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On The Relationship between Time-Average
Distribution and Customer-Average Distribution

of Queues

Student : Yu-Sean Chao Chao Advisor : Dr. Nan-Fu Peng

Institute of Statistic

National Chiao Tung University

ABSTRACT

This paper is to find the relationship between customer-average distribution and
time-average distribution. Our method includes random observers and reversed
process, and in steady-state we prove the relationship, and then give two examples in
M/G/k/k and M/M/k models. Finally we derive the preliminary estimation to

analyze when it will overestimate or underestimate in various queue models.

Key words : random observer, reversed process
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number of customers among N see k in system
kT = N

AUPBPERTR 0 BEE g kS A Bt B o

Fobo R - kR 0 A R ARG F inh)m e
N SBLE e R i ks R0 SRR 5 RO(random observer) > s
Py rn = P(a RO arrives and sees k in system in the period T)
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Apez BAnRE e Pl A EFAE R D EEART 0 R T I0UA Lo friE R
B ATk Y A BT ISR e ¢ AP oo »*I*u{;ru » 4T3 dm

pr.= P(a RO arrived and see k in system in steady state)
= lim Pyrpn
WEW A AP R
m, = P(a customer arrives and sees k in system in steady state)
Pr = P(a RO arrives and sees k in system in steady state)
FI g R L T 3R i opy AR T SR L fie o
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number of customers among N see.iin system
iT = N

number of customers among N See i in system and next arrival is another customer
N
number of customers among N see i in system and next arrival is a RO
N

number of customers among N see i in system and next arrival is another customer

number of customers among N see i in system

number of customers among N see i in system
N
number of RO's see j in system and previous arrival is a customer and see i in system
z number of RO's see j in system

J
number of RO's see j in system Total of RO arrived in (0,T]
Total of RO arrived in (0,T] N

number of customers among N see i in system and next arrival is another customer

number of customers among N see i in system

number of customers among N see i in system
N




4 number of RO's see i + 1in system and previous arrival is a customer and see i in system
number of RO's see i + 1 in system

number of RO's seei+ 1insystem Total of RO arrived in (0,T]

Total of RO arrived in (0,T] X N
no arrival no arrival
C : customer
C c Cc RO RO : random observer
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p (a RO arrives and previous arrival is a customer

, o a RO arrives and sees
seeing i in system

i + 1in system)

_p (a RO arrives and next change in the system is

N | a RO arrives and sees
a customer leaving in reversed process

i + 1in system in reversed process)
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customer leaving in reversed process| a RO arrives and sees i

+ 1 in system in reversed process)p;;1
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m; = lim nP(a RO arrives and next change in the system is a customer

leaving in reversed process| a RO arrives and sees i

+ 1in system in reversed process)pi;+,

1. @37 et o AR P 3D PIRAE R AR T AR

2. P(a RO arrives and next change in the system is a customer leaving
in reversed process

a RO arrives and sees i + 1 in system

)3}
in reversed process )
0(1/n) » 15 RO &) nAcivig 4 F 5| o

T2 4,

2

n—-oo

$F 02t X P BAZIE R IE Y 7 295 PASTA 22 5 @ 5
p; = lim nP(a RO arrives and next change in the system is a customer
leaving in reversed process

a RO arrives and sees i + 1 in system

in reversed process ) i+l
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M/G/k/k F % £H#-3 [7]

APt - B4 a0 (Loss model) M/G/k/k» B 3l iEiEae s X
t>Poisson(A) i % A2 % Erlang lossmodel- M /G /k/kiF 4 $F; H3] & 45
o B N g EeAh e B JRAE S SRR A s - 6 R PEFE P
fier kst i S A IRTEPR R LT 0 A g o A st S (hazard

rate) 2 A(t) = g(t)/G(¢t) °

Erlang Loss Formula

T & E[S] = [G(x)dx 3 TR » 1345 TIL 2 4 AP A ik

U e S
QE[SP™
— & : — n! —
pn, = T, = P{nin system} = —msy 0 " 0,1,... .k
=0 I

s 5 4 5 Erlang Loss Formula -

Bt HA) Bk T o £~ Erlang loss formula

(AE[SD!

