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Discounted Cash Flows Time-Cost Trade-Off Problem Optimization with
Uncertainty Cost
Graduate Student: Julianto

Advisor: Professor Ren-Jye Dzeng

ABSTRACT

Optimization problems in time-cost trade-off (TCTO) analysis of construction
management have been traditionally solved by two distinctive approaches: heuristic
methods and optimization techniques. Although heuristic methods can handle large-
size projects, they do not guarantee optimal solutions. Recently, artificial intelligence
(Al) techniques such as genetic algorithms (GAs), ant colony optimization (ACO), and
particle swarm optimization (PSO) have been introduced to overcome the problems
associated with (1) large number-of variables-and constraints; (2) non linearity of time-
cost functions; and (3) multi-objective optimization.

Traditional time-cost «trade-off—(TCTQO) 'analysis "of=construction management
assumes the constant value of activities’ cost'along the project time span. In fact, the
value of money decreaseswith time or-in.other words, disregard time value of money.
Therefore, discounted cash  flows . should: be “considered when solving TCTO
optimization problems. Furthermore,.in reality, due to different uncertainty, the actual
cost of each option is also not known"hy the manager in advance as a risk. Hence, the
total cost of the project may significantly because of these uncertainty. Unfortunately,
traditional TCTO analysis also disregards this factor.

This study tries to incorporate time value of money and uncertainty into TCTO
analysis. Details of model formulation are illustrated by an example project. The
model has the following features: (1) optimum solution is guaranteed; (2) precise
discrete activity time-cost relationship is used; (3) time value of money is taken into
consideration; and (4) uncertainty in the project also are involved. The results show
that inclusion of discounted cash flow results in distinct optimal project duration.
Nevertheless, through the Monte Carlo simulation, which is in order to involve
uncertainty, this proposed model also lead to distinct optimal duration at the certain

percentile level. The proposed model for this study can help the practitioners in

vii



considering time value of money and uncertainty cost, in order to make the best time-
cost decision and to identify risks involved.
Keyword: time-cost trade-off; Optimization; discounted cash flow; uncertainty;

simulation
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CHAPTER 1
INTRODUCTION

Chapter 1 describes the background motivation of this study discounted cash
flow Time-Cost Trade-Off problem optimization with uncertainty cost. It explains the
problem statement and shows the research objectives and scope of this study.
Moreover, some points that are used to scope and limit this study are showed too. It
also provides the methodology and the main steps which should be done to in this

study.

1.1 Background and Motivation

The time and cost parameters of a construction project have been
identified as major factors ‘of -the-decision/making process. In critical-path
method (CPM), generally, the objective isto establish a minimum project cost
with a reasonable time schedule based.on realistic_assumptions. The primary
impact of project timing is money and project time is*thus an equally essential
factor. Since cost can ' be expressed as a function .of time, it is possible to
determine the project”time-cost trade-off (TCTO) curve which provides the
minimum possible cost of completing the preject in its feasible time range. A
TCTO analysis is essential to solve two classes of practical problems: (1) to
find the shortest project duration without exceeding a given budget (a budget
problem) and (2) to minimize the total cost while meeting a specific deadline (a
deadline problem).

However, most of the existing techniques for solving TCTO problem
do not consider a time value of money. It is implicitly assumed that value of
money is constant whatever the project time span is. Costs of activities are
summed up to form the project direct cost although activities are executed at
different points of times according to their scheduled start and finish times.
Since money has a time value, the time at which costs are incurred should be
taken into consideration. For projects spans over than one year, it is more

beneficial to consider time value of money. Many economical measurements



can be used; the most commonly used one is the net present value.

Meanwhile, construction schedules are also affected by many
uncertainty such as weather, productivity, design, scope, site conditions, soils
properties, material delivery time, and equipment efficiency. All risks in a
construction project might be schedule risks because they are directly or
indirectly related to the schedule. Moreover, all activities can be critical due to
uncertainty, even those that are not critical according to deterministic CPM.
Therefore, it is important to involve a more accurate methodology to predict the
construction cost and schedule of a project, and meanwhile recognize the
probabilistic technique for solving TCTO problem. Hence, it would not be
possible to reliably determine the project cost and schedule, with a sufficient

degree of uncertainty, to confidently_minimize risk.

1.2 Problem Statements
The problem statements of-this thesis are as follows:
1. How does Discounted Cash Flows (DCFs) influence in solving Time-
Cost Trade=Off (TCTQ) problem?
2. How does the probabilistic cost influence.decision making for solving
TCTO problemwith. DCFs?

1.3 Research Objectives
The research objectives of this thesis are as follows:
1. To show how DCFs influences TCTO problem;
2. To show the influence of probabilistic cost in scheduling through
simulation and its decision making for solving TCTO problem with
DCFs.

1.4 Research Scope and Limitation
The scope of the research is as follows:
1. This study uses Evolver to solve TCTO problem and @Risk by

Palisade Corporation as Monte Carlo Simulation software;



2. This study does not involve inflation rate factor for time value of
money consideration.

3. This study aims to compare the probabilistic TCTO problem with a
deterministic one under the consideration of DCF. In practice, the
DCF is considered only for a project with a duration of multiple years.
However, the duration of the deterministic case available from the
reviewed literature in this study is approximately only 1.5 years.
Nevertheless, this study still considered DCF for the analysis even it
seems unnecessary. It is expected that longer project will enlarge the

effect discussed later in this study.

1.5 Methodology

Based on the above, TCTO analysis approach model capable of involving the
time value of money and uncertainty of project cost activities is developed from
this research.

To do so, interestrate data-as the time value of money parameter and project
example data will be.determined first.-Next, the case.problem example and its
parameter will be modeled in the excel spreadsheet. Additionally, evolver is used
to solve ordinary TCTO«problem to obtain the-optimal duration of project example.
Moreover, the probabilistic«distributions parameters are adjusted into Monte Carlo
simulation using @risk by palisade risk" analysis software. Finally, the result
obtained from the simulation process can be analyzed and illustrated using graph.
The time-cost-interest relation result can be compared using the different degree of
uncertainty. Figure 1.1 shows the research process flowchart.

1.6 Thesis outlines

This thesis consists of five chapters are as follows:

Chapter 1 Introduction: background and motivation, problem statements,
research objectives, research scope and limitation, methodology,
thesis outline.

Chapter 2 Literature review: The existing techniques in solving Time-Cost
Trade—Off (TCTO) problem, Genetic Algorithms (Gas),

Discounted Cash Flows (DCFs), uncertainty on project Time-Cost
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Trade-Off (TCTO).

Chapter 3 Experimental design: Case problem example description, problem
formulation, implementation of case problem into excel, asses
DCFs and simulation with probabilistic cost parameters.

Chapter 4 Result and Analysis: Result and analysis of TCTO
with DCFs, TCTO with DCFs in simulation, and

probability risk assessment.

Chapter 5 Conclusion and recommendation: contributions and effects of

involving DCFs in TCTO problem and probabilistic simulation.

Identify the research problem

Literature review

The existing —
TCTO vs DCFs techniques in Uncertainties
solving TCTO project cost in

T | TCTO

|

: |

I .

I~ \ Problem :

: formulation i

: |

=Add Interest rate parameter | i

it Case problem example !

|
Solve TCTO problem using Evolver

| Uses probabilistic cost;

Simulation with @Risk |—————
|

Result and Analysis

DCFvs TCTO Simulation result at 5 and Pmbsp'li'suc
analysis 95t percentile analysis IS
Assessments

| [ ]
I

Conclusions and Recommendations
Figure 1.1 Flowchart of research steps
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CHAPTER 2
LITERATURE REVIEW

This chapter presents the related past study of TCTO problem. The development of
TCTO problems will be examined in this part. Since this study used Evolver that
involved Genetic Algorithms (GAs) to obtain optimal duration, the previous studies
which solved TCTO problem using GAs are also reviewed. Moreover the related
studies of discounted cash flows (DCFs) in TCTO, and uncertainty in a project will

also be reviewed.

2.1 TCTO problems and existing-solving.techniques

In developing. project-time-cost curve, the scheduler should rely on
realistic assumptions, Many-forms of-activity time-cost relationship have been
assumed. They include linear, nonlinear, piecewise linier (Figure 2.1), and
discrete point (Figure 2.2) orseven convex hull (Figure 2.3) relationships. The
normal and crash points, are the two extremes of the time-cost function. The
points between these ‘two- limits_show the costs for the various feasible
durations in which an activity can be performed. The detailed time and cost
data of an activity obtained from construction estimate are usually referred to
as utility data.

The function that may relate time and cost of construction activities is
of great importance because the type of optimization technique depends
mainly on that relationship (Tareghian and Taheri 2006). Most of existing
time-cost optimization methods assume linear activity time-cost relationship in
order to control computational effort and cost.

Many writers argued that the discrete time-cost relationship, Figure 2.2,
is the precise one that suits construction activities (Ammar 2005). In practice,
there is only limited number of ways to accelerate an activity, and thus only a

finite number of discrete points can be defined. From the practical point of
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view, the number of discrete points is finite and usually ranges from one to
four (Eldosouky et al. 1991). Consequently, the number of variables required
for the developed model is manageable even for large size projects. The
discrete time-cost function will be adopted in the present analysis.

Ag
B.
Cost
C.
D, E
E.
A, B, C D E,
Time

Figure 2.1 Piece-wise Linear Activity Cost-Time Relation (Liu and Burns, 1995)

Cost
A
Crash duration
A &
® Crash cost
B
»
C
® Normal duration
D &
® Normal cost

» Time

Figure 2.2 Discrete Activity Cost-Time Relation (Liu and Burns, 1995)
A mathematical optimization model for solving TCTO problem is

presented. The model is formulated in the form of nonlinear programming that
produces optimal solutions. The proposed model minimizes project direct cost

considering time value of money. Precise discrete activity time-cost function



is used. The most common logical relationship; finish to start, is adopted.
(Ammar 2010)

Convex hull

e

Feasible region

Cost Eliminate

/

Infeasible region

Time
Figure 2.3 Convex Hull Activity Cost-Time.Relation (Liiu and Burns, 1995)
The time-cost trade-off-problem for censtruction project scheduling has

been investigated since the 1960s. Existing solutions can be classified into two
categories, the heuristic and -the® mathematical .approaches. Examples of
heuristic approaches include Fondahl's =methed" (Fondahl 1961), Prager's
structural model (Prager 1963), Siemens's effective cost slope model (Siemens
1971), and Moselhi's structural-stiffness method (Moselhi 1993). These
heuristic methods provide fairly good solutions, even though they may not be
optimal (Liu and Burns, 1995). Most heuristic methods, however, assume only
linear time-cost relationships within activities. In addition, the solutions
obtained by heuristic methods do not provide the range of possible solutions,
making it difficult to experiment with different scenarios for what-if analyses.
Heuristic approaches provide good solutions, but do not guarantee optimal
solutions.

Mathematical approaches provide better solutions; however, the process
of formulating the objective function and constraints is complex and prone to
errors (Liu and Burns, 1995). Recently, artificial intelligence (Al) techniques

such as genetic algorithms (GAs), ant colony optimization (ACO), and particle



swarm optimization (PSO) are introduced to overcome the problems
associated with (1) large number of variables and constraints; (2) nonlinearity
of time-cost functions; and (3) multi-objective optimization (Aladini, Afshar
and Kalhor 2011). Meta-heuristic and evolutionary algorithms have shown
relatively higher efficiency in handling these problems. Although they do not
necessarily guarantee the global optimal solutions, their ability to search the
solutions space intelligently, rather than completely, makes them capable of
producing relatively good solutions to large-sized problems. Among them
algorithms, the genetic algorithms (GAs) and ant colony algorithm (ACO)
have received more attention. Figure 2.4 shows the approach to solve TCTO

problem that can be categorized into three major approaches.

( )

\

e Linear Programming (LP)
Mathematical * Integer Programming (IP)
Programming * Dynamic Programming

o LP/IP Hybrid

( ) ~N

e Prager's Structural
Model

* Moselhi's Structural

Heuristic Stifness Method

Method * |terative Crashing

Process

* Maximal Flow
Minimal Cut j

g
( Y ~N
e Genetic Algorithms (GAs)
Artificial e Particle Swarm

Optimization (PSO)
¢ Ant Colony Optimization

(ACO)

\_ p. J

Figure 2.4 The existing techniques in solving TCTO problems

Intelligence (Al)




Summary

Mathematical approaches provide better solutions; however, the process
of formulating the objective function and constraints is complex and prone to
errors. Heuristic methods provide a way to obtain good solutions but do not
guarantee optimality. However, they require less computational effort than
mathematical methods. Therefore, artificial intelligence (Al) techniques are
introduced such as genetic algorithms (GAs), particle swarm optimization
(PSO), and ant colony optimization (ACO). PSO was developed to find the
optimize complete time-cost profile called Pareto front over a set of feasible
project durations considering all existing types of activity time-cost functions.
Nonetheless, GAs do not guarantee optimal solution and usually require long

computational time to reach reasonable solutions.

2.2 Genetic Algorithms (GAs)

GAs are search.algorithms that .is first developed by Holland (1975),
which are based on the mechanics of natural selection and genetics to search
through decision space for eptimal.solutions (Goldberg 1989).

The metaphorsunderlying GAs is natural selection. In evolution, the
problem each species faces.is-to-search for beneficial adaptations to the
complicated and changing environment. In other words, each species has to
change its chromosome combination to survive in the living world.

In GAs, a string represents a set of decisions (chromosome
combination), a potential solution to a problem. Each string is evaluated on its
performance with respect to the fitness function (objective function). The ones
with better performance (fitness value) are more likely to survive than the ones
with worse performance. Then the genetic information is exchanged between
strings by crossover and perturbed by mutation. The result is a new generation
with (usually) better survival abilities. This process is repeated until the strings
in the new generation are identical, or certain termination conditions are met.
A simple GA can be summarized as appears in the following section.(Feng,

Liu, and Member, 1997). Figure 2.5 shows the operation of genetic algorithms.
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The genetic algorithm performed best (compared to exact solution
methods) on the problems with multi-modal activities. The extra combinations
introduced by the multiple execution modes did not hurt the genetic algorithm
performance. In fact, in some cases it made the problem easier for the genetic
algorithm whereas it made the search more difficult for the branch and bound
methods. This suggests that the genetic algorithm (or a hybrid which includes
some kind of genetic algorithm variant) is well-suited to more-complicated

problems with a mix of continuous and discrete components

Initial Pop-latmn Evaluation Selection

L'nrom ; : Fitness 1
‘mlutlol'- Chrom.2 .... I:> Fitness 2 ‘:>
i Ch.rom 3 ...n . :. [..llm“is .3

( rossover and '\1 utation

Roulette

fext Wheel
generanon

IAIBiC|D’?l JBI”‘lL 'P"‘"tdpopnlnmm
(LR |L,|D:>
‘_I_l_l_‘LlihM imi

Moultiohjective
“riterion

Figure 2.5 Operation of genetic algorithms (Zheng, Thomas, and Kumaraswamy,2004)
The genetic algorithm performed best (compared to exact solution

methods) on the problems with multi-modal activities. The extra combinations
introduced by the multiple execution modes did not hurt the genetic algorithm
performance. In fact, in some cases it made the problem easier for the genetic
algorithm whereas it made the search more difficult for the branch and bound
methods. This suggests that the genetic algorithm (or a hybrid which includes
some kind of genetic algorithm variant) is well-suited to more-complicated
problems with a mix of continuous and discrete components.

However, GAs are shown to be able to obtain good solutions within an
acceptable time frame but requires more advanced techniques such as niche
formation (YYang 2007). Tazawa et al. (1996) also mentioned the weakness of

10



this method that GAs was not effective for the local search solutions for the
space-based crossover-search and population diversity often decreases rapidly.

GAs and also require a long time during the process of completion.

Summary

Genetic algorithm performed best (compared to exact solution methods)
on the problems with multi-modal activities. The multiple execution modes
that introduced extra combinations did not hurt the performance of genetic
algorithm. In fact, in some cases it made the problem easier for the genetic
algorithm, whereas it made the search more difficult for the branch and bound
methods. This Suggests that the genetic algorithm (or hybrid roommates
include some kind of genetic algorithm variant) is well-suited to more-

complicated problems with a mix of continuous and discrete components.

2.3 Discounted Cash Flows (DCFS)

It is common that value of money. decreases with time that is shown in
Figure 2.6. The value of a given sum of money depends not only on the
amount of money but also.on when the money is received or paid (White et al.
1998). In traditional TCTQO analysis; the value of money is assumed to remain
constant whatever the project time span is. Although this assumption is not
true, but it is realistic in molding TCTO problem with DCFs.

In other words, costs of activities are summed up to form project
direct cost, although activities are executed at different times as their start and
finish times are scheduled. However, money has a time value and therefore, it
is significant to consider the time at which costs are incurred.

