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摘要 

本文的第一部分，利用半導體雷射VCSEL類比研究橫向邊界下的橫向高階模

態，並且從近場至遠場的觀察，研究橫向模態出光的特性和方向性。相較於微腔

體發光元件之出光特性的研究，利用VCSEL可以更直接的觀察到其模態的空間演

進。從研究結果中，我們證明了近場橫向模態和出光的方向性並非絕對一對一的

關係。當近場橫向模態有著圖像上顯著的差異，其遠場仍有可能具有大致相同的

方向性。更進一步，我們藉由量子彈子球檯的模型和近軸光學的繞射來理論分析

觀察到的實驗結果。 

第二部分，我們對雷射激發水柱之噴濺的形成作了深入的研究。將雷射垂直

聚焦入射於水面之下，利用高速攝影觀察水面上之噴濺的行為，並針對其結構和

形成機制做了細節的探討。在水柱於空間行進的演化中，水柱中間會產生一個氣

泡，並且在適當的雷射聚焦深度下，此氣泡中會包含一顆水滴。此外，由於雷射

產生的電漿具有很大的動能平行於入射方向，因此當我們將雷射水平入射聚焦於

水中時，水面的噴濺將不再是柱對稱結構，具有平面結構的特徵變化。 
i 
 



 

Boundary effects on generation of high-order laser 

modes and morphology of laser-induced water jets 

 
Student: Ross C. C. Chen              Advisor: Prof. Yung-Fu Chen 

 

Institute and Department of Electrophysics  

National Chiao-Tung University  

 

 

Abstract 

In this work, we investigate the high-order laser modes by a large-aperture 

VCSEL in different shapes of transverse confinement. VCSELs bear the potential to 

allow for directly observing the transverse modes and its free space propagation. 

Additionally, the light emitted from VCSEL is meaningful for studying the time 

diffraction from a high-order quantum mode. The experiment is reconstructed very 

well by theories of quantum billiard and Fresnel diffraction. We show that the far-field 

directional emission from a microcavity is just a necessary not sufficient condition for 

the emergence of a superscar mode. 

In next part, we investigate the laser-induced liquid jet. A pulsed laser is 

vertically focused into a tap water to induce a water jet on a flat water surface. The 

water jet is observed by a high speed camera and the mechanism is discussed in detail. 

In the temporal evolution of the water jet, there is an air bubble with a water drop 

inside formed in the water jet. Additionally, we horizontally focus the laser beam into 

the water and observe the water jet. This water jet shows a sheet features. 
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Chapter 1. Introduction                                                          

Chapter 1. Introduction 

 

The effects of boundaries are popular in sciences, technology applications, and 

even in our daily life. In quantum mechanics, the potential wells of boundaries 

quantize the energy states and determine the wave function. The general types of 

potential well are infinity potential and quantum harmonic oscillator. The wave 

function of these potential well are the types of the few quantum-mechanical systems 

for which an exact, analytical solution is known. In classical mechanics, boundary is 

important for studying the properties of system. For example, a thermodynamic 

system is defined by boundaries or walls of specific natures, together with the 

physical surroundings of that region, which determine the processes allowed to affect 

the interior of the region. 

In this work, we studied the boundary effects on transverse modes in optics and 

the laser-induced water jet in fluid mechanics, and firstly, in this chapter, we briefly 

review the previous works in these fields.   

 

1.1 High-order transverse modes 

Resonant cavity is essential to laser or other optical devices and determines the 

special feature of the emitted light, e.g. power, beam directionality, quality factor, 

output spectrum. In microdisk laser, for achieving low threshold, the shape of cavity 

can be designed in circular disk or cylinder to achieve the high-Q modes due to the 

well-known whispering-gallery mode in a circular-shaped planar cavity [1-3]. In 

addition to the threshold, integration of microdisk laser into an optoelectronic system 
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will require coupling the light from microdisk laser to outer system like fiber or 

another microdisk. The well control directional emission is necessary for high-Q 

microdisk applications.  

The general method to implement a directional emission is the shape 

deformation. Asymmetric resonant cavities slightly deformed from perfect symmetry 

cavities (e.g. circular or spherical cavities) lead to partially chaotic ray dynamic. The 

ray in such deformed cavity can not be completely confined by the total internal 

reflection of the boundary, and finally leaks at an artificial gap on the cavity to 

achieve the desired directional emission. Recently, the research on shape deforming, 

e.g., a deformed circular cavity by J. U. Nockel & A. Douglas Stone [4,5], G. D. 

Chern 2003 [6], and J. Lee 2008 [7]; a deformed square cavity by Tao Ling [8]; 

corner-cut square cavitiy by Chung Yan Fong [9]. In addition to the method of 

deformation, stadium shape is another way to implement the directional emission, 

which is classified to irregular billiard and studied in the fields of classical and 

quantum chaos [10]. The stadium resonator consists of two half-circles connected by 

two straight side walls. In classical billiard model in which classical particle moves 

freely and bounces elastically with no energy loss, there are two types of orbits: stable 

periodic orbit (PO) and unstable PO. Stable POs form a close loop and always exist in 

a regular billiard because of their high symmetry. On the other hand, unstable POs are 

determined according to that the PO is diverged and can not form a close loop when 

the trajectories of the PO have slightly dislocation or shift. For example, in a stadium 

resonator, the diamond periodic orbit is an unstable PO and the bouncing ball between 

the straight side walls is a stable PO. In a quantum model, interference patterns of 

wave functions localized around the unstable periodic orbits are called "scars" named 

by Heller [11]. In addition to scars, wave functions localize on the perturbation stable 
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periodic orbits are so-called “superscars”, which was originally used by Heller [11] to 

make a difference with scar.    

The main drawback in the studies of microcavity or microdisc laser is that the 

transverse mode can not be directly measured. Generally, the transverse modes of a 

microdisc laser are theoretically constructed from the directional emission of output in 

experiment. In this article, vertical cavity surface emitting lasers named VCSELs are 

used to study the high-order transverse modes in certain shapes of boundaries. As 

shown in next section, VCSELs can be analogously investigated the transverse modes 

in a microcavity and the output emitted light from VCSEL bears the potential to allow 

for directly measuring the transverse modes and directional emissions. 

 

1.2 VCSEL – vertical cavity surface emitting laser 

Vertical-cavity surface-emitting lasers (VCSELs) are made by sandwiching a 

light emitting layer between two highly reflective mirrors. The light emitting layer is 

generally composed in multi-quantum layer for high gain efficiency and the high 

reflective mirror can be dielectric multilayered or distributed Bragg reflectors 

(DBRs).  

The transverse confinement of optical field and electrical current is important for 

designing VCSELs. Generally, there are three types to confine the transverse optical 

field: gain guiding, index guiding, or antiguiding mechanisms. In Fig. 1.1, gain 

guiding is generally achieved by ion implantation into the DBR to control the flow of 

the injection current into the active layer [12,13]. However the configuration of 

ion-implanted region can not well define the diffusion of carrier concentration along 

the transverse direction of the active layer. Additionally, it is hard to apply the ion 

implantation to the active region for well defining the current distribution because it 
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will increase the optical absorption loss of the VCSEL. Thus, at high power operation, 

the VCSEL with ion implantation can be excited high-order transverse modes due to 

the thermal lensing because of the non-well defined transverse confinement of the 

active layer. The other problem is the electrical resistivity of the DBR, which may 

increase the heat generation inside the laser cavity. The only benefit of this structure is 

planer configuration, which improves the simplification in fabrication process so the 

low production cost could achieve.          

Compared to the gain-guided VCSELs, index-guided VCSELs have better 

transverse confinement of optical field. The index-guided VCSELs are implemented 

by inserting a material which has a low refractive index then the semiconductor of 

active layer to confine the optical field of transverse mode. This structure is similar to 

the waveguide of a fiber. Several types of index-guided VCSELs are implemented 

such as airposted, etched mesa and oxide aperture. These types have different 

mechanisms to confine the optical field and injection current as well as different 

production costs in fabrication process. The airposted VCSELs [14] as shown in 

Figure 1.2, the edge of active layer is direct contact with the outside air. The large 

difference in refractive index between the semiconductor material and the air provide 

very robust transverse confinement on optical field. But the roughness of the sidewall 

and the aperture-like structure from the active layer to the downside DBR increase the 

scattering and diffraction loss respectively. According to the research of waveguide, 

the larger the difference of refractive index between the materials of core and cladding 

layer the stronger confinement of optical field in the core, but conversely, the mode 

number will increase. Thus the single-mode operation is not stable in airposted 

VCSELs, especially at high injection current. Another type of index-guide VCSELs 

called oxide aperture VCSEL (Fig. 1.3) are now the most popular and promising 

devices for several applications such as short range communication, optical disk 
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readout head, laser printing, and sensor application [15-17]. For the confinement of 

optical field, effective refractive index between the oxide aperture and the 

surrounding semiconductor material can be controlled though the thickness of the 

oxide aperture and the location relative to the active layer. Additionally, the insulation 

of silicon oxide of oxide aperture forces the injection current though the aperture, 

which enhance the wall-plug efficiency [18]. As a result, the oxide aperture VCSELs 

have advantages on the well define of transverse lasing modes, extremely low 

threshold current [19], and low cost and high yield production of the oxidization 

procedure.     

For analogously studying the direction emission from a transverse mode of a 

microcavity by VCSEL, we have to confirm the relation between the transverse mode 

of a microcavity and the transverse optical filed of VCSELs. The electric field of 

optical beams obeys the wave equation ( ) ( )22
20 , , : 0x y z ttµ ε ∂∇ − Ε =

∂


. According 

to the waveguide theory, the electric fields with a predominantly z direction of 

propagation can be approximated as ( ) ( ) ( ), , : , zi k z tx y z t x y e ω−Ε = Ε
 

, where zk  is the 

wave vector along z-direction and ω  is the angular frequency [20]. Although 

VCSELs have highly symmetric structure, the existence of anisotropy can break the 

degeneracy of transverse modes in two orthogonal polarizations, resulting in a split in 

oscillation frequency. Therefore, total electric field includes the two polarized states 

can be expressed as  

 ( ) ( ) ( ), ˆ, , : , z x xi k z t
x xx y z t x y e aω−Ε = Ε +

   
 ( ) ( ), ˆ, z y yi k z t

y yx y e aω−Ε   
 ,           (1.1) 

where ,z xk  and ,z yk  are the wave vector along z-direction, and the iω  is the angular 

frequency in i -polaried state. After separating the z component in the wave equation, 

we are left with a two-dimensional Helmholtz equation in the two polarized states 
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,                              (1.2)     

where 2
t∇  means the Laplacian operator operating on the transverse x and y 

coordinates. Since the electric field in VCSELs experience total reflection on the 

lateral walls, transverse optical field at the boundary of cavity can be approximated as 

( )
,

, 0i x y
x y

∈ℑ
Ε =  with i x=  or y . Obviously, transverse electric fields of VCSELs 

are thoroughly equivalent to eigenfunctions of 2D Schrödinger equation with infinity 

potential well of the same geometry. In other words, the transverse optical fields 

( ),i x yΕ  of VCSELs can be used to analogously investigate the wave functions 

( ),x yy  in two-dimensional (2D) quantum billiard. In our previous works [21], we 

have confirmed this important theoretical prediction by experiment.  
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Fig. 1.1 Schematic diagram of a gain-guided VCSEL with ion implantation regions to 

confine the injection current as the effective active transverse region [13, Fig. 1.9]. 