m = [Tlflﬁi nP(a RO arrives and next change in

=0 I

the system is a customer leaving in reversed



(AE[S™!
a RO arrives and sees i + 1 in system >] i+ 1)
K

in reversed process (AE[S])¢
=0~ I

process

lim nP(a RO arrives and next change in the system is

n—oo

a customer leaving in reversed process|a RO arrives
i+1
AE(S)

and sees i + 1 in system in reversed process) =

PR IR FRen > Fl A d [7]enp) B P A 0 35w i 47 (reversed process)
& v i A2 (forward process) £ 5 4p 4 fie odk ol iR i e @ ARS R - B
M/G/k/k#F & %o B R G iBRED Al » & 0 o425
COEPERFE A e Tt o 1 P S F T AR L I iE AR K o

il M /G /k/k™ > ¥ % d Erlang loss formula - ¥ 7| &8 2 &2 BF 4%
A e S B bl

1 L
Ty =Pi = AE(S) pl+1

d 2t pt 3 e f1* Erlang loss formula f<8 > 54 v L @ S VR R p
SRR S H TE R L L e A RR- AT ke |
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LEPER

M/M/k # %53
d [7]88 oo pt PRk 5L 8 8 7 & gachd 5 i 4% (birth and death process) »
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lim nP(a RO arrives and next change in the system is

n—-oo



a customer leaving in reversed prcoess|a RO arrives and sees i

+ 1 in system in reversed process)

= lim nP(a RO arrives and next change in the system is

n—->oo
a customer leaving in forward prcoess|a RO arrives and sees i

+ 1 in system in forward process)
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3-2. HWEREBE

Gt kv FORZ IR M/G/k ~ G/M/kAeG Gk > bt =

GAR o e iEAER B A BAND N VA AN BE BR

(9:55

FREACPEE R AR TARG Bk 6 LR
=% ¥ =t #c i 10,000,000 =& > B PRFE A Bk =5 o

#7i% ens fe ¥ ae 5 IFR(increasing failure rate) & DFR(decreasing
failure rate) » 4% A& Flid A fe i IFR > P & TRFAFAR A - AR R &~ %
RO FARE » dok R FlE L e s DFR Bl & m A% 4 5 fE 2 i
>R ARM S ok JRIFER A e L IFR P A TR AR A > EZ
PRGN 2R % «umﬁ‘ﬁ‘i}f}\rs » o i pRIPE R 4 fe 5 DFR o R % o1
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M/G/k

BEE S KRR RIS, s FeExp(A) > B3 8 5 1/4 0 PRIRPE R IRGE

FRAMRG WHELL/u P BAEp = A ku

<@BFxR1>

A= 2/3 BRARPE BRI 194 feWeibull(0.9,6) > u = 0.1584007

Blp = 0.841747 -

IR J PF RT3
0 0.009840332
1 0.04121087
2 0.08632806
3 0.1201423
4 0.1244747
5 0.1010235
6 0.08441523
7 0.07124245
8 0.06039321
9 0.05142841
10 0.04396409
11 0.03763301
L% 0.03216284
13 0.02750281
14 0.02346512
15 0.02002293
16 0.01718338
17 0.0147364
18 0.01267824
19 0.01088067

A ﬁ'{_'l’ P
0.0093157
0.0390595
0.0816412
0.1136212
0.1178745
0.0956686
0.0799141
0.0674711
0.0572443
0.0487636
0.0416247

0.035588

0.030496
0.0260089
0.0221348
0.0189883
0.0162728

0.013928
0.0120212
0.0102814

13

P(N=i)/P(T=i+1)
0.2260496
0.4524543
0.6795374
0.9128055
1.166803
1.13331
1.12172
1.117197
1.113087
1.109169
1.106069
1.106494
1.108832
1.108407
1.105473
1.105039
1.104259
1.098576
1.104821
1.108932

[ N

0.2376
0.4752
0.7128
0.9504
1.188
1.188
1.188
1.188
1.188
1.188
1.188
1.188
1.188
1.188
1.188
1.188
1.188
1.188
1.188
1.188