For projects with longer duration consideration of a time value of
money becomes more significant. Among many economic measures, the net
present value is most commonly used one. Most of the existing techniques for

solving TCTO problem do not consider a time value of money.
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Discounted cash flows (DCFs) analysis of TCTO problem is
important for both owners and contractors. Generally speaking, for a fixed
value of total bid, it is preferable for owners to select the bid with the least net
present value. On the other hand, contractors prefer deciding on the tender
with the least value to bid while maximizing the net present value as in

unbalanced bidding strategy. (Ammar 2010)

$10,000

Value

Today 5 Years 10 Years

Figure 2.6 Time value.of money graph

Summary

As mentioned <before, it is obwvious that ignoring a time value of
money in the decision making ‘of project problem can produce misleading
decisions. The selected duration for activities and consequently, the optimum
project duration depends on interest rate value chosen and indirect cost rates.
But, should we always involve it in the analysis of TCTO problem even
though the interest rates are very low? Some countries with very base interest
rates such as Japan, Switzerland, etc., maybe can ignore a time value of money

in the analysis of TCTO problem.

2.4 Uncertainty on Project Time-Cost Trade-Off (TCTO)

Construction time-cost trade-off problems are viewed as one of the

most important aspects of construction decision making (Feng et al. 1997).
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Difficulties arise because, for the hundreds of activities of a project, there are
various options of completing these activities using different crew sizes or
equipment. This creates the classic combinatorial search problem for
construction engineers to identify the best selections of crew size or equipment
that produce the minimum cost possible to complete the project. Traditionally,
the time and cost for the options to complete an activity are assumed to be
deterministic in construction time-cost trade-off analysis (Harris 1978), but in
reality they typically follow a certain kind of probabilistic distribution, as
indicated by historical data. The stochastic nature of time and cost adds an
additional dimension of complexity to the already hard to solve combinatorial
problem.

Although most researchers recognize the fact that time-cost trade-off
problems are stochastic by -nature,“most working solutions assume that time
and cost for completing an activity are deterministic (De et al. 1995). However
uncertainty in thesproblem=-have 'received'less attention due its complexity.
Therefore, most _of the researches” have been focused on deterministic
problems. In real=construction‘projects however, time and cost of activities
may face significant changes due 'to. existing uncertainty such as inflation,
economy and social Stresses, execution.errors of contractor, design errors,
natural events such as climate changes and etc. Therefore, cost of project may

differ significantly because of these uncertainty.

Summary

The impact upon the uncertainty cost maybe will lead us to another
solution that comparing to traditional analysis solution. In this research, a risk
analysis approach will be used in solving time-cost trade off problem with
discounted cash flows. Unlike the traditional models which focus primarily on
the deterministic Time-Cost Trade-Off problem, this research will have the
ability to adapt probabilistic environment. For the lower risk, the higher time
and cost would be accrued for project execution. Project manager can adjust

different risk acceptance level for direct cost and indirect cost separately.
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CHAPTER 3
EXPERIMENTAL DESIGN

Many of Time-Cost Trade-Off (TCTO) problem solving methods have been
researched such as mathematical and artificial intelligent (Al) approach. The aim of
both approach are to obtain the optimal duration of TCTO problem. Evolver software
was developed by Palisade to solve the optimization problem. This software is a based
on Genetic Algorithms (GAs) optimization program add-ins.

This chapter presents how this study uses Evolver to optimize the TCTO problem
with discounted cash flows consideration. A case problem example is used to illustrate
the experimental design through-the adjustment.ofsinterest rates and degree of
uncertainty. In order to assess the uncertainty of project Cost, @Risk software is used
in this study in the Monte Carle.simulation process.

Figure 3.1 shows the_flowchart of the @xperimental..process through problem
formulation, optimization;” and ‘simulation--process. / The first step is problem
formulation between TCTO problems with DiscountedCash Flows (DCFs). After that,
case problem example data information—is~madelled in excel spreadsheet. Next,
Evolver is used to do optimization process of this study. When the optimized results
are obtained, @Risk is used as Monte Carlo Simulation software. Furthermore, since
this study uses simulation process, one of the advantages is Probabilistic Risk

Assessment (PRA) can be done.

3.1 Case project example description

To illustrate the developed mathematical model, consider the simple
example project used by Moussourakis and Haksever (2004) and depicted by
the precedence network shown in Figure 3.1. Different types of time-cost
functions are used by Moussourakis and Haksever under two types for ranges of
activity duration: continuous and discontinuous. A continuous range of activity
duration contains no holes or gaps (linear and piecewise linear). A discontinuous
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range, however, may contain some continuous sections, but the entire range is

not continuous (linear with gaps in between, linear section and discrete point, and
discrete points).

Time-Cost Trade-Off P Discounted Cash Flows
(TCTO) " (DCFs)
Formulation of Interest Rate
Project Uncertainty in Risk Problem Parameters
Analysis
A\ 4
y Establish a model in
Probabilistic Excel and find the optimum
Distribution solution using Evolver
Parameters l
TCTO w/ DCF Solved [*

QK

'

Using @Risk to do simulation for
Risk Analysis

A

Result and simulation Analysis

A

Probabilistic Risk Assessment

Conclusion

Figure 3.1 Flowchart of experiment process

The limitation of this study’s case problem example as are follows:
1. This study adopts the case model example of previous study in the

Mohammad A. Ammar (2010). This case model example is originally

15



used by Moussourakis and Haksever (2004). This case model example
has different types of time-cost functions under two types for ranges of
activity duration: continuous and discontinuous. A continuous range of
activity duration contains no holes or gaps (linear and piecewise linear).

2. This study methodology uses Monte Carlo simulation in order to solve
uncertainty cost. In order to simulate, this study uses beta general as
probabilistic distributions in simulation.

3. This study uses 5™ percentile and 95" percentile level from probabilistic

simulation results in risk analysis.

3.1.1 CPM Network and Crashing Cost

CPM network of case projectexamplesis shown in the figure 3.2. Activities’
time and cost data assumed-by Moussourakis and Haksever are provided in
Table3.1. Cost slope values represent the extra cost associated with crashing an
activity one week beyoend.its normal duration. In the present analysis, utility data
are discrete at interval of unit duration (i.e., one week). The corresponding

number of discrete points for each.activity-is-also given in Table 3.1.

Start Finish

B E G

Figure 3.2 Precedence network of the example project

The project requires a total duration of 76 weeks to complete if all
activities are performed at their normal durations. However, the all-crash

solution produces a project completion time of 36 weeks. The all-normal
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and all-crash project durations are the two extreme project time limits. The
project indirect cost is assumed to be $6/week.

The complete nonlinear mathematical model of the example project
has been formulated. The input data are dependency relationships
(predecessors), activities utility data, and discounting rate. The nonlinear
model of the example project on hand consists of 77 variables while the
number of constraints is 19.

In table 3.1, upper limit column shows the normal duration and cost of
normal project, and lower limit shows its maximum values can be crashed.
Each activity may have different options that have different of cost slope.
Since each activities may have different time-cost functions, its discrete

points were determined by integer duration value.

3.1.2 Interest rate

The time_value of money is<the principle that a certain currency
amount of money today has a different buying power (value) than the same
currency amount-of money in the“future. The.value of money at a future
point of time would.take account of interest'earned or inflation accrued over
a given period of time.This—notion ‘exists both because there is an
opportunity to earn interest on the money and because inflation will drive
prices up, thus changing the "value" of the money.

However, in this research only focused to involve interest rate
parameters into TCTO problem analysis. The interest rate parameters that
are used in this case project example, is shown in Table 3.2. Table 3.2
shows the interest rates of major countries in July 2013 data. The variation
of interest rate, which is 0.00% to 8.50%, will be used as the variable range
consideration for the interest rate to analyze its impact on time-cost trade-
off.
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Table 3.2 Interest Rate Parameters (Source: http://www.tradingeconomics.com)

No. |Country Interest rate
1 Japan, Switzerland 0.00%
2 USA 0.30%
3 Euro Area, Hong Kong, U.K 10.50%
4 Taiwan 1.88%
5 Malaysia 3.00%
6 Canada (Ammar,2010) 5.25%
7 Indonesia 6.50%
8 Brazil 8.50%

3.1.1 Probabilistic Parameters

Range estimating and probabilistic scheduling are estimating and
scheduling techniques used to generate the /cost estimate of a project as
probability distributions. - They involve“defining the activity cost and as
probability distributions.rather than-fixed" deterministic quantities. Beta
distribution was used as its probability distribution in this research.

Once distributions for the activity cost and duration have been defined,
a Monte Carlo simulation algorithm (using the generation of random
numbers) is applied to allow random sampling of these distributions. After
a random cost and value, per activity, has been generated, all of the activity
cost values are added together to determine the overall cost and schedule of
the project. This process, when repeated a large number of times, results in
a probability distribution for the total project cost and another for the total
project schedule. Table 3.3 shows the 4 simulation models with various
range of probabilistic distribution its parameter. The researcher enlarge its
range in order to know the effect of range of distribution towards TCTO

simulation solution.
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Table 3.1 Activities Utility Data of the Example Project

Cost
%) Cost slope
Activity Option Upper limit Lower limit Lower limit Upper limit ($/wk) Time-cost function Number of discrete points
A 1 28 22 100 130 5.0 Piecewise linear 15
2 22 18 140 210 17.5
3 18 16 240 250 5.0
B 1 20 14 50 80 5.0 Linear with gaps in between 10
2 10 120 300 90.0
C 1 15 15 75 75 — Discrete points 3
2 3 8 240 240 —
3 4 500 500 —
D 1 18 12 70 220 25.0 Linear section and discrete point 8
2 5 5 360 360 —
E 1 26 18 40 80 5.0 Piecewise linear 22
2 18 14 200 240 10.0
3 14 6 240 260 2.5
F 1 25 15 120 300 18.0 Linear 11
G 1 7 7 0 0 — Discrete point 1
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Table 3.3 Beta Probabilistic Parameters of Experiment Model Simulation

Parameter
Experiment No. Min [Max
Arange
al a2 range |range
Experiment | 52.55| 78.83 80% 130% 50%
Experiment Il 9.86] 69.04 90% 170% 80%
Experiment Il 5.01 50.1 90% 200% 110%
Experiment IV 8.33] 6249 80% 250% 170%

In this model simulation, the probabilistic mean cost values were set
to be same as with deterministic cost values. The differentiation of each
models is its probabilistic range that keep becoming larger in every model.
To obtain the probabilistic mean value'same as deterministic value, evolver
software was usedyto“get value its.shape parameters, a1 and o, that
determined its shape. The-value of minimum in percentage (Experiment I,
min= 80%, max=130%) means the minimum Value for that simulation is
80 % of its deterministic cost value or mean-of probabilistic value.

Figure 3.3-3.6.illustrate the probability/density function graph of beta
distribution that characterizes variability<in.cost of project. For example,
Figure 3.3 shows the maximum-range .is 130% of mean value, minimum
range is 80% of mean value and also standard deviation is 2.1289% of
mean value.

Figure 3.7 shows the CDF of probability distribution betageneral
Experiment 1, Experiment Il, Experiment I, Experiment IV. Degree of
uncertainty each models' simulation increases by enlarger its max-minimum
range probability. Figure 3.7 also illustrates the comparison probability
distribution of each simulation model in this experiment studies. It
obviously shows betageneral Experiment | has a lower degree of

uncertainty than betageneral Experiment 1.
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Figure 3.3 Simulation BetaGeneral Experiment I (52.55, 78.83, 20%, 130%)
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Figure 3.4 Simulation BetaGeneral Experiment 11 (9.86, 69.04, 90%, 170%)
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Figure 3.5 Simulation BetaGeneral Experiment I11 (5.01, 50.10, 90%, 200%)
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Figure 3.6 Simulation BetaGeneral Experiment IV (8.33, 62.49, 80%, 250%)
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Figure 3.7 BetaGeneral Experiment I, Experiment Il, Experiment I11, and

Experiment IV distribution overlay graphs

3.2 Formulation of problem model

Figure 3.8 shows the stepwise payment schedule, which represents most
cases in the practical- world where payments are.received at certain time periods.
However, this study‘treats the‘ payment-with-a continuous linier function to
simplify the calculation.

Contractor's 1§,
Expenxes §>'; !
w I
= i
[= 1 i i
— ~
£ I
2 k .
1 . . Ohwner's
' 1 & Payments
A L I P I ' Time Period
o1 2 3 4 5 6 7 8 9 (Month)

Expenses and Payments

Figure 3.8 Contractor's Expenses and Owner's Payments (Source: PMBOOK)

In the present analysis, net present value will be used as economy measures
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of time value of money. Future costs have to be discounted to a common point
in time; say present time (or project start time). To consider the time value of
money, the activity cost incurred at its scheduled finish (SF) has to be
discounted by some factor. The discounted cost of an activity i can be calculated

as
Discounted cost;=C;/(1 + r)SFi (1)

in which Ci = cost of activity i; SFi is its scheduled finish; and 1/(1+ r)SF =
discount factor expressed in terms of interest rate (r). Discount factor in the
exponential form, given in Eq. (1), is too complicated to be handled in a
mathematical optimization model. Instead, a simplified form (but also practical)
of Eq. (1) will be used. Since r is expressed as a fraction with values less than

one, the discount factor (1+ r:SF; ean'be/expanded in a polynomial form as
(1+7) 3 =1-r X SF,+? X SF, -’ X SF, + -+

From the practical point-of view,.units*of activities’ durations are usually
days or even weeks:#Also, Interest rate-usually has very small values compared
to unity (i.e., r <.l). Therefore, higher order terms of the discount factor

expansion can be truncated;to become
Discount factor=1-r X SF, (2)

Although the discount factor given by Eq. (2) is an approximation for the
exact one expressed in Eq. (1), the recorded error can be neglected. For example,
If r is taken 12% annually and durations are measured in weeks, the exact value
of discount factor for a time period of 50 weeks is 0.8911 {1 /[1+ (0.12/52)] X
50} while the corresponding approximate value is 0.8846 [1— (0.12 /52) X 50]
with an error value of 0.7%. For the same value of interest rate (i.e., 12%), the
exact value of discount factor for a time period of 100 days is 0.967663 while
the approximate value is 0.967123 (error = 0.06%). It is, therefore, very good
approximation to use only the first two terms of Eq. (2) instead of using the
exact formula. The compacted form of discount factor given by Eq. (2) will be
adopted in the present analysis. The discounted cost of activity i given by Eq. (1)

in terms of the adopted discount factor will be
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Discount cost;=C/(1-r x SE)=C,—r X C; x SF,  (3)

Consider a project having n activities, where utility data for project
activities are represented by discrete functions. For each activity i, m; discrete
points are to be specified, where m; 2 > 1. Every discrete point represents a
specific way of carrying out the activity. The normal (least cost) and crash
(least duration) discrete points represent the two extremes of the activity time-
cost function. For activities having only one discrete point, the normal and
crash points coincide.

The primary information obtained from traditional scheduling are basically
activities’ start and finish timings (early and late) and floats. The duration and
the corresponding cost for an activity are selected optimally from their utility
data to satisfy the objective function and the imposed constraints. If the start
time of an activity is detérmined, the finish*time.can be specified by adding the
selected activity duration, and-vice versa. The SF of activities will be used in

the present model foermulation;-as.will-be illustrated after.

Decision Variables

A single zero-one (binary) variable; X, is needed for each discrete point in
the utility data of each activity. Let Di and C;i be the variables representing
duration and cost of activity i, respectively. The duration and cost for an activity

I, in terms of zero-one variables, can be expressed as follows:

my;

D;=d;x; +dpXp+ -+ diy Xy = 2 d;px; (4)
j=1

and

m;

C;= 2 CifXij (5)
j=1

in which x;; = zero-one variable belongs to the discrete point number j for
activity i and dij and cjj = j duration and cost of activity i. Zero-one variables are
introduced to ensure that only one construction method (discrete point) is
selected per activity.
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Zero-One Variables Constraints
The mathematical model can be forced to select a single construction method
per activity (duration and the corresponding cost) at a time for an activity i if

the following condition is satisfied:

D=1 i=12,....n (6)

This type of constraint will be referred to as zero-one variables constraint.
Since every discrete point requires zero-one variable, the number of zero-one
variables needed is the sum ofidiscrete points for all activities, while required
number of zero-one constraints equals number.of.project activities, n.

Network Logic Constraint

The completion time: of .a.project could be constrained by one of two methods
(Crowston 1970). The first approach is'to allow/for.a precedence constraint for
each immediate preceding ‘relationship-in-the project network. This approach
was used in almost all"existing optimization techniques (e.g., Liu et al. 1995;
Eldosouky et al. 1991; Cusack-1985;-Perera 1982; Kapur 1973; Meyer and
Shaffer 1965). The second is to allow for one constraint for each path from the
first activity to the last one in the project network. In the present model, the first
approach will be adopted.