  

7 
 



Chapter 1. Introduction                                                          

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1.2 Schematic diagram of airposted VCSEL (index-guided structure) [14, Fig. 1.]. 
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Fig. 1.3 Schematic diagram of an index-guided VCSEL with oxide aperture [17, Fig. 

6.]. 
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1.3 Jet formation – Laser-induced water jet 

In the next part of this work, we investigate the liquid jet formation. These 

studies are widely encountered in nature and various applications such as ink-jet 

printing, spray cooling, quenching and cutting of metal, liquid jet based needle-free 

injectors, DNA sampling, nuclear fission, powder technology [22-25]. On the other 

hand, jet dynamic investigates several physical properties of fluid, such as surface 

tension, viscosity, and non-Newtonian rheology. Almost all classical physics comes 

into play in the dynamic of jet, and still remains several challenging cases. In this 

article, we focus on the laser-induced liquid jet on a free surface. Free surface flows 

are almost the most beautiful and complicate phenomena encountered in fluid 

mechanics. This is especially true when a liquid surface is disturbed by a violent event 

beneath the free surface in the fluid domain or from the outside world to the fluid 

domain like an object impact or a reflecting shock wave. 

When an object travels through a free surface of a fluid, a familiar jet formation 

exists, which is called Worthington jet [26] after the pioneering work on time-resolved 

imaging of A.M. Worthington. The object impacting on the free surface causes a 

crater on the free surface, and the collapse of this crater generates a vertical upward 

jet. Eruption of liquid jets from collapsing depressions has indeed been observed in a 

number of diverse instances, such as forcing the standing Faraday waves in a liquid 

surface [27], during the burst of bubbles [28], and tubular jet [29]. The tubular jet is 

formed in a tube when the tube is initially immersed in a tank of fluid and then 

suddenly released [29]. In addition to the fluid, a bed of fine, loose sand which nearly 

has no surface tension can also generate a remarkably different jet dynamics called 

granular jet when a particle falls and impacts into the sand [30]. 
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Compared to the jet formed from a crater, a jet or splash forms on a free surface 

when an object is expanding very fast beneath a water surface such as material 

explosion which was studied extensively since World War II in the field of underwater 

explosions [31]. These studies, dealing with a large-size explosion bubble in 

underwater explosion, mainly focused on the bubble oscillation and the generation of 

spray on the free surface [31,32]. Recently, a small-scale cavitation bubble in 

millimeter size was used and the results showed more qualitative behaviors compared 

to the large-size explosion bubble for further theoretical simulations [33]. 

Understanding these behaviors is believed to shed light on the mechanisms of the 

erosion damages on a deformable surface caused by a nearby collapsing bubble 

[34,35]. Such a small-scale bubble was generally generated by using spark discharge 

[36] and these studies showed that, universally, an oscillating bubble develops into a 

toroidal shape during its collapse [33-35]. This shape evolution was reconstructed 

well in theoretical simulations [33-35]. In addition to the bubble, a liquid jet was seen 

to burst out from the free surface, and for a certain bubble depth, there emerged a thin 

jet followed by a markedly thicker jet and a circular crown-like jet perfectly 

connected on the shoulder of the thick jet transited to the thin jet [34,37]. 

The main drawbacks of the spark discharge and material explosive are the 

unavoidable influence of the electrodes and remained explosives on the dynamics of 

the bubble and liquid jet. In contrast, lasers have been shown to be useful and 

precisely controllable for generating a bubble by direct optical breakdown with pulsed 

lasers [38,39] or thermocavitation with CW lasers [40]. Several dynamics with 

different boundary systems were observed such as rigid wall for applications of 

erosion damages and fluid pumping [38,41,42], membrane or living cell for tissue 

engineering applications [43,44]. The oscillation times of a cavitation bubble near a 

rigid wall and free surface were investigated and compared with modified Rayleigh’s 
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model [45]. Very recently, a liquid jet on a flat free surface induced by a femtosecond 

pulsed laser was implemented in a new laser printing technique named film-free laser 

induced forward transfer (LIFT) to overcome the constraint of solid or liquid film 

preparation [46]. Furthermore, the laser-induced breakdown bears the potential to 

generate a more complex and flexible jet formation by controlling the shape of the 

bubble. K. Y. Lim et al. in 2010 [47] showed that complex bubble patterns can be 

generated using a holographic element in which the laser energy distribution is 

controlled by the patterns displayed on a spatial light modulator (SLM) acting as a 

phase object by a Fourier transform. As a result, bubble shaping and multiple bubble 

are achievable for inducing desired liquid jet. However, despite the great potential in 

future, there still remain several unknown mechanisms about the liquid jet and its 

evolution such as the crown-like structure on the thick jet [37]. The purpose in this 

article is to explore the detailed mechanisms and temporal evolutions of the 

laser-induced liquid jet. 
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Chapter 2. High-order lasing mode and 

free space propagation of large-aperture 

VCSELs 

 

In this chapter, we study the high-order transverse modes emitted from VCSELs. 

Square and equilateral triangular shapes of the aperture of VCSELs are studied in 

chapters 2.1 and 2.2, respectively. In each chapter, firstly, the theoretical model for 

constructing the near-field transverse mode is studied. Next, the experimental results 

analyzed with the simulations are discussed.     

 

2.1 Large-aperture square VCSEL 

 

2.1.1 Theoretical analysis   

A 1D cavity with rigid wall of boundary can be modeled from the infinity 

potential well which is the most simple and well known system in every textbook of 

quantum mechanics [1,2]. The eigenfunction of Schrodinger equation in 1D infinity 

potential well is solved as a sinusoid wave (Fig. 2.1) in which n is the quantum 

number. 

 

2( ) sin( )n
n xx

a a
πψ =                                            (2.1) 
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    Because the orthogonal and separable properties between the x and y coordinates, 

the eigenstates of 2D planer square infinity potential well can be described below 

 

    
1 2

1 2
,

2( , ) sin( )sin( )n n
n x n yx y

a a a
π πy =                                 (2.2) 

 

Figure 2.2 displays some of the eigenstates with their quantum numbers labeled 

below each figure. The eigenstates of regular square shape are like a chessboard and 

distribute averagely over the space which don’t show any indications of localization 

on periodic orbits even the quantum number approaches infinity. 

According to the correspondence principle, when the quantum number 

approaches infinity, the probability of wave function will agree with the classical limit. 

Nevertheless, the wave function doesn’t become to a particle in classical limit. The 

way to connect the wave in quantum and particle in classical, is used the coherent 

states. The idea of coherent states is the superposition of a set of eigenstates with 

different eigenvalues and certain phase relations between each eigenstates [3]. As a 

result, a moving particle can be represented by the superposition of time-variant 

Schrodinger solution. Extracting the stationary states from the result of superposition 

of time-variant Schrodinger solution, we can get a wave function associated with 

periodic orbits.  

The stationary coherent states in square shape infinity potential well can be 

displayed as followed [4]: 
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Figure 2.3 displays the stationary coherent states , ,
, ( , )p q

N M x yφΨ  with different 

( , , )p q φ . Obviously, the two positive integers p and q are related to the number of 

collisions with horizontal and vertical walls, and the  (0 2 )φ φ π≤ ≤  is the wall 

position of specular reflection points [5]. 
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Fig. 2.1 Eigenfunctions with Eigenvalues n=1, 2, and 3 of 1D infinity potential well. 
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Fig. 2.2 Low order eigenstates and a slight high-order mode (30, 30). The properties 

of classical periodic orbits can not manifest and construct only by the conventional 

eigenstates even in the correspondence limit of large quantum numbers. 
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Fig. 2.3 Stationary coherent states of , ,
20,20 ( , )p q x yφΨ with different ( ), ,p q φ . The φ  is 

set to be 0 to π  and the values of ( ),p q  are ( )1,1 , ( )1,2 , and ( )2,2 . 
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2.1.2 Experimental setup 

The experimental setup is shown in Fig. 2.4. The VCSEL device was placed in a 

cryogenic system with a temperature stability of 0.01 K in the range of 80–300 K. A 

DC power supplier (KEITHLEY 2400) with a precision of 0.005 mA is used to drive 

the VCSEL device. The near-field patterns were reimaged into a charge-coupled 

device (CCD) camera (Coherent, Beam Code) with an objective lens (Mitsutoyo, NA 

of 0.9). The far-field patterns are measured with a CCD placed behind a screen. The 

control parameters of the VCSEL in this experiment are the device temperature and 

pumping currents which are the important factors to affect the lasing transverse modes. 

The schematic of the laser device structure is shown below in Fig. 2.5. The bright 

region displays the spontaneous emission to clearly distinguish the area of square 

boundary and the edge length of the square oxide aperture is approximately 40 μm. 

 

 

 

Fig. 2.4 The schematic experimental setup for observing the near, far field, and the 

free space propagation of VCSELs.  
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Fig. 2.5 Schematic of the large-aperture square VCSELs device structure. 
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2.1.3 Results and discussion 

At temperature 275K, the lasing mode is shown in Fig. 2.6(a), generally, we call 

it the bouncing-ball mode. In numerical part, it can be roughly seem an eigenstate of 

square shape infinity potential well with very high order in horizontal quantum 

number and slightly deform. The eigenstate 
1 2, ( , )n n x yy  of square shape infinity 

potential well mentioned in section 2.1.1 is shown below, 

  

1 2

1 2
,

2( , ) sin( )sin( )n n
n x n yx y

a a a
π πy =                                 (2.2) 

 

According to the work by Chien-Cheng Chen in 2009 [6], the experimental 

bouncing-ball mode can be reconstructed by a linear combination of two eigenstates: 

 

    40,11 39,14( , ) sin(0.35 ) ( , )sin(0.35 )x y x yy π y π+                         (2.4) 

 

The numerical simulation of the bouncing-ball mode is showed in Fig. 2.7(a).  

When the operating temperture is decreased to 260K, the near-field of the 

VCSEL dramatically changes to a diamond-like pattern. About the discussion of 

numercal research in section 2.1.1, the superscars localized on the perodic orbits can 

be implemented by the coherent states as shown below [4]. 

