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The Fading Number of Multiple-Access
General Fading Channels

Student: Huang Yu-Ming Advisor: Prof. Stefan M. Moser

Institute of Communication Engineering
National Chiao Tung University

Abstract

In this thesis, the sum-rate capacity of a noncoherent, regular multiple-access general
fading channel is investigated, where each user has an arbitrary number of antennas and
the receiver has only one antenna. The transmitted signal is subject to additive Gaussian
noise and fading. The fading process is assumed to be general and memoryless, i.e., it is not
restricted to a specific distribution like Rayleigh or Rician fading. While it is memoryless
(i.e., independent and identically distributed IID) over time, spacial memory is allowed,
i.e., the fading affecting different antennas may be dependent. On the transmitter side
cooperation between users is not allowed, i.e., the users are assumed to be statistically
independent.

Based on known results about the capacity of a single-user fading channel, we derive the
exact expression for the asymptotic multiple-user sum-rate capacity. It is shown that the
capacity grows only double-logarithmically in the available power. Futhermore, the second
term of the high-SNR asymptotic expansion of the sum-rate capacity, the so-called fading
number, is derived exactly and shown to be identical to the fading number of the single-user
channel when all users apart from one is switched off at all times.

The result holds for three different power constraints. In a first scenario, each user must
satisfy its own strict peak-power constraint; in a second case, each user’s power is limited
by an average-power constarint; and in a third situation — somewhat unrealistically — it
is assumed that the users have a common power supply and can share power (even though
they still cannot cooperate on a signal basis).

The proof is based on a duality-based upper bound on mutual information and on the
concept of input distributions that escape to infinity, meaning that when the available power
tends to infinity, the input must use symbols that also tend to infinity.
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Chapter 1

Introduction

1.1 Introduction & Background

Wireless communication channels encounter additive Gaussian noise and a phenomenon
called fading. The fading phenomenon impacts the signal amplitude (often destructively)
and is usually modeled as multiplicative noise. Due to this multiplicative noise, it is much
more difficult to design a good communication system for such channels, and hence fading
is a hot research topic. Usually channels with this fading phenomenon are called fading
channels.

In this thesis we investigate a multiple-access fading channel. We do not restrict our
models to any kind of fading processes. This means that the multiplicative noise process
can have any arbitrary random distribution, and the fading processes are allowed to be
dependent on each other.

Multiple-access indicates that several users utilize the channel at the same time. These
users are assumed to be statistically independent, which distinguishes the multiple-user
channel from the channel with a single user having multiple antennas. Common examples
of the multiple-access channel (MAC) are a group of mobile phones communicating with a
base station or a satellite receiver with several ground stations.

The work in this thesis focuses on the capacity analysis of the multiple-access fading
channel. The concept of channel capacity was initially introduced in Shannon’s famous
landmark paper “A Mathematical Theory of Communication” [1]. In this paper, Shannon
proved that for every communication channel there exists a theoretical maximum rate —
denoted capacity—that can be transmitted reliably, i.e., for every transmission rate below
capacity, the probability of making a decision error can be as small as one wishes. Therefore,
the capacity is fundamental for the understanding of the channel and also for the judgment
of efficiency for a designed system on a channel. However, capacity is defined in a single-user
system. To generalize it to a multiple-user situation, we consider the theoretically maximum
possible sum rate of all users. To be specific, we call this maximum possible sum rate the
sum-rate capacity, but simply use capacity exchangeably in both cases.

Though many systems and techniques have been developed for the wireless communica-
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tion channel, the channel capacity of a general fading channel is not yet known. Researchers
have been trying to solve this problem via various approaches. One common approach is to
analyze the channel based on the assumption that the receiver has perfect knowledge of the
channel state by estimating the channel state from training sequences. However, we cannot
ignore the bandwidth kept for these training sequences. Furthermore, we can never measure
the channel state perfectly even with a large amount of training data.

Another approach is to utilize joint estimation and detection: here we estimate the chan-
nel state by the received information data. No assumption of a particular estimation scheme
is then required. The only assumption is that both the transmitter and the receiver know
the channel characteristics (but not the realizations!). The capacity under this approach of
analysis is known as the noncoherent capacity.

So far, no exact expression for the noncoherent capacity of a fading channel is known. As
a function of the signal-to-noise ratio (SNR), the noncoherent capacity is only understood at
asymptotic high and low SNR. Lapidoth and Moser have derived in [2] [3] [4] the asymptotic
high-SNR capacity of general single-user fading channels. The asymptotic low-SNR, capacity
of fading channel has also been derived in [5]. In this work we extend the result of the high-
SNR asymptotic capacity to the multiple-access channel. It is the generalization of the
result about the Rician fading MAC, which is given in [6].

The evaluation of noncoherent capacity involves an optimization problem. To derive the
exact expression either analytically or numerically is very difficult. One promising approach
is to derive upper and lower bounds to the capacity and try to make them close. Based on
[7], we know natural lower and upper bounds from the single-user multiple-input single-out
(MISO) channel and the multiple-user MISO channel. There the lower bound is the capacity
when only the user with best channel transmits, and the other users swithch off, and the
upper bound is the capacity under the assumption of all users are allowed to cooperate,
i.e., we view the multiple-access channel as a MISO channel. We also know that the upper
bound from the MISO channel is loose. The technique of deriving upper bounds of mutual
information is based on duality, a successful technique [8], [3] utilizing the dual expression
of the channel capacity where the maximization (of mutual information) over distributions
on the channel input alphabet is replaced with a minimization (of average relative entropy)
over distributions on the channel output alphabet. In [6] and [9], the fading number in
multiple-access Rician fading channel are derived, but the fading process is restricted to
Gaussian fading, which is far from a realistic assumption in an environment for countryside
or in places near the receiver, where not many obstacles between transmitter and receiver.
Hence, we have to loosen the assumption about the fading process, and that is the reason
why we insist on the general fading case.

The fading number is defined as the second term in the high-SNR asymptotic capacity
and is independent of SNR. It can be an indicator to get more insight about what is the
most efficient way to transmit in such fading channel models. As the main contribution in
this thesis, we obtain the fading number and asymptotic capacity of multiple-access general
fading channel, where users are allowed to have more than one antenna (each user can be
viewed as a MISO case individually, not SISO).
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The structure of this thesis is as follows. In the remainder of this chapter, we will briefly
describe our notation. Next we will give the setup of the channel model in Chapter 2.
Furthermore, there is a discussion on power constraints in the end of this chapter. The
subsequent Chapter 3 gives some mathematical preliminaries about the sum-rate capacity,
the fading number and input distributions that escape to infinity. Moreover, we review the
previous results as the fundamental basis of this thesis and state some important preliminary
results as well. The main result and its derivation are shown in Chapter 4 and Chapter 5,
respectively. Finally we give a discussion and conclusion in Chapter 6.

1.2 Notation

For random quantities we use uppercase letters such as X to denote scalar random variables
and for their realizations we use lowercase letters like x. For random vectors we use bold-face
capitals, e.g., X and bold lower-case letters for their realization, e.g., x. Constant matrices
are denoted by upper-case letters but of a special font, e.g., H. For random matrices we yet
use another font, e.g., H. Scalars are typically denoted using Greek letters or lower-case
Roman letters.

Some exceptions that are widely used and therefore kept in their customary shape are:
e h(-) denotes the differential entropy.
e [(-;-) denotes the mutual information functional.

Moreover, we use the capitals () and W as the input probability distribution and the channel
law (distribution of the channel output conditioned on the channel input), and C exchange-
ably for the single-user capacity and the multiple-user sum-rate capacity. The energy per
symbol is denoted by £, and the signal-to-noise ratio SNR is denoted by SNR. Also note
that we use log(-) to denote the natural logarithmic function.