The logical relationship between any two consecutive activities i and its

Immediate predecessor, p, is expressed mathematically as

SS,; = SF,
where SS; = scheduled start of activity i and SFp = scheduled finish of its
predecessor p. The SF of activity i, equals its SS; plus its duration. The logical

relationship constraint can, then, be expressed by Eq. (7), in which NP; is the

number of preceding activities to activity i
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SF; - SF, - >, dix

=

=0, p=1.2...NP; (7)

Project Completion Constraint (s)

Project completion is controlled by the latest finish time of ending
activities. If the number of ending activities is denoted by NE, the project
completion constraint(s) is given by Eq. (8), in which [ is the desired project
duration

SF«<B, k=12,...,NE (8)

The upper and lower bounds on A are the all-normal project du- ration and all-
crash project duration, respectively.
Objective Function

In traditional TCTO analysis, the sobjective function is usually set to
minimize the project cost. This objective ‘of minimizing project cost is, also,
adopted in the presentimodel-formulation. Since indirect cost increases linearly
with project duration and.usually represented as a single cost per time period
(Ahuja 1984), project direct cost only needs to be minimized. The project direct

cost is the summation of all'activities* costs-expressed mathematically by
Project direct cost(PDC) = 2 2 CiXij (9)
i=1 j=I
In Eq. (9), time value of activity cost incurred at different points of time (finish
time of activities) is ignored. If the time value of money is to be considered,
costs of activities have to be discounted to the project start time. Introducing the
discounting factor expressed by Eq. (2) to the project direct cost given by Eq.

(9), it becomes

n m;

noom;
Discounted PDC = E E Ci%i — r"E Z cySFxg - (10)
=1 =l

i=l j=1
The complete mathematical model can be summarized as follows:

] m; n m;

Minimize: discounted PDC=2, X, ¢;x;-r" 2, E{',}Hl‘rr..f
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subject to

(a) E.l‘,},: . i=1.2,....n
=1

J'?J"r-

(b) SFi—SF,— >, dyx;=0, p=12,... NP,
j=1

(c) SF,=\, k=1.2.....NE

As some terms in the objective function are the product of two decision
variables, the proposed model takes the standard form of nonlinear
mathematical programming. The model requires as input precedence
relationship of project activities in the form of finish to start and activities
discrete point utility data. Making_use of these data, the project is analyzed to
get both the all-normal and all-crash project durations. For each feasible project
duration, the optimization‘’model selécts'the optimum duration and cost for each
activity. The project-time-cost-curve is.then determined by adding the indirect
cost component. Consequently, the optimum project duration can be specified,
as will be illustrated-by the following example projeet. (Ammar, 2010)

The following symbols are used in the problem formulation:

C; = cost of activity i;
¢;; = cost of activity i corresponding to discrete
point number j;
D; = duration of activity i;
d;; = duration of activity i corresponding to
discrete point number j;
NE = number of ending activities (having no
Successors);
NP; = number of predecessors of activity i;
n = number of activities comprising a project;
m; = number of discrete points belongs to activity

i
PDC = project direct cost;
r = nominal interest rate;
SF; = scheduled finish of activity i;
x;; = zero-one variable for activity i corresponding
to discrete point number j; and
A = desired project duration.
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3.3 Solving TCTO with DCFs problem

TCTO problem was solved using Excel spreadsheets with add-ins
software that called Evolver. The data from Table 3.1 and 3.2 were entered
into the spreadsheet shown in Figure 3.9 and 3.11. At the top of the
spreadsheet the specified deadline is entered in cell B2 and the total cost of
completing the project including both direct cost and indirect cost in
calculated in cell B5. Below this, column A to G contain the information
given in the Table 4.1. Cell B1 is the input of interest rate. In cells 19:115
another table was created to keep track of the event times of its node. Table at
A20:C25 And Figure 3.11 contains the crashing cost information from Table

3.1 with all of the discrete points from time-cost function are showed.

Activity Cost before DCFs
Event time
(A tinterestrate) 52weeks

Cost =

For example to determine cost for activity /A with 70 weeks solution duration

and interest rate 0:50%

$110

27 weeks
(1 + 0. 05)52 weeks

Activity A'Cost ='$107:25

Activity A Cost =

Once all of .the TCTO project example data have been put in
spreadsheets, now the following.step-will'show how Evolver add-ins software
in Excel can be used to determine activities to crash so that the entire project
is completed within given deadline time at the minimum total cost. To begin
select Evolver from the menu bar and the select model definition, Evolver
model dialog box is now displayed (see Figure 3.10).

In this case, the objective is to minimize the cost of completing the
project, which is calculated in cell B5. To specify this, we select optimization
Goal at minimum with cell B5 as its goal cell. And then select the limitation
range of its adjustable cell, which is in cell A20:A25. After that, set the
constraints with formula the total duration should be equal with the given
deadline duration, but those constraints could be left black if need to find the

optimal solution duration of TCTO problem.

29



A B C D E F G | H | 1
agr 0.00%
2 [Deadiine |7 70
3 DirectCost | 5 -
4 |Indirect Cost) 5 -
5 |Total Cost
6
7 r= 0.00%
M I Crash |M I| Crash Event
Activity Predecessors Drm_a ras._ arma ras Duration | Cost ?En
g Duration | Duration | Cost Cost Time
9 A - 28 16| 5 130 | & 250 0
10 |B - 20 B[S 50|5 300 0
11 |C A 15 4% 75| 5 500 0
12 D A 1B 5|5 705 360 0
13 |E B,C 26 6|5 40 |5 260 0
14 |F B,C.D 25 155 120 |5 300 0
15 |G E 7 75 - 3 - 0
16 |Total 5 485 0
17
18 Help
Adj
justable Min Max
19 | Cell Value
1 15
1 10
1 3
1 8
1 23
1 11
. |
o33 i A TE b
A e LA
i Evolver- Model S0
Optimization Goal IMinimum LI
Cel [es El
Adjustable Cell Ranges
Minimum | [ Range [ [ Maximum Values | Add... I
il =
i =B20:B25 <= =A20:A25 <= =C20:C25 Integer Del_—ehel
: Group |
: Constraints
Description Formula Type Add...
..... Ll
Delete |
ol e |

Figure 3.10 Evolver model dialog box
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26
27
28
29
30
31
32
a3
34
a5
36
a7
33
a9
40
41
42

& &6 k&

a7
45
49
30
51
52
53
54
35
56
57
58
39
60
61
62
63

A B C D E A B E D E

84 Activity |Option Duration |Cost (5)
Activity |Option Duration |Cost [5) 65 1 26| 5 40.00
1 28| 5 100.00 66 2 25| 5 45.00
2 27| 5 105.00 67 3 24| 5 50.00
3 26| 5 110.00 68 4 23| 5 55.00
1 4 25 & 115.00 89 1 5 22 8 60.00
5 24| § 120.00 70 6 21| & 65.00
& 23| 5 125.00 71 7 20| 5 70.00
7 22| 5 130.00 72 8 19 s 75.00
A 8 22| 140.00 73 9 18| 5 80.00
9 21| 5 157.50 74 10 18| 5 200.00
2 10 20| 5 175.00 75 11 17| 5 210.00
11 19| 5 192.50 76 E 2 12 16| 5 220.00
12 18| & 210.00 77 13 15[ s 230.00
13 18| § 240.00 78 14 14| 5 240.00
3 14 17| 5 245.00 73 15 14| 5 240.00
15 16| 5 250.00 80 16 13| 5 242.50
1 20| 5 50.00 81 17 12| 5 245.00
2 19 s 55.00 82 18 11| s 247.50
3 18| 5 60.00 23 3 19 10| 5 250.00
1 4 17| 5 65.00 34 20 9| 5 252.50
5 5 16| § 70.00 85 21 gl s 255.00
& 15| 5 75.00 86 22 7| 5 257.50
7 14| % 80.00 87 23 6| $ 260.00
8 10/ 120.00 88 1 25l s 120000
2 3 9| $  210.00 89 2 24| s 138.00
10 8|S  300.00 90 3 23] ¢ 156.00
1 1 15| 75.00 91 4 22| 8 174.00
C 2 2 Bl 240.00 92 5 21| 192.00
3 3 4| $  500.00 93 F 1 6 20| $ 210.00
1 18| § 70.00 94 7 19 5 228.00
2 17| 5 95.00 95 8 18| § 246.00
3 16| 5 120.00 96 9 17| 5 264.00
5 1 4 15| & 145.00 97 10 16| S 282.00
5 14| 5 170.00 98 11 15| $ 300.00
& 13 s 195.00 99 G 1 7 0
7 12| 5 220.00
2 2 5| 5 360.00

Figure 3.11 Excel spreadsheet for crashing cost

After all of the parameters have been set, the next step just select the
start button in menu bar and the software will run the optimization process to
find the best duration. The result of optimization of 70-day solution is shown
in Figure 3.12. In order to get all the TCTO solution from deadline duration
60 until 76, repeat all of the previous step again with adjust the deadline
value from 60 until 76. Every time the solution result is shown, all of the data
of duration and cost from column G and H were recorded. All of the solution
duration and cost data results that have been optimized were shown in Table
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3.4 (duration) and Table 3.5 (Cost). Table 3.4 shows the optimal duration that
have been optimized of each activities. And Table 3.5 shows the cost of

optimal duration each activities.

A B C D E F G H |
1ir 0.00%
2 Deadline 70
3 |Direct Cost 5 485.00
4 |Indirect Cost| & 42000
5 Total Cost
&
7 r= 0.00%
Activity Predecessors Nmm_al I:ras_h Hormal Crash Duration Cost E?Ent
Curation | Duration Cost Cost Time
g A - 28 16| 5 130 | & 250 27| 5105.00 27
10 (B - 20 HE 50| 5 300 20| 5 50000 20
11 (C L 15 5 75 |5 500 15| & 75.00 42
12 (D il 18 5 5 0|5 360 18| 5 70.00 45
13 (E B,C 26 HE 40| 5 260 21| 5 B5.00 63
14 |F B,C.D 25 15| 5 120 | & 300 25| $120.00 70
15 |G E 7 715 - 5 HEE 70
16 |Total 5 485 % 485.00 70
17
18 Help
Adjustable Min Max

18 | Cell Value

1 15

1 10

1 3

1 8

1 23

1 11

Figure 3.12 Excel spreadsheet for crash problem, 70-day solution with 0% interest rate

Table 3.4 Optimal duration solution
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Total Project Activity Duration
Duration A B C D E F G
60 18 | 20 | 15 18 | 20 | 24 7
61 18 | 20 | 15 18 | 21 | 25 7
62 19 | 20 15 18 | 21 | 25 7
63 20 | 20 15 18 | 21 | 25 7
64 22 20 15 18 | 20 | 24 7
65 22 20 15 18 | 21 25 7
66 23 20 15 18 | 21 25 7
67 24 | 20 15 18 | 21 | 25 7
68 25 | 20 15 18 | 21 | 25 7
69 25 | 20 15 18 | 22 | 25 7
70 26 | 20 | 15 18 | 22 | 25 7
71 26 | 20 | 15 18 | 23 | 25 7
72 27 | 20 | 15 18 | 23 | 25 7
73 26 | 20 15 18 | 25 | 25 7
74 26 | 20 15 18 | 26 | 25 7
75 28 | 420 15 18 | 25 25 7
76 28,1720 15 1826 | 25 7

Table 3.5 Total minimum-project cost with optimal'duration solution

Optimal Activity Cost ($)
N Interest| Project
°l Rate |Duration Direct | Indirect| Total
(weeks) A B C D E F G Cost Cost Cost
1| 0.00% 65 $130.00 | $ 50.00 .S, 75.00¢ S 70.00 [-$ 65.00 | $120.00| $ - $510.00 | $390.00 | $390.00
2| 0.30% 65 $129.84 | S 49.94 //S.74.84 | S 69.84 | S 64.78.4 5119.55 | § - $508.79 | $388.54 | $388.54
3| 0.50% 65 $129.73 | $ 49.90 | 'S 74.731+5.69.73 | $.64.64"| $119.25 | $ - $507.99 | $387.58 | $387.58
41 1.88% 65 $128.98 | S 49.64 | S 74.01 | S 69:007'S 63.66 | $117.24 | $ - $502.54 | $381.02 | $381.02
51 3.00% 65 $128.38 | $ 49.43 | $ 73.44 | S 68.43 | S 62.89 | $115.65 | S - $498.22 | $375.85 | $375.85
6| 5.25% 71 $97.28|$49.03|S 71.89|$ 6690 | S 61.03 | $111.90| $- $458.04 | $397.25 | $397.25
7| 6.25% 71 $96.67|S$4880|S 71.19| $ 66.21 | S 60.15 | $110.11 | S - $453.14 | $390.90 | $390.90
8| 8.50% 71 $ 9570 | $4846|S 70.11| S 65.13 | S 58.79 | $107.35| S - $445.53 | $381.10 | $381.10

3.4 Simulation using @Risk

The spreadsheets in Figure 3.14 and 3.15 are established in order to do

simulation with @Risk. The cost data that obtained from previous step are

input in mean column that has colored blue in Figure 3.14. And then, input

the min and max range of probability distribution data. Cell M6 contains

following betageneral formula;

For example activity with deterministic cost value $110;

Mean = min +

al
al+

a2
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al
al+a2

$110 = (80% x $110) + [(130%x$110)-(80%x$110)],

a1 =52.22

a2=78.83
Cell K2 (a1) and L2 (a2) are set as adjustable cell with optimization goal target
value deterministic cost value (110), the evolver model dialog box is shown in
Figure 3.13. Therefore the unknown variable o1 and a2 can be determined
using Evolver. After the value of a1 and o, were obtained, those values would
be used in the simulation with parameter Betageneral Experiment | (52.55,
78.83, 80%, 130%).

i Evolver- Madel
Optimization Goal ITarget Value LI IllO
cell [=ms E
i Adjustable Cell Ranges
Minimum | | Range | | Maximum Values | add... |
BIr - Delete

o == =K2 «= 100 Any

L Constraints t

Figure 3.13 Evolver model dialog box to determine o1 and o
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K L M N 0 P Q R s
ol i
S5
r=0% r=0.3%
Activity . Probabilistic A ) Probabilistic o e
min max Deterministic] min max Deterministic|
mean mean
A S 88.00 | $143.00 | $ 110.00 S 87.87 | 5142.79 [ S 109.84
B S 40,00 | $ 65.00 | S 50.00 $39.95| 564935 49.94
C S 6000 | S 97.50 | S 75.00 $59.86 | $97.27 | S 74.82
D S 56.00|% 9100 S 70.00 S 55.86 | S 90775 69.82
E S 52.00|% 845085 65.00 $51.81|58420(5 64.77
F S 96.00 | $156.00 | S 120.00 S 95.62 | 5155.38 [ S 119.52
r=0.5% r=1.88%
Activity . Probabilistic y— . Probabilistic —
min max Deterministic] min max Deterministic|
mean
A S 87.78 | 5142.64 S 87.18 | 5141.67 | 5 108.98
B $ 3992 | 5 64.88 $39.71| S 6454 S 49.64
C S 59.80 | 5 97.17 55913 | 596085 73.91
D 5 55.76 | 5 90.62 §55.12 | 58958 (5 63.91
E 5 51.69 | 5 84.00 55086 | 582645 63.57
F $ 95.37 | 5154.97 5 93.66 | 5152.19 | 5 117.07
r=3 % r=5.25%
Activity . Probabilistic o . Probabilistic o
min max Deterministic] min max Deterministic|
mean mean
A S 86.71 | 5140.90 | § 108.39 S 85.78 | 5139.39 [ S 107.22
B 3955 |564.27 |5 49.43 $39.22|563.73(5 4903
C 55862|59525|5 73.27 $57.63|59364(5 72.03
D 55462 |5 8875 |8 68.27 §53.63 | 58714 (5 67.03
E S 50.20 | & 8B1.57 | & 62.75 S 48.92 |5 79.50 (8 61.15
F $ 92,31 | 5150.00 | § 115.38 S 89.70 | 5145.76 | & 112.12
r=6.5% r=3.5%
Activity i Probabilistic ¢ 3 Probabilistic ¢ g
min max Deterministic] min max Deterministic|
mean
A S 85.27 | 5138.57 S 84.48 | 5137.28 | 5 105.60
B S 39.04 | 5 63.44 $38.76 | 56299 |5 48.46
C S 57.09 |5 9278 S 56.26 | 591435 70.33
D S 53.09 | 5 86.28 $ 5226 | 584935 65.33
E S 48.24 | 5 78.39 S 4718 | S 76.67 | S 58.98
F S 88.30 | 5143.49 S 86.15 | 5139.99 | 5 107.69
M 4+ M| 60 61 6263 764,65, 66,67, 68)|69,70. 717273774 . 75,/76 ¥l

Figure 3.14 @Risk BetaGeneral Experiment | (52.55, 78.83, 80%, 130%) spreadsheets (1)

The next step is define distributions, fill the cell cost from column B to

I with formula =RiskBetaGeneral(alphal,alpha2,minimum,maximum) and

then add output of simulation in total cost cell B15:115. Once all of the

parameters have been determined, the last step is process the simulation with

iterations 10000. The complete simulation output result can be referred in

appendixes section.
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A B = D E F G H |

interest 0.00% 0.30% 0.50% 1.88% 3.00% 5.25% 8.50% 8.50%
Total Duration

e

Cost

Activity
=6.5% = 8.5 %
r=0% r=0.3% [r=05% |r=1.88% (r=3% r=5.25% f f

% 110.00 | $109.84 | $109.73 | $108.98 | $108.39 | $107.22 106.59 | $ 105.60

% 5000 |% 4994 3% 4990 | $ 4964 | § 49.43 | § 49.03 48.80 | & 48.46

8 7500 |% 7482 |5 7475 | ¢ 73.91 | $ 73.27 | § 72.03 7137 |8 70.33

% 70,00 |% 69.82 |5 69.71| % 6891 | $ 68.27 | § 67.03 66.37 | & 65.33

% 65.00|% 64.77 |5 64.61| % 63.57 | % 62.75 | § 61.15 60.30 | & 58.98

Qmm|g|n|@ |

S - |8 - % - |5 - 18 - |s S

13 Direct Cost S 490.00 | $488.72 | 5487.91 | 5482.08 | $477.50 | $468.59

463.81 | 5 456.38

14 \Indirect Cost | $ 414.00 | $412.36 | $411.27 | $403.89 | $398.08 | $386.82

380.81 | S 371.52

15 Total Cost S 9040 S 9011 |5 899.2 |5 836.0 |5 875.6 | S 8554

5
5
5
5
5
% 120.00 | $119.52 | $119.21 | $117.07 | $115.38 | $112.12 | § 110.38 | $ 107.69
5
5
5
5

8446 [ S 8279

M 4» M| 60 61 62 763 64 65,66 67 68| 69,70 771 .72 773 74 775 .76 %2

Figure 3.15 @Risk BetaGeneral Experiment I (52.55, 78.83, 80%, 130%) spreadsheets (2)

In summary, the procedure.of time-cost trade-off analysis is as follows.