 
1

, ,
, , ( 1 )

0

1

0

1( , ) ( , )
2
2 ( ) ( ( 1 )                  sin[ ]sin[ ]
2

M
p q M iK
N M K qN pK pN q M KM

K

M
M iK
KM

K

x y C e x y

qN pK x pN q M K yC e
a aa

φ φ

φ

y

pp

−

+ + − −
=

−

=

Ψ =

+ + − −
=

∑

∑
 

                                                                 (2.3) 

The Equation (2.3) is the form of traveling wave and the standing wave for 

experimental fitting is expressed as  
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qN pK x pN q M K yC x y p q C K
a aa

pp φ φ
−

=
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                                                                 (2.5) 

, and the diamond-like superscar mode shown in Fig. 2.6(b) can be interpreted by 

 

 ( )
36,10 ( , ;1,1,0.57 )CC x y π  (Fig. 2.7(b)).                                   (2.6) 

 

As we can see, the near fields of the experiments are reconstructed very well by the 

model of quantume billiard.    

Next, the experimental far fields of the two lasing modes in Figs. 2.6(a) and (b) 

are observed and shown in Figs. 2.6(a’) and (b’), respectively. The two far-field 

patterns are similar to each other. The far field from the superscar near-field pattern is 

a square with four points on the cornors of the square. Because the far field is related 

to the momentum distribution of the direction emision of the near field [7,8], we can 

see that the directions of the four points are parallel to the trajectory of the perodic 

orbit in near field. Base on the result of the far field of superscar mode, the far field of 

Fig. 2.6(a’) shows that the near field in Fig. 2.6(a) is not completely only a horizontal 

bouncing-ball mode. These results show that the far field could provide some 

information for determining the near field. In theoretical part, the far-field pattern is 

simulated by the method of Fraunhofer diffraction [7], as derived in Appendix A. The 

results are shown in Figs. 2.7(a’) and (b’) for the bouncing-ball near-field pattern (eq. 

(2.4)) and the diamond-like superscar (eq. (2.6)), respectively. There are great 

agreements between the experimental and numerical results both in the near-field and 

the far-field patterns.  
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Fig. 2.6 (a) The Bouncing-ball lasing mode at temperature 275K; (b) superscar lasing 

mode (1,1) at temperature 260K. The far-field patterns (a’), and (b’) correspond to (a), 

and (b), respectively.  
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Fig. 2.7 (a) The theoretical Bouncing-ball mode; (b) superscar mode (1,1). The 

far-field patterns (a’), and (b’) correspond to (a), and (b), respectively.  
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Based on the plenteous morphologies on the near-field and far-field patterns, we 

further explore the free space propagation from the near field to the far field and use 

the Fresnel diffraction derived in Appendix A to analyze the experimental results. In 

Fig. 2.8, the graph in monochrome is the experimental measurement, and the 

theoretical results are shown under each experimental result. The evolutions of the 

patterns are horizontal propagation and roughly follow the directions of the 

interference stripes of near-field patterns. According to the theoretical study, the 

standing wave is linearly combined by two opposite directional traveling waves. As a 

result, the interference stripes of near-field pattern will separate to two diffraction 

patterns in opposite directions as shown in the measurements and the theoretical 

results. 

Compared to the free-space propagation of the bouncing-ball mode, the 

diamond-like superscar mode shows slight copious morphologies and apparent 

directions on the propagation of diffraction patterns, as shown in Fig. 2.9. Despite the 

direction of propagation parallel to the trajectory of the periodic orbit in near field, 

there are other directions which are not exist in the classical limit. This result is 

explained by the nature of interference of waves as follows. On the edge of square 

aperture, the two interference stripes overlap to each other and create another 

direction of interference pattern. This new interference pattern is parallel to the wall 

of square and will propagate parallel the boundary of the square, as shown in the 

sequence pictures (b) to (d) in Fig. 2.9. 
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Fig. 2.8 The free-space propagation of a bouncing-ball near field. The 

experimental results are shown in first and third rows and the theoretical results are 

shown in the second and forth rows. 
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Fig. 2.9 The free-space propagation of a diamond-like superscar near field.  
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2.2 Large-aperture equilateral-triangular VCSEL 

 

2.2.1 Theoretical analysis 

Compared to the square shape infinity potential well, the shape in 

equilateral-triangular is classically integrable but non-seperable system. Let three 

vertices of an equilateral-triangular to be set at (0, 0), (a/2, 3 / 2a ), and (-a/2, 3 / 2a ). 

The eigenstates in an equilateral-triangular infinity potential wall have been derived 

by several groups [9-11] and the wave functions of the two degenerate stationary 

states can be expressed as  

( )
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and 
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( )
, ( , )C

m n x yΦ  and ( )
, ( , )S

m n x yΦ  have the following characteristics:  

( )
, ( , ) 0C

m m x yΦ = , ( )
, ( , ) 0S

m m x yΦ = , ( ) ( )
, ,( , ) ( , )C C

m n n mx y x yΦ = −Φ , ( ) ( )
, ,( , ) ( , )S S

m n n mx y x yΦ = −Φ , 

( ) ( )
, ,( , ) ( , )C C

m m n m nx y x y−Φ = Φ , and ( ) ( )
, ,( , ) ( , )S S

m m n m nx y x y−Φ = −Φ .                  (2.9) 
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Hence, the condition of 2m n≥  is required to keep all eigenstates to be linearly 

independent to each other. Figures 2.10(a) and 2.10(b) show some of the ( )
, ( , )C

m n x yΦ  

and ( )
, ( , )S

m n x yΦ  with their quantum number labeled below each picture. As similar to 

the wave function in square shape potential well, the eigenstates do not manifest the 

localization on periodic orbits even if the quantum number approaches to infinity. 

For the stationary coherent states in equilateral-triangular infinity potential well, 

first, the traveling wave states are represented from linear combination of eigenstates: 
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        (2.10) 

Next, the stationary coherent states associated with periodic orbits denoted by 

( , , )p q φ  in equilateral-triangular infinity potential well can be expressed as below 

[12,13]. 
1

, ( 1), ( )/2
0

1( , ; , , ) ( , )
2

M
M iK

M N k p K N q M KN
K

x y p q C e x yφφ
−

± ± ±
+ + −

=

Ψ = Φ∑              (2.11) 

A typical coherent states with ( , ) (1,0)p q =  are showed in Fig. 2.11 in which 

the pattern with 
4
πφ =  looks like an inverse cane.  
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Fig. 2.10 (a) Some eigenstates of equilateral-triangular 2D infinity potential well

( )
, ( , )C

m n x yΦ .  
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Fig. 2.10 (b) Some eigenstates of equilateral-triangular 2D infinity potential well 

( )
, ( , )S

m n x yΦ . When m=2n, 
( )

, ( , ) 0S
m n x yΦ = . 

  

36 
 



Chapter 2. High-order lasing mode and free space propagation of large-aperture VCSELs      

 

 

 

 

 

 

 

 

Fig. 2.11 Stationary coherent states of 42,20 ( , ;1,0, )x y φ+Ψ with differentφ . 
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2.2.2 Experimental setup 

The experimental setup is the same as shown in Fig. 2.4. The VCSEL device was 

placed in a cryogenic system with a temperature stability of 0.01 K in the range of 

80–300 K. A DC power supplier (KEITHLEY 2400) with a precision of 0.005 mA is 

used to drive the VCSEL device. The near-field patterns were reimaged into a 

charge-coupled device (CCD) camera (Coherent, Beam Code) with an objective lens 

(Mitsutoyo, NA of 0.9). The far-field patterns are measured with a CCD placed 

behind a screen. 

The schematic of the laser device structure with equilateral-triangular shape is 

shown in Fig. 2.12. The edge length of the oxide aperture is approximate 66.8 mm . 

 

 
 

Fig. 2.12 Schematic of the large-aperture equilateral-triangular laser device structure. 

66.8μm 
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2.2.3 Results and discussion  

The experimental near-field morphologies are shown in Figs. 2.13(a)–(c) with 

different temperatures as labeled in each figure. Additionally, the corresponding 

far-field patterns for the honeycomb eigenmode, the cane-like superscar mode, and 

the superscar mode with ( , ) (1,1)p q = [14] are shown in Figs. 2.13(a’)–(c’). We can 

see that the near-field patterns for the honeycomb eigenmode and the superscar mode 

with ( , ) (1,1)p q =  are conspicuously different to each other. However, their far-field 

patterns display fairly similar directional emission. The directional emission for a 

superscar mode can be easily traced from its localization in the near-field feature, as 

shown in section 2.1.3. Conversely, it is demanding to find the directional emission of 

a honeycomb lasing mode. 

As described in section 2.2.1, the eigenstates for the standing waves are given by 

( )
, ( , )C

m n x yΦ  and ( )
, ( , )S

m n x yΦ  as shown below: 
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In terms of ( )
, ( , )S

m n x yΦ , the experimental honeycomb pattern can be well 

reconstructed with n=60 and m=6, as depicted in Fig. 2.14(a). On the other hand, the 

Superscar modes associated with classical periodic orbits can be analytically 

expressed with the coherent states. 

 
1

, ( 1), ( )/2
0

1( , ; , , ) ( , )
2

M
M iK

M N k p K N q M KN
K

x y p q C e x yφφ
−

± ± ±
+ + −

=

Ψ = Φ∑               (2.11) 

 

And the standing wave , ( , ; , , )N MC x y p q φ±  is represented:  

   , , ,( , ; , , ) ( , ; , , ) ( , ; , , )N M N M N MC x y p q x y p q x y p qφ φ φ± + −= Ψ ± Ψ               (2.12) 

The experimental superscar pattern in Fig. 2.13(b) can be well reconstructed by 

2

, ( , ; , , )N MC x y p q φ+  with N=36, M=9, and ( , , ) (1,0,0.23 )p q φ p= , as depicted in Fig. 

2.14(b). In the same way, the experimental superscar pattern in Fig. 2.13(c) is related 

to the theoretical solution 
2

, ( , ; , , )N MC x y p q φ+  with N=22, M=6, and 

( , , ) (1,1,0.3 )p q φ p= , as depicted in Fig. 2.14(c). The theoretical analysis of the far 

field can be implemented by combining the numerical near-field pattern and the 

equation of Fraunhofer diffraction. The calculation results of far field are shown in 

Fig. 2.14(a’) for honeycomb eigenmode, Fig. 2.14(b’) for superscar (1,0) mode, and 

Fig. 2.14(c’) for superscar (1,1) mode. The excellent agreements between the 

experimental and numerical patterns again confirm that the model of quantum system 

in infinity potential well is great important to analogically simulate the transverse 

lasing modes of the VCSELs, and this work was proposed in Ref. [15]. 
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The experimental and theoretical results show that the near-field patterns for the 

honeycomb eigenmode and the superscar mode (Figs. 2.13(a) and (c) and Figs. 2.14(a) 

and (c)) are apparently different to each other. One spreads over the triangular space 

while the other one is localized on the periodic orbit with trajectory parallel to the 

three edges of the triangle. However, their far-field patterns display fairly similar 

directional emission with the angles at integral multipliers of 60 . As a consequence, 

we confirm that the far-field directional emission is just a necessary not sufficient 

condition for the emergence of a superscar mode [15]. 