Finally, the input vector of the i-th user is X; with n; components, corresponding to
H; of user ¢ antenna. Sometimes we use a compact notation of an np-vector X consisting
of all user’s vectors x; stacked on top of each other, i.e., we get a total vector X which is
expressed by

where X, is n;-vector, ¢ = 1,2,...m, and n =n1 + - - + Ny,
We also use X; to denote the normalized version of vector X; to length 1, i.e.,

~ Xl
X, £ )
[ X1l

3
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As a warning, we would like to point out that

~

X4

(1.3)
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Chapter 2

Channel Model

In this chapter, we will introduce the channel model of the multiple-access general fading
channel. In Section 2.1, we give the mathematical formula and some assumptions of this
multiple-access channel. In Section 2.2, we will describe the special cases of the multiple-
access channel when the users both in the transmitter and the receiver side use one antenna
only. In Section 2.3, we discuss the power constraints.

2.1 The General Channel Model

In our analysis, we consider the noncoherent channel in the sense that both the transmitter
and the receiver do not know the channel state realization, but only have knowledge about
the channel characteristics, e.g., the distribution of the channel state.

We restrict ourselves to the memoryless case in our work. Distributions of the input and
the channel are independent and identically distributed (IID) at every time step. Therefore,
we will drop the time index.

We consider a channel as illustrated in Figure 2.1 with m users, each having n; transmit
antennas for ¢ = 1,...,m. The total number of transmit antennas is then

m
Z n; = no. (2.1)
i=1
We then assume the receiver with one antenna whose output Y € C is given by
Y=H'x+Z. (2.2)

Here x € C"T denotes the input vector consisting of m subvectors of length n; for each
user; the random vector H € C'*"T denotes the fading vector; the random variable Z € C
denotes the additive noise.

We assume that the component of the fading H are dependent, but the additive noise
Z and the fading H are independent, and that both of them are of a joint law that does
not depend on the channel input x. The different users are assumed to have access to a
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common clock, resulting in the output at a discrete time. Note that different users are not
allowed to cooperate, i.e., for the input vector
X1
X = , (2.3)
Xm

the subvectors X; € C™ denoting the input vectors of each user are statistically independent
X; 1 X, Vi j. (2.4)

We assume that the random variable Z is a spatially white, zero-mean, circularly symmetric
Gaussian noise, i.e., Z ~ Ng (07 02) for some 2 > 0.

As for the fading vector H, the distribution is general, with the assumption of finite
power

E[IIH|] < oo, (2.5)
and finite differential entropy
h(H) > —o0, (2.6)

the last assumption is usually denoted as regular fading.

2.2 A Simple Special Case of the Channel Model

For simplicity, we sometimes assume that each user and the receiver use only one antenna,
i.e., m1 =ng = --- = ny, = 1, such that np = m. This reduces (2.2) to the multiple-access
SISO case. Note that

Y =H'x+ 7, (2.7)

where x € C™ denotes the input vector, with nt components z; in x are independent of
each other, but the components of H can be dependent, see Figure (2.2).

2.3 Discussion on Power Constraints

In the given setup we can consider several possible constraints on the power. We use £ to
denote the maximum allowed total instantaneous power in the peak-power constraint, and
to denote the allowed total average power in the average-power constraint. For both cases
we get

£

SNR £ —. (2.8)

g

Note that the total power still must be split and distributed among all users. In our channel
model, we consider three different scenarios:
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User 1 g @ Channel 1

Ty

Channel 2 \

User 2 @g NH Ta
: '

Receiver
Channelm _—

U%@@/

Figure 2.1: The memoryless multiple-access channel with multiple antennas at transmitter
side and one antenna at receiver side.

Channel 2 \
User 2 e e  Ta
T
//' Receiver
Channel m/
User m

Figure 2.2: The memoryless multiple-access channel with only one antenna at transmitter
and receiver sides.
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e Peak-Power Constraint: At every time-step, every user ¢ is allowed to use a power
of at most ~:&:

Pr[||XiH2 > gl =, (2.9)
m
for some fixed numbers «; > 0.

e Average-Power Constraint: Averaged over the length of a codeword, every user i
is allowed to use a power of at most T£&:

E[IX:[1"] < =€, (2.10)

Ri
m
for some fixed numbers «; > 0.

e Power-Sharing Average-Power Constraint: Averaged over the length of a code-
word all users together are allowed to use a power of at most KE:

E [i ||Xi||2] < RE, (2.11)
i=1

for some fixed numbers & > 0.

Note that if x; = 1 for all 7, we have the special case where all users have an equal power
available. Also note that in (2.9) and (2.10) we have normalized the power to the number
of user m. This might be strange from an engineering point of view; however, in regard
of our freedom to choose k;, it is irrelevant, and it simplifies our analysis because we can
esaily connect the power-sharing average-power constraint with the average of the constants
{ki}%,, d.e., if we define

1 m
R2 mz;”Z (2.12)
1=

then the three constraints are in order of strictness: the peak-power constraint is the most
stringent of the three constraints in the sense of that if (2.9) is satisfied for all i =1,...,m,
then the other two constraints are also satisfied; and the average-power constraint is the
second most strigent in the sense that if (2.10) is satisfied for all 4, then also the power-
sharing average-power constraint (2.11) is satisfied. In the remainder of this thesis we will
always assume that (2.12) holds.

For some comments about even more general types of power constraints, we refer to the
discussion in Chapter 6.

It is worth mentioning that the slackest constraint, ¢.e., the power-sharing average-power
constraint, implicitly allows a form of cooperation: while the users are still assumed to be
statistically independent, we do allow cooperation concerning power distribution. This is
not very realistic (it implies that our cellphones can share batteries), however, it helps
the derivation and it will turn out that the asymptotic sum-rate capacity is unchanged
irrespective of which constraint is assumed. Based on this, we can choose one of the power
constraint arbitrarily in our derivation, but not all of them in the same time.
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Chapter 3

Mathematical Preliminaries &
Previous Results

In this chapter we review some important concepts and some related previous results, includ-
ing some known result of the Rician fading MAC, for which case, the exact fading number
is already provided.

The channel model considered is (2.2). In Section 3.1 we review the channel capacity
and make a further generalization to the maximum possible sum rate of multiple users. In
Section 3.2 we introduce the fading number. In Section 3.3 we provide the concept of input
distributions that escape to infinity and a lemma which shows that under some conditions the
input distribution must escape to infinity. In Section 3.4 we extend the notion of escaping to
infinity to multiple users. In Section 3.5 we review a known bound of the sum-rate capacity
for our case. Finally, in Section 3.6 we get the exact value of the m-user SISO MAC Rician
fading number. The concepts we use in this chapter are mainly based on [2], [3], [6], and
[9].

3.1 The Channel Capacity

In this section we first review the definition of channel capacity provided by Shannon in
[1]. Further we give the definition of the maximum possible sum rate of the multiple-
access channel; it is basically identical to the channel capacity, but takes multiple users into
consideration.