1.
2.

Formulate CPM network each activities in eventtime,

Define all the parameters to be experimented such.as interest rates and
probabilistic range.

Using Evolver tosobtain the optimal duration selution from 60 through 76
target duration,

Using Evolver to define beta distributions by adjust its probabilistic mean
value same as deterministic mean value as well,

Simulating the uncertainty model with setting of 10000 iterations and
sampling type latin hybercube,

Repeat the step (3)and (4) by enlarge distribution range to increase its degree
of uncertainty,

Classify each simulation output results (5" percentile values and 95"
percentile values) and,

Establish minimum time-cost curve.
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CHAPTER 4
RESULTS AND
ANALYSIS

This chapter presents the results of an optimization process and a simulation
process. It also presents the analysis of the impact of the time value of money on the
time-cost trade-off (TCTO). Furthermore, since this study uses the simulation process,

in addition, the probabilistic risk assessment can be analyzed in this chapter.

4.1 TCTO with DFCs Result and Analysis

Table 4.1 shows the total «cost- of the project for both traditional and DCF
analysis of the TCTO problem. As expected, the:DCF analysis had a significant
impact on the total cost'of the project. The optimal project duration (corresponding
to the minimum total cost) if the time value'of‘money is-ignored (i.e., r = 0%) is 65
weeks, which is identical to that given by Moussourakis and Haksever (2004).
However, if the value starts at 5:25% to-8:50% interest rates, the corresponding
optimal project duration would, be 71 weeks (Table 4.1).

Figure 4.1 shows the optimal results-in" a time-cost relationship graph. It is
clearly apparent in Figure 4.1 that there is a distinct value for optimal project
duration if the time value of money is ignored (65 weeks). This may not be the
case for projects with a different network configuration, a different activity utility
data, and other values of interest rate.

Figure 4.2 also shows that when higher interest rates (> 8.5%) are applied, the
optimum solution duration for interest rates of 12% and 15% is 76 weeks. When
the time value of money is ignored, 65 weeks shows as the first optimum duration,
71 weeks shows as the seventh optimum duration, and 76 weeks shows as the
twelfth optimum duration. Furthermore, when the time value of money is
involved, 71 and 76 weeks show as best optimal durations for some certain value

of interest rates. Nevertheless, when this study extends the interest rate, the
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optimal duration also changes to 76 weeks for an interest rate of 12%.

Table 4.1. Total cost from optimal solution duration at various interest rates.

Duration
/Interest

0.00%

0.30%

0.50% 1.88%

3.00%

5.25%

6.50%

8.50%

60

$973.00

$970.51

$968.84

$957.61

$948.71

$931.40

$922.10

$907.66

61

$956.00

$953.53

$951.88

$940.77

$936.68

$914.83

$905.63

$891.35

62

$944.50

$941.98

$940.30

$928.93

$919.94

$902.45

$893.05

$878.48

63

$933.00

$930.42

$928.71

$917.11

$907.93

$890.09

$878.64

$ 865.66

64

$917.00

$914.31

$912.53

$900.39

$890.80

$872.18

$862.19

$852.87

65

$900.00

$897.33

$895.58

$883.57

$874.08

$ 855.65

$845.77

$830.46

66)

$901.00

$898.27

$896.48

$884.17

$874.45

$ 855.60

$845.48

$829.82

67

$902.00

$899.20

$897.38

$884.77

$874.83

$855.54

$845.20

$829.18

68

$903.00

$900.14

$898.28

$885.37

$875.20

$855.48

$844.91

$828.54

69

$904.00

$901.07

$899.18

$ 885.97

$875.57

$855.42

$ 844.62

$827.91

70

$905.00

$902.01

$900.07

$886.57

$875.95

$855.35

$844.33

$827.27

71

$906.00

$902.94

$900.97

$887.17

$876.32

$855.29

$844.04

$826.63

72

$907.00

$903.91

$901.92

$887.96

$876.99

$855.74

$844.37

$826.78

73

$908.00

$904.87

$902:86

$:888.75

$877.66

$856.19

$844.70

$826.94

74

$909.00

$905.84

$903.80

$.889.54

$878.33

$ 856.63

$845.03

$827.09

75

$910.00

$906.80

$904.74

$890.33

$879.00

$ 857.08

$845.35

$827.24

76

$911.00

$907.77

$.905.69

$891.12

$879.67

$862.24

$ 845.68

$827.38

$980.00

$960.00

$940.00

$920.00

Total Cost ($)

$900.00

$880.00

$860.00

$840.00

$820.00

$800.00

r=0%

il = 32

Minimum
Total Cost

60 61 62 63 6466 67 68 69 70@

Duration(weeks)

r=0.3%

r=5.25% === 6.5%

r=0.5%

r=1.88%

—f—r=8.5%

Figure 4.1. Total cost solutions for DCFs case with r = 0.00%-8.5%.
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Summary

From the obtained results, it is obvious that ignoring the time value of money in
the analysis of the TCTO problem can produce incorrect decisions. The selected
duration for activities and, consequently, the optimum project duration depend on
the chosen interest rate value and the indirect cost rates. For the sample project on
hand, the optimum project duration for DCFs exceeds that of ignoring the time
value of money. This case problem example obtained 65 weeks as the optimal
duration; however, when interest rates from 5.25% to 8.5% are used, 71 weeks is
obtained as the optimal duration instead. This may not be the case for projects with
different characteristics. One should therefore be careful in deciding the values of

interest rate and of indirect cost.

4.2 TCTO with DCFs in Probabilistic Cost

Section 4.1 provides the optimum project duration with deterministic DCF at different
interest rate. This section describes the optimization with probabilistic DCF at
different rates.

4.2.1 Optimization with simulation results analysis

As described in Chapter. 3;.four-experiments were conducted to test the
change of optimum total cost at different dispersion of probabilistic values
while maintaining the same mean.

For brevity, the following presents the simulation result using @Risk
software at interest rates of 0% and 5.25%. Note that 5.25% is the interest rate
where the optimum duration changes from 65 weeks to 71 weeks at an interest
rate of 5.25%. Table 4.2 shows the statistics of the simulation result when the
optimum duration was set to 65 weeks (i.e., the deterministic optimum
duration at interest rate of 0.00%) and 71 weeks (i.e., the deterministic
optimum duration at interest rate of 5.25%)

For example, at an optimal duration of 65 weeks, r = 0.00%, simulation

Experiment | has a 5th percentile value of $892.5, 95th percentile value of
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$907.5, and standard deviation value of $4.6 with a skewness value of 0.030,
which means that this resulting distribution has a right-skewed distribution—
most values are concentrated on the left of the mean, with extreme values to
the right. Furthermore, it also has a kurtosis value of 2.96, which means that a
kurtosis value greater than 3 can be categorized as a leptokurtic distribution,
sharper than a normal distribution, with values concentrated around the mean

and with thicker tails. This means a high probability for extreme values.

Table 4.2. Statistical simulation result of 65 weeks at 0.00% and 71 weeks at 5.25%.

Mo. Std

Simulation Graph Min Mean Max Dev |Variance |Skewness | /058 | 5% 95%

Optimum (interest
duration | rates

$384.0 | 5900.0 | $916.8 (S 4.6 |5 21.6 |0.030535 |2.9587 | $892.5 | §907.5
#1

$879.3 | §900.0 |$925.2 | $ 6.6 | § 43.0 |0.223446 [3.0251 | SB889.6 | 59114

65 0.00%

S370.6 | £900.0 (%9421 (£ 9.4 |5 83.0 [0.311252 |3.0346 | §885.5 | £916.3
#3

dde

$352.5 | 5900.0 | $975.2 [ 514.2 | 5200.9 |0.244667 |3.1475 | S877.4 | §924.0

$840.1 | §855.3 [SB870.8 |$ 4.1 | s 17.1 |0.014223 [3.0508 | $848.5 | S862.0
#1

v
€337.4 | £855.3 (58769 |5 5.8 | § 33.3 |0.235941 |2.977 £340.2 | £865.4

de

71 5.25%

£330.4 | 5355.3 | 53924 (5 8.3 | 5 69.3 |0.345681 |3.1008 | S842.4 | 5870.0

#3

v
£314.8 | 5855.3 | 89129 [ 5126 | 5159.7 |0.22492 |3.0625 | §835.3 | 5876.6

#4

Figures 4.3 and 4.4 show the result of simulation with parameter
distribution type betageneral Experiment | (52.55, 78.83, 80%, 130%) in a box
plot chart. Figure 4.5 shows that the optimal duration for r = 0.00% is 65
weeks and that for r = 5.25% is 71 weeks, based on their mean values.
However, 67 weeks is its optimal duration at r = 5.25% based on the 5th
percentile value, and 71 weeks is its optimal duration based on the 95th
percentile value.

Figure 4.5 plots minimum time-cost curves from simulation result of
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Experiment | and shows the relation between project duration and the
simulation output value of total project cost. It obviously shows that ignoring
the time value of money in the simulation also gives incorrect optimal
duration. Experiment | simulation may not have quite a high degree of
uncertainty; therefore, probabilistic optimal duration is quite similar with

deterministic optimal duration.

990 4
980 4
970

g9g0 G585

| M,
- apeREEREREAS

890

Total Project Cost ($)

5%

60 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76
Duration (weeks)
Figure 4.3. Time-cost:box plot chart for the simulationresults of Experiment |

(52.55,.78.83, 80%, 130%) at'r = 0%.
950 -
940 |
930 *
920 * —
#101 75%
900 4
390 * Mean
i | 259,
870 | 59,

= L

340

Total Project Cost ($)

60 Bl 62 63 B4 65 6B B7 BB B9 O V1 72 73 74 75 76
Duration (weeks)

Figure 4.4. Time-cost box plot chart for the simulation results of Experiment I
(52.55, 78.83, 80%, 130%) at r = 5.25%.
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Total Project Cost ($)

Figure 4.6 shows the results of the simulation from Experiment 1, which
gives a higher degree of uncertainty of cost by enlarged probability
distribution range but still keeps its mean value the same as the deterministic
value. Although its optimal duration for the mean remained the same, 71
weeks, its resulting optimal duration for the 5th percentile simulation is 66
weeks, and the 95th percentile simulation results gave 70 weeks as its optimal
duration. The detailed results of optimal values in the 5th and the 95th
percentile simulation model nos. Experiment I, Experiment I, Experiment Ill,
and Experiment IV can be seen in Table 4.2.

990

S60

Minimum Total Cost = Optimal Duration

AN

r=0.00 %
Mean

- +f- 1 Std. Dev.

- 5% - 95%

S00

r=5.25%
\ e Mean

. - 4+/- 1 Std. Dev.
. - 5% - 95%

60 61 62 63 64 @66 67 68 69 70@72 73 74 75 76
Duration (weeks)

870 1

840

Figure 4.5. Time-cost curve of simulation results for
Experiment | at r = 0% and r = 5.25%.
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5t : Minimum Total Cost/at gean .
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I +/- 1 5td. Dev.
B 5 - 95%

60

61 62 63 64 65 66 67 68 69 70 71 72 73 74 I5 76
Duration (weeks)

Figure 4.6.-Time-cost:.curve of simulation

results for Experiment thwithir = 5.25%.

Table 4.3 shows the optimal result of the simulation process for TCTO with
DCFs. It shows the optimal duration- and total project cost through various
interest rates (0.0%-8.5%) and degrees of uncertainty for models of project
cost (Experiment kExperiment Ll Experiment /Iy and Experiment 1V). This
table presents the simulation results at the 5th‘and the 95th percentile levels.
Nevertheless, from this<table;-it.could be analyzed that the resulting data
obviously show how the different degrees of uncertainty could also produce
different optimal solution durations of the TCTO problem. However, at lower
interest rate values (0.0%-3.0%), the optimal duration remains the same as the
optimal deterministic duration.

Compared with the deterministic result, table 4.3 shows the following:

1. If the cost variation is controlled within 50% as in experiment I,
variation of interest rate up to 8.50% does not change the optimal
solution.

2. If the cost variation is greater than or equal 80% as in experiment 11,
I1l, and 1V, the variation of interest rate is equal or greater than
5.25%, it shows a distinct optimal duration with deterministic

optimal duration.
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The relation of duration—cost—interest rate in each simulation model is
graphically illustrated in Figures 4.7, 4.8, 4.9, and 4.10. The graphs imply that

adjusting the degree of uncertainty also affects optimal duration in the 5th and

the 95th percentile analyses. However, since the value differences were

slightly small, the impacts of interest rate parameter adjustment are not
illustrated very clearly in the 3-D figures.

Table 4.3. Optimal solution of duration and total project cost at the 5th and the 95th

percentile levels.

. Variation of interest rate
Experiment no Percentile Optimal D - ]
P level P 0.00% | 0.30% | 050% | 1.88% | 3.00% | 5.25% | 6.50% | 8.50%
|
Original Total Cost i9@|ﬂ9£l ﬁ95_| $ 883_L$ 874_L$ 855.3 | $ 844.0 | $ 826.6 |
(Deterministic) Duration 65| 65| 65 71 71
Evoeriment| | 5t |Total Cost| s 892.5 'S 889.6 $ 888.1 |i875_9|ﬂ56&| $ 84835 837.4|$ 8201
P .. |percentile| Duration 65 65 65| 65| 65| 65, 71, 71
(A probability | |
ange so) | 25 [Totel Cost] $ 9075 1510089 |5 9032 s 891.2 $ 881.8 ' $ 862.0 | $ 850.8 | $ 833.3
percentile] Duration 65 71| 71| 71
Sth Total Cost 889, 887 885.7,| S1.873.7 864. 845.8 835.0 817.7
Experiment I N S —l $ _I_S S $ —‘—S $ S
(A probabilit percentile| Duration 65, 65, 65 71
P Y1 osth |[Total Cost| 80114+ 59085 $ 906.8 | $ 894_—[5 834.9 | $ 86511 $ 853.6 $ 836.0
range 80%) ol —welyy —E—m =R LY, —‘———'———
percentile] Duration 65| 65| 65 65 65 70
5th  [Total Cost]'s 885.5, 6 883.3 | $ 881.51 S 869.6 | $7860.0 | $ 842 8315 | $ 814.2 |
Experiment Il . _oa_'os $ . i o $_ — $— _l$ —l-$
(8 probabilit percentile| Duration 65 65 65| 65| 65| 66 70, 71
rai o 110 ‘y)y 95th  [Total Cost| $ 916.3 ||$ 913.54 § 911.9., $ 899.8/6:889.9 , $ 869.7 | $ 858.1 | $ 840.3 ]
& *" |percentile| Duration 65 65 65—1_ 651_ 65|_ 72| 71| 71
Sth Total Cost 877. 874. 873.5 | 5 861.7 852. 834.4 824 2 807.7
Experiment IV I e o —l L _l_$ > 3 —‘—S 1—
(A probability percentile| Duration 65) 65] 65 65
95th Total Cost 924.0.1'$.921.8 | $ 919 907 897 876. 6 865.6 847 4]
range 170%) i Bl | 924.0./,5.921.8 ' 5 9 _l $ % _l.$ _l—$ 5 s
percentile| Duration 65| 65 65| 65| 66| 70 71 70
T e
980 .'
960 g5" percentile total cost
040 s’ percentile total cost
920 |
2 oo
860
g40
g20
8

Figure 4.7. Graph of the cost-time—interest rate relationship Experiment | (52.55, 78.83, 80%, 130%).
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Figure 4.9. Graph of the cost—time—interest rate relationship Experiment 111 (5.01, 50.10, 90%, 200%)
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Figure 4.10. Graph of the cost-time=interest rate relationship Experiment 1V(8.33, 62.49, 80%,
250%).