For detailed exploring the far fields of the honeycomb eigenmode and the 

superscar mode, the experimental results are redraw in Fig. 2.15 and the numerical 

patterns are calibrated by changing the index of square in 
2

, ( , ; , , )N MC x y p q φ+  to 

0.8

, ( , ; , , )N MC x y p q φ+  for diminishing the contrast of the image and emphasizing the 

delicate morphology. There are two apparent differences between the far-fields in Fig. 

2.15: the structures of the six points in each directional emission and the lines 

connected between the six points. Interestingly, these lines form two triangles with a 

shape in hexagram which is the well-known Magen David (Star of David). 

In the far field of honeycomb eigenmode, there are two dots in each six 

directions of directional emission. As a result, there are total 12 dots in the far field. 

These dots can be explained by dividing the eigenstate ( )
, ( , )S

m n x yΦ  into three parts, 

each part is familiar to the eigenstates of a rectangle-shape infinity potential well. The 

three parts are as listed: 

2 2sin ( ) sin ( )
3 3
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π π  + −     
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3 3
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π π  −      

.  
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As shown in the section 2.1.3, the far field emitted from a rectangle-shape aperture 

VCSEL has 4 points on each directional emission. Based on this result, the 12 dots 

and its locations in the far field of a honeycomb near-field pattern are apparently 

reasonable. 

 Despite the 12 dots, the lines in Magen David can not get well explain from the 

results of the far fields emitted from a rectangle-shape aperture VCSEL. Actually, 

the lines are not real line but the interference patterns, and amazingly, the lines used 

to connect the six dots form one of the triangular in Magen David with a close loop 

(one touch drawing), as shown in Fig. 2.16. The detailed formation about this line is 

related to the superposition of the wave function for constructing the near-field 

transverse modes. For example, a summation of a group of sin waves to create a sinc 

function, because the number of the sin waves in the group is finite, there will exist 

some fluctuations between the peaks of sinc function. As a result, in the far field of 

VCSELs, it usually exist some interference-line patterns connected between each 

dots [6,7,16].   

Based on the explanation of the Magen David emitted from honeycomb 

near-field pattern, the Magen David in the far field of a superscar mode (1,1) is 

explained as follows. The locations of the 12 dots are related to the quantum 

numbers of the eigenstates as confirmed by the far field of a rectangle-shape aperture 

VCSEL. When a group of eigenstates with different eigenvalues is combined to 

generate a coherent state 
2

, ( , ; , , )N MC x y p q φ+ , several groups of 12 dots will overlap 

to form six elliptical dots on each directional emission and the lines in Magen David 

will be plaited to a ribbon, as shown in Fig. 2.15. 
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Fig. 2.13 Experimental near-field morphologies: (a) honeycomb eigenmode, (b) 

cane-like superscar (1,0) mode, (c) superscar (1,1) mode. The far-field patterns (a’), 

(b’), and (c’) correspond to (a), (b), and (c), respectively. 
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Fig. 2.14 Theoretical near-field morphologies: (a) honeycomb eigenmode, (b) 

cane-like superscar (1,0) mode, (c) superscar (1,1) mode. The far-field patterns (a’), 

(b’), and (c’) correspond to (a), (b), and (c), respectively. 
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Fig. 2.15 The experimental and Theoretical far-field patterns from honeycomb pattern 

(above) and superscar (1,1) mode (bottom) in near field. The morphology of the 

numerical patterns is enhanced.  
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Fig. 2.16 Six points on one of the triangular of Magen David is connected with only 

one touch.  
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Furthermore, we explore the free space propagations of the transverse modes 

emitted from VCSELs for understanding the directional emissions from some typical 

lasing modes in equilateral-triangular VCSEL. The light evolution emitted from 

VCSEL with a honeycomb lasing mode is shown in Fig. 2.17. The results are 

conspicuously different to the eigenmodes of square boundary in Fig. 2.8. The 

honeycomb lasing mode analogously splits into three honeycomb patterns and each 

pattern propagate out from the three edges of triangular boundary with direction 

vertical to each edge. During the evolution, an inverse triangular window is gradually 

opening on the center of the diffraction pattern. This window cuts the three divided 

honeycomb patterns to six dots with interference structure.        

The free-space propagations of the superscar (1,0)  and (1,1)  modes are shown 

in Figs. 2.18 and 2.19, respectively. The second and fourth rows in the Figs. 2.18 and 

2.19 depict the numerical patterns calculated from combining the theoretical 

near-field patterns and the Fresnel diffraction integral (eq. A.9). In Fig. 2.18, the 

characteristic of the diffraction patterns show a distorted trajectory followed the 

direction parallel to the left bevel edge as same as the diamond-like superscar mode in 

square-aperture VCSEL. For the diffraction of superscar (1,1)  mode, there are 

another six points in the diffraction patterns (six lines in diffraction space) and such 

six points are explained in Fig 2.20. There are three short dash lines in the three 

corners which are hardly observed in the experimental measurement (Fig. 2.19), and 

these short dash lines will form the six points. 
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Fig. 2.17 Experimental and theoretical results of free-space propagation of the 

honeycomb eigenmode. The experimental results are shown in first and third rows 

and the theoretical results are shown in the second and forth rows. 
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Fig. 2.18 Experimental and theoretical results of free-space propagation of the 

cane-like superscar (1,0)  mode. The experimental results are shown in first and third 

rows and the theoretical results are shown in the second and forth rows.  
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Fig. 2.19 Experimental and theoretical results of free-space propagation of the 

superscar (1,1)  mode. The experimental results are shown in first and third rows and 

the theoretical results are shown in the second and forth rows. 
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Fig. 2.20 The formation about six points in the diffraction pattern of the experimental 

results. The schematic picture about these propagations of six points is also shown. 
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Chapter 3. Laser-induced breakdown 

beneath a flat water surface – Vertical 

focusing 

 

The most significant parameter affecting the dynamical properties of the liquid 

jet is the parameter γ of initial bubble depth over maximum bubble radius [1-3]. This 

γ is also a feasible technological parameter in several applications such as quality 

optimization in film-free LIFT [4, p.101]. Therefore, in this chapter, we characterize 

the liquid jet as a function of γ and investigate its morphology and generation. 

Experimentally, a nanosecond pulsed laser with wavelength 1064 nm is used to 

induce water breakdown, and a bubble with millimeter size is generated beneath a flat 

free surface. The overall behavior of interaction between the bubble and the free 

surface is recorded by a high speed camera. Furthermore, we systematically explore 

the morphological changes in the temporal evolution of the water jet. 

 

3.1 Experimental setup 

A schematic diagram of the experimental arrangement is shown in Fig. 3.1. A 

bubble is generated beneath a free surface by focusing a flash-pump pulsed laser 

(Nd:YAG, λ = 1064 nm) with a pulse width 6 ns from below a water tank vertically 

into tap water at a room temperature 297 K under atmospheric pressure. The 

dimension of the tank is 100╳70╳20 mm3 and the depth of water is 13 mm for 

alleviating the influence on the bubble from the bottom wall of the tank. The output 
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beam of the laser with beam waist 1.5 mm is enlarged 10 times its original size by 

employing a lens array with one biconcave lens and two convex lenses. Then, a lens 

with a focal length of 12 cm in air and a mirror with high-reflection coated at 1064 

nm are used to focus the enlarged beam vertically beneath the free surface to form a 

point plasma followed by a cavitation bubble. The output energy of the laser is around 

22 mJ beam and is attenuated by an attenuator. As a result, the energy after the mirror 

can be controlled from about 0.15 mJ to 18 mJ. The initial bubble shape with different 

laser energy is shown in Fig. 3.2 and the maximum bubble diameter is shown in Fig. 

3.3. In this work, the energy of laser is set to 18 mJ because the maximum bubble 

diameter is gradually saturated as shown in Fig 3.3, and the fluctuation of the bubble 

size will be minimized for achieving a stable experimental measurement on the 

bubble dynamics. The dynamic of the interaction between the bubble and the free 

surface is recorded by a high speed camera (NAC GX-3). The maximum frame rate of 

NAC GX-3 is 198,000 fps and the maximum shutter speed is 1 μs. 
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(a) 

 

 

(b) 

Fig. 3.1 (a) The Experimental setup. (b) The high speed camera of GX-3 which is 

setup at the right down corner of Fig. 3.1(a). 
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Fig. 3.2 The initial bubble shape with different laser energy. The frame rate is 10,000 

fps and the time of each frame is labeled on the top. 

  

57 
 



Chapter 3. Laser-induced breakdown beneath a flat water surface –Vertical focusing          

 

 

 

 

 

 

 

 

 

Fig. 3.3 The maximum bubble diameter with different laser energy. The solid line is a 

guide for the eye.  
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3.2 Results and discussion 

In this section, we observe the water jet on the free surface with different bubble 

depth. The water jet shows a rich structure and various feature when the bubble depth 

is changed. The mechanism of each part of the water jet is also discussed in detail. 

 

3.2.1 Thin jet, thick jet, and crown formation 

Figure 3.4 clearly shows a typical dynamic of a shallow underwater oscillating 

bubble and a water jet with complete structure and morphology on the free surface. 

The depth of the bubble from the free surface is 0.8 defined in stand-off parameter γ 

(h ∕ Rmax, h is initial distance between the center of the bubble and the free surface, 

Rmax is maximum bubble radius). As shown, the bubble extrudes a thin jet during its 

period of first expansion, as similar as described in recent works [1-3], and the thin jet 

continues to rise after the first expansion. At the end of the first expansion, the bubble 

starts to collapse due to the pressure decrease inside the bubble and moves downward, 

leading to the sinking around the surface on the bottom of the thin jet. This sinking 

surface was previously referred as surface depression [5]. When the sinking surface 

reaches its maximum depth, the surrounding water will flow toward the crater of the 

sinking surface, resulting in moving upward of the maximum depth point and the 

formation of the thick jet under the thin jet on the free surface [5]. Eruption of liquid 

jets from collapsing depressions has been observed in other circumstances, like 

standing Faraday-waves [6] and free-fall of a drop [7] on a liquid surface, and 

granular jets [8]. 
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It should be noted that, before the formation of the thick jet, the thin jet has 

already formed on the sinking surface. This is in contrast to the general cases of 

surface depression in which only a crater (without the thin jet) appears on the free 

surface by inserting an external force [6-8] or a burst cavity just below the surface [9]. 

To help see the detailed surface curvature of the surface depression with a thin jet, we 

have applied the boundary integral method assuming a pressure 1.4
0 0( )cp p p V V= +  for 

a bubble in an inviscid, incompressible, and irrotational fluid domain, where pc is a 

constant vapor pressure, V is the volume of bubble, and 1.4 the ratio of specific heats. 