Recall that in a discrete memoryless channel (DMC), the channel capacity is defined as

C £ maxI(X;Y), (3.1)

Qx

where the maximization is taken over all possible input distributions Qx(-). When the
concept is generalized to the continuous case, i.e., the input and output take values in
continuous alphabet, a power constraint must be taken into consideration: for the peak
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power constraint (2.9)

C2 max I(X;Y), (3.2)
Qx
Pr|X[2<€]=1

or for the average power constraint (2.10)
C2 max I(X;Y), (3.3)
Qx
E[x?]<€

where the maximization is taken over all the input distributions satisfying the constraint.
In the generalization to the memoryless multiple-user channel, we use C to denote the
maximum possible sum rate. The (sum-rate) capacity of the channel (2.2) is given by

C=supl(X;Y), (3.4)
Qx

where the supremum is taken over the set of all probability distributions on X for which
the m subvectors are independent and which satisfy the power constraint, i.e.,

Pr(IXi|? > 2] = 0, (3.5)
m
for a peak-power constraint, or
E[Ix:) < e (36)
o m )

for an average-power constraint.

The most general concept of capacity in a multiple-access scenario is the capacity region.
The capacity region of the multiple-access channel is defined to be the closure of the set of
all achievable rate tuples. An example of a 2-user capacity region is provided in figure 3.3, it
is a common region for 2-user MAC. Speaking precisely, we have given three fixed numbers:

L 271(xWy|x®), (3.7)
L2 1(x®;v|xW),
I 2 71(xW x®;v).

These three numbers together with the constraints R® >0 and R® >0 specify a pentagon
of achievable rate pairs:

RO <1, R < (3.10)
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If we consider Gaussian MAC, its capacity region is given by

( (1)
RV <1, =C (;) , (3.11)

@)
R® <Ip=C (;) : (3.12)

1) L @
RY 4R <13=C (E;E> : (3.13)
where )

C(t) = B log(1 +1). (3.14)

In the case of m users with m > 2, the capacity region is a m-dimensional pentagon,
i.e., the m-user capacity region is given by the convex closure of all rate m-tuples.

R@ A
I(Xx®;y|x®) .
I(X@yy) 4
RM

r(xWy)y - 1(xM;v[x®)

Figure 3.3: An example of capacity region for 2-user MAC.

3.2 The Fading Number

In the asymptotic analysis of channel capacity at high SNR, it has been shown in [2], [3]
that at high SNR capacity grows only double-logarithmically in the SNR. This means that
at high power these channels become extremely power-inefficient because we have to square
the SNR to get an additional bit improvement in capacity. Furthermore, the difference
between channel capacity and loglog SNR is bounded as the SNR tends to infinity, i.e.,

— &
;1%10 {C(S) — log log 02} < 0. (3.15)

This bounded term is called the fading number. A precise definition of the fading number

is as follows.

11
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Definition 3.1. The fading number x of a memoryless fading channel with fading matrix
H is defined as

x (H) éélerglo{C(E)—loglog :2} (3.16)

Whenever the limit in (3.16) exists and x is finite, the expression of capacity is
&
C(&) =loglog 2 + x + o(1), (3.17)

where o(1) denote terms that tend to zero as the SNR tends to infinity. Thus, at high SNR
the channel capacity of a fading channel can be approximated by

C(€) =~ loglog % + x. (3.18)

Hence we can say that the fading number is the second term in the asymptotic expression
of the channel capacity at high SNR. Note that the approximation of capacity in (3.18) is
not always valid. In the low-SNR to medium-SNR, regime, the capacity is dominated by
the o(1) term that cannot be neglected in that regime. In the analysis of the asymptotic
capacity, however, we are only concerned with the high-SNR regime and in particular when
the SNR tends to infinity. Thus, we usually use the approximation of (3.18) instead of the
intractable exact expression. Furthermore, we can even only consider the fading number
because the first term of the capacity is always the same.

The fading number also plays a role as a qualitative criterion for the communication
system. Since in the high-SNR regime the capacity is extremely power-inefficient, we should
avoid transmission in this severe regime. The fading number can provide a threshold of
how high the rate can be before entering the high-SNR regime, i.e., the fading number can
provide a certain threshold SNRg such that once the available SNR is above SNRg, we are in
the loglog SNR dominated regime, and should not stick on this system. Instead we should
use other schemes, e.g., use more antennas in order to reach a higher transmission rate.

3.3 Escaping to Infinity

A sequence of input distributions parameterized by the allowed cost (in our case the cost of
fading channels is the available power or the SNR, respectively) is said to escape to infinity
if it assigns to every fixed compact set a probability that tends to zero as the allowed cost
tends to infinity. In other words this means that in the limit—when the allowed cost tends
to infinity—such a distribution does not use finite-cost symbols.

We give the definition of escaping to infinity for the fading channel under consideration
in this thesis; the definition for general channels can be found in [2], [3].

Definition 3.2. Let {Qg}e>0 be a family of input distributions for the memoryless fading
channel (2.2), where this family is parameterized by the available average power € such that

Eq: [IXIIP] <&, £>0. (3.19)

12
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C(SNR) A
log-regime log log- refgime
______ ¢, 8 IR ... 1 U | SU—
/threshold
. SNR[dB]
o(1) X log log SNR

dominating dominating ' dominating

Figure 3.4: The relationship between capacity and SNR in fading channel:
C(SNR) = loglog SNR + x + o(1).

We say that the input distributions {Qg }e>0 escape to infinity if for every &

lim Qe (IX| < &) = 0. (3.20)

This notion is of importance because the asymptotic capacity of fading channels can
only be achieved by input distributions that escape to infinity. As a matter of fact one can
show that to achieve a mutual information of only identical asymptotic growth rate as the
capacity, the input distribution must escape to infinity. The following lemma describes this
fact.

Lemma 3.3. Assume a single-user memoryless multiple-input multiple-output (MIMO) fad-
ing channel as given in (2.2) and let W (-|-) denote the corresponding conditional channel
law. Let {Qg}te>o0 be a family of input distributions satisfying the power constraint (3.19)
and the condition

I(Qe, W)
Etoo loglogE L (3:21)

Then {Qs}e>0 escapes to infinity.

Proof. A proof can be found in [2], [3]. O

From the engineering point of view, this concept matches the intuition: as the available
power tends to infinity, the input should utilize the resource (available power) completely,
therefore any fixed symbol is not used in the limit.

13
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Remark 3.4. When computing the bounds of the fading number (which is part of the capac-
ity in the limit when & tends to infinity), we can therefore assume that for any fized value
&o

Pr (|| X2 < &) = 0. (3.22)

3.4 Generalization of Escaping to Infinity to Multiple Users

The content in this section is mainly based on [6] and [10]. The following proposition is a
generalization of Lemma 3.3.

Proposition 3.5. Let {Q¢}te>0 be a family of joint input distributions of the multiple-access
fading channel given in (2.2), where the family is parameterized by the available average
power £ such that

Eoc[IX|Y] <&, €20 (3.23)
Let W (-|-) be the channel law, and {Qs} be such that
1
Qe W), (3.24)

Etoo loglog &
Then at least one user’s input distribution must escape to infinity, i.e., for any & > 0,
m ) g
. 0
1 Xill© = — =1 3.25
ngIgloQg <l:LJ1{H Z“ N m}) ( )

The detailed proof of Proposition 3.5 is presented in [8].

3.5 An Upper Bound on the Sum-Rate Capacity and Fading
Number

Since the multiple-access channel is quite similar to the MISO channel, we find an upper

bound on the MISO capacity. This upper bound comes from the dual expression of the mu-

tual information by choosing the output distribution as a generalized Gamma distribution.
A detailed proof of this lemma can be found in [2] and [3].

Lemma 3.6. Consider a memoryless MISO fading channel with input x € C"T and output
Y € C such that

Y =H'x+ Z. (3.26)

Then the mutual information between input and output of the channel is upper-bounded as
follows:

I(X;Y) < =h(Y|X) +1logm + alog 5+ logI’ <a, ;)

+(1—a)Elog (Y2 + )] + ~E[|Y2] +

5 (3.27)

4
ﬁ’
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3.6 THE FADING NUMBER OF RicIiAN FADING SISO MAC CHAPTER 3

where o, 5 > 0 and v > 0 are parameters that can be chosen freely, but must not depend on
X.

