)!>3. By

Lemma 2.5, there is a hamiltonian path O, of S;{:i]?:n} — {u, v} joining a node x to
anode y with (x); = 1 and (y); =n— 1. We set q; = (u)f, g2 = x, and q3 = (y)*.
We choose a node q; in S;{:i]i} with (q;); = d;—; for every 4 <i < n. Obviously,
() € S,{:ili} —{qi} and (q,)* € S,{,fi,i"} —{qi_1} for every 3 <i < n. Moreover,
{q, (q5)f} cV (Sid,?}> —{yn—2}. By Theorem 2.3, there is a hamiltonian path
Q; of Sf:i,i} joining q; to (qi;1)* for every i € (n—1) — {2,4}. Again, there is a
hamiltonian path Q4 of Sr{lfi,‘: - {yn_2} joining q4 to the node (qs)*. Moreover, there
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is a hamiltonian path Q,, of Sr{:j,?} joining qy, to anode z with (z); =n— 1. Then we set

Pn—2 - <ua (u)k =qi, Q17 (qZ)ka q2, Q2a (‘h)k seees On—1, Qn—la (qn)ka qn, Qna Z>-
Then Py, P»,..., P,_, form the desired paths of S, x. Note that ((q4)k)l =2 and

_3\k . . . .
((pg %) ) = 1. See Figure 11 for an illustration of this case for Sg 3. [ |
| ,
Sf[fJL{ V,y|} Sz(m:z) Sé:}x) Si[jY] S(l»‘lj} S(L%z)
u Woop|[(pH)* Ti pif{(pD)* T2 pif|{(p)* T5 pi||(p)* Ti pl||(p))° T5 p!
Sea-{ vy, )| [ Ser Son S Sen 8o
u W opi||(p)* T p:|[(p2)° T2 pi|(p2)* T3 p2[(p2)* Ti  pi||(p2)* T3 p?
Sea-{ v,y )| [ Ses Ses Sis Ses Ses
3 3 . 3 3 N 3
u W opi||(py)* Tv pi||(p))* T2 pif[(p3)* Ts pif|(p})* T+ pi[(p})* Ts p:
Si Sti-{uv}||se) Se-{y ) |]se Sey
ulq, 0, (q,)°||q, 2,(qa,)°||a, 2, (q.)°||a,Q.(q,)°||a, Q, (q,)°||la, 9, z

Figure 11: An illustration for Lemma 3.7 on S 3.

Theorem 3.8. For3 <k<n—2,IHP(S,x)=n—2.

Proof. Since (S k) =n—1and IHP(S, 1) < 8(Snk) — 1, IHP(Sp k) <n—2. Letu
and v be any two distinct nodes of S, x. To prove the statement is true, we need to
construct (n — 2) mutually independent hamiltonian paths of S, x between u and v.
We have the following cases:

Case 1. (u); # (v); for some 2 < i < k. Without loss of generality, we assume that
(u)x # (v)k. Moreover, we assume that (u); = n and (v); =n— 1. Let C be a matrix
of order (n —2) x (n—2) defined by

i+j—1, ifi+j<n-—1, and
cii=
U it jon+1, ifn<itj.

More precisely,

n—212...n—3

By Lemma 3.5, there are hamiltonian paths Q1, O, ..., Q,—2 of S,{lnk} such that Q;

is a hamiltonian path of Si"g joining u to a node s; with

(1) (si)1 =cj forevery 1 <i<n—2,and
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@) {21()); @2())s -5 Cn2(j)}[ =n—2forevery 2 < j < (n—1)!/(n —k)!.

Again, there are hamiltonian paths Ry, Ry,..., R,—» of S,{,",: 1 such that R; is a hamil-

}

tonian path of Si",: ! joining v to a node t; with

1) (t)1=c¢; (n—2) forevery 1 <i<n-—2,and
2) {R1(j), R2(j),..., Ru—2(j)} =n—2forevery2 < j< (n—1)!/(n—k)!.

For 1 <i<n—2,by Theorem 2.6, there exists a hamiltonian path W; = <x’1 , Tli, y’i , Xé,
By Xy 0 T ¥y ) of 8,7
x| = (s;)*, ¥i_, = (t;)", and T} is a hamiltonian path of S,{lc,i{"' } joining X', to y'; for every
1 <j<n-—2. Let P be the path (u, Q;, s, (s;)F =xi, Wi,y _, = (t:)F, t;, R, ', v)
for every 1 <i<n-—2. Hence, {P1, P»,..., P,_»} form a set of (n—2) mutually
independent hamiltonian paths of S,  from u to v. See Figure 12 for an illustration
of this case for n = 6 and k = 4.