Summary

One can be obtained from this simulation; it is obvious that
involving simulation in order: to:foresee-uncertainty in the analysis of
TCTO problem can show other possible decisions. The selected
duration for activities and, consequently, the optimal project duration
depend on the chosen interest rate value and the premium risk of a
decision maker by adjusting its range of probability value.

The different risk profiles of a decision maker may choose
different optimal durations from each other. For example, in this case,
if the degree of uncertainty is quite high and the decision maker has a
risk-averse risk profile, a 70-week duration is chosen as the optimal
TCTO duration. However, if the decision maker is optimistic and has

a risk-seeker risk profile, a 66-week duration is chosen instead.
Therefore, when the degree of uncertainty in cost is quite high,
involving a simulation process in TCTO will obviously give an
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unforeseen optimal duration by assuming it to be a deterministic cost.
However, it is necessary to involve DCFs and simulation in TCTO
analysis when the interest rate is very low, for instance in some
countries such as Japan, Switzerland, and Singapore, and when the

degree of uncertainty is not really high as well.

4.2.2 Probabilistic Risk Assessment

Probabilistic risk assessment (PRA) uses probability distributions to
characterize variability or uncertainty in risk estimates. Ina PRA, one or more
variables in the risk equation is defined as a probability distribution rather
than a single number. Similarly, the output of a PRA is a range or probability
distribution of risks experienced by-the' receptors. Note that the ability to
perform a PRA often is limited by the availability of distributional data that
adequately describe one or more of the-input parameters.

The primary advantage of PRA is"that it can. provide a quantitative
description of thew=degree of variability or uncertainty (or both) in risk
estimates for total cost project in TCTO problem: The quantitative analysis of
uncertainty and variability can provide a more‘comprehensive characterization
of risk than is possible in the pamntestimate approach.

Another significant advantage of PRA is the additional information and
potential flexibility it affords the risk manager. Risk management decisions
are often based on an evaluation of high-end risk to an individual for
deterministic analyses, this is generally developed by the combination of a mix
of central tendency and high-end point values for various exposure parameters.
When using PRA, the risk manager can select a specific upper-bound level
from the high-end range of percentiles of risk, in this studies is 95" percentiles
and 5" percentiles as the low-end range of percentiles of risk.

After finding the optimal solutions, several probabilistic analyses can be
performed according to the project planner’s needs. For example, the project

planner may want to know the distributions of project cost for a certain solution.
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The project planner can use simulation to find this. A simulation is performed
by using the suggested “‘best options duration’’ presented in Table 3.4.

From the previous simulation, 65 weeks was obtained as optimal duration
for interest rate 0.00% and 71 weeks were obtained as optimal duration for
interest rate 5.25%; therefore this part takes 65 and 71 weeks to analyze
probability risk assessment. Figure 4.11, 4.12, and 4.13 illustrate the probability
density function (PDF) and cumulative distribution function (CDF) of the
project cost at optimal duration, respectively.

We can estimate the project cost for this example by using the mean value.
In addition, the project planner can look into the CDF of the project duration to
find out the probability that the project can be finished within a certain desired

cost and degree of uncertainty.
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Figure 4.11 Probability density function of total project cost Experiment I
at duration 65 weeks (r = 0.00%) and duration 71 weeks(r =

5.25%)
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Figure 4.12 Cumulative distribution function of total project cost
Experiment | at duration 65.weeks at r = 0.00%
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Figure 4.13 Cumulative distribution function of total project cost

Experiment | at duration 71 weeks at r = 5.25%
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The result according to 4.13 for 71 weeks Experiment | could be
interpretable as follows:

1. The mean figure for total cost at this optimal duration will be
$855.29.

2. The minimum figure for total cost at this optimal duration will be $
838.41, but this figure is the bottom line and will only be achieved if
all positive circumstances would occur. Therefore the
implementation of Value at Risk (VaR) is necessary. The result for
VaR 5% is $ 848.47. That means with a probability of 5 %, the
figure for total cost at this optimal duration will not exceed $ 848.47.
Or in other words: with a probability of 95 % the figure for total cost
will exceed $ 848.47.

3. The maximum-figure-for-total cost at this optimal duration will be
$870.53. However, this figure is the<upper limit and will only be
achieved«if all negative-circumstances would occur. Therefore the
implementation of Value at'Risk (VaR) is also necessary under this
point of view. The resultfor VaR 95% is $862.02. That means with a
probability-0f,95 %, the figure for total.cost at this optimal duration
will not exceed $862.02. Or in.oetherwords: only with a probability
of 5 % the figure for total cost at this optimal duration will exceed
$862.02.

Figure 4.11 and 4.12 show the PDF and CDF of the project cost with four
types of degree uncertainty, respectively. For example, if the desired duration is
71 days, interest rate 5.25%, degree uncertainty betageneral Experiment Il at
cost $860, the probability would be around 79.6%.

Summary

Using a probabilistic approach to arrive at optimum project duration not only
makes better use of the available historical data (if available) or risk profile, but it also
provides additional information to facilitate the planning process associated to the

reduction of a project schedule. Being able to doing PDA is one of the most important
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advantages from the simulation process. A decision-maker can obtain the optimal
duration at various percentile levels of the risk results. Nevertheless, by more complete
provided information for uncertainty, cost also helps the decision-maker of the project
to solving TCTO with DCFs under uncertainty cost condition; therefore, incorrect
optimal duration can be avoided.

Managing risks in construction projects has been recognized as a very important
management process in order to achieve the project objectives in terms of time, cost,
quality, safety and environmental sustainability. The uncertainty of the cost project
depends on the risk factor projects. Furthermore, the probability range of uncertainty
cost is identified based on cost planner’s risk analysis. Table 4.4 shows the risk factors

of the construction project that influence in identification of the range probability.
Table 4.4 Risk factor of construction project (Karim, 2012)

Risk Category {Risk factor

Land acquisition

Shortage of equipment
Shortage of material

Late deliveries of material
Poor quality of workmanship
Site safety

Insolvency-of subconctractors
Inadequate planning

Weather

Insolvency-of suppliers
Change in law and regulation
Delay in project approval and permit
Politics & Inconsistencies in government policies
Contract Excessive contract variation
Provision Poor supervision
Bureaucracy

Compliance with government
Delay in payment for claim
Finance Cash flow difficulties

Lack of financial resources
Improper design

Construction

Design
g Change of scope
Pollution
Enviromental Ecological damage

Compliance with law and regulation for
enviromental issue
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CHAPTER 5
CONCLUSION

5.1 Conclusion

Most of the time-cost trade-off (TCTO) analysis in construction
management has disregarded a time value of money. From the results obtained, it
was obvious that ignoring a time value of money in the analysis of TCTO
problem could produce incorrect decisions. The proposed approach can help the
practitioners in considering net present value in time-cost decisions leading to
identification of the best option. It can be concluded that Discounted Cash Flows
(DCFSs) should be considered during-the analysis of TCTO problem, especially
for projects span over 4ime periods=more<than one year. TCTO analysis with
DCFs produces realisti¢ results-and consequently, sound decisions. The proposed
approach can help the practitioners in considering net'present value in time-cost
decisions leading to.identification of the best option. It can be concluded that
DCF should be considered;in the analysis-of TCTO problem, especially for
projects span over time periods more than one’year rather than projects span less
than one year that is not effective to be considered. TCTO analysis with DCF
produces realistic results and consequently sound decisions.

This research utilizes simulation techniques to imitate the probabilistic
nature of project networks throughout the search of optimal solutions. This
approach provides more realistic solutions for construction time-cost trade-off
problem under uncertainty. An example project from the literature is used to
demonstrate the usefulness of the model and to illustrate its capabilities. The
model has the following features: (1) optimum solution is guaranteed; (2) precise
discrete activity time-cost relationship is used; (3) time value of money is taken
into consideration; and (4) uncertainty in the project also are involved. The
results show that inclusion of discounted cash flow results in distinct optimal

project duration. Nevertheless, through the Monte Carlo simulation, which is in
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order to involve uncertainty, this proposed model also lead to distinct optimal
duration at the certain percentile level. It also demonstrates that risk analysis
techniques such as probabilistic risk assessments that can provide more
unforeseen probability risk of assessing project time and cost risks in TCTO
problem. This approach provides construction engineers with a new way of
analyzing construction time/cost decisions in a more realistic manner with
considering a time value of money and degree of uncertainty. The proposed
model for this study can help the practitioners in considering time value of
money and uncertainty cost, in order to make the best time-cost decision and to

identify risks involved.

5.2 Recommendation for future research

A computational optimization model-has'been developed, which links the
CPM with least-cost optimization, DCFS techniques.and uncertainty cost in order
to optimize the traditional Time-Cost Trade-Off ‘\problem. Although the main
theme of proposed model is to account for DCFs,.effect of inflation can be
incorporated in further studies. IMoreover, the stochastic interest rate model can
also be incorporated in further.studies:-The-model-can be extended to handle
other related features such‘as.quality and environmental issues. Furthermore, the
model can be automated and linked with'‘commercial packages for ease problem

handling.
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APPENDIX A: SIMULATION OUTPUT RESULT

I. Simulation output result for BetaGeneral Experiment | (52.55, 78.83, 80%, 130%)
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|

I
69 I5.25%

T
69 16.50%
[

I
69 |8.50%

I
70 10.00%

]

|
70 I0.30%
—
70 10.50%

|

|
70 I1.88%

T
70 13.00%

I

I
70 I5.25%

T
70 16.50%
[

I
70 |8.50%

I
71 10.00%

|

|
71 I0.30%
-——
71 10.50%

|

|
71 I1.88%

T
71 13.00%

|

I
71 I5.25%

T
71 16.50%
—

I
71 8.50%

| | |
$ 923.1|% 4.5 I0.049 2.970 $896.7 | $907.8 | $909.8 I$911.4
T T T
$ 918.6]$ 4.5 10.060 3.016 $893.9 | $904.8 | $906.7 | $908.4
| |
[ _:_ '__t___l ______ I___
$ 915.8]|$ 4.4 I0.018 2.962 $891.9 | $902.9 | $904.8 | $906.5
T T T
$ 905.5|$% 4.4 l0.012 2.985 $878.8 | $889.7 | $891.5 | $893.1
| | |
| | I
$ 892.2|% 4.4 I—O.025 2.955 $868.3 | $879.3 | $881.1 | $882.6
T T ]
$ 871.5|$ 4.3 10.022 2.850 $848.5 | $859.0 | $860.9 | $862.5
| | |
| | |
$ 859.6|% 4.2 I0.030 2.952 $837.7 I$848.3 $850.1 I$851.6
B I T T
$ 842.2]1$ 4.1 10.049 2.943 $821.2 | $831.4 | $833.3 | $834.8
l 1 l
| | I
$ 922.7|% 4.4 I0.042 3.007 $897.9 | $908.6 | $910.6 I$912.2
T T T
$ 918.3]$ 4.4 10.039 3.019 $894.8 | $905.7 | $907.6 | $909.2
| | |
l-______I___l______l ______ I___
$7916.4|$ 43 |0.041 2.987 $893.0 | $903.7 | $905.6 | $907.2
Y T T
$7905.2|$ 4.4 10.066 3.014 $879.5 | $890.2 | $892.2 | $893.8
| | |
I | I
$ 895.0]% 4.3 I0.040 3.084 $869.0 | $879.5 | $881.5 | $882.9
1 N
$ 8725]|% 4.2 10.022 3.029 $848.6 | $858.9 | $860.6 | $862.3
| | |
| | |
$ 861.2| $-4:1 I0.036 3.034 $837.7 I$847.8 $849.6 I$851.0
T T T T T T T A T T T
$ 842.9]%$ 4.1 le007 2.994 $820.7 | $830.7 | $832.5 | $834.0
l l l
| | |
$921.41% 4.4 I0.054 2.885 $898.9 | $909.7 | $911.7 |$913.3
T T T
$ 919.1]$ 4.3 10.038 2.968 $895.9 | $906.6 | $908.5 | $910.2
| | |
I-______I___l______l ______ I___
$ 9159]|$% 4.3 |0.008 2.956 $894.1 | $904.6 | $906.4 | $908.0
T T T
$ 906.1]$ 4.2 10.013 3.037 $880.2 | $890.7 | $892.5 | $894.1
| | |
| | |
$ 890.6|% 4.2 I0.061 2.941 $869.4 | $879.9 | $881.8 | $883.4
T I
$ 870.8|$ 4.110.014 3.051 $848.5 | $858.8 | $860.6 | $862.0
| | |
| | I
$ 860.7]$ 4.1 I0.049 2.946 $837.4 | $847.5 | $849.3 I$850.8
DR I T T
$ 842.11$ 4.0 10.057 3.044 $820.1 | $830.0 | $831.8 | $833.3
l 1 1
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T = =
v . v | | |
72 10.00% v M $891.2 | $907.0 | $ 925.3|$ 4.3 |0.066 3.042 $900.1 | $910.6 | $912.5 |$914.0
|
| g8  aa  925 T T T
72 |0.30% $887.5 | $903.9 | $ 922.1|$ 4.3 1-0.012 3.000 $896.8 | $907.5 | $909.4 1 $910.9
- o [ SRR R R A R R -
72 10.50% $884.2 | $901.9 | $ 919.6|$ 4.3 |0.051 2.993 $894.9 | $905.5 | $907.5 | $909.1
|
| 270 505 T T T
v v
72 I1.88% $872.5 | $888.0 | $ 903.3|$ 4.2 10.079 3.000 $881.1 | $891.5 | $893.4 | $895.0
1 | |
T | | |
72 13.00% $862.0 | $877.0 | $ 892.3|$ 4.2 I0.051 2.986 $870.1 | $880.5 | $882.4 | $884.0
|
| 240 875 T B R Y
72 |5.25% $841.1 | $855.7 ' $ 872.8|$ 4.1 10.056 2.981 $849.0 | $859.2 | $861.0 | $862.7
| | |
I G | | |
72 16.50% $8290.7 | $844.4 | $ 859.2|$ 4.0 |0.017 2.973 $837.7 | $847.8 | $849.5 | $851.1
|
___I___ET:____E:E____________T_____ T T
72 |8.50% ‘ $811.7 | $826.8 | $ 841.6|$ 4.0 10.033 2.933 $820.4 | $830.1 | $831.9 | $833.4
| | |
= . | | |
73 10.00% $893.0 | $908.0 | $ 923.3|$ 4.3 I0.006 2.941 $901.0 | $911.6 | $913.4 | $915.0
|
| a8 T T T
73 |0.30% $ 920.6]$ 4.3 10.049 3.002 $897.8 | $908.5 | $910.4 | $912.1
i e
73 10.50% $7922.1|$ 43 |-0.012 2.977 $895.9 | $906.5 | $908.3 | $909.8
|
v
73 I1.88% $7904.1|$ 4.2 10.024 2.993 $881.9 | $892.3 | $894.1 | $895.8
1 | |
- _ —- s
| | |
73 13.00% $ 892.1|$ 4.2 |0.038 2.994 $870.9 | $881.1 | $883.0 | $884.6
|
| 240 875 | g B N R
73 |5.25% $842.1 | $856.2 . $ 871.01$ 4.1 10.023 2.986 $849.5 | $859.6 | $861.4 | $862.9
_____ I | |
TR | | |
73 16.50% $827.4°).$844.7 |'$ 859.8 | $=4:0 I0.017 2.975 $838.0 | $848.0 | $849.9 | $851.3
___:___51_:____5_5____________T_____ T T
73 |8.50% . $812.4" $826.9,. $ 842.7|$ 3.9 10.023 2.990 $820.5 | $830.2 | $832.1 | $833.5
| | |
T — —
v . v | | |
74 10.00% v M $891.3 | $909.0 |'$ "925.1| $ 4.2 I0.029 2.992 $902.1 | $912.6 | $914.4 | $916.1
|
| 550 w525 T T T
74 |0.30% . $890.3 | $905.8 | $ 922.9|$ 4.2 1-0.001 2.982 $898.9 | $909.4 | $911.3 |1 $912.8
___‘[___;5:_____;25____[___I'______:___I______: ______ :___
74 10.50% $882.9 | $903.8 | $ 923.0|$ 4.2 |0.035 3.022 $896.9 | $907.4 | $909.3 | $910.9
|
| 270 510 T T T
v v
74 I1.88% . $872.2 | $889.5 | $ 905.6|$ 4.2 10.064 3.044 $882.7 | $893.0 | $894.8 | $896.5
1 | |
T e A o
v e | | |
74 13.00% $864.7 | $878.3 | $ 896.5|$ 4.1 |0.038 3.081 $871.6 | $881.8 | $883.5 | $885.1
|
| 240 875 T B N R
74 |5.25% ‘ $842.5 | $856.6 , $ 872.8|$ 4.0 10.083 2.960 $850.0 | $860.0 | $861.8 | $863.5
| | |
T 825 BE. | | |
74 16.50% $829.9 | $845.0 | $ 860.9|$ 4.0 |0.022 3.037 $838.5 | $848.5 | $850.2 |$851.6
|
___I___ET:____E:_____________T_____ T T
74 |8.50% . $813.1 | $827.1 | $ 842.4|$ 4.0 10.043 2.976 $820.6 | $830.5 | $832.2 | $833.7
| | |
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I
| | |
75 10.00% $910.0 I $ 925.8]1% 4.2 |0.032 3.062 $903.1 | $913.5 | $915.4 |$916.9
|
T T T
|
75 |0.30% $906.8 | $ 924.3|$ 4.2 10.064 2.976 $900.0 | $910.3 | $912.3 | $913.8
| | |
- - - 1 ~ [___r______l___l______l ______ |___
75 10.50% $904.7 | $ 922.8|$ 4.2 IO.OZZ 2.920 $897.9 | $908.3 | $910.2 | $911.6
|
T T T
|
75 |1.88% $890.3 | $ 904.8]|$ 4.1 10.002 2.968 $883.5 | $893.8 | $895.6 | $897.1
| | |
1 | | |
75 13.00% $879.0 | $ 894.01% 4.1 |0.045 2.993 $872.2 | $882.5 | $884.4 | $885.7
|
______ - - - -7~ -~"*®r--"=">"""""97"~"""7”"~"~"7~-~"~"”"7T~ =
|
75 |5.25% $857.1 | $ 873.0]l$ 4.0 10.018 2.945 $850.4 | $860.5 | $862.3 | $863.8
| | |
1 B . | | |
75 16.50% $829.3 | $845.4 |'$ 860.1]$ 4.0 |0.048 2.978 $838.9 | $848.7 | $850.5 | $852.0
|
| g10 sas T T T
75 |8.50% $814.3 | $827.2 | $ 841.5]$ 3.9 10.016 2.942 $820.9 | $830.5 | $832.3 | $833.7
l | l
1 895 330 | | |
76 10.00% $895.7 | $911.0 | $ 926.0|$ 4.2 IO.030 2.943 $904.1 | $914.6 | $916.4 | $917.8
|
I g =5 1 T
76 I0.300/0 $892.4 | $907.8 | $ 924.3|$ 4.2 10.041 3.063 $900.8 | $911.4 | $913.2 | $914.7
| | |
T B85 525 | | |
v v
76 10.50% ‘ $890.0 | $905.7 1.$7921.5|$ 4L IO.OGO 2.977 $898.9 | $909.2 | $911.1 |$912.6
i T T
76 $891:1--$907.3| $ 4.2 10.058 2.991 $884.3 | $894.6 | $896.5 | $898.1
| | |
___7___55:_____555____[___r______I___l______l ______ I___
76 13.00% . $864.8 | $879.7 1 $ 894.9|$ 4.1 IO.Olg 2.911 $873.0 | $883.1 | $884.9 | $886.4
|
| 845 san | g T T
76 |5.25% $846.6 | $862.2 | $ 877.1}$ 4.0 10.018 2.937 $855.6 | $865.7 | $867.5 | $869.0
1 | |
T 230 g Bas | | |
76 16.50% $830.8 ].$845.7 |'$ 861.2 | $= 4.0 |0.007 2.957 $839.2 | $849.0 | $850.7 |$852.2
___:__‘51_:____54_5'_________'__T_____‘__‘r__‘r__T__
76 |8.50% $811.6|.$827.4.. $ 844.8| $ 3.9 10/033 2.980 $820.9 | $830.7 | $832.4 | $833.8
| | |