3.6 The Fading Number of Rician Fading SISO MAC

Theorem 3.7. Assume a SISO Rician fading multiple-access channel as defined in (2.7).
Then the sum-rate fading number is given by

xumac = log (digac) — Ei(—dyac) — 1, (3.28)
where
dMAc:max{]dll,]dg\,...,\dm]}, (329)
and
o) e—t
Ei(=¢) £ —/ Tdt, £>0, (3.30)
¢

This sum-rate MAC fading number holds in both cases when the peak-power constraint (2.9)
or the average-power constraint (2.10) is considered.

The result for the general m users is similar to the two-user case. The SISO MAC fading
number is exactly the same as the single-user SISO fading number. To achieve the fading
number, the input should only allow the user with the largest line-of-sight component to
transmit, and switch off all users with weaker |d;|. If several users encounter channels with a
line-of-sight component of equal maximum magnitude, time-sharing among these users can
be used to achieve the fading number.

15
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Chapter 4

Main Result

In this chapter, the exact MAC general fading number is provided. In Section 4.1 we show
that the m-user sum-rate capacity is bounded between the single-user MISO capacity and
the MISO capacity. In Section 4.2 we find a known bound of the sum-rate capacity in our
case. The content in this section is mainly based on [4]. In Section 4.3, we get the exact
value of the m-user MAC general fading number.

4.1 Natural Upper and Lower Bounds

We consider the channel as in (2.2). Note that the difference between the MAC and the
MISO fading channel with n transmit antennas and one receive antenna is that in the latter
all transmit antennas can cooperate, while in the former the antennas of different users are
assumed to be independent. Henece, it immediately follows from this that the MAC sum-rate
capacity can be upper-bounded by the MISO capacity:

Cymac(€) < Cumiso(€). (4.1)

On the other hand, the sum rate cannot be smaller than the single-user rate that can be
achieved if just the strongest user is switched on, the others are switched off, i.e.,

Cmac(€) > 1r<nax CMISO,i(g)- (4.2)

<i<m

Based on (4.1), (4.2) and (3.16), we define the MAC' fading number by
. &
xmac = lim {CMAC(S) —loglog 2} . (4.3)
EToo g
From [3] we know that

XMISO = SUp {log 7 + E[log [H"%|*] — h(|H'x|)}, (4.4)
%[=1

therefore, from (4.1) we obtain

XMAC < XMISO = sup {logﬂ + E[log \HT&P] — h(\HT&])} (4.5)

%=1

16
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On the other hand, from (4.2)

XMAC > max sup { log TE [10g ||HZT§CZH2} — h(Hsz(Z)} (4.6)
1<i<m 1% ” 1
= max {xmi1s0,i }- (4.7)

Finally, based on (4.5) and (4.7), we get the conclusion that

R {xm1s0,i} < xmac < xmiso (4.8)

4.2 An Upper Bound on the Fading Number for Our Chan-
nels

We continue with Lemma 3.6. Consider a memoryless MISO fading channel, the mutual
information between input and output of the channel is upper-bounded as follows:

I(X;Y) < =h(Y[X) +logm + alog  + logT’ (a, ;)

1
+ (E=a)E log (I¥]*+ »)] +5EV) + %,
where o, 5 > 0 and v > 0 are parameters that can be chosen freely, but must not depend
on X.

By choosing the parameters «, f and v appropriately, (4.9) can be further simplified to

(4.9)

obtain an upper bound on the fading number of the general fading MAC:

Theorem 4.1. The fading number of an m-user general fading MAC as defined in (2.7)
and under the power-sharing average-power constraint (2.11) is upper-bounded as follows:

log (%)] h(ﬁI;H( ‘X) } (4.10)

" &
X 1L X;, lim Qx (U {HXJF > Wj}) =1,

i=1

yMac < lim sup logm+ E
ET OOQXEA

é{@x

and power constraint (2.11) is satisﬁed}. (4.11)

where

4.3 The Fading Number of General Fading MAC

Theorem 4.2. Assume a general fading multiple-access channel with m users as defined in
(2.2). Then the sum-rate fading number is given by

XMAC = max { sup {1ogwE[1og||H;>zi12} _ h(H{fq)} (4.12)
1<i<m 1% ||=1
= max {xm1s0,i }- (4.13)

17



4.3 THE FADING NUMBER OF GENERAL FADING MAC CHAPTER 4

This sum-rate MAC fading number holds in all cases when the peak-power constraint (2.9)
or the average-power constraint (2.10), or the power-sharing average-power constraint (2.11)
1s considered.

The MAC fading number is exactly the same as the single-user MISO fading number.
To achieve the fading number, the input must only allow the user with the best channel to
transmit, and switch off all users with weaker channels. If several users encounter channels
with equal capacity, time-sharing among these users can be used to achieve the fading

number.

Corollary 4.3. If each user only has one antenna, the sum-rate fading number can be

simplified to

v = max {log + E [log |Hi’] — h(H,)| (4.14)
= Dax {xs180,i }- (4.15)

This also holds in all cases when the peak-power constraint (2.9) or the average-power
constraint (2.10), or power-sharing average-power constraint (2.11) is considered.

18
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Chapter 5

Derivation of Results

CHAPTER 5

In this chapter, the derivations of the results shown in Chapter 4 are provided. Since

we already conclude the proof of Section 4.1, here we start from the proof of Section 4.2.

In Section 5.1, we find a upper bound of the fading number of m-user fading MAC. In

Section 5.2, the fading number of a general fading MAC is derived strongly relying on the

concepts provided in Section 3.4.

5.1 Derivation of Theorem 4.1

From [2] and [3] we know that to achieve the asymptotic sum-rate capacity, the input

distribution of at least one user must escape to infinity. Hence, we fix an arbitrary finite

&y > 0 and define an indicator random variable as follows:

ne 0 if |[Xi]2 <& ,i=1,2...m
1 otherwise .

Let
p £ Pr[E = 1] = Pr[|X;[|* > &/,
where we know that from Proposition 3.5 that

lim p = 1.
EToop

We now bound as follows:

IX;Y) <I(X,E;Y)
=I(E;Y) + I(X;Y|E)
= H(E) —H(E|Y)+I(X;Y|E)
H(E) + I(X;Y[E)
= Hb( ) +pI(XY|E=1)+ (1 -pI(X;Y[E=0)
< Hy(p) + I(X; Y[E =1) + (1 = p)C(&),

p
p
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5.1 DERIVATION OF THEOREM 4.1 CHAPTER 5

where Hy(p) 2 —plogp — (1 — p)log(1 — p) is the binary entropy function. Here, (5.4)
follows from adding an additional random variable to mutual information; the subsequent
two equalities follow from the chain rule and from the definition of mutual information
(notice that we use entropy and not differential entropy because F is a binary random
variable); in the subsequent inequality we rely on the nonnegativity of entropy; and the last
inequality follows from bounding p < 1 and from upper-bounding the mutual information
term by the capacity C for the available power which, conditional on £ = 0, is &y.