Detailed numerical procedures of boundary integral method can be obtained from 

Appendix B and Refs. 2 and 3. Figure 3.5 shows the simulated dynamics of the 

bubble and free surface, along with the detailed schematic curvature of the surface 

depression with the thin jet. In fluid systems, a surface depression usually causes a 

singularity or near singularity of certain physical observables such as the divergences 

of velocity, surface curvatures, or pressure gradients at the minimum depth or 

pinch-off point [6]. The collapse of a surface singularity or near singularity leads to a 

jet formation. As shown in Fig. 3.5, the cross-sectional schematic image shows three 

singularities or near singularities as denoted by three solid dots. The central dot, 

obtained by linearly extrapolating the symmetric curves of the free surface without the 

thin jet, results in a thick jet as previously observed in collapsing depression [5]. The 

surface connected from the crater to the thin jet contributes to a curvature change 

which can induce two off-axis jets during the collapse of surface depression as 

indicated by the two arrows in Fig. 3.5. From the top view of the surface depression, 

this curvature change encircles around the thin jet, as shown in Fig. 3.6, and is called 

circular ring-shaped crater in the following discussions. It is the radially outward 

motion of the collapsing circular ring-shaped crater that results in the crown-like 

structure in Fig. 3.4.  
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Fig. 3.5 The numerical simulation and curvature schematic of the surface depression 

are shown. The z and r of cylindrical coordinate are normalized to the Rmax of the 

bubble. 
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Fig. 3.6 A surface schematic of the circular ring-shaped crater is shown, which is 

generated around the thin jet during the surface depression induced by the downward 

collapse bubble. 
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When the bubble is very near the free surface for γ = 0.28, as shown in Fig. 

3.7(a), the surface depression can be clearly seen with a segment of black line (layer 

of surface depression) generated on the horizontal free surface after the sinking 

around the bottom of the thin jet. The black line symmetrically shrinks toward the 

center axis from its opposite ends, and finally a thick jet forms under the thin jet, as 

depicted in the last picture in Fig. 3.7(a). The slow depression and collapse of the 

surface sinking are due to the extremely slow collapse of the bubble. The strong 

interaction between the upper boundary of the bubble and the free surface during the 

first expansion phase leads to some energy loss from the bubble similar as a venting 

effect mentioned in Ref. 10. Such an evolution about this venting effect was described 

more detail in the studies of laser ablation on a surface [11,12]. This venting effect 

could explain the unusual slowdown of the collapse of the bubble. Besides the slow 

collapse, the upper boundary of the bubble is so close to the free surface that it 

obstructs the downward depression of the surface sinking. Thus, the depression of the 

surface is not strong enough for the crown-like formation despite the appearance of 

the thin and thick jets. When γ = 0.48, the venting effect is diminished and the 

strength of the surface depression is restored to a level as the case of γ = 0.8 (near 

velocity of the thick jet). However, the thin jet experiences a violent disruption when 

going through the breach of the free surface by the expansion of the bubble at an 

initial time. The scraggly surface on the thin jet will disrupt the circular ring-shaped 

crater, and the crown-like structure is weak and unstable, as shown in Fig. 3.7(b). 

When γ > 1.1, the weak interaction between the free surface and the bubble leads to a 

diminished thin jet shaped like a small hill and weak surface depression. Such a 

surface depression is not large enough to cause the circular ring-shaped crater to reach 

the threshold of surface topology change [6] to induce the crown-like formation. 
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In the second row of Fig. 3.7(c), we can see a vertical filament generated 

between the small hill on the free surface and the bubble, which is called secondary 

cavitation. This mechanism is discussed in the work by Tomita et al. [13] as follows. 

When the bubble collapse to a very small volume, the pressure inside the bubble is 

increased, which can be several MPa depended on the minimum volume of the bubble 

at the collapse points. Due to the ultrahigh pressure, the bubble will release a shock 

wave, and this shock wave will be reflected by the free surface which is similar to a 

concave mirror, as shown in Fig. 3.8(a) (the Fig. 5 of the Ref [13]). Then, the reflected 

shock wave will focus on the central axis below the free surface, resulting a negative 

pressure which can induce a water cavitation for generating the vertical filament. An 

important study about the region with negative pressure was pointed by Blake et al. 

[14] and Robinson et al. [3] from the theoretical simulation which shows a zero 

pressure region is formed during the first collapse of the bubble below the free surface, 

as shown in Fig. 3.8(b) (the Fig. 4(g) of the Ref [3]). Because the bubble is also 

generated by laser-induced “cavitation”, the cavitation generated by the reflected 

shock wave is called secondary cavitation. Additionally, in our experimental results, 

this secondary cavitation usually occurs when the bubble depth γ > 1. We consider 

that this reason is due to the minimum volume of the bubble at the first collapse. 

Figure 3.7 shows that the volume of the bubble at the first collapse is smaller when 

the bubble depth is increased. As a result, the shock wave emitted from the bubble is 

increased when the bubble depth is increased for inducing the secondary cavitation. 
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(a) 

 
(b) 

Fig. 3.8 (a) The Schlieren photograph about the interaction between the shock wave 

emitted from the bubble and the free surface [13, Fig. 5]. (b) A zero pressure region is 

formed between the bubble and the bottom of the thin jet [3, Fig. 4(g)].  
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To see the evolution of bubble depth, Figs. 3.4 and 3.7 illustrate the 

morphologies of water jet for each γ-value of the above-mentioned four γ ranges. 

Detailed correlation between the thin jet and crown-like structure is shown in Fig. 3.9 

with increasing γ from 0.5 to 1.02. For γ = 0.5, the morphologies show the splash of 

water from the breached surface into multiple droplets. It is difficult to distinguish the 

shape of the thin jet from the upward splash. This defective structure of the thin jet 

results in an unstable crown, similarly as shown in Fig. 3.7(b). Increasing γ can reduce 

the influence of the water splash on the thin jet which begins to show a continuous 

line structure, as implied in the fourth frame of Fig. 3.9 for γ = 0.58. The crown-like 

jet is still unstable, and thus the circular ring-shaped crater resulted from the surface 

depression should be still defective. When γ ≥ 0.6, the splash is depressed and the 

crown structure becomes clear. When γ = 0.7, breached surface is absent and a 

pronounced growth of crown-like structure can be seen. The velocities of both the thin 

and thick jets decrease with increasing γ from 0.7 to 1.02 due to the depression of the 

surface interaction, and the height of the crown wall thus gradually decreases, and 

eventually disappears, as shown in Fig. 3.7(c). Figure 3.9 reveals that crown-like 

structure is always accompanied with a thin jet and becomes mature in structure when 

the thin jet is stabilized. 
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Fig. 3.9 The structures of the thin jets and crowns with different γ-values which are 

labeled on the left top of each image. The fame rate is 30,000 fps but the time interval 

between each frame is 0.166 ms. The arrow shows the orientation of the crown wall, 

which rotates counterclockwise to vertical direction when γ is increased from 0.5 to 

1.02. 
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We have shown by Fig. 3.4 that the crown-like structure forms around the thick 

jet, which suggests a correlation between the crown formation and the origin of the 

thick jet. This correlation can be further confirmed by Fig. 3.9 in which, despite 

different orientations (defined by the arrows in Fig. 3.9) of the crown wall, the bottom 

of the crown-like structure always sits on the head of the thick jet. The orientation of 

the crown wall can be seen to gradually turn counterclockwise to vertical when γ is 

gradually increased from 0.5 to 1.02. The transition to a complete crown wall occurs 

when the arrow turns from downward (γ = 0.5) across the horizontal line (γ = 0.58) to 

upward (γ from 0.6 to 1.02). This feature shows a high regularity and correlation 

between the orientation of the crown wall and the depth of the bubble. For 

comparison, let us refer to Fig. 3.5 which shows the relation between the deformed 

surface depression (with the thin jet) and arrowed directions of the collapse of the 

circular ring-shaped crater. Based on Fig. 3.5, it is reasonable to infer that the 

directions of the circular ring-shaped crater should have a similar trend of rotation 

when the bubble depth is increased to change the surface depression. This 

comparability further suggests the crown-like formation is correlated to the surface 

depression with the thin jet (to induce the circular ring-shaped crater). From the 

continuous change of the orientation of the crown with increasing γ, the layer of water 

on top of the thick jet for 0.5 ≤ γ ≤ 0.6 should be considered as a crown-like structure 

similar to that for γ ≥ 0.6, and thus was denoted as “unstable crown formation” in the 

above discussions. Finally, as shown in Fig. 3.9, the top rim of the crown wall is 

nearly flat for 0.6 ≤ γ ≤ 1.02, which is significantly different to the two-arm splash on 

the crown wall induced by spark discharge [10]. This difference is probably related to 

the unavoidable mechanical influence due to the electrodes in spark discharge. 
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3.2.2 Temporal evolution of laser-induced water jet 

The time evolution of a water jet generated by a nanosecond laser induced water 

breakdown is presented with different depths beneath a flat free surface. Figure 3.10 

shows a typical experimental result for the morphological variations in the temporal 

evolution of the water jet generated by laser-induced breakdown at a depth of γ = 0.9. 

The crown-shaped structure can be seen to be a nearly circular cup. This cylindrical 

symmetry is quite different from the structure of two-arm splash induced by a spark 

bubble [10]. The cylindrical symmetry leads to the net force on the wall of the 

crown-shaped water jet to be uniform in the radial direction. The surface tension of 

the crown-shaped water jet tends to decrease the surface area by shrinking the 

diameter of the crown structure. As seen in the fourth row of Fig. 3.10, the 

crown-shaped water jet is getting closed by over time and forms an air bubble to 

surround the prior thin jet. The closing motion of the crown-shaped water jet can be 

analogously imaged as the process of a flower closing the petals. Note that the flat 

free surface is important for generating the cylindrically crown-shaped water jet with 

closing motion because the curvature of free surface critically determines the structure 

of the water jet. In the earlier investigations, it has been found that a cylindrical free 

surface generally leads to the structure of the two-arm splash with only opening 

motion [15,16], whereas a spherical surface usually cannot results in the generation of 

the cup-shaped splash [15]. Just after the closing motion, the top rim of the 

cup-shaped jet pinches the prior thin jet into two segments to form an air bubble with 

a vertically elongated toroidal shape. In other words, the circular wall of the 

crown-shaped jet turns into the boundary of the air bubble and the enclosing segment 

of the prior thin jet develops into the central pillar of the toroidal air bubble. Followed 

closely by, the elongated shape of the toroidal air bubble starts to become a near 
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spherical shape owing to the surface tension to shrink the surface area. During the 

shrinking of the air bubble, the central pillar of the toroidal air bubble breaks into 

multiple water drops inside the air bubble, as shown in the last row of Fig. 3.10. The 

breakup into smaller packets from a stream of fluid, referred to as Plateau–Rayleigh 

instability [17,18], is rich with varieties of phenomena and applications [19]. A 

well-known example related to Plateau–Rayleigh instability is the formation of small 

droplets when water is dripping from a faucet. The last row of Fig. 3.10 also depicts 

that the enclosed drops oscillate, collide and recombine to each other; finally only a 

drop of water with a diameter about 0.33 mm survives in the spherical air bubble. 

Interestingly, the final water drop keeps moving upward and bounces between the top 

and bottom walls of the air bubble. Eventually, the water drop stays on the bottom 

wall of the air bubble and is stably dragged up by the air bubble, as shown in the last 

picture of Fig. 3.10. The comprehensive evolution of the water jet can be seen from 

the Supplemental Material [20] for the movie corresponding to Fig. 3.10. 