FLF A
005110159
005027673
004895363
0.0411905
0.0181713
004826192
005909249
006338075
006730692
0.0710772
007407921
007366599
007140261
007181341
007465831
007508022
0.07583987
00814053
007529179
007130572
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< Bxr2>

A =2/3 PRi%pF B PRJE L feGamma(8,2)  u = 0.25> RBlp = 0.53

RN pER T 3

0

O 0 1 O D B~ L o —

0.06595811
0.1771201
0.2384854

0.215864
0.1487083

0.08388259
0.0407473
0.0177284

0.007160403
0.002741864
0.001028641
0.000370024
0.000131062
4.62E-05
1.69E-05
7.00E-06
2.78E-06
5.84E-07
1.96E-07
1.34E-07

A ;gt:l’ P
0.0659489
0.1769925
0.2384565
0.2159229
0.1487412
0.0838729
0.0406966
0.0177735
0.0071967

0.002789
0.0010355
0.0003707
0.0001287

4.41E-05

1.96E-05
8.10E-06
1.80E-06
5.00E-07
2.00E-07
1.00E-07

15

P(N=i)/P(T=i+1)

0.3723401
0.7421523
1.104661
1.451989
1773207
2.058367
2.29556
2.482193
2.624'747
2.711345
2.79841
2.828423
2787007
2.61047
2.800337
2.914264
3.080019
2.554478
1.491745
30.6895

(L2l s
PR

0.375
0.75

1.125

1.5

1.875
1.875
1.875
1.875
1.875
1.875
1.875
1.875
1.875
1.875
1.875
1.875
1.875
1.875
1.875
1.875

FLF A
0007143731
001057423
001841234
003306552
00574061
008908364
0.1832059
02446195
02856454
03084613
103299911
03370865
03272353
02817386
03304378
03566129
03912375
0.265995
0.256917
09389042
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<®H%k3>

A=1> PRirpEFIREF A N2 »u=05>lp=04-

G A | RIS A gt s P(N=)/P(T=i+1) e L | At
0.133634  0.1325466  0.4946565 0.5  0.01080245
0.2679569  0.2668926  0.9914243 1 0.008649853
0.2692012  0.2689901 _  1.491252 1.5 0.005866484
om3‘8|m1 1.981439 2 0.009367674
. 0.0915392 - 0.0922476. . 2474199 .. 25  0.01042801
SAM 0.0377794 25 -0.09971263
6. 001360493 0.0137496 3 Q,SM)ZS -0.1813728
07 00.004502319 [0.0045182 3312819 .25 -0.2453557
0.8 (0001363854 0.0013649 3485407 .25 -0.2827237
Wwdd mﬂmllo!lsla&l 3679929 250 03206391
0 10 0000103888 0.000108° © 3.682697 . 2.5 -0.3211497
e 293E050 0 200E05. - 3073419 2.5\ 0.3708189
S 120 730B06  8.80B-06. 4d75747 25 w1%0.4013048
| B ‘—WW K 2.5 204312049
14 SA46E07  600E-07 2625117 . 25 -=0.04766142
= | T 2.29E-07. 3.00B07  9.787012 | -0.7445594
1\16 (3.07E08 “2.00E07  6.049785 2.5 . -0.5867622
l\z m‘mm JL:' 10.3871998

b

0
1
2
3
4
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<@Bxk4>

A =5 JRIFpERPRIEL FeBeta(2,3) »u =25 Rlp=04-

G PR TS ‘gt P(N=)/P(T=i+1) Rt FFA R A

0 0.1337508  0.1338514  0.499138 0.5  0.001726935
1 02681651 02681723 0.9970131 1 0.002995803
2 0.2689757  0.2687152  1.49067 1.5 0.006258739
3 0.1802647  0.1804259  1.975517 2 0.01239305
4 0.09133096- 0:0913596  2.432837 25 002760691
5 00375527 .0.0375285 . 2.76586 25 -0.09612188

melg 25 L0.1747544
7\%2 0.0044636 . 10.2353439
8 0001365248 0.0013631 w3\"z.5 L0.269746
o 0000398164 00003868 13.663336 4 w25 -03175619
U100 0000105587 0.0001063 4003001 25  -0.3754685
Sl [2soE05 | 0B3EDSL 3805778N W28 03582796
T2 e75B06 SB0ED6. 34695000 b 2.5 0279437
S0 13mmmn 167E06 1 170B069" 43313203 mm 5| -0.2454432
il 14‘—-mm-|r 25 1102381376
15 244B07  2.00E07 . !h 25 20.00232488