We remark that even though C(&p) is unknown, we know that it is finite and independent
of € so that from (5.2) we have

Jim {Hi(p) + (1 = p)C(E0)} = 0. (5.10)

We continue with the second term of (5.9) as follows:

I(X;Y|E=1)=I(X:HX +Z|E =1) (5.11)
<I(X;H'X +Z,Z|E =1) (5.12)
= I(X;H'X,Z|E = 1) (5.13)
= I(X;HX|E=1)+ [(X;ZH'X, E =1) (5.14)
= I(X;H'X|E =1). (5.15)

Here, (5.12) follows from adding an additional random vector Z to the argument of the
mutual information; the subsequent equality from substracting the known vector Z from Y
the subsequent two equality follow from the chain rule and the independence between the
noise and all other random quantities.

We next apply Lemma 3.6. Note that we need to condition everything on the event E
=1:

IX;H'X|E=1) < -h(H'X|X,E=1)+logm +alogs +log <a, ;)

+(1—a)E[log (H'X]*+v)|E =1] + LE [H'X?|E =1]

B
v
+ =, 5.16
3 (5.16)
where «, 8 > 0, and v > 0 can be chosen freely, but must not depend on X.
Next we assume 0 < a < 1, such that 1 — a > 0. Then we define
€, 2 sup {E [log (|H™x|> + v)] — E[log [H™x|?] }, (5.17)

lIx[*>Eo

such that

(1—a)E[log ((H'X[* +v)|E =1] = (1 — a)E[log ([H'X[* + v) — log[H'X|?|E = 1]
+ (1 - a)E[log H'X?|E = 1] (5.18)
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5.1 DERIVATION OF THEOREM 4.1 CHAPTER 5

< sup {(1 — a)E[log (JH™x|* + ) — log |[H"x/?

Ix/|2>Eo
+ (1 - a)E[log [H'X|?] } (5.19)
< (1-a)E[log H'X|?] + €, (5.20)

where for the supremum we use that for £ = 1, we know that||x||? > &.
Finally, we bound

SEIBTXPE = 1] < SE[IH) E[IX |15 = 1] (5.20)
1 21 €
< SELmI] . (5-22)

where (5.21) follows from Cauchy-Schwarz inequality.
Plugging (5.20), (5.22) into (5.14) and (5.16) then yields

IX;Y|E=1) < —h(H'X|X,E=1) +logm + alog 5 +log <a, ;)

1 &
(L0 [log (HUXP)|E< 1] e, + SE[I”] © + % (5.23)
=logm + Eflog (JH'X|?) |E = 1] - h(H'X|X,E =1)
v 1 E v
4+ alog 8+ 1o F(a,—) +e +—E[H|?] =+ =
g +logT (a3 gEUHI] -~ + 3
— oE [log (JH™X[]?) |E =1]. (5.24)
We make the following choices on the free parameters a and 5:
NV k 5.25
o = ) = Tog ETHIE (5.25)
1 v
5 £ By ==ck, (5.26)
and get
xmac = lim ¢ sup I(X;Y) —loglog & (5.27)
EToo Qx€eA
< lim ¢ sup {1og7r + E[log ((H'X[?) |E = 1] - h(H'X|X,E = 1)
EToo Qx€EA
+alogB+1 r( ”> fot teqETP E 4 Y
alo o a, — €&+ = -+ -
SETES" B E P B
— a(log & + min E [log ||[HT|?]) + Hy(p) + (1 — p)c(é‘o)}
—log log 5} (5.28)

— i T (2)\] T
_é&{&l&{logwr E [log ([H™X[?)] — h(H X|X)}
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5.2 DERIVATION OF THEOREM 4.2 AND COROLLARY 4.3 CHAPTER 5

v 1 E v
+alogB+1logT (a, = | + 6 + =E[|H"|*] = + =
g3+ log ( B) ZEIETI) =+ 3

—a <log5 + miin {E[log ||HZT||2] }> + Hy(p) + (1 — p)C(&y)

— log logé’} (5.29)

= lim sup {log7 + E[log (|H'X|?)] — h(H'X|X)}

EToo QxEA

+ log(l —€”)+v+e, —logv (5.30)
= lim sup [ log7 + E[log (|HTX\2)] —h H'X X | — E[log HX||2]

+ log(1 —€”) + v+ ¢, —logv (5.31)

— H'X|” H'X
= lim sup < logm+ E|log | 2| —h| —1X

E100 Oy e A 1| [1X]]

+log(l —€") + v+ €, — logr. (5.32)

Here (5.27) follows from the Definition (3.1); in (5.29), based on Proposition 3.3, we drop
the condition £ = 1 and incorporate into A; finally, we use (5.25) and (5.26) and rearrange
it to get (5.30).

Note that log(1 — ) + v+ €, — log v tends to 0 as v goes to 0, and since v is arbitrary,

x| (arx
bg( X )] h( bS] ‘X)} (5.35)

5.2 Derivation of Theorem 4.2 and Corollary 4.3

so we get the following upper bound:

xMac < lim sup logm + E
EToo Qx€EA

and the proof of Theorem 4.1 is concluded.

The proof consists of two parts. The first part is given already from (4.5), (4.6), and (4.8).
There it is shown that

11%0%);1 {XMISO,i} = lrgniign { Hzﬁgl { log TE [log HHZT&IHQ} — h(Hszcz) }} (5.34)
is a lower bound to yyac. Note that this lower bound can be achieved by using an input
that satisfies the peak-power constraint (2.9).

The second part will be to prove that maxi<;<m { XMISO,z‘} is also an upper bound to
xMAC- We will prove this under the assumption of an power-sharing average-power con-
straint (2.11). Since the peak-power constraint (2.9) and the average-power constraint (2.10)
are more stringent than (2.11), the result follows.

The proof of this upper bound relies strongly on Proposition 3.5. Note that the supre-
mum in (4.10) over all joint distributions such that at least one user’s input distribution
escapes to infinity.
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Continue with (5.33), where A is defined in (4.11), which is the set of joint input distri-
butions such that X are independent and the input distribution of at least one user escapes
to infinity when the available power £ tends to infinity,

In the following we will focus on finding an upper bound on (5.33). First we assume x3
escapes to infinity, i.e.

) 2 _ &
1 X > ) =1 .
lim Qe <H 1l _m) , (5.35)
and define
£ 10 < 2 < 112 )
D ={x1: 0 <[kl < a max x|}, (5.36)

for a fixed a > 1.
Then

lim sup < logm +E
EToo QeeA

|H™X|? (HTX )
log —h X=x
( I’ X
— H'X/|? H'X
<logm+ sup =--sup lim sup E [log | 2| — h( X = X) (5.37)
QX Qx, &17e0 Qx, €A1 ||XH HXH
_ H'x/|?
<logm+ sup ---sup lim sup / / E| log | X‘z
Qx,p, Qx, &1To0 Qx4 €A1 Ixm, x1€D ||XH
H™x
- h(m)) 4Qx, (x1) - dQx,, ()
_4 Hx|?
+ sup ---sup lim sup / / E| log | XL
QX Qx, €170 Qx, €A1 Jxpm x1 €D Xl

S ( HTX)) dQx, (x1) -+ dQx,, (Xm), (5.38)

[l

where in the first inequality (5.37), we define A; as the set of all input distributions of
the first user that escape to infinity, and take the supremum over all Qx, € A;. The last
inequality (5.38) then follows from splitting the inner integration into two parts and from
the fact that the supremum of a sum is always upper-bounded by the sum of the suprema.