I1. Simulation output result for BetaGeneral Experiment 11(9.86, 69.04, 90%, 170%)

Duration | r Graph Min Mean  TMax std Dev | Skewness Kurtosis [5% F80% 90%  195%
034k 1.02k I I 1 I
60 0.00%| " . "] $945.9 1$973.0 | $ 1,011.8| $ 8.3 10.319 3.124 | $960.1 | $979.9 | $983.9 | $987.5
l | | |
0.54k Lotk | | | |
60 0.30% ‘ $944.6 I$970.5 |$ 1,008.5|$ 8.5 I0.310 3.126 | $957.4 | $977.5 | $981.6 | $985.3
0.93k 101k T T T T
L4 -
60 0.50% ‘ $937.3 1$968.8 1$ 1,009.3| $ 8.4 10.302 3.154 | $955.7 | $975.8 | $979.9 | $983.4
| | | |
| | | |
60 1.88% $930.0 I$957.6 |$ 989.8|$ 8.3 I0.255 2.994 | $944.6 | $964.5 | $968.5 | $971.9
0 T T T T
-
60 3.00% $922.8 1$948.7 1$ 984.0|$ 8.2 10.320 3.123 | $936.1 | $955.5 | $959.6 | $962.9
I I | |
| I | I
60 5.25% $907.5 I$931.4 |$ 969.9|$ 8.2 |0.300 3.143 | $918.7 | $938.2 | $942.0 | $945.5
0 T T T T
-
60 6.50% . $895.2 1$922.1 1$ 957.5|$% 8.2 10.278 3.112 | $909.4 | $928.8 | $932.7 | $936.1
1 | | |
E | | | |
60 8.50% 7| s879.1 I$907.7 |$ 942.2|%$ 8.1 I0.261 3.036 | $895.0 | $914.3 | $918.2 | $921.6

60




(=1
1=
[Tl
il
=]

48

61 0.00% $929.6 1$956.0 | $ 988.5|% 8.2 10.294 3.068 $943.2 | $962.8 | $966.8 | $970.2
______ | | | |
:'.52" 1.::; I I I I
61 0.30% $927.0 |$953.5 |$ 990.3]|%$ 8.2 |0.292 3.188 $940.8 | $960.3 | $964.1 | $967.6
.92k Lok T T T T
v
61 0.50% $923.4 1$951.9 I1$ 991.8|$ 8.110.331 3.271 $939.6 | $958.5 | $962.4 | $966.0
R N [ [ I AN E— I — E— E— E—
510 350
B I E | | | |
61 1.88% $915.5 |$940.8 |$ 985.81$ 8.0 |0.312 3.239 $928.1 | $947.2 1 $951.4 | $954.9
910 580 T T T T
61 3.00% $910.5 1$936.7 | $ 973.2|$ 7.8 10.278 3.086 $924.4 1 $943.2 | $947.0 | $950.1
______ | | | |
o . =% [ | | |
61 5.25% $889.8 |$914.8 |$ 9496|%$ 8.0 |0.312 3.203 $902.3 | $921.3 | $925.2 | $928.5
&70 550 T T T T
61 6.50% $878.8 1$905.6 | $ 942.3|$ 7.9 10.330 3.189 $893.3 | $912.1 | $916.1 | $919.2
R B N N N R EHE E——————————————
E . - [ | | |
61 8.50% $868.2 |$891.3 |$ 926.5|% 7.8 |0.307 3.194 $879.3 | $897.7 | $901.4 | $904.8
520 990 I I I I
62 0.00% $920.7 1$944.51$ 984.0|%$ 7.8 10.295 3.181 $932.3 | $950.8 | $954.6 | $957.8
ST _ | | | |
E =5 [ | | |
62 0.30% $915.2 |$942.0 |$ 981.5|% 7.7 I0.247 3.070 $929.9 | $948.4 1 $952.0 | $955.3
510 S80 T 4 '
v w
62 0.50% ‘ $915.5 | $940.3.1 $ 9783 |'$.7.7 10.275 3.069 $928.3 | $946.7 | $950.5 | $953.6
I W DR WSt S T SN W U S —————
E - | | | |
62 1.88% $905.5 |$928.9 |$ 958.7|%$ 7.7 |0.276 2:993 $917.0 | $935.3 | $939.1 | $942.3
850 560 o I N T
62 3.00% N N $896.2 | $919.9-1-$~ 955.3 | $ 7.610.298 3.185 $908.1 | $926.2 | $930.0 | $933.1
AL_ _— | | ! |
) [ | | |
62 5.25% $877.2 |$902.4 |$ 9366 | $ 7.5 I0.317 3.221 $890.5 | $908.5 | $912.3 | $915.5
870 %30 U T |
62 6.50% $870.7 1 $893.1 I $° 924.9 1% 7.5 10.301 3:089 $881.4 | $899.2 | $902.9 | $906.0
R — | 4PN BVt S0 | | 00 | 0] 000 ]
. - | | | |
62 8.50% $854.2 |$878.5 |$ 908.6|$ 7.3 I0.318 3.209 $867.0 | $884.5 | $887.9 | $891.1
S0 570 I I | I
63 0.00% N . N $907.9 1$933.01$ /969.2|$ ' 7.4 10.258 3.081 $921.4 1 $939.1 | $942.6 | $945.7
| | | |
o [ | | [
63 0.30% $907.8 |$930.4 |$ 961.1]%$ 7.5 |0.280 3.057 $918.7 | $936.6 |, $940.1 | $943.3
300 370 T T T T
63 0.50% $905.9 1$928.7 | $ 962.3|$ 7.3 10.269 3.047 $917.3 | $934.8 | $938.3 | $941.2
I W R N E———————— |
v . w | | | |
63 1.88% $891.3 |$917.l |$ 950.1|$ 7.2 I0.248 3.016 $905.7 | $923.1 | $926.5 | $929.6
80 540 T T | T
63 3.00% N ‘ N $884.5 1$907.9 |$ 937.7]|$ 7.3 10.243 3.067 $896.5 | $913.9 | $917.6 | $920.4
______ 1 | | |
i =% [ | [ [
63 5.25% $867.7 |$890.1 |$ 921.21% 7.1 I0.257 3.105 $878.9 | $896.0 |, $899.3 | $902.2
£50 ety T
63 6.50% . $853.5 1$878.6 | $ 904.2|$ 6.8 10.222 3.033 $867.9 | $884.4 | $887.7 | $890.4
I NS U I R S S — |
840 300
- | | | |
63 8.50% $843.4 |$865.7 |$ 897.5|$% 7.0 0.291 3.121 $854.9 | $871.4 | $874.7 | $877.7
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250 S5 I I I T

64 0.00%| " "1$894.3 1$017.0 I'$ 9445|$ 6.9 10.244 13.061 |$906.2 | $922.7 | $926.1 | $928.9
______ | | | |
i % I I I |

64 0.30% . $888.3 | $914.3 |§ 9420($ 6.9 0248 |3.069 |$903.6 | $920.0 | $923.4 | $926.2
890 S50 T T T T

64 0.500%| " ‘ "] $890.7 180125 I1s 941.3|s 6.810218 13.012 |$901.8 | $918.2 | $921.4 | $924.4
it e | | | |

64 1.88% $880.0 '$900.4 '§ 9303[$ 6.8 0250 |3.030 |$889.8  $906.1$909.2 | $911.9
260 320 T T T T

64 3.00% | " "|$867.7 18800.8 1'$ 919.3|$ 6.8 10.166 13.031 | $880.0 | $896.5 | $899.6 | $902.2
T _ | | | |
e 3 I I I |

64 5.25% $851.0 $872.2 |'§ 900.9[$ 6.6 0253 |3.055 |3$861.7  $877.6,3880.8 | $883.4
B30 850 T T T T

64 6.50%| " "|$837.2 1s862.2 1'$ 888.1|$ 6.610.240 13.058 |$851.8 I $867.7 | $870.7 | $873.5

L] [ T TR AN R IR R SR DR B
| | | |

64 8.50% $830.5 $852.9 '§ 879.7($ 67 0219 2979 |$842.4  $858.5 38617 | $864.2
| | | |

65 0.00% $878.8 1$900.0 I8 9250|$ 6.6 10.250 13.014 | $889.7 | $905.5 | $908.6 | $911.3
| | | |
| | | |

65 0.30% $875.0 $897.3 |§ 9257($ 65 0218 3125 |3$887.1 | $902.6$905.9 | $908.4

T T 5 —— T T T ]

65 0.50% $876.7 1$895.6.16 928 7°/'s--6.5 10.288  13.073 | $885.4 | $901.0 | $904.2 | $906.8

] | AP | WS |
| | | |

65 1.88% $862,9, 9883.6., 5 0123 [§ 65 |0.221\ (3,040 |3$873.4 | $888.9 | $892.0 | $894.6
T T X T

65 3.00% $852.9 | $874.1 18- 900:8 | 8 6.4710.245 13.026 | $864.1 | $879.4 | $882.4 | $885.0
I | | |
| | | |

65 5.25% $8364 ' $855.7 |8 88200 (s’ 63 0237\ 2953 |3$845.9  $860.9$864.0 | $866.4

\ T = —— T T T ]

65 6.50% $823.7 198458 1 37 876.0 | s 6.2 10.264 /13167 | $836.1 | $850.9 | $853.8 | $856.5

I B \U\A ' OI0D ¥/ N T B
| | | |

65 8.50% $807.9$830:5 § 856.1($ 6.1 02261 13132 |$820.8  $835.5$838.4 | $840.8
| | | |

66 0.00% "] $882.1 1$001.011¢ (0337 |8 6510255 13.140 |$890.9 1 $906.3 | $909.4 | $912.1
l | | |
| | | |

66 0.30% $876.8 | $898.3 |§ 9247($ 6.4 0234 |3.074 |3$833.1  $903.6,3906.7 | $909.5
T T T T

66 0.50% "1 $873.5 138965 | 932.0|$ 6510242 13.150 |$886.3 | $901.8 | $905.0 | $907.5
] I T T R R R !
| | | |

66 1.88% $864.1 $884.2 '§ 9107($ 63 0285 |3.081 |$874.1 $889.4 | $892.6 | $894.9
T T T T

66 3.00% $854.7 1$874.5 |8 900.6|$ 6.3 10.238 13.137 | $864.6 | $879.6 | $882.6 | $885.1
l | | l
| | | |

66 5.25% $835.4  $855.6 |§ 889.6(S 62 0244 3081 |3$845.8  $860.8 | $863.7 | $866.3
— —— T — 1 — 1 1 — ] T

66 6.50% $826.3 198455 | $ 870.6|$ 6.1 10.246 12.988 | $835.9 | $850.6 | $853.6 | $856.1
] B IS W S AN R I !
H | | | |

66 8.50% $810.7 '$829.8 '§ 856.0(S 6.1 0257 3100 |$820.3  $834.9 | $837.8 | $840.3
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I [ I I

67 0.00% A $880.5 1 $902.0 1 $ 932.2|$ 6.3 10.262 3.186 $892.1 | $907.2 | $910.2 | $912.9
1 ] | ]
| | | |

67 0.30% $879.6 I$899.2 |$ 923.7]1% 6.4 |0.227 3.051 $889.1 | $904.5 | $907.5 | $910.0
T T T T

-

67 0.50% $876.5 1$897.4 1$ 930.9|$ 6.2 10.222 3.126 $887.4 | $902.6 | $905.5 | $907.9

I A IR I [ NN I S N N —
| | | |

67 1.88% $863.8 I$884.8 |$ 912.0|$ 6.3 |0.188 3.055 $874.7 | $890.0 | $893.0 | $895.4
T T T T

67 3.00% $855.4 1$874.8 1$ 901.2|$ 6.2 10.233 3.015 $865.0 | $880.0 | $883.0 | $885.5
] ] | ]
| | | |

67 5.25% $833.1 I$855.5 |$ 887.41% 6.1 |0.250 3.154 $845.9 | $860.5 | $863.4 | $865.9
T T T T

67 6.50% $825.5 1 $845.2 1$ 871.7|$ 6.0 10.217 3.106 $835.6 | $850.1 | $853.1 | $855.5

I A IR I [ NN I S I N —
| | | |

67 8.50% $810.1 I$829.2 |$ 851.8|$ 6.0 |0.194 2.956 $819.7 | $834.2 | $836.9 | $839.3
I | | |

68 0.00% $882.8 1$903.0 1'$ 934.1|$ 6.3 10.260 2.993 $893.3 | $908.3 | $911.3 | $913.7
] ] | ]
- | | | |