BT 7.9'”‘77306 05 103714339
-\ W 1.01 © 2.00E07 671 2.5 1:0.3364601
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G/M/k

REEERPFERPRFUE LA oG W F 8 5 1/X 0 PRI Y PR, B

A EeExp(u) > BHEEE1/u e

<Bx1>

7

BEZE R PR IRES @A feWeibull(0.5,2) » 1 =025 p=0.1">

Rlp=10.5-

%, s
RIS

O 0 3 O LD B~ W o —

pF R TS
0.2132132
0.1683139
0.1473059
0.1196067
0.08940531
0.0618797
0.04756549
0.03645662
0.02789897
0.02142621
0.01647936
1.26E-02
9.68E-03
7.42E-03
5.69E-03
4.41E-03
3.36E-03
2.58E-03
1.98E-03
1.53E-03

A Jc T 3a
0.067059
0.117474
0.1428073
0.1424614
0.1233906
0.0947479
0.0726851
0.055599
0.0426642
0.0327331
0.0251659
1.93E-02

1.48E-02

1.14E-02

8.75E-03

6.73E-03

5.16E-03

3.95E-03

3.03E-03

2.31E-03
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P(N=i)/P(T=i+1)
0.3984163
0.7974834
1.193974
1.593433
1.99404
1.991946
1.993742
1.992869
1.991216
1.986309
1.991972
1.997113
1.996088
1.996168
1.983908
1.998887
2.00274
1.996915
1.982735
1.967844

VRS [

B3R iE

0.4

FA A
0003974982
0003155622
0005046835
0.004121041
0002988889
0004043237
0003138741
0003578224
0004411461
000689288
0.004030409
0001445532
0001959634
0001919448
0008111399
0000557046
000136827
0.001544941
0008707698
001634054
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AE T ek PR REE A feWeibull(2,2) A= 0564 p=1/7 -

Alp =0.79

o

PR
0.004660409
0.03560535
0.1081821
0.1823052
0.1966135
0.1486696
0.1019936
0.07010003
0.04808032
0.0329162
0.02253395
1.55E-02
1.06E-02
7.25E-03
5.01E-03
3.46E-03
2.42E-03
1.65E-03
1.12E-03
7.85E-04

A ;g;;:l =]
0.009055
0.0547079
0.1381523
0.1989987
0.1879582
0.1288898
0.0885992
0.0608137
0.0416608
0.0284826
0.0195625
1.35E-02
9.19E-03
0.29E-03
4.36E-03
3.03E-03
2.10E-03
1.42E-03
9.83E-04
6.95E-04
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P(N=i)/P(T=i+1)
0.2543157
0.5057021
0.7578078
1.012131
1.264268
1.263705
1.263897
1.264836
1.265662
1.263986
1.26377
1.26864
1.268525
1.255539
1.260301
1.253078
1.272847
1.268033
1.252612
1.279208

0.253208
0.506415
0.759623
1.012831
1.266038
1.266038
1.266038
1.266038
1.266038
1.266038
1.266038
1.266038
1.266038
1.266038
1.266038
1.266038
1.266038
1.266038
1.266038
1.266038

FLF A
000435696
0001410499
0002395485
0000690993
0001400735
000184667
0001694566
0000951024
0.000297124
0001623881
0001794605
000205097
000196024
0008362517
0004552091
001034269
000534928
1000157262
0.01071887
001029492
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G/G/k