The morphological variations of the water jet in the temporal evolution are 

significantly dependent on the depth of the cavitation bubble. The scenario shown in 

Fig. 3.10 for displaying an air bubble enclosing a water drop generally occurs for the 

depth in the range of 0.8 ≤ γ ≤ 1.03. There are another two types of morphological 

changes of the water jets generated in the depths of 0.6 < γ < 0.8 and 1.03 < γ < 1.1, 

respectively. Figure 3.11 shows a typical result for the morphological variations in the 

temporal evolution of the water jet generated at a depth of γ = 0.7. In the early stages, 

the volume of the crown-shaped water jet can be seen to grow considerably. One 

might naturally expect that a stretched air bubble could enclose the prior thin jet to 

display a similar phenomenon of the formation shown in Fig. 3.10. However, the thin 
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Fig. 3.10 A typical result for the experimental result for the morphological variations 

in the temporal evolution of the water jet generated by laser-induced breakdown at a 

depth of γ = 0.9. The time (in μs) is indicated at the bottom of each frame. 
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jet is usually bending owing to the strong interaction between the cavitation bubble 

and the free flat surface. The bent thin jet generally inclines to the sidewall of the 

crown-shaped jet. As a consequence, only an air bubble without any water drop can be 

formed in the final stages. The comprehensive evolution can be seen from the 

Supplemental Material [21] for the movie corresponding to Fig. 3.11. On the other 

hand, for the depth in the range of 1.03 < γ < 1.1, the wall of the crown-shaped water 

jet is not high enough to enclose the thin jet with sufficient volume to form a water 

drop inside the air bubble. Figure 3.12 shows a typical result for the morphological 

variations of the water jet generated by the laser-induced water breakdown at a depth 

of γ = 1.04. The comprehensive evolution can be seen from the Supplemental Material 

[22] for the movie corresponding to Fig. 3.12. 

Based on thorough experimental observations, the dependence of the pinched 

altitude H of the crown-shaped water jet on the depth parameter γ in the range of 

0.6-1.1 is shown in Fig. 3.13. Note that there is no crown-shaped water jet to be 

generated for γ < 0.6 or γ > 1.1. It can be seen that the highest pinched altitude occurs 

near the region of γ = 0.8 and its value is approximately 2.3 mm. The decrease of the 

pinched altitude H for the depth in the range of 0.8 < γ < 1.1 arises from the reduction 

of the interaction between the cavitation bubble and the free flat surface. The scopes 

for the three types of morphological variations of the water jet in the temporal 

evolution are depicted in Fig. 3.13. In brief, the condition for the formation of an air 

bubble enclosing a water drop is a straight thin jet with a sufficient pinched altitude 

for the crown-shaped water jet. 
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Fig. 3.11 A typical result for the morphological variations in the temporal evolution of 

the water jet generated at a depth of γ = 0.7. The time (in μs) is indicated at the bottom 

of each frame. 
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Fig. 3.12 A typical result for the morphological variations in the temporal evolution of 

the water jet generated at a depth of γ = 1.04. The time (in μs) is indicated at the 

bottom of each frame. 
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Fig. 3.13 Dependence of the pinched altitude H of the crown-shaped water jet on the 

depth parameter γ in the range of 0.6-1.1. 
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Chapter 4. Laser-induced breakdown 

beneath a flat water surface – Parallel 

focusing 

 

In Liquid jet formation, several structures of liquid jet were discussed for the 

mechanisms of formation and breakup such as sheets, jets, and sprays [1]. Compared 

to a cylinder jet and a spray, sheet liquid jet can be implemented by two liquid jets in 

a head-to-head coaxial impact or at certain angle. Such collision results in a circular 

plate or thin leaf-shaped of liquid in the plane bisecting the angle between the two jets 

with droplet breakup around the rim of the sheet. In 2012, Badarinath Karri et al. [2] 

showed a sheet jet formation when a cavitation bubble generated beneath a hole in a 

plate placed at an air-water interface. The expansion and collapse of the bubble induce 

a primary slow jet and following high speed jet, respectively. Then, the faster jet 

catches up with the primary one and coaxially impacts with the primary one, resulting 

in the sheet plane of liquid perpendicular to their axis. In this section, we show a sheet 

water jet induced by a nanosecond laser in which the formation and feature of the 

sheet structure is unlike the general sheet jet such as an impact of a jet on a solid 

surface [3] or collision between two liquid jets [4]. 
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4.1 Laser-induced elongated bubble in infinite surrounding 

Based on the experimental setup in Chapter 3, in infinity surrounding, Fig. 4.1 

shows the oscillation of an elongated bubble of about 1.4 mm in length induced by a 

nanosecond laser with 18 mJ. The frame interval is 10 μs with 1 μs exposure time. 

The major axis of the elongated bubble is on the horizontal line or the incident optical 

path because the laser-induced plasma expands mainly on the optical path. We can see 

the oscillations of the bubble on major and minor axes are similar during the first 

period of expansion, which leads to a nearly spherical shape with diameter about 2.5 

mm at its maximum size. Additionally, because the elongated bubble is cylindrical 

symmetry, the expansions of the bubble on the directions normal to the major axis are 

equal to each other. As a result, the elongated bubble shows a near sphere at its 

maximum size during the first expansion in an infinite surrounding despite that this 

bubble is not initially spherical symmetry in shape and velocity. In Fig. 4.1, upon the 

first collapse point, the bubble uniquely rebounds to a dumbbell due to the significant 

expansion on the major axis. Following the dumbbell, the bubble converts to elliptic 

and reaches the second collapse point. After the second collapse point, the bubble 

vibrates and decays in roughly spherical shape. The experimental result of Fig. 4.1 is 

conspicuously different to the bubble oscillation induced by a femtosecond laser as 

shown in the Fig. 33 of Ref [5].   
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Fig. 4.1 The oscillation of an elongated bubble in infinite surrounding. The frame rate 

is 100,000 and the exposure time is 1μs. 
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4.2 Experimental setup 

A bubble is generated beneath a free surface by focusing a flash-pump pulsed 

laser (Nd:YAG, λ=1064 nm) with a pulse width 6 ns. The beam waist of the laser is 

1.5 mm and is enlarged 10 times to 15 mm by employing a beam expander (Fig. 4.2). 

Then, a lens with a focal length of 4.5 cm in air is used to focus the enlarged beam 

horizontally into a tap water at a room temperature 297K under atmospheric pressure. 

The dimension of the water tank is 100╳70╳20 mm3 and the depth of water is 15 mm 

for alleviating the influence on the bubble from the bottom wall of the tank. The 

dynamic of the interaction between the bubble and the free surface is reproducible and 

is recorded by a high speed camera (NAC GX-3) which has maximum frame rate at 

198,000 fps. 

The plasma expansion in the early stage of a laser-induced breakdown is 

intimately correlated to the laser energy, and the plasma expands toward the incident 

laser beam due to the energy distribution on the incident optical path [6]. The higher 

the incident energy, the farther the initial plasma moves away from the focal point, 

which results a longer cavitation bubble. Furthermore, because the maximum size of 

the bubble gradually saturates when the laser energy is increased, the optimal stability 

in bubble size can be achieved at lager laser energy. As a result, for observing a stable 

water jet induced by an elongated bubble, the laser energy is set to 18 mJ which is the 

maximum laser energy measured just after the focusing lens with f = 4.5 cm. 
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Fig. 4.2 The schematic experimental setup for observing the water jet on the free 

surface. Laser is horizontally focused into the water.    
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4.3 Results and discussion 

The water jet shows a sheet feature and this sheet structure gradually appears on 

each part of the water jet when the bubble depth is decreasing. In this section, we 

follow the sequence of the appearing of each part of the water jet with decreasing 

bubble depth.   

Figures 4.3 and 4.4 show the behavior of a water jet on a flat water surface with 

30,000 frame rate and 10μs exposure time, which is induced by an elongated bubble 

with γ = 1.18 and 0.76. This water jet is divided into a thin jet and a thick jet as 

depicted in Fig. 4.3 for discussing the feature of the water jet. The bubble depth is 

defined in stand-off parameter γ = D/Rmax, where D is the depth beneath the free 

surface and Rmax is the maximum bubble radius. Because the vertical expansion of the 

bubble is significantly influenced by the free surface, the maximum bubble radius is 

measured by the width of bubble in the picture and is around 0.9 mm to 0.99 mm for 

bubble depth between 0.5 mm and 1.5 mm. As a result, the maximum bubble radius is 

defined in 0.95 mm. The direction of the laser beam goes horizontally from left to 

right, and the major axis of the elongated bubble is parallel to the water surface plane. 

In other words, the morphology of the water jet is not cylindrical symmetry. When the 

bubble gradually approaches to the water surface, this asymmetrical effect from the 

bubble first apparently appears on the top of the thick jet which has a pair of ear, as 

shown in the Fig. 4.3 with γ = 1.18. It should be noticed, this ear is parallel to the 

major axis of the bubble. This formation of the ear will be discussed later because the 

experimental results about this mechanism are clearer when the interaction between 

the bubble and free surface is increased by decreasing the bubble depth. 
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These ears significantly grow into a structure similar as a pair of opposite arm 

when the bubble gradually approaches to the water surface, as shown in Fig. 4.4 with 

γ = 0.76. In addition to the significant water splashes of the two arms, there is a short 

cyclic splash shaped like a cup connected between the two arms and the top of the 

thick jet, as shown by the last few pictures of the second row in Fig. 4.4. Comparing 

this experimental result with the case when the expansion of the bubble on the 

direction parallel to the free surface is symmetrical, for example, vertically focusing 

the laser beam into a water as measured in our previous work in which the two arms 

are not exist and the edge of a cup is uniform [7]. As a result, we consider that the 

structure consisted of the arms and the cup is an asymmetry crown-shaped water jet 

which has great speed on the direction parallel to the major axis of the bubble. 

Additionally, the structure of a thick jet induced by a spark bubble is similar to the 

case of Fig. 4.4, which has two-arm splash parallel to the electrodes of spark 

discharge [8,9]. 
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Fig. 4.3 The water jet for γ = 1.18. The major axis of the bubble is parallel to the 

water surface. The frame rate is 30,000 and the exposure time is 10μs. 
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Fig. 4.4 The water jet for γ = 0.76. The time (in μs) is indicated at the bottom of each 

frame. The top of the thick jet shows an asymmetry crown-shape water jet. 
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Beside the growth of the ear to a two-arm splash, the thin jet appears an 

interesting feature which is analogously a rotating drill. As labeled by an arrow in Fig. 