68 0.30% $879.6 I$900.1 |$ 932.2]% 6.3 I0.233 3.187 $890.1 | $905.3 | $908.3 | $910.8

T I E T T T T T

68 0.50% $879.4 | $898.3.1 ¢ ~921:3°|"$:6.2 10.211 2.996 $888.5 | $903.4 | $906.4 | $908.9

I | AP | NS, | ]
| | I |

68 1.88% $864.5 |$885'4 |$ 914.0|$ 6.2 I0.243 3115 $875.7 | $890.5 | $893.4 | $895.9
F T I T

68 3.00% $854.6 | $875.2-1-$- 9017 | $* 6.110.205 3.052 $865.7 | $880.3 | $883.2 | $885.6
| ] | ]
| I | |

68 5.25% $835.8 I$855.5 |$ 8785]1$ 6.0 I0.200 3.016 $846.1 | $860.4 | $863.3 | $865.8

nl b i T T T T T

68 6.50% $820.4 1 $844.9 1'$° 869.2 | $. 5.9 10.214 3.019 $835.5 | $849.9 | $852.6 | $855.1

I | AN AV G by S | | ) |
| | | |

68 8.50% $809.2 I$828.5 |$ 853.7|$ 5.9 I0.228 3.031 $819.3 | $833.5 | $836.1 | $838.6
I I I I

69 0.00% $884.1 1 $904.01$ [ 937.0[$ ' 6.2 10.224 3.038 $894.2 1 $909.2 | $912.1 | $914.6
| ] | ]
- | | | |

69 0.30% $879.9 I$901.1 |$ 931.2|$ 6.2 I0.229 3.017 $891.3 | $906.3 | $909.1 | $911.7
T T T T

69 0.50% $880.6 1 $899.2 1$ 924.81% 6.1 10.224 3.038 $889.5 | $904.3 | $907.1 | $909.8
I A IR I N N |
4 | | | |

69 1.88% $863.6 I$886.0 |$ 924.11% 6.2 I0.309 3.179 $876.5 | $891.1 | $894.0 | $896.5
T T | T

69 3.00% $857.4 1$875.6 | $ 899.8|$ 6.0 10.264 3.053 $866.3 | $880.5 | $883.5 | $885.8
1 ] | ]
| | | |

69 5.25% $836.2 I$855.4 |$ 879.8|% 5.9 I0.222 3.077 $846.0 | $860.3 | $863.0 | $865.6
A = L S S R R T

L -

69 6.50% $823.9 1$844.6 1$ 870.4|$% 5.9 10.198 3.028 $835.3 | $849.5 | $852.3 | $854.5
I B I S I I I N !
4 | | | |

69 8.50% $809.5 I$827.9 |$ 857.9|$ 5.7 I0.232 3.106 $818.8 | $832.7 | $835.4 | $837.6
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I I I I

70 0.00% $885.0 1 $905.0 1 $ 931.1|$ 6.1 10.260 3.096 $895.4 | $910.0 | $913.0 | $915.5
1 ] | ]
| | | |

70 0.30% $882.5 |$902.0 |$ 926.4|$ 6.1 |0.233 2.968 $892.5 | $907.2 | $909.9 | $912.3
T T T T

70 0.50% $880.7 1$900.1 1'$ 926.4|$ 6.0 l0.211 3.087 $890.5 | $905.0 | $907.8 | $910.4

I R - - Y 4 - 1 I |
| | | |

70 1.88% $869.0 |55886.6 |$ 912.1|$ 6.0 |0.299 3.153 $877.2 | $891.5 | $894.4 | $896.8
T T T T

70 3.00% $856.8 1 $875.9 1$ 901.6 | $ 6.0 10.215 2.976 $866.3 | $881.0 | $883.9 | $886.3
] ] | ]
| | | |

70 5.25% $836.4 |$855.4 |$ 881.0|$ 5.8 |0.242 3.042 $846.3 | $860.2 | $863.0 | $865.3
T T T T

70 6.50% $823.2 1$844.3 1$ 868.4|$ 5.7 10.203 3.048 $835.2 | $849.0 | $851.7 | $854.1

| IS U N AU N I S N N R
| | | |

70 8.50% $810.3 |$827.3 |$ 853.8|$ 5.7 |0.270 3.128 $818.3 | $832.0 | $834.7 | $837.0
1 I I I

71 0.00% $886.0 1 $906.0 1 $ 932.7|$ 6.1 10.247 3.073 $896.5 | $911.1 | $914.0 | $916.4
] ] | ]
| | | |

71 0.30% $883.0 |$902.9 |$ 928.41$ 6.0 I0.227 3.119 $893.4 | $907.9 | $910.7 | $913.1

T T . T T T T T T T

71 0.50% $882.3 | $901.0.1 $-926:47|"$:6.0 10.258 3.103 $891.6 | $905.8 | $908.8 | $911.3

| I [ NN AN T I S N N N
| | I |

71 1.88% $867.6 |35887.2 |$ 911.8|$ 6.0 I0.223 3.044 $877.6 | $892.1 | $895.1 | $897.5
F T I T

71 3.00% $857.0 | $876.3-1-$- 9057 | $* 5.9710.239 3.258 $867.0 | $881.1 | $883.9 | $886.4
| ] | ]
| I | |

71 5.25% $835.9 |$855.3 |$ 877.21%$ 5.7 I0.196 3.017 $846.1 | $860.1 | $862.8 | $864.9

T T = T T T T T T T

71 6.50% $826.0 | $844.0 1 $° 867.1|$ 5.7 10.255 3.030 $834.9 | $848.8 | $851.6 | $853.9

I R - .\ WA T /. N U W NS N——
| ! | |

71 8.50% $807.7 |$826.6 |$ 851.9|% 5.6 I0.243 3.049 $818.0 | $831.3 | $834.0 | $836.3
1 I I I

72 0.00% $888.6 | $907.0°1$ [ 934.2$ ' 6.0 10.233 3.073 $897.5 | $911.9 | $914.9 | $917.4
| ] | ]
| | | |

72 0.30% $884.6 I$903.9 |$ 930.6 | $ 6.0 I0.213 3.062 $894.4 | $908.9 | $911.7 | $914.2
T T T T

72 0.50% $882.4 1$901.9 1$ 925.41% 5.9 10.198 3.022 $892.6 | $906.8 | $909.6 | $912.0
| . -y |
| | | |

72 1.88% $869.4 |$888.0 |$ 913.2|$ 5.9 I0.240 3.083 $878.7 | $892.8 | $895.8 | $898.1
T T | T

72 3.00% $857.6 1$877.0 I$ 905.2|$ 5.9 10.231 3.167 $867.6 | $881.9 | $884.5 | $886.9
1 ] | ]
| | | |

72 5.25% $835.6 I$855.7 |$ 882.0|$ 5.7 I0.211 3.025 $846.7 | $860.4 | $863.2 | $865.5
= I 1 71T 1 1T T

72 6.50% $824.8 1$844.4 1% 865.9|$% 5.6 10.225 3.020 $835.5 | $849.0 | $851.8 | $854.1
| . - Y o I |
| | | |

72 8.50% $808.5 |$826.8 |$ 850.0|$ 5.6 I0.226 3.078 $817.9 | $831.4 | $834.1 | $836.4
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I I I I

73 0.00% $885.6 1 $908.0 | $ 930.4|$ 5.9 10.212 3.004 $898.7 | $912.9 | $915.8 | $918.3
| | | 1
- | | | |

73 0.30% $885.9 I$904.9 |$ 929.41% 5.9 I0.227 3.051 $895.5 | $909.7 | $912.6 |, $914.9
T T T T

73 0.50% $883.3 1$902.9 I'$ 930.8|$ 6.0 10.224 3.063 $893.4 | $907.9 | $910.6 | $913.0

R I [ [ N S E— R — E— E— E—
| | | |

73 1.88% $870.9 |$888.8 |$ 9145|$ 5.8 I0.270 3.140 $879.6 | $893.5 | $896.3 | $898.8
T T T T

73 3.00% $858.4 1$877.7 I$ 905.7|$ 5.8 10.221 3.038 $868.5 | $882.5 | $885.3 | $887.5
| | | 1
| | | |

73 5.25% $836.7 I$856.2 |$ 881.3|$ 5.6 I0.207 3.040 $847.2 | $860.9 | $863.5 | $865.8
T T T T

73 6.50% $825.9 1$844.71$ 867.5|$ 5.510.208 3.043 $836.0 | $849.2 | $852.0 | $854.3

| [ [ N SN E— R — E— E— E—
| | | |

73 8.50% $808.7 I$826.9 |$ 849.8|$ 5.5 I0.225 3.098 $818.2 | $831.5 | $834.1 | $836.4
1 | 1 |

74 0.00% $886.7 1$909.0 I $ 932.1|$ 5.9 10.217 3.013 $899.8 | $913.9 | $916.7 | $919.1
| | | 1
| | | |

74 0.30% $886.1 I$905.8 |$ 933.2|$ 6.0 I0.236 3.160 $896.4 | $910.7 | $913.4 | $915.9

T 1 I - T T T

74 0.50% $883.0 | $903.8.1 $ 9292°|"$::.5.9 10.248 3.159 $894.5 | $908.6 | $911.5 | $913.9

| | Ll 0 0 0| @ Wmee.| @ 1 001 0000 1 |
| | | |

74 1.88% $869.4 |$889.5 |$ 913.0]$ 5.8 I0.229 3.042 $880.4 | $894.4 | $897.1 | $899.4
7 T N\ T

74 3.00% $858.3 | $878.3-1-$~ 900:5 | $ 5.8'10.249 3.093 $869.3 | $882.9 | $885.9 | $888.3
I | | 1
| | 1 |

74 5.25% $839.9 I$856.6 |$ 880:1 | $ 5.6 I0.215 2.982 $847.8 | $861.3 | $864.0 |, $866.4

U T ) - T T T

74 6.50% $824.3'1 $845.0 | $° 871.1|$ 5.6 10.237 31153 $836.2 | $849.6 | $852.2 | $854.5

I _ T _\W N Y /.. " S U U NN
- | 1 | |

74 8.50% $808.9 I$827.l |$ 849.0|$ 5.5 I0.217 3.025 $818.5 | $831.7 | $834.3 | $836.6
1 1 1 1

75 0.00% $890.3 1$910.0 1$ 1 933.1|/$ | 5.9 10.235 3.018 $900.8 | $914.9 | $917.7 | $920.1
| ] | 1
| | | |

75 0.30% $887.0 I$906.8 |$ 929.8|$ 5.8 I0.203 3.048 $897.5 | $911.7 | $914.3 | $916.8
T T T T

75 0.50% $887.5 1$904.7 | $ 927.6|$ 5.8 10.209 2.981 $895.4 | $909.6 | $912.4 | $914.7
| [ [ I I E— E— |
- | | | |

75 1.88% $871.0 |$890'3 |$ 9156 | $ 5.8 I0.229 2.998 $881.3 | $895.2 | $898.0 | $900.2
T T T T

75 3.00% $860.5 1 $879.0 | $ 905.3|$ 5.7 10.219 3.032 $869.9 | $883.7 | $886.4 | $888.7
1 | | 1
| | | |

75 5.25% $840.6 I$857.1 |$ 879.0|$ 5.6 I0.259 3.025 $848.3 | $861.7 |, $864.4 |, $866.8
8 70 T

v -

75 6.50% $828.1 1$845.4 |$ 867.6|$ 5.510.230 3.055 $836.6 | $850.0 | $852.6 | $854.8
| [ [ NN I E— E— |
| | | |

75 8.50% $810.3 |$827'2 |$ 850.1]$ 5.4 I0.205 3.010 $818.8 | $831.7 | $834.3 | $836.3
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B30 535 I I I I
76 0.00% N ‘ N $890.9 1$911.0 I $ 934.2|$ 5.9 10.248 3.116 $901.9 | $915.8 | $918.7 | $920.9
| | | |
g8t 935 | | | |
76 0.30% N $889.5 |$907.8 |$ 930.7|$ 5.7 |0.260 3.089 $898.8 | $912.5 | $915.3 | $917.6
76 0.50% $887.0 1$905.7 |$ 933.6|$ 5.9 10.236 3.110 $896.4 | $910.5 | $913.3 | $915.9
= — | | | |
Ch - [ | | |
76 1.88% $871.7 |$891.l |$ 918.7|$ 5.7 |0.253 3.152 $882.2 | $895.8 | $898.5 | $900.9
860 510 T T T T
76 3.00% $863.3 1$879.7 1$ 905.4|$ 5.7 10.254 3.091 $870.8 | $884.4 | $887.0 | $889.3
| | | |
240 gac | | | |
76 5.25% N ‘ N $844.6 |$862.2 |$ 883.3|$ 5.6 |0.221 3.037 $853.4 | $866.9 , $869.5 |, $871.7
825 870 T T T T
L v
76 6.50% . $828.8 1$845.7 1$ 869.6|$ 5.5 10.247 3.076 $837.0 | $850.2 | $853.0 | $855.2
. — | | | |
C =5 [ | | |
76 8.50% $812.0 |$827.4 |$ 854.6|$ 5.4 |0.25l 3.133 $818.9 | $831.8 |, $834.4 | $836.6

I11. Simulation output result for BetaGeneral Experiment 111(5.01, 50.10, 90%, 200%)

Duration | r Min Mean.. TMax sStd Dev/ ! Skewnesd Kurtosis [5% 75006 90% ¥9506
| 1 1 |
60 0.00% $937.3.4.$973.0 1'$ 1,034.0] $ 12.1 10:437 3.244 $954.8 | $994.3 | $983.0 | $989.0
| ] | 1
| | | |
60 0.30% $988.8 I$97O.5 I$ 1,031:9 | $.11.9 I0.397 3:126 $952.6 | $991.2 | $980.2 , $986.6
I adl] Bl ey WRew | " T " T T~ —
60 0.50% $935.8 1$968.8 1 $ 1,022.4| $ 11.9 10.419 3.203 $950.9 | $989.7 | $978.6 | $984.6
1 | | 1
| | | |
60 1.88% $923.7 I$957'6 I$ 1,026.2| $ 12.0 I0.435 3.296 $939.5 | $979.0 | $967.2 | $973.6
\ | T | T
60 3.00% $917.7 1 $948.7 1.$.1,006.6 | $:11.8 10.424 3.240 $930.9 | $969.5 | $958.3 | $964.5
| ] | 1
| | | |
60 5.25% $898.9 I$931.4 I$ 994.2 | $ 1176 I0.484 3.440 $913.8 | $951.8 | $940.7 |, $946.6
T T | T
60 6.50% $886.8 1$922.1 |1 $ 982.3|$ 11.6 10.437 3.388 $904.5 | $942.6 | $931.4 | $937.5
| | | 1
| | | |
60 8.50% $875.7 I515907.7 |$ 960.7 | $ 11.3 I0.421 3.280 $890.5 | $927.4 | $916.7 | $922.5
| | | |
61 0.00% $924.2 1$956.0 | $ 1,007.2| $ 11.7 10.467 3.344 $938.5 | $976.6 | $965.6 | $971.3
R R [ [ N S E— R — E— E— E—
v | | | |
61 0.30% $922.0 I$953.5 |$ 1,004.7] $ 11.5 |0.440 3.270 $935.9 | $973.7 | $962.8 | $968.6
T T T T
61 0.50% $920.6 1$951.9 | $ 1,009.5| $ 11.5 10.431 3.242 $934.4 1 $972.3 | $961.1 | $967.0
| | | |
£ | | | |
61 1.88% $909.5 I$940.8 |$ 1,010.6 | $ 11.6 I0.503 3.427 $923.6 | $961.1 | $950.2 |, $955.9
T T T T
61 3.00% $903.2 1$936.7 | $ 1,002.0] $ 11.2 10.414 3.311 $919.6 | $956.3 | $945.8 | $951.7
I [ [ I SN E— I A R E— E—
| | | |
61 5.25% $882.3 I515914.8 |$ 977.6 | $ 11.2 I0.456 3.376 $898.0 | $934.5 | $923.8 | $929.7
- - - 1 = [ e e N I A I Y R R
61 6.50% $871.6 1$905.6 | $ 955.3|$ 11.2 10.425 3.230 $888.7 | $925.3 | $914.8 | $920.5
| | | |
- | | | |
61 8.50% $860.6 I$891.3 |$ 944.31$ 11.1 I0.420 3.282 $874.6 | $910.8 | $900.4 | $905.7
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I I I I

62 0.00% A $913.8 1$944.5 1'$ 1,004.1| $ 11.1 10.431 3.330 $927.4 1 $964.0 | $953.4 | $959.3
| ] | |
| | | |

62 0.30% $910.0 I$942.0 |$ 993.8|$ 11.1 I0.418 3.205 $925.2 | $961.6 | $951.0 | $956.6
T T T T

-

62 0.50% $908.6 1 $940.3 1'$ 998.9|$ 11.2 10.435 3.259 $923.3 | $960.0 | $949.4 | $954.9