REE B KPR RAIE R AFRG » I E 5 1/A 0 JRIFFF IR EUE

ARG HEEIL/pe

<Bx1>

BT %k pE R PR T (94 feWeibull(0.4,2) » A = 0.15 » JRIZPFFF

JRIEE A feWeibull(0.3,1.5) » u = 0.072 » Rlp = 0.418 -

ABRA ERTE -l ¥e PIN=)/P(T=i+l)  HRE B A F A
0 0.1869117  0.0702536 0.2783378 . 0.478497 . 0.7191232
1 0.2524041 0.1566771 0.7219103 0.956994  (0.3256411
2 0.2170313  0.1982169 1.345692 1435491 0.06673097
3 0.1472974  0.1838072 2.254546 1.913988  -0.151054
4 0.08152737  0.1347581 6.263774 2.392485 -0.6180442
5 0.02151388 . 0.058714 3.597489 2.392485 " -0.334957
6 0.01632083  0.0365415 2.830342 2.392485 -0.1547012
7 0.01291063  0.0258553 2.454065 2.392485 -0.02509329
8 0.0105357  0.0195708 2.227203 2.392485 0.07421024
9 0.008787163 0.0154081 2.078057 2.392485 0.1513086
10 0.007414667 0.0124525 1.963324 2.392485 0.2185889

11 6.34E-03 1.03E-02 1.887484 2.392485  0.2675523
12 5.44E-03 8.65E-03 1.837637 2.392485 0.3019355
13 4.70E-03 7.31E-03 1.780994 2.392485 0.3433427
14 4.11E-03 6.31E-03 1.715617 2.392485 0.3945331
15 3.68E-03 5.46E-03 1.689408 2.392485 0.4161678
16 3.23E-03 4.T7E-03 1.654671 2.392485  0.445898
17 2.89E-03 4.20E-03 1.616716 2.392485 0.4798423
18 2.60E-03 3.73E-03 1.615488 2.392485 0.4809673
19 2.31E-03 3.27E-03 1.596381 2.392485  0.4986925
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BE LR R PR IRES ok feWeibull(0.5,2) » 1 = 0.25 > PRI+PERF

PRAEE 2 A pe x*(11) > p=1/11> lp = 0.55

4%, L
FICIRS

L = = =
IR Sllea, "N | ¥ | dhaliindlimiie

—
-

—ally
\O OO

PR T e
0.2296135
0.1225619
0.1120283
0.1005613
0.08726382
0.07352176
0.06051569
0.04882428
0.03861305
0.03027279
0.02356554
1.82E-02
1.40E-02
1.08E-02
8.21E-03
6.30E-03
4.85E-03
3. 71E-03
2.83E-03
2.16E-03

)
0.064248
0.0943068
0.1106014
0.114724
0.1091422
0.0976768
0.0838599
0.0696222
0.0563551
0.045007
0.0353343
2.76E-02
2.14E-02
1.65E-02
1.26E-02
9.71E-03
7.47E-03
5.69E-03
4.35E-03
3.31E-03
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P(N=i)/P(T=i+1)
0.5242086
0.841812
1.09984
1.31468
1.484488
1.614074
1.717586
1.803074
1.861576
1.909865
1.943294
1.969982
1.985331
2.003964
1.999716
2.003458
2.011573
2.010438
2.014903
2.002413

ARSI
T B

0.363636
0.727273
1.090909
1.454545
1.818182
1.818182
1.818182
1.818182
1.818182
1.818182
1.818182
1.818182
1.818182
1.818182
1.818182
1.818182
1.818182
1.818182
1.818182
1.818182

;ﬁ-é—ﬁ AL
-0.3063136
-0.1360628
-0.00812045
0.1063875
0.2247868
0.126455
0.05856816
0.008378844
-0.02331045
-0.04800497
-0.0643816
-0.07705656
-0.08419204
-0.09270739
-0.09077993
-0.09247831
-0.09613916
-0.09562879
-0.09763312
-0.09200442
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<®H%k3>
BEE ik PR R (94 feWeibull(2,3) » 1 = 0.376 » PRA%PF 7 JR

ot e x2(9) u=1/9" Rlp =0.677 -

fBA e PRSI AT P(NS)/P(Tsitl) B EAF AW
0 0002821631 0.0080079  0.1661216  0.295409 0.7782695
1 0.04820505  0.086596  0.4647413  0.590818 0.2712835
2 0.1863316  0.2439433  0.8188981  0.886227 0.03221882
3 02978921 03046322 ‘1195907  1.181636 -0.01193351
4
5