4.5(a) with γ = 0.73, the thin jet rotates in 180°  with about 0.2 ms. Generally, a 

rotating jet could be generated artificially by a rotating pressurized chamber in which 

the jet is expelled tangentially [1]. However, in our experimental setup, there is no 

angular force for inducing the circular rotation from the bubble. Thus, we explain this 

rotating jet analogously by the mechanism of circular or elliptical polarization of an 

electromagnetic wave as followed. When a stream of fluid is generated, no metter 

how smooth the stream is, there always exists instability began from any tiny 

perturbation in the stream, referred to as Plateau–Rayleigh instability [10,11]. This 

instability causes a waving on the surface of the stream, and finally, this stream breaks 

into smaller droplets [1,10,11], as shown in Fig. 4.6. Figure 4.6 shows the thick part 

of the water jet induced by vertically focusing the laser beam into the water (the setup 

in Chapter 3). As we can see, the vibration on the surface of the thick jet is cylindrical 

symmetry and the thick jet gradually breaks up into server drops. Additionally, the 

breakup of thin part of the water jet in Fig. 4.6 has similar result which is not shown. 

However, when the laser is horizontally focused into the water, the waving on the thin 

jet with directions parallel to the major and minor axes of the bubble, as depicted in 

Fig. 4.7(a), will be different to each other due to the great energy distributions of the 

water breakdown and the bubble parallel to the optical path. This difference can be in 

phase or amplitude and is similar to the circular or elliptical polarization of an 

electromagnetic wave. A schematic picture of a circular polarization is shown in Fig. 

4.7(b). As a result, the thin jet is rotating or twisting.     

As mentioned above, the mechanism of the two arms is apparent when bubble 

depth is decreased. In Fig. 4.5(a), the frame at the time of 133.3μs clearly shows the 

feature of a surface depression about the formation of the two-arm splash. In Chapter 
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3, when a laser is focused vertically into the water, a thick jet shows a crown-like 

structure on its top. We discussed the process of such crown-like structure as followed. 

The pressure in the bubble is decreasing during its first expansion, and then the 

bubble start to collapse because its pressure can not counterbalance the external 

pressure. Such downward collapsing of bubble leads to a depression of the free 

surface upper the bubble [13,14]. Upon the surface depressing to its maximum depth, 

the surrounding water flows into the crater of the surface depression and a water jet 

rises on the free surface [7,13]. Compared to the general case which is only a crater 

formed during the surface depression [14-17], a thin jet extruded by the first 

expansion of the bubble causes that a ring-shaped crater is generated around the thin 

jet, as shown in Fig. 3.6. The collapse of this ring-shaped crater will generate the 

crown-like water jet. However, the cross image of the ring-shaped crater as shown in 

the Fig. 3.5 is difficult to observe in the experimental results, as shown in the Fig. 3.4. 

On the other hand, there are two arms significantly formed on the thick jet when the 

major axis of the elongated bubble is parallel to the surface plane, which leads to 

easily measure the off-axis craters located aside the thin jet. The zoom-in pictures 

around the surface depression of Fig. 4.5(a) is shown in Fig. 4.5(b). We can clearly 

see that the surface depression is not only a crater appeared on the free surface. The 

thin jet at the center of the surface depression causes a pair of off-axis crater, which 

has radially outward motion during its collapse, as indicated by the two outward 

arrows in Fig. 3.5. 

When the bubble depth is further decreased to γ = 0.63, the bottom of the thin jet 

becomes a sheet of isosceles triangle with top angle about 24° , as shown in the first 

low of Fig. 4.8. This structure is confirmed in sheet because the back light can directly 

penetrate though a plane except the edge of the plane which reflects the back light and 

appears in dark. For this sheet formation, as mentioned above, the elongated bubble 
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firstly expands to a near spherical bubble in infinite surrounding and the thin jet is 

extruded during this first expansion when the bubble is beneath a free surface. Thus 

the thin jet should be initially in cylindrical symmetry. Next, as shown in the frames at 

133μs to 166μs in Fig. 4.8, the bottom of the thin jet becomes “fat” after the rising of 

the thick jet. Furthermore, when the two arms are not symmetry to each other, the thin 

jet will not be an isosceles triangle, as shown in Fig. 4.9 in which the focus length of 

laser is altered to be 120mm. In the first frame in Fig. 4.9, the shape of the elongated 

bubble is twist compared to Fig. 4.4 due to the energy distribution around the focus 

volume induced by increasing the focus length, and then the two arms will not 

symmetry to each other. As a result, we consider that the thin jet could be pulled 

outward by the opposite arms and becomes a sheet in structure. The sheet part of the 

thin jet gradually shrinks and mixes with the upward moving thick jet, and finally, the 

thin jet converts back to a cylindrical shape, as shown in the second low of Fig. 4.8 

which shows that the isosceles triangle analogously sinks into the thick jet. When 

bubble depth γ = 0.55, due to the raising of surface interaction between the bubble and 

free surface, the third row of Fig. 4.10 shows that the thick jet is also pulled into a 

plane structure. The surface tension of the thick jet tends to decrease the area of the 

plane by shrinking the thick jet back to a cylinder-like structure. Finally, for more 

shallow bubble depth, the two-arm splash has no definite structure and the thin jet 

rapidly breaks into multiple drops, as shown in the second row of Fig. 4.10. 
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Fig. 4.5(a) The water jet for γ = 0.73. The exposure time is 10μs and the time (in μs) is 

indicated at the bottom of each frame. The thin jet analogously rotates like drill. (b) 

The zoom-in pictures around the surface depression. The frame rate is 50,000 and the 

shutter speed is 3μs. The time (in μs) is indicated at the bottom of each frame. 
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Fig. 4.6 The breakup of the thick part of the water jet induced by vertically focusing 

the laser beam beneath the free water surface. The waving on the thick jet is 

cylindrical symmetry and the thick jet gradually breaks up into several drops. 

Additionally, the breakup of the thin part of the water jet has similar result. 
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(a) 

 
 

(b) 

 

Fig. 4.7(a) The vibrations on the thin jet with directions on major and minor axes are 

unmatched to each other. (b) The schematic of the circular polarized of an 

electromagnetic wave.  
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Fig. 4.8 The water jet for γ = 0.63. The exposure time is 10μs and the time (in μs) is 

indicated at the bottom of each frame. The thin jet is pulled outward by the two arms 

and forms a sheet structure.  
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Fig. 4.9 A sheet thin jet with shape in non-isosceles triangle is generated when the 

laser is focused with focus length in 120mm. As we can see in the first frame, the 

shape of the elongated bubble is twist due to the energy distribution around the focus 

volume induced by increasing the focus length. 
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Fig. 4.10 The water jet for γ = 0.55. The exposure time is 10μs and the time (in μs) is 

indicated at the bottom of each frame. The thick jet shows a sheet structure and 

gradually shrinks back to a cylinder-like structure.  
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Chapter 5. Summary and Future works 

 

The factors transver-confinement structure of oxide-aperture and dominant 

longitudinal wave vector zk  of VCSEL are important to directly observe the 

near-field pattern for analogously studying a high-order wave pattern in quantum 

billiard. In this work, we use large-aperture square and equal triangular VCSELs to 

study the wave pattern of each shape of billiard system. Addition to the fundamental 

eigenmodes such as the Chessboard-like (bouncing ball) mode in square billiard and 

honeycomb mode in triangular billiard, when the temperature of VCSEL is decreased, 

the pumping current distribution of the VCSEL causes superscar modes which has 

interference pattern localized on classical periodic orbits such as diamond-like orbits 

in square billiard and (1.1) mode in triangular billiard. These measurements are 

theoretically reconstructed very well by the eigenfunctions of an infinite potential 

well and the superposition of coherent states. Furthermore, we study the 

characteristics of the directional emission in far field and the morphology of the 

evolution from near field to far field. The measurements of large-aperture 

equilateral-triangular VCSEL show the directional emission of far field from a 

honeycomb eigenmode is very similar to the superscar (1,1)  mode, although the near 

fields are completely visually different to each other. As a result, the far-field 

directional emission from a microcavity is just a necessary not sufficient condition for 

the emergence of a superscar mode. This result is confirmed in experimental finding 

and numerical simulation, and has been published in Optics Letters, Volume 34, 

Number 12, 2009 [1]. Contrast to the classical limit, the free-space propagations of 

the superscars show an addition direction on the rebounding region parallel to the 
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boundary edge. Furthermore, the interference structures on the diffraction pattern 

result to the fascinating Star of David on the far field from large-aperture 

equilateral-triangular VCSEL. 

In chapter 3 and 4, we study the water splash generated by laser-induced 

breakdown beneath a free surface. The water jet can be divided into a thin jet and a 

thick jet with crown-like structure on its top. The mechanisms and features of each 

part of the water jet with different bubble depths are studied in detail and have been 

published in Optics Express, Volume 21, Number 1, 2013 [2]. The crown-like 

structure becomes a pair of arm when the laser is horizontally focused beneath the 

free surface. Based on this morphology changing, we can clearly observe the 

formation of this crown-like structure and two-arm splash. Addition to the two-arm 

splash, the water jet shows a rotating thin jet and sheet thin jet when the laser is 

horizontally focused beneath the free surface. 

A well control water jet induced by laser is necessary for several laser 

applications such as laser printing [3] and drug delivery [4]. Based on the knowledge 

of the mechanism of the water jet by this work, we can further explore the methods 

for controlling the water jet, for example, bubble shaping or implemented a transverse 

boundary beneath the free surface to change the structure of the water jet, as shown 

below in which the boundary is a equilateral triangular. As we can see, the crown-like 

structure forms three arms which are perpendicular to the three edges of the triangular 

boundary, respectively. 
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Fig. 5.1 A laser-induced water jet is generated by vertically focusing the laser beam 

beneath a free surface with a lateral equilateral triangular boundary inserted below the 

free surface. There are three arms forms on the crown, which are perpendicular to the 

three edges of the triangle, respectively. 
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Appendix A 

Free space propagation of a paraxial ray 

 
In free space propagation, specially, the paraxial optic such as laser optic, the 

approximation from wavelength on longitudinal smaller than the one on transverse 

leads to the Fresnel diffraction. By the analogy between paraxial optics and 

non-relativistic quantum mechanics, it was showed that the transient wave function 

has remarkable temporary interference pattern analogous to the spatial diffraction 

pattern of light diffracted by a sharp edge. This property of diffraction in time space, 

as result, called diffraction in time which is first proposed by Moshinsky [1]. The 

experiment of diffraction in time can be extended to several systems for example 

atom cooling, neutrons [2], electrons [3], Bose-Einstein condensates [4]. The 

significant in diffraction in time is not only the scientific studies but also the 

application related to the transient response of abrupt changes of potential in quantum 

device [5,6]. 

For an electromagnetic wave in free space, assume the vector field is time 

harmonic with an amplitude ( , , )x y zy , the amplitude ( , , )x y zy  term would obey 

Helmholtz equation: 

2 2 0kψψ ∇ + =                                                 (A.1) 

Apply the paraxial wave which the propagation vector k is inclined by a small angle 

with respect to the z axis, that zk  can be approximated as below, 
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2 2
2 2 2
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x y
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k k
kz k k k k

k
+

= − − − .                                  (A.2) 

and ( , , ) ( , , ) jkzx y z u x y z ey −= , where ( , , )u x y z  is amplitude distribution.    