joining the node x’1 to the node yiﬁz such that

(6} (1} (2} (3} (4} (5}
S6.4 S6.4 S S6a S Se64
1 1 1 1 1 1 1 1 1 1 1 1 -1
u O sIx; T,y ||x; T, ¥||xs Tiyi||xe T. y.f|ti Ri v
(6} (2} (3} (4} (1} (5}
S6.4 S Se6a S S6.4 Se6a
2 2 2 2 2 2 2 2 2 2 2 -1
u O, sfIxi Ty yi||x; T, y:||xs T, ys||xi T. y:f{t- R, v
(6} (3} (4} (1} (2} (5}
S6.4 S6a S S S Se6a
3 3 3 3 3 3 3 3 3 3 -1
u O sifIxy Tyoyi||xs T, ys||xs Ty oyi||xi T.oyil|ts Ry v
(6} (4} (1} (2} (3} (5}
S6.4 S S S S6a Se64
4 4 4 4 4 4 4 4 4 4 4 -1
u Q4 Syl [ X Tl Yi|X2 Tz Y| |Xs5 T3 Y| [Xs T4 Y, t, Ry v

Figure 12: An illustration for Case 1 of Theorem 3.8 for n = 6 and k = 4.

Case 2. (u); = (v); for every 2 < i < k. Without loss of generality, we assume that
(w); =1, (v)1 =2, and (u); = (v); =n—k+i for every 2 < i < k. Suppose that
n =35 and k = 3. We prove there are 3 mutually independent hamiltonian paths on
Ss,3 joining u = 145 to v = 245 by exhibiting the three required hamiltonian paths in
Table 7.

Hence, we assume that n > 6, k > 3, and n —k > 2. Let y; be a node of N, , (V)

with (y;); = i+2 for every 1 <i<n—2. Obviously, u € Siflg, vE S,{:',(}, yi € Sing

forevery 1 <i<n-—3,andy,; € S,{lzk}. By Lemma 3.7, there are (n — 3) paths

Ri,Ry,...,R,_3 of Si"g such that

(1) R;is a hamiltonian path of S,{lnk} —{v, y;} joining u to a node x; with (x;); =i+ 1
forevery 1 <i<n-—3,and
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Table 7: The 3 mutually independent hamiltonian paths of S5 3 between 145 and 245.

P = (145, 345, 435, 135, 235, 325, 523, 423, 243, 143, 543,453, 253, 153, 513, 413, 213, 123, 321, 521,
421,241,341, 541,451,251, 351, 531, 431, 231, 132, 532, 352, 452, 152, 512, 312, 412, 142, 542,
342,432,234, 534, 134,314, 214, 124, 324,524, 254,354, 154,514, 415, 315, 215, 125, 425, 245)

P, = (145,415, 315, 215, 125,425, 524, 324, 124, 214, 514, 314, 134, 234, 534, 354, 154, 254, 452, 352,
532,132,432, 342, 542, 142, 412, 312, 512, 152, 251, 451, 541, 341, 241, 421, 521, 321, 231, 431,
531,351, 153,513, 413,213, 123,423, 243, 143, 543,453,253, 523, 325, 235, 135, 435, 345, 245)

P; = (145, 541, 341, 241, 421, 521, 321, 231, 431, 531, 351, 251, 451, 154, 354, 254, 524, 124, 324, 234,
534,134,314, 214, 514,415, 315,215, 125,425, 325, 235, 135, 435, 345, 543, 143,413,213, 513,
153,453,253, 523, 123,423, 243,342, 142, 412, 512, 312, 132, 432, 532, 352, 152, 452, 542, 245)

@) [R1(j)s Ra())s s Raos(i)} = n—3 forevery 2 < j < (n— 1)1/ (n—k)! 2.
Let C be a matrix of order (n — 3) x (n— 1) defined by

i—j+2, if j<i+1, and
Cij=
YU lidn—j41, ifi+2<
More precisely,

2 1 n—1n-2..4 3

3 2 1 n—-1...5 4

C:
n—2n—-3n—4n-5...1n-1

We set py = x; and p/,_| = (y;)¥ for every 1 < i <n—3. We choose a node p;

in S,{ZCIZ-’} with (p§)1 = ¢; j+1 forevery 1 <i<n—3 and forevery 1 < j <n-—2.
N . ‘
Note that the node (p’]) is in S;{:}c"’“} — {p’jH} forevery 1 <i<n—-3and 0 <
Jj <n—2. By Theorem 2.3, there is a hamiltonian path T} of Sr{lc}c’ } joining the
. k . '

node (plj_l) to the node p’j forevery 1 <i<n—3and 1 <j<n—1. Weset P, =
(. Rixi=ph (p6)" 7. 21 (B)" T B (Ba) S T By = (00 3y
the (n — 3) paths forevery 1 <i<n-—3.