To simplify our life, we define:

. H'x|?
I, £ sup ---sup lim sup / / E| log | XL
Qxpm Qx, €170 Qx, €A1 xpm x1€D Xl

- h(HT")) 4Qx, (x1) - d@x,, (Xm), (5.39)

x|l
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5.2 DERIVATION OF THEOREM 4.2 AND COROLLARY 4.3 CHAPTER 5

and

. H'x|?
I £ sup ---sup lim sup / / E| log | XL
Qx,, Qx, &1too Qx, €A1 Jxpm, x1€D¢ ||XH

- h(HTX>> dQx, (x1) -+ dQx,. (Xm), (5.40)

[l

such that equation (5.38) becomes

|[H™X|? <HTX )
log —h X =x <logm+ 1 + I5.(5.41)
( XI? IX]

lim sup { logm+ E
5TOOQS€_A

Let us first look at I;:
o H, |12 2, H (12 2
I; < sup---sup lim sup / / E| log IH] HX1H2+ all m||2 [m |
Qxm  Qx, S17°Qx, €A1 Jxpm x1€D [x1]]” + -+ [|%m]

m m

|1 | 13 ][] ] 5]

+ZZ ” 2 2

= ket %]
7]
H'x
= h( )) dQX1 (Xl) e dem (Xm) (5.42)

Il

< sup ---sup lim sup / / E|log | [|Hy||>+ -+ [|Hx|?
Qxp, Qx, S11° Qx €A1 Jxpm, x1€D

+ii§rrﬂiuuﬂju>]

i=1 j=1

i#]
m m 1
DR HENEH)
= sup ---sup lim sup / / E|log | |[Hi||> + -+ |Hyl?
Qxm  Qx, 110 Qx, €A Jay, x2
o)

= h(HTX>) dQx, (x1) -+ dQx,, (Xm) (5.43)
i=1 j=1
¥ ZZinmunmn)
/ . d@xxxl)} 4Qx, (x2) -+ dQx,,(xm) (545

[4]
<supeoswp Jm sup [ o [ (B o (7
QxX,, Qx, 51T°°QxleA1 Xm x1€D
M)
i#]
d@x, (x1) -+ - d@x,, (Xm) (5.44)
i=1 j=1
i#]
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< sup ---sup hm/ / sup E|log | |Hq[?+ -+ ||Hy|?
Qxp, Qx, €11 Jz,, z2 @x, €A1

+ ZZinmunmn)

i=1 j=1

+ 77)
17
m m 1
DRI
/ ) del(Xl)} AQx, (x2) -+ dQx,, (xm)  (5.47)
X1€
i=1 j=1

/ del(Xl)} d@x, (x2) -+ dQx,, (xm)  (5.46)
x1€D
—sup---sup/ / lim sup E|log [ |[Hi||> + -+ | Hy |
Qx,,  Qxy Jam zp E1T0 Qx €Ay
)
i=1 j=1
i#j
—sup---sup/ / lim  sup E|log [ |HL|® ++ - + |[Hp
QX Qxy JTm @y €170 Qx, €A1
m m 1
L3S i )| +4)
i#]
Pl”[HXlH2 < a _max ||Xi||2] }deg(Xz) -+ d@x,, (Xm
2<i<m

= sup --- Sup/ . / 0d@x,(x2) - - - dQx,, (Xm) (5.49)
QX Qxy JTm T2
=0. (5.50)
Here in equation (5.42) follows by Cauchy-Schwarz inequality; since
12
- il S < 1,Vi, (5.51)
% ll” 4+ [l

and by the inequality of arithmetic and geometric means,

Bl bl 1y 552

[ ll” - ™ Il + 1507 2

equation (5.43) holds; in (5.44), —h(-) can be upper-bounded by a finite number 7 because
of the regular fading assumption (2.5); and we can take constants out from the integration
in (5.45); (5.46) follows by taking the supremum into the first integral which can only
enlarge the expression; in (5.47) we exchange limit and integration, which is allowed by
the Dominated Convergence Theorem in [7], we are allowed to swap limit and integration,
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because both E [||H;||?] and 7 are finite; finally, (5.49) follows because Qx, escapes to
infinity.
Next, let us look at Iy in (5.41):

Hx|?
I, < sup ---sup lim sup / / E| log 2| 11 3
Qx, Qx, S1T0 Qx, €A Xm x1€D° x1[”+ -+ l1xmll
L2 fIxal|* + - - + [ Hom|* |3 |
lea || -+ + (1<

m m
L | L ) s s
2D e 2

i=1 j=1 HXlH et meH
i#£]

HT
h< T ) dQx, (x1) -+ d@x,, (xm)}, (5.53)

+

where we keep the term ]HIX1|2 unchanged, and bound the others by the Cauchy-Schwarz
inequality.

Moremore,

T T T} » 9 T

]| IIXII
—h(H{A

20 (5.55)

x1 |2 Cllx
aET -h( 1+ZHT ) -
X1
oo %2l
2 X9
X1 [E]
—log ||Hx||||2 —h|H : (5.57)
e [l ||
L™ <l
]
2 0
< —lo H||X1||H2 ~h|H]| | |+e (5.58)
_0_
[ <HIX1>
— _log —h Y, (5.59)
%l + - A [l 12 %1

where in (5.55) we define x = Bk (5.56) holds because h(cY) = log|c|?+ h(Y) for ¢ € C; in
(5.57), we use the notation from Section 1.2; (5.58) follows because for every e > 0 we can
choose a, which is the arbitrary fixed number defined in equation (5.36) big enough such
that the inequality holds. That is only hold if we get the continuity of h(H"x) in x for all
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x are finite and larger than 0, and the detailed proof of continuity is provided in Appendix
A.
Continuing with (5.53),

Hixi|”
I < sup ---sup lim sup / / E| log 5 5
Qxm  Qx, 110 Qx €A1 Jxp, x1€D¢ 1 [|” 4 -+ + [|%sm]]
o[ 12 ]1” + -+ [ | [0
2 2
% ll” 4 x|

m m
(e ee N EANEST]
T2 e :

i = Ixall™ 4 A |
i#j

2
— log . [l | ]

2
2 fl™ - 4 [l

_l’_

h(Tf",l) + s> dQx, (x1) - -~ dQx,, (xm)

HT 2 mH, |12 2
= sup ---sup T g / / E| log | 1X12| APy k||2 %l
QX Qx, €110 Qx, €A1 Jx x1€D® HX1H Hle

AL HHi|ijruxmxj||>]

(5.60)

#J
+ (2
112

%]

i(H) ) 10, (x1) - dQxc, (%)
(5.61)

|H1X1’ 2
< sup ---sup lim sup / / E|log + || H||
Qxym  Qx, S110Qx €Al xp, x1€D° x1[|? Z a?

+ Z *HHlllHHJH + Z Z e IIHZIHH]H”

=2 j=2
i#]
H X
(5.62)
[Hix | 2
< sup - - sup hm/ / sup / E| log + |1 Hy ||
Qxm  Qxy 8110z, Juy \ Qx €A1 JxieDe 1 |2 Z a?
D LATIES S gmmuw)]
1=2 j=2
i#j
Hix
(2 dax ) + ) AQx,(x2) -+ 4@, (xm)
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(5.63)
zsup...sup/ / lim sup / E| log 1X1’2+Z | H
Qx,, Qx4 Jzm &1too0 Qx, €A1 Jx1€D° ”2 a?
+ Z*HHllllngH +ZZ 2||Hz||HH]!)]
=2 j=2
i#]
Hix
() agx ) + ) 4Qx, (x2) - AQx, ().
(5.64)
Due to the definition of D in (5.36), H |||z < 1Vi #1 always holds when x; € D¢, we

get the equation (5.62); the subsequent 1nequahty (5.63) follows by taking the supremum
into the first integral, which can only enlarge the expression; same as (5.47), since

s [ (Emos(] < (Y faood < Eliost) - (T2 ) 509

Qx, €A1

by the DCT in [7], it is allowed to exchange limit and integration because it can be upper
bounded by a finite value in equation (5.64).
Continuing with (5.64), we get

m
— 1
I, < sup ---sup/ / lim  sup / E|log | [HI%:1|* + E — || H |2
Qxpm, Qxy JTm ngOOQx €A x1€D° ! a2