0.2547289 02130559 1561574 1477045 -0.05413084
01364366 0.0976499 w‘g 477045 -0.2115936
6 005212286  0.0334319  2.10 1477045 -0.2988525
7 0001586999 10:0094714 2245005 1477045 -0.3420751
D08 0004218877 0.0024457 2318906 1477045 -0.3630423
ndd @WF 2455205 1477045 -0.3984076
gt 40 000240956 0.0001299 220614 - 1.477045' -0.3304844
nn__@-a 2465834 1.4770451-0.4009958
" 12 147E05  6.60E06 -~ 2692039  1.477045 .-0.4513285
C 13 245B06  130E-06 2475014  1.477045..-0.4032176
14 525B07  LOOE-07 1971548  |1.477045. -0.2508197

\S 856
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RE T i& % P PR GE feBeta(4,5) » A = 9/4 0 JRARPE R IRfEA 2 &

fe x2(1.5) » u=2/3> Plp =0.675 -

ER AR 2=

0

O 0 1 O D B~ L o —

10
11
i
13
14
15
16
17
18
19

0.01118421
0.0728218
0.1850481
0.253901
0.215924
0.1210838
0.06298903
0.03418572
0.01887283
0.01053074
0.005885183
3.31E-03
1.86E-03
1.07E-03
6.00E-04
3.37E-04
1.88E-04
1.02E-04
5. 77E-05
3.67E-05

g 4o
0.022774
0.1134831
0:2292356
0.2569853
0.1828049
0.0884889
0.0473751
0.0260048
0.0144025
0.0080759
0.0045213
2.53E-03
1.45E-03
8.15E-04
4.61E-04
2.59E-04
1.45E-04
7.548-05
5.00E-05
2.82E-05
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P(N=i)/P(T=i+1)
0.312736
0.6132627
0.9028543
1.190165
1.509739
1.40483
1.385816
1.377896
1.367662
1.372243
1.366135
1.364216
1.362519
1.357432
1.368279
1.373852
1.416641
1.307351
1.362684
1.364614

2L

0.296296
0.592593
0.888889
1.185185
1.481481
1.481481
1.481481
1.481481
1.481481
1.481481
1.481481
1.481481
1.481481
1.481481
1.481481
1.481481
1.481481
1.481481
1.481481
1.481481

WAL A
-0.05256746
-0.03370518
0.01546803
0.00418452
0.01871659
0.05456251
0.06903218
0.07517638
0.08322169
0.07960587
0.08443232
0.08595831
0.08731066
0.09138526
0.08273312
0.07834152
0.04577067
0.1331936
0.08717917
0.08564121
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3-3. BXA¥H

Rfpri R AL AT afidRes s §REI - B % §#
BB 5 M/G/kpF > 4o JRAZPER 2 fe i IFR> AP R Flenim 3t E ¢
%> » DFRPEF > A PR hREEER F o &6/M/k™ » B Z T
ZEapes IFR & DFR > 387 008 5l4p 5 Bracnfe it o @ &G/G/k™ >
FIREPER A F G IFRpF > AP E IR E g K - 5 DFR pF > &

ISR

PR e

s

€ Bz o F m A Z 3| pF A feer hazard rate #7 §2 58
KR

APRERFRR P EF ARG d AR R EE TR A
MRE S TR B TR LE B AR 0 IR
BRREE WA A M/G/k > JRispE R afe 5 DFR > 45 5 BE 2 B AE > T
RAEHE - k5 BT RIRBRBOPIRE - HIURT &
R o g TR G IR SRR 3 ISR LR PR
P(a customer arrived and see i in the system) ,]* € Fis o f

P (a customer arrived and see i in the system)

P (a RO arrived and see i+1 in the system) m@‘j]%g i B /o KA
)L/'Lfgrg' s B 27K o

A G /MR FRFA] P o d STPRPER A fie S ;}E] Hcm e 2 hazard
rate 5 — KT A& FHARE AR i S S ARSI R K S R R
- W PR G TARRE TS e Bt % e
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