At any plane of z, the ( , , )u x y z  can be implemented by superposition of the 

plane waves which plane waves have amplitude 0 ( , )x yU k k  with particular transverse 

components of xk and yk at 0z =  plane. 

2 2( )/2( )
0( , , ) ( , ) x yx y j k k k zj k x k y

x y x yu x y z dk dk U k k e e
∞ ∞  +− +  

−∞ −∞
= ∫ ∫                (A.3) 

Because conversion between the coordinate and momentum space is the Fourier 

transform, the 0 ( , )x yU k k  can be displayed, 

0 0

2
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0 0 0 0 0 0
1( , ) ( , )

2
x yj k x k y

x yU k k dx dy u x y e
π

∞ ∞ +

−∞ −∞
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  ∫ ∫                    (A.4) 

Combine (A.3) and (A.4), one has 
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0 0 0 0 0
1( , , ) ( , )
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x yx y j k k k zj k x x k y y
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−∞ −∞ −∞ −∞

 =  
 ∫ ∫ ∫ ∫

                                                                
(A.5) 

This expression shows the convolution of 0 0 0( , )u x y with the Fresnel kernel 

2 2
2

( )/21( , , )
2

x yx y j k k k zj k x k y
x yh x y z dk dk e e

π
∞ ∞  + − +   

−∞ −∞

 =  
  ∫ ∫                  (A.6) 

The integral can be carried out by completion of the square in the exponent. 
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( )2 2 2 2/2 ( /2 ) /2 ( /2 )2xx x
j k k zjk x j k z j kx z

x
jk jkdk e e e d e e
z z

x πx
∞ ∞− − − −

−∞ −∞
= =∫ ∫         (A.7) 

Where 
( ) 2

2 /xk k x z z
j

k
x

−  = −  

The derivation on yk  is the same as xk , as a result, the ( , , )h x y z  : 

2 2( /2 )( , , ) j x y zjh x y z e
zλ

− +=                                         (A.8) 

The above equation (A.8) introduced in (A.5) gives the well know Fresnel diffraction 

integral in the paraxial approximation 

( ) ( ) ( )2 2
0 0/2

0 0 0 0 0( , , ) ( , )
j k z x x y yju x y z dx dy u x y e

zλ

 ∞ ∞ − − + −  

−∞ −∞
= ∫ ∫                (A.9) 

Next, Fraunhofer diffraction is the limit of the Fresnel diffraction when the 

distance of z from the plane with 0 0 0( , )u x y  approaches to infinity. In this limit, the 

term ( ) ( )2 2
0 0x x y y− + −  in the exponential term in equation (A.9) is approximated: 

( ) ( ) ( )2 2 2 2
0 0 0 02 2x x y y x y xx yy− + − + − −                        (A.10) 

Because the far-field pattern ideally expands to infinity which means 

0 0( ) ( )x y x y
. Actually, the Fraunhofer diffraction is valid enough when the 

amplitude distribution in the near-field pattern extends over a transverse dimension 

zd
k

 . 

    The approximation in (A.10) gives the amplitude distribution in far field: 
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( )( ) ( )( )2 2
0 0

/2 /
0 0 0 0 0( , , ) ( , )j k z x y j k z xx yyju x y z e dx dy u x y e

zλ
∞ ∞− + +

−∞ −∞
= ∫ ∫           (A.11) 

Apparently, the integral over 0x and 0y  is the same as the Fourier transform of 

0 0 0( , )u x y . That is why the correlation between near field and far field is related to the 

coordinate and momentum space. 
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Appendix B 

Boundary Integral Method 
 

Figure B.1 shows the schematic representation of the bubble inside a liquid 

domain and beneath an infinity expansion free surface. The problem is an 

axisymmetric cylindrical coordinate system in which the r and z denote the radial and 

vertical axis of a cylindrical polar coordinate. It should be noted that the normal 

vectors n̂  are outward from liquid across the free space to air domain or the vapor 

cavity of the bubble. 

For simplifying the simulation, we assume the fluid domain is incompressible 

which is valid when the shock wave generation is poor or its speed in liquid are much 

smaller than the speed of sound in liquid. For incompressible fluid, the potential of 

velocity must be satisfied the Laplace’s equation 

2 0φ∇ = .  (B.1) 

The other assumptions are non-viscous and no surface tension. However, the process 

of smoothing on the boundary for convergent results (not discussed in detail) has the 

same effect with surface tension. Next, we introduce the Navier-Stokes equation for 

time evolution applied to the dynamic of bubble in an axisymmetric cylindrical 

coordinate.       

The solution of Laplace’s equation of a smooth boundary surface S in a domain 

Ω  can be derived by the Green’s integral formula from the Green’s second identity, 

as shown below: 
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( ) ( , )( ) ( ) ( , ) ( )
S

q G p qc p p G p q q da
n n

φφ φ∂ ∂
= −

∂ ∂∫  (B.2) 

Where 
1( , )G p q

p q
=

−
 ; p S∈Ω ∩  is the observe point; q S∈  is the point on the 

boundary; and     

4 ,          
( ) 2 ,         S

2 ,      S

p fluid domain
c p p smooth boundary surface

p nonsmooth boundary surface

p
p

p

∀ ∈ Ω
= ∀ ∈
≠ ∀ ∈

. (B.3) 

From the cylindrical coordinate in Fig. B.1, the ( , )G p q  is derived, 

2 2

1( , )
( ) ( ) 4 cos( )2p q p q p q

G p q
r r z z r r q

=
+ + − −

 

(B.4) 

And the normal vector n̂ : 

ˆ ˆˆ

  ( cos( ), sin( ), ) ( sin( ),cos( ),0)

  ( cos( ), sin( ), )

n l
r r z
l l l

z z r
l l l

θ

θ θ θ θ

θ θ

= ×
∂ ∂ ∂

= × −
∂ ∂ ∂

∂ ∂ ∂
= − −

∂ ∂ ∂  (B.5)

 

So the normal derivate of ( , )G p q : 

3
2 2

3
2 2

( cos( ), sin( ), ) ( cos( ), sin( ), )( , )

( ) ( ) 4 cos( )2

cos( ) ( )
              

( ) ( ) 4 cos( )2

p q q p q

p q p q p q

p q p q

p q p q p q

z z rr r r z zG p q l l l
n r r z z r r

z z rr r z z
l l l

r r z z r r

qqqq  

q

q

q

∂ ∂ ∂
− − ⋅ − −∂ ∂ ∂ ∂= −

∂  + + − −  
∂ ∂ ∂

− − −
∂ ∂ ∂=

 + + − −     

(B.6) 
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Due to the cylindrical symmetry, the integral by surface area can be simplified by 

firstly integrating the parameter θ . As a result, 

2 2

4
( , ) ( )

( ) ( )
q

S l
p q p q

r
G p q da dl K k

r r z z∆
=

+ + −
∫ ∫

 

(B.7) 

2 2 2

3
2 2

2 ( ) 24 ( ) ( ) ( )
1( , )

( ) ( )

q p q p q p p

S l

p q p q

dz dr dz E k dzr r r z z r r K k
dl dl k dl k k dlG p q da dl

n r r z z
∆

  + + − − +   −∂   =
∂  + + − 

∫ ∫

 (B.8) 

where 2
2 2

4
( ) ( )

p q

p q p q

r r
k

r r z z
=

+ + −
 and the K(k), E(k) are the complete elliptic integral 

of the first and second kind, respectively. 

For numerically calculating the integration, we take N collocation points with 

index j on the surface, and the surface integral is then divided into a set of segments in 

which the end points on each segment are the N collocation points. 

( , )
2 ( , )

j j

N N
i j j

i j i jS S
j j

G p q
dl G p q dl

n n
φ

pφ φ
∂ ∂

+ =
∂ ∂∑ ∑∫ ∫

 
(B.9) 

The curve in each segment of line integration is approximated by cubic spline. The 

potential φ  and the 
n
φ∂

∂
 is approximated by linear interpolation from the end points 

of each segment. Finally, a matrix form H G
n
φφ ∂

=
∂

 is derived and can be used to 

calculate the normal derivate of velocity potential which is just the normal velocity on 

the boundary. Combined with the tangential velocity which is derived from the 

approximation of cubic spline, the velocity on the boundary can be derived for 

equation of motion in the time evolution. 
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The boundary dynamics of bubble and free surface are derived from the 

Bernoulli equation,   

21
2

g
t

ρ ρ ρ∂
+ ∇ = −∇ +

∂
V V P   (B.10) 

The viscosity is neglected. Then, the V is replaced by φ= ∇V  and we assume that 

the ambient pressure is a constant P∞ at z∞ . This reference point of z∞ is the initial 

central point of the bubble in our simulation. 

2

2

2

( ) ( )
2 bubble bubble

g
t

P P g z z
t

φ ρρ φ ρ

φ ρρ φ ρ∞ ∞

∂∇
⇒ + ∇ ∇ = −∇ +

∂
∂

⇒ + ∇ = − − + −
∂

P 

 (B.11)

 

The pressure in the liquid domain on the boundary of bubble can be a constant 

pressure vapor bubble (Rayleigh, 1917 [7]), a vapor bubble (Theofanous, 1969 [8]) 

and ideal gas bubble with different polytropic indices (Soh and Shervani-Tabar, 1992a, 

1992b and 1994 [9-11]). The unsteady Bernoulli equation of velocity potential is 

rewrite, 

2

2

1 1 ( )
2

( )1 ( )
2

o
bubble vapor o

o
vapor o bubble

vapor o o
bubble

VP P P
V

VP P P g z z
t V

P P P V g z z
t V

κ

κ

κ

φ φ
r

φ φ
rr

∞ ∞

∞
∞

 = +  
 

 ∂  ⇒ + ∇ = − + − − −  ∂    
−∂  ⇒ + ∇ = − − − ∂    (B.12) 

 

and 2
 

1
2 free surfaceg z

t
f f∂

+ ∇ = − ⋅
∂

 (B.13) for the free surface. 

The polytropic indices κ is 1.2~1.3 for gaseous explosion products resulting from 

material explosion like TNT explosion and about 1.4 for diatomic ideal gas.  
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Use the velocity calculated by the method which is described above chapter with 

the unsteady Bernoulli equation, the finite element method in time: 

1 0 0

1 0 0

1 0
0

r
t t t

z
t t t

t t
t

r r V t
z z V t

t
t
φφ φ

= +

= +

∂ = +  ∂ 







 (B.14) 

The procedure of calculation is as following: 

(1) Assuming the initial state of location and potential on the boundary; 

(2) Calculate the velocity on the boundary by the Eq. B.9; 

(3) The next position and potential in a small time step t  is derived from the 

unsteady Bernoulli equation, 

Repeat from step (2) for the next time step. 

  

115 
 



Appendix                                                                     

 

 

 

 

 

 

 

Fig. B.1 The geometry of scheme chosen for constructing the model of pulsation 

bubble beneath a free surface. The normal vector points out from the fluid domain. 

The azimuth angle is θ . 
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