+ Z —||H1IIIIH;|| + Z Z - \HzIIIIH3H>]

1=2 j=2
i#]

— h(HIfq) + e) del(Xl)}> d@x,(x2) - - dQx,, (Xm)
(5.66)

< sup---sup/ / lim sup / dQx,(x1) sup < E|log | |[H%;|?
Qxm  QxyJzm ngmQxleAl x1€D° %1 ]|=1

+Z 2IIHkIIZJrZ*IIHlHIIHJIIJrzz 2|!Hz\|||Hg||>]

1=2 j=2
i#£]j

. h(H{fq) }} + g> dQx, (x2) -+ dQx.. (Xm) (5.67)

= sup ---sup/ / lim sup Pr[HXlH > a max ||x||]
me QX2 Tm <€1TOO QX E.Al { 2<i<m ’

sup { llog [H{ §<1|2+Z 2HH1<:H2+Z*”H1||||HJ”

[[%1][=1
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+ii§mmwﬂ%@%”}

=2 j=2
i#]
+ €> d@Qx,(x2) - -+ dQx,, (Xm) (5.68)
TS |2 . 1 2 - 2
=sup ---sup [ - sup § E|log ([Hi%i[ + > —[/H|* + > = Hy||[Hy|
Qx,,  Qxy Jam z2 \ [|%1]|=1 =g & = a
m m 1 .
0D S IHE )| -k (Hix)
i—2 j—2
1#]
+ 6) dQX2 (XQ) T dQXm (Xm) (569)

:Sup"'Sup/ / dQx, (x2) -+ dQx,, (Xm) [ sup {E|log | [H{%1|?
Qx  Qx, I [[=1

+Z 2||Hk||2+Z~HH1HHHyH+ZZ 2]HZH|]H]||>] n(H 1X1)}+6>

=2 j=2
i#]
(5.70)
= ASITIPI{ [10g< 5<1\2+Z QHHkHQJrZ*HHlHHHJH+ZZ QHHzllHHJH)]
xil= i=2 j=2
]2753
- h(H{fq)} +e (5.71)
< s {E[loguﬂlﬁluﬂ —h<H{5<1)} + 2. (5.72)
x1]|=1

Here, in (5.66) we can take E[log (-)] — h<H{§<1> out from the integration because they are

constant for x1; (5.69) holds since limg, 100 supQy e, Pr{lI X1l = [Ixil[] = 1; similar to (5.66)
and (5.69), equation (5.70) and equation (5.71) follows from taking the constant out from
the integration and the whole remaining integration is exactly 1; finally, in (5.72), for any ¢
we can choose a big enough, such that the inequality holds, the detailed proof is provided
in Appendix B.

Finally, plugging (5.49), (5.72) into (5.33) and (5.41) and note that ¢ is arbitrary, we
now have

ataClius v spes = SUP {logw+E[1og||sz1||2] —h(HIfq)}. (5.73)
x1]|=1

Recall that we let X escapes to infinity in the beginning of the derivation. We can
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change this assumption to any X; ,Vi =1,2,...,m, so we get
XMAC = max { sup < logm+ E[log HHszclHQ} — h(H]%;) (5.74)
Isismo| %=1
= max {xm1s0,i }- (5.75)

If we consider the case of SISO MAC, i.e., each user has just one antenna, we get the
following result:

YMAG = max {1og7r + E[log |H;[?] — h(Hi)} (5.76)
1<i<m
= max {xs150,i }- (5.77)

From the first part and the second part of proofs in Chapter 5.2, the whole proof of Theo-
rem 4.3 and Theorem 4.2 is concluded.
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Chapter 6

Discussion and Conclusion

In this thesis, the fading number of the multiple-access general fading channel is provided
where each user is allowed to have more than one antenna. The result indicates that the
MAC fading number is exactly equivalent to the single-user MISO fading number. In the
special case that each user has only one antenna, the fading number is equivalent to the
single-user SISO fading number. In order to be able to achieve the fading number, we need
to reduce the multiple-user channel to a single-user channel. This single user must have the
best channel situation and use a input distribution that escapes to infinity.

A possible reason for this rather pessimistic result might be that cooperation among
users is not allowed. Therefore, the best strategy in the single-user MISO fading channel—
beam-forming among antennas on the transmitter side—can not be implemented. The users
interfere with each other and this causes the degression in performance, i.e., without coop-
eration between the users, signals transmitted from other users can only be interferences.
Actually, we got the similar results in [8] and [10], which are the SISO Rician fading MAC
without memory and with memory respectively, and now we extend to the general fading
(they are allowed to be dependent between each other) and each user has more than one
antenna, i.e., memoryless MISO general fading MAC.

In the analysis of the channel we have allowed for many different types of power con-
straints. We grouped them into three categories: an individual peak-power constraint for
each user, an individual average-power constraint for each user, and a combined power-
sharing average-power constraint among all users. The power-sharing constraint does not
make sense in a practical setup as it requires the users to share a commom battery, while
their signals still are restricted to be independent. However, the inclusion of this case helps
with the analysis. Moreover, it turns out that the pessimistic results described above even
hold if we allow for such power sharing.

Recall that it is shown in [7, Lemma 6] that a capacity-achieving input distribution can
be assumed to be circularly symmetric in the single-user fading channel. Also note that in
[7, Proposition 19] if at least one user uses circularly symmetric input, then the MAC fading
number is the same as the single user MISO fading number. From the results in this thesis,
we learn that the capacity-achieving input distribution reduces the MAC to a single-user
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channel.

The result shown in this thesis using the noncoherent capacity approach is obviously far
below that of assuming the perfectly known channel state. Since the users on the transmitter
side have no knowledge of the channel state, some techniques such as successive interference
canceling cannot be utilized. However, real systems operate at low SNR. This is a theoretical
result when SNR tends to infinity; in a practical situation, it is not necessary to reduce a
multiple-access channel to a single-user channel for designing a system.

Actually, we also get the asymptotic capacity region of the multiple-access general fading
channel at the same time. Because we need to reduce the multiple-user channel to the best
single-user channel if we want to achieve the fading number, the asymptotic capacity is only
one point in that region, not a line unless there are more than one user with best channels.
Figure (6.5) shows the asymptotic capacity region in the case of m = 2. We can see all the
possible rate pairs, and the asymptotic sum-rate capacity is a point in the figure, the value is
just equivalent to the capacity of the better channel. Figure (6.6) shows the special case that
both of the users have equivalent channel capacity, and we can get the asymptotic sum-rate
capacity by time-sharing, which is the reason why the asymptotic sum-rate capacity is a
line in such a special case.

Asymptotic sum-rate capacity

Figure 6.5: The capacity region of memoryless general fading MAC (2-user case).

In the case of m users with m > 2, as we mention in Section 3.1, the m-user capacity
region is given by the convex closure of all rate m-tuples.
Possible future work for the multiple-access general fading channel might be as follows:

e Considering the case with memory.

e Considering the case with side-information.

e Loosening the restriction that the receiver has only one antenna
e Deriving the nonasymptotic capacity.