By Lemma 2.5, there is a hamiltonian path Q5 of S,{l”,} — {u, v} joining a node x
to a node y with (x); = 1 and (y); =n— 1. We set qo = u, q; = (x)~, q2 =y, and

q, = Yn—2. We choose a node q; € S,{:’,:Hz} for every 3 <i<n-—1 with (q;); =

n—i+1. Note that node (qo) is in Si"lk} —{qi} and node (q;)* is in Sin,:iﬂ} -

{qi+1} for every 2 < i <n—1. By Theorem 2.3, there is a hamiltonian path Q;
of Si‘lk} joining node (qo)* to node q;. Again, there is a hamiltonian path Q; of
S’{an—i+2} joining (g;—1)* to g; for every 3 <i < n. Then we set the path P, > = (u=

Q. (9), 01,41, (@) =%, 02,y =2, ..., (@—2)", On—1. Q1 (@n—1)*, O, @ =
Yn2, v>. Then {Py, Pa,..., P,_2} forms a set of (n —2) mutually independent hamil-

tonian paths of S, x joining u to v. Note that (q3); =n—2# 1= ((pé)k)l and
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(qi)1=n—i+1#n—i+3= ((P,’lfl)k)l for every 4 <i <n—1. See Figure 13 for
an illustration of this case forn = 6 and k = 4.

(y {5} 14 3)

Se-{vy )| S6d S S S Se
u R pyl|{(p)* Tv pif|(p)* T (py)* Ts pif|{(pp)* T: p

=

(p)*Ts p

3) (2) [ (5} (4)

Sea={ V.Y, } | Ses ) Se . S6.a . Sea , S )
u R, py|[(p)* Tv  pif|(pD)* T2 pif|(pD)* T5 pif|(p)* Te  pil|(pD* Ts  pily, Vv

4
9.
L ]

(6} (y

Se-{v.y, || s s Sed Sl Si
u Reopil[(p)t T pi||(p)* T2 pi|(pD)* T pi||(p)* T2 pi||(p)* Ts  pily, v
S Se-{u,v || 56 S S Sei

[ -}

(q.)* @, q,[|(a)*Q.q,|[(a)* @, q,||(qa)* 2, q.[(a)* O, q,

(4;)*Qq,=Y,| v

Figure 13: An illustration for Case 2 of Theorem 3.8 for n = 6 and k = 4.

Thus, the statement is proved. [ |

4. Conclusion

Lin et al. proposed the concept of mutually independent hamiltonian paths in [10].
The mutually independent hamiltonian paths of S, ,—1 is studied in [10]. In this
paper, we denote by THP(G). Using Theorems 3.1, 3.2, 3.4, and 3.8, we have the
following result.

Theorem 4.1. For 1 <k<n—2, [HP(S, )=n—2 exceptfor S4 o such that IHP(S4,5)
=1.

References

1. S.B. Akers and B. Krishnamurthy, A group-theoretic model for symmetric interconnection
networks, IEEE Trans. Comput. 38 (4) (1989) 555-566.

2. J.A. Bondy and U.S.R. Murty, Graph Theory with Applications, Elsevier Publishing Co.,
New York, 1976.

3. J.-H. Chang and J. Kim, Ring embedding in faulty (n, k)-star graphs, In: Proceedings of
the Eighth International Conference on Parallel and Distributed Systems (ICPADS 2001),
IEEE Computer Society, Washington, (2001) pp. 99-106.

4. W.-K. Chiang and R.-J. Chen, The (n, k)-star graph: a generalized star graph, Inform.
Process. Lett. 56 (5) (1995) 259-264.

5. S.-Y. Hsieh, G.-H. Chen, and C.-W. Ho, Hamiltonian-laceability of star graphs, Networks
36 (4) (2000) 225-232.

6. H.-C. Hsu, Y.-L. Hsieh, J.J.M. Tan, and L.-H. Hsu, Fault hamiltonicity and fault hamilto-
nian connectivity of the (n, k)-star graphs, Networks 42 (4) (2003) 189-201.

7. J.-S. Jwo, S. Lakshmivarahan, and S.K. Dhall, Embedding of cycles and grids in star
graphs, J. Circuits Systems Comput. 1 (1) (1991) 43-74.



52

10.

1.

12.

13.

S.Y.P. Chang et al.

FE.T. Leighton, Introduction to Parallel Algorithms and Architectures: Arrays, Trees, Hy-
percubes, Morgan Kaufmann, San Mateo, CA, 1992.

T.-C. Lin, D.-R. Duh, and H.-C. Cheng, Wide diameters of (n, k)-star networks, In: Pro-
ceedings of the International Conference on Computing, Communications, and Control
Technologies (CCCT’04), Austin, Texas, (2004) pp. 160-165.

C.-K. Lin, H.-M. Huang, L.-H. Hsu, and S. Bau, Mutually independent hamiltonian paths
in star networks, Networks 46 (2) (2005) 110-117.

Y. Saad and M.H. Schultz, Topological properties of hypercubes, IEEE Trans. Comput.
37 (7) (1988) 867-872.

C.-M. Sun, C.-K. Lin, H.-M. Huang, and L.-H. Hsu, Mutually independent hamiltonian
paths and cycles in hypercubes, J. Interconnection Networks 7 (2) (2006) 235-255.

Y.-H. Teng, J.J.M. Tan, T.-Y. Ho, and L.-H. Hsu, On mutually independent hamiltonian
paths, Appl. Math. Lett. 19 (4) (2006) 345-350.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