The first two point might be easier. We need to modify the channel model, considering
the time index and the effects of feedback, to get the better capacity since both of memory
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Asymptotic sum-rate capacity

c R

Figure 6.6: The capacity region of a special case: 2-user case with c =c®,

and side-information are helpful to our analysis. The difficulty in the third point is that
we need to consider the more troublesome MIMO case, not only SISO and MISO cases.
Finally, the last point is the hardest task since we do not know much about the o(1) term
in equation (3.17). All the asymptotic tricks is not suited to this problem anymore, i.e.,
we need to restart from the upper and lower bounds to the nonasymptotic capacity of the

fading channel.
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Appendix A

Derivation of Equation (5.58)

Equation (5.58) holds only if we can prove the continuity of A(H"x) in x for all x are finite
and larger than 0. Here note that we prove for a general case with H is a nt x ng fading
matrix.

Let the sequence x,, converge to x, ||x| > 0. It then follows that the sequence Hx,,
converges weakly to Hx. To simplify the notation, we let W = Hx, such that the sequence
W,, converges weakly to W, i.e., W, = W. Let the law of W be denoted by Qw, the
law of W,, by Qw,,, the law of a zero-mean Gaussian random variable N¢ (0, E [WWTD
of convariance E WWT] by Qw ., and the law of a zero-mean Gaussian random variable

Nc (0, E [WnWL ) of convariance E [IWnWH by Qw, g.- Then we obtain from the lower

semi-continuity of relative entropy in [2] that
%D(QWHHQWMG) > D(QwlQw.c)- (A1)
But
D(@Qw, [Qw,.c) = log(we)” + log et E[ W, WF| — h(W.,), (A.2)
and
D(Qwl|Qw.c) = log(me)” + log det E [WWT} — (W), (A.3)

Moreover, since E[WWT] and E {WnWH is continuous, and determinants are polynomials

of the corresponding matrix, we get logdet E [WNWH — logdet E [WWT]
So we obtain

I h(W,) < h(W), (A4)
Tim h(Ex,) < h(Hx). (A.5)
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It therefore remains to prove the reverse inequality

lim A(Hx,) > h(Hx). (A.6)

ntoo

Let Z ~ N¢(0,1,,) be independent of H. By choosing o small enough, the following
inequality holds:

h(H + B0Z) — h(H) < e, (A7)

where f is an arbitrary number and is finite and larger than 0.
It now follows from (A.7) that for any x,, ||x.|| > 0,

h(Hx, + 0Z) — h(Hx,) = I(Hxn +0Z;Z) (A.8)

< el T T2 Z) (A.9)

<< ||xn|r )l Z@Zn) (A.10)

< (H Z; z) (A.11)
Hxnll
< €, (A.12)
where the first inequality follows by the data processing theorem, because
™ | Nl === 1 =i~ P\ (H+ Z) xn (A.13)
[ IIXnII [l 7/ [|xn

_ 1
e
By scaling properties of differential entropy, we are allowd to only consider the case that

forms a Markov chain, and where the last inequality follows from (A.7) with g

x has unit length ||x|| =1, i.e. x = %. It now follows from (A.12) that for ||x,|| > 0,

h(Hx,) > h(Hx, + 0cZ) — € (A.14)

= h(H% +H(x, — X) +0Z) — € ( )

> h(Hx + H(x, - %) + 0Z|H(x, — %) + 0Z) — ¢ (A.16)

= h(Hx|H(x, — %) + 0Z) — ¢ (A.17)

= h(HX) — I(Hx;H(x, — X) + 0Z) — (A.18)

where the second inequality follows because conditioning cannot increase differential entropy.
Expanding the mutual information term we obtain:

I(H%; H(x,, — %) + 0Z) = h(H(x, — %) + 0Z) — h(H(x, — %) + 0Z|Hx)  (A.19)
E [||H||2
< nglog <[HnHF]||xn — %)% + 02) —ngrlogo?  (A.20)
R

Here the inequality can be derived as follows. Firstly, note that since Z is Gaussian and
independent of H(x, — %), we have

h(H(x, — %) + 0Z|HX) > h(H(x, — %) + ¢ Z|Hx, H(x,, — %)) (A.21)
= h(cZ) (A.22)
= ng log(meo?). (A.23)
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Secondly, note that because among all random vectors of a given expected squared norm,
differential entropy is maximized by the vector whose components are IID Gaussian. Hence,
we get

i 7reE[||H(xn ~ %) —|—UZH2]
h(H(x, — %) + 0Z) < ngrlog

(A.24)
nR

 nxlog ( (E[IHGx, = )1P] + ))

(A.25)
nR

E[I|H||2
< nglog (we <[HHF]||Xn — |2+ 02>> . (A.26)
nR

Inequalities (A.18) and (A.20) combine to prove that

lim h(Hx,) > h(Hx) — ¢, (A.27)

ntoo

and since € > 0 is arbitrary, (A.6) is proven, which combines with (A.5) to prove the
continuity of h(H'x) in x for all x with ||x]|| > 0.
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Appendix B

Derivation of Equation (5.72)

First, let a,, be a monotonical increasing unbounded sequence with n 1 oo,
and define

fuls) 2 Eplog(ET, P +3 2||Hk||2+2f|\H1||HHJH

k=2 i
+ ZZ 12 | H || H ) ] )| = h(H{%1), (B.1)
z=2 an
f(%1) £ E[log |H1x1| 2] — h(H%), (B.2)
/Bné “ASITIilﬂfn(f(l)_f(f{l)l} (B3)

Plugging (B.1), (B.2) into (B.3), we get
.4 1 2
et (ST g+ 3 2 e
az — ap,
k=2 j=2
m m 1
33 )| -
n
i

1=2 j=2
} (B.4)
TS |2 - 1 2 - 2
= o JElog G+ 5 B + 3 G
X1||= = n 7j=2 n
m m 1 )
+ 227 IHz'IIHHjH> —log\HIXﬂQ]} (B.5)
?:é

h(H %)

— E[log [Hi%: |*] 4+ h(Hi%:)

1=2 7

1 H. 2 2 Y7, ||H||[|H,;
- o {1+ & Bttt 2 SR
a“TL

51 []=1 [Hi%[? an, [Hix:[?
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) Dits Z%z |1 |||
- e B.6
N )” (56)
1 1S He)? 22 [H ][ Hy |l
<E|log|(1+— su — k=21 + 274 =
[ g( an ”mpl{an [H[x[? %2
| S S I8 |
— e B.7
+ o Iz H (B.7)
1 ST IHE P 2 Ha [ H]|
<E|log|1+ — sup k=2 1 + 2= -
[ < an ||;c11{ [Hix:[? |Hix |2
Iy Sy [FL |
7 B.8
+ IENE H (B.8)
where (B.8) follows because i <1
Hence
: 1 S IHE 2y [[H || Hy |
lim < lim E|log |14+ — su k*2A +2=2 -
anToan anToo [ g( n ||$c1||111( [Hx|? [Hx:[?
Sk s B 6|
pr 1 um B.9
HKP )] (59)
L Soneo IHE|? 225, [H[[H ]
=E| lim log | 14+ — su =2 o= ~
[U/nTOO g ( (07 ”5(1”111 ( |H-{X1|2 |H-{X1|2
% AL AL
+ e B.10
HixP )] (B10)
= E[log(1)] (B.11)
=0, (B.12)
where in (B.10) follows from DCT.
Since limy,jo0 @p, tends to infinity, this means that
E| log(|H;} 21!2+Z e ”Hk”2 +Z*HH1HHH]H
k=2 dn
m m 1
+ Zzajllﬂi!\\\ﬂj\\) — h(H]x)
i=2 j=2 "
i#]
= E[log |H%:1|*] — h(H[%y), (B.13)

so equation (5.72) holds.
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