I R - - Yy 4 - 1 I |
| | | |

62 1.88% $896.8 I$928.9 |$ 989.1|$ 11.0 I0.444 3.437 $912.3 | $948.2 | $937.9 | $943.4
T T T T

62 3.00% $890.3 1$919.9 1$ 976.3|$ 11.0 10.398 3.285 $903.1 | $938.9 | $929.0 | $934.3
1 ] | ]
| | | |

62 5.25% $869.6 |$902.4 |$ 951.2 | $ 10.7 I0.429 3.277 $886.2 | $921.1 | $911.2 | $916.5
T T | T

62 6.50% $860.4 1$893.1 1'$ 941.3|$ 10.7 10.440 3.307 $877.3 | $911.7 | $901.7 | $907.3

| - - Y 4 - 1 I |
| | | |

62 8.50% $848.2 |$878.5 |$ 931.7 | $ 10.6 I0.400 3.229 $862.3 | $897.0 | $887.1 | $892.4
1 I I I

63 0.00% $902.4 1$933.0 1'$ 980.7 | $ 10.6 10.383 3.156 $916.9 | $951.3 | $941.8 | $947.0
| ] | ]
| | | |

63 0.30% $898.0 |$93O.4 |$ 988.8 | $ 10.4 I0.392 3.313 $914.6 | $948.7 | $939.0 | $944.4
T T b T

63 0.50% $897.7 | $928.7.1 ¢ -977:0°|"$-10.4 10.388 3.248 $912.7 | $946.8 | $937.3 | $942.4

| I [ M AN T I S N N N
| | I |

63 1.88% $885.2 |35917.1 |$ 972.4]$ 10.4 I0.414 3.290 $901.2 | $935.3 | $925.4 | $930.9
] T I T

63 3.00% $877.7 | $907.9-1-$- 96214 | $710.3710:404 3.288 $892.0 | $925.9 | $916.3 | $921.5
| ] | ]
- | I | |

63 5.25% $860.8 |$89O.1 |$ 9385 |.$ 10.2 I0.370 3.170 $874.6 | $907.7 | $898.5 | $903.5
Al T = T

63 6.50% $849.8 1 $878.6 | $° 928.5]$. 9.7 10.400 3:260 $863.9 | $895.7 | $886.7 | $891.3

I B S\ WA T T N /. NS S U N W—
- | ! | |

63 8.50% $836.8 |$865.7 |$ 909.8|$ 9.9 I0.383 3.206 $850.4 | $883.4 | $873.6 | $878.6
1 I I I

64 0.00% $888.1 1 $917.01$ [ 958.9[$ ' 9.8 10.344 3.159 $901.7 | $934.0 | $925.0 | $930.0
] ] | |
| | | |

64 0.30% $883.7 |$914.3 |$ 957.91$ 9.7 I0.362 3.188 $899.2 | $931.2 | $922.2 | $927.1
T T | T

64 0.50% $884.6 1$912.5 I|'$ 957.6 |$ 9.7 10.394 3.239 $897.7 | $929.8 | $920.4 | $925.4

| = S I L N U D N R
- | | | |

64 1.88% $873.0 |35900.4 |$ 946.7|$ 9.6 I0.369 3.189 $885.4 | $917.3 | $908.2 | $913.0
T T T T

64 3.00% $859.4 1$890.8 1$ 938.9|$ 9.510.368 3.242 $876.1 | $907.4 | $898.5 | $903.2
] ] | ]
- | | | |

64 5.25% $845.1 |$872.2 |$ 910.0|$ 9.3 I0.364 3.148 $858.0 | $888.5 | $879.9 | $884.4
T T | T

-

64 6.50% $835.8 1$862.2 |'$ 902.6 |$ 9.2 10.346 3.115 $848.1 | $878.3 | $869.8 | $874.3

| - - Y 4 - 1 I |
- | | | |

64 8.50% $825.9 |35852.9 |$ 899.0|$ 9.5 I0.390 3.169 $838.4 | $869.5 | $860.6 | $865.3
1 I I I

65 0.00% $870.6 1 $900.0 |1 $ 942.1|$ 9.4 10.311 3.035 $885.5 | $916.3 | $907.8 | $912.3
] ] | ]
- | | | |

65 0.30% $871.1 |$897.3 |$ 939.6|$ 9.2 I0.392 3.272 $883.3 | $913.5 | $904.8 | $909.4
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860 540 T T T T

65 0.50% $865.3 1$895.6 | $ 937.3|$ 9.2 10.372 3.201 $881.5 | $911.9 | $903.2 | $907.7
______ | | | |
C =% [ | | |

65 1.88% $855.0 |$883.6 |$ 92491% 9.2 |0.388 3.155 $869.6 | $899.8 | $891.2 | $895.8
840 520 T T T T

v w

65 3.00% $845.8 1$874.1 1$ 917.4]$ 9.1 10.338 3.104 $860.0 | $889.9 | $881.5 | $886.0

R R =S ISR [ R S ERSO S U S —— E— E—
= | | | |

65 5.25% $824.2 |$855.7 |$ 898.1|% 8.9 |0.350 3.153 $842.1 | $871.3 |, $863.1 , $867.3
T T T T

65 6.50% $816.9 1$845.8 1$ 899.6|$ 8.8 10.398 3.263 $832.4 | $861.2 | $852.9 | $857.5
1 | | |
| | | |

65 8.50% $803.8 |$830.5 |$ 871.71% 8.8 |0.379 3.203 $817.1 | $845.6 | $837.6 | $842.0
| | | |

66 0.00% $873.5 1$901.0 | $ 942.3]$ 9.2 10.316 3.104 $887.0 | $916.8 | $908.5 | $912.8

| (S [ N S E— R N R R R
| | | |

66 0.30% $873.4 |$898.3 |$ 938.9|% 9.1 |0.351 3.047 $884.3 | $914.5 | $905.8 |, $910.3
T T T T

66 0.50% $869.3 1$896.5 1$ 938.4|$ 9.1 10.344 3.178 $882.4 | $912.2 | $904.0 | $908.4
1 | | 1
| | | |

66 1.88% $855.5 |$884.2 |$ 926.7]1% 9.1 |0.386 3.222 $870.3 | $900.2 | $891.6 | $896.1
T a4 b T

w

66 3.00% $849.3 | $874.5.1 $ -91476"'$+.9.0 10.364 3.145 $860.6 | $890.4 | $881.7 | $886.4

| NN * . S N . 7 < S U N C— N—
= | | | |

66 5.25% $829.8 |$855.6 |$ 8949|% 8.8 |0.363 3:.214 $842.0 | $870.8 |, $862.8 | $867.1
7 T I T

66 6.50% $818.4 | $845.5-1-$~ 881.3 | $* 8.7 10.319 3.041 $832.1 | $860.6 | $852.7 | $857.0
| | | 1
- | | | |

66 8.50% $804.3 |$829.8 |$ 880:9]$% 8.6 |0.364 3.301 $816.6 | $844.6 | $836.9 | $841.1
| I | |

67 0.00% $872.4°1 $902.0 | $° 949.9 1 $ 9.1 10.387 3:358 $888.1 | $917.6 | $909.3 | $913.8

R R .\ 2N T /. N R R R W—
- | | | |

67 0.30% $870.7 |$899.2 |$ 939.41% 9.0 |0.345 3.190 $885.3 | $914.7 | $906.6 , $910.8
T T T T

67 0.50% $869.3 1$897.4 1% 9546 |$ ' 9.1 10.373 3.349 $883.5 | $913.2 | $904.8 | $909.2
1 | | |
| | | |

67 1.88% $857.5 |$884.8 |$ 922.8|% 8.9 |0.300 3.016 $870.9 | $900.2 | $892.1 | $896.5
T T T T

67 3.00% $847.5 1$874.8 |$ 921.1|$ 8.8 10.347 3.152 $861.3 | $890.3 | $882.1 | $886.4

| (S [ N S E— R N R R E——
= | | | |

67 5.25% $830.3 |$855.5 |$ 894.3|$ 8.7 |0.354 3.166 $842.2 | $870.5 |, $862.7 |, $867.0
T T T T

67 6.50% $819.5 1$845.2 1$ 887.5|% 8.6 10.367 3.204 $832.0 | $860.3 | $852.2 | $856.4
1 | | 1
| | | |

67 8.50% $804.6 |$829.2 |$ 865.5|% 8.5 |0.356 3.138 $816.2 | $844.1 | $836.1 | $840.4
| | | |

68 0.00% $876.4 1$903.0 I$ 949.1|$ 8.9 10.393 3.296 $889.2 | $918.5 | $910.2 | $914.6

| [N [ N S E— R U R R R
- | | | |

68 0.30% $873.3 |$900.l |$ 938.71% 8.9 |0.335 3.181 $886.4 | $915.4 | $907.4 |, $911.7
T T T T

68 0.50% $870.9 1$898.3 1$ 936.5|%$ 8.9 10.374 3.217 $884.6 | $913.9 | $905.4 | $909.9
1 | | 1
| | | |

68 1.88% $859.1 |$885.4 |$ 924.0|$ 8.7 ,0.336 3.131 $872.1 | $900.3 | $892.5 | $896.8
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69

T T T T

68 3.00% A $846.7 1$875.2 1$ 920.0|$ 8.8 10.379 3.208 $861.8 | $890.7 | $882.4 | $886.8
] ] | |
| | | |

68 5.25% $828.6 |$855.5 |$ 896.1|$ 8.6 I0.347 3.185 $842.3 | $870.5 | $862.3 | $866.7
T T T T

68 6.50% $817.5 1$844.9 I$ 883.4|$ 8.5 10.332 3.231 $831.6 | $859.7 | $851.9 | $855.9

I R - - Y 4 1 I |
- | | | |

68 8.50% $803.4 |$828.5 |$ 867.9|% 8.4 I0.358 3.197 $815.6 | $843.1 | $835.4 | $839.5
I I I I

69 0.00% $878.0 1$904.0 1 $ 947.2|$ 8.8 10.343 3.178 $890.3 | $919.2 | $911.3 | $915.5
1 ] | ]
- | | | |

69 0.30% $875.7 |$901.1 |$ 938.7|$ 8.9 I0.305 3.087 $887.2 | $916.5 | $908.4 | $912.8
T T | T

-

69 0.50% $871.5 1$899.2 1$ 938.8|$ 8.7 10.318 3.180 $885.7 | $914.1 | $906.5 | $910.6

| - -y 4 1 1 I |
| | | |

69 1.88% $860.2 |$886.0 |$ 927.5|$ 8.7 I0.359 3.202 $872.5 | $901.3 | $893.2 | $897.5
T T T T

69 3.00% $848.5 1 $875.6 1 $ 916.9|$ 8.6 10.329 3.134 $862.2 | $890.4 | $882.8 | $886.9
] ] | ]
| | | |

69 5.25% ) $830.2 |$855.4 |$ 893.2|$ 8.4 I0.325 3.066 $842.4 | $870.0 | $862.4 | $866.5
T T i T

69 6.50% $819.9 | $844.6.1 ¢ -881:47|"$:8.3 10.333 3.085 $831.8 | $859.2 | $851.5 | $855.6

| I [ M BN T I S N N N
| | I |

69 8.50% $802.4 I$827.9 |$ 866.9|$ 8.2 I0.352 3,127 $815.4 | $842.3 | $834.6 | $838.9
] ] 1 I

70 0.00% $876.0 | $905.0-1-$- 94410 | $* 8.7710.341 3.205 $891.5 | $919.8 | $912.2 | $916.3
| ] | ]
| | ! |

70 0.30% $873.9 I$902.0 |$ 942.8|$ 8.7 I0.319 3.071 $888.7 | $917.1 | $909.3 | $913.6
B \ U YV s e T

70 0.50% $874.3'1$900.1 1'$° 944.11$. 8.7 10.373 3.286 $886.5 | $915.2 | $907.2 | $911.5

N R | 4PN B Ve Wil M0 | 000 | 00| 001 @00 |
| ! | |

70 1.88% $860.0 |$886.6 |$ 926.1|$ 8.6 I0.338 3.160 $873.3 | $901.5 | $893.7 | $898.0
T T I T

70 3.00% $847.8 1$875.9 1% [ 917.8|$ | 8.5 10.342 3.227 $862.9 | $890.4 | $883.0 | $886.9
] ] | ]
| | | |

70 5.25% ) $831.1 I$855.4 |$ 894.71% 8.3 I0.362 3.180 $842.6 | $870.0 | $862.1 | $866.2
T T T T

70 6.50% $816.9 1$844.3 1$ 882.8|$% 8.310.325 3.133 $831.5 | $858.6 | $851.2 | $855.3
] ] | ]
| | | |

70 8.50% $803.3 I$827.3 |$ 863.0|$ 8.1 I0.312 3.102 $814.7 | $841.1 | $833.9 | $838.0
1 I I I

71 0.00% $879.3 1$906.0 | $ 944.1|$ 8.6 10.334 3.124 $892.9 | $921.0 | $913.2 1 $917.3
| ] | ]
| I | |

71 0.30% $874.4 I$902.9 |$ 946.2|$ 8.6 I0.321 3.109 $889.6 | $918.1 | $910.2 | $914.3
T T T T

71 0.50% $876.0 1 $901.0 I'$ 937.2|$ 8.6 10.321 3.080 $887.7 | $915.8 | $908.0 | $912.2
] ] | ]
| I | |

71 1.88% $861.5 I$887.2 |$ 926.5|% 8.4 I0.377 3.219 $874.2 | $901.9 | $894.1 | $898.0
T T T T

71 $852.5 1$876.3 I$ 910.6 | $ 8.4 10.319 3.101 $863.3 | $890.9 | $883.2 | $887.4

— [ [ R E— | I A I S— S—



830 500 T T T T
71 5.25% . N $830.4 1$855.3 1$ 892.4|$ 8.3 10.346 3.101 $842.4 1 $870.0 | $862.1 | $866.5
| | | |
10 830
. | | | |
71 6.50% N N $819.7 |$844.0 |$ 880.8|% 8.1 |0.302 3.089 $831.5 I $858.1 | $850.7 | $854.7
800 o 870 T T T T
L v
71 8.50% . $802.6 1$826.6 | $ 865.5|$%$ 8.0 10.323 3.221 $814.2 | $840.3 | $833.1 | $837.0
| | | |
&80 S50 | I | |
72 0.00% N ‘ N $882.1 |$907.0 |$ 944.8|$% 8.5 I0.345 3.218 $893.9 I $921.8 | $913.9 | $918.1
870 550 T T T T I
L v
72 0.30% $877.4 1$903.9 I$ 943.2]|$ 8.5 10.311 3.127 $890.8 | $918.8 | $910.9 | $915.0
| | | |
g =2 | | | |
72 0.50% $876.5 |$901.9 |$ 939.0] % 8.6 IO.326 3.032 $888.7 | $916.8 |, $909.1 | $913.4
860 530 T T T T
L
72 1.88% $862.1 1$888.0 I$ 924.0]$ 8.4 10.300 3.078 $874.9 1 $902.2 | $895.0 | $898.9
| | | |
| | | |
72 3.00% $852.6 |$877.0 |$ 913.1]|$%$ 8.4 |0.344 3.113 $864.2 | $891.6 , $883.8 | $887.9
- — — T 7 Tz oo T T T T T -r-—-—T-"-"71T-"~-"71T--7T--7T~ =
v
72 5.25% . $831.0 1$855.7 | $ 892.7|$ 8.110.322 3.222 $843.3 | $869.7 | $862.4 | $866.1
- —_ | | | |
C =% [ | | |
72 6.50% $820.7 |$844.4 |$ 879.8]%$ 8.1 I0.352 3.161 $831.9 I $858.6 , $851.0 , $855.1
500 870 T T T T
v
72 8.50% $804.7 1$826:8 1 $ ~860.1 | $ 7.9/10:335 3.065 $814.5 | $840.7 | $833.4 | $837.2
| | | |
&80 560 | | | |
73 0.00% N . N $882.8 |$908.0 |$ 954.11% 8.4 |0.376 3.193 $895.1 | $922.9 | $914.9 | $919.2
870 560 / T ™ T
L v
73 0.30% $876.6 | $904.9-1°'$" 952.1 | $ /8.5 10.367 3:166 $891.7 | $919.8 | $911.9 | $916.1
_ ___:JL ________ - "« \ = N R W S
870 S50 | | | |
73 0.50% N N $877.5 |$902.9 |$ 944.81% 8.4 |0.328 3.105 $890.1 | $917.4 | $909.9 | $913.9
I [==0 10| B! IV a0 e | T T T
L
73 1.88% $860.9 | $888.8 /¢ _934.0] $ 8.4 10.341 3.187 $875.8 | $903.4 | $895.8 | $899.9
- - | | | |
C = [ | | |
73 3.00% $853:2 |$877.7 |$ 9186 | $ 8.3 |0.344 3.142 $864.9 | $892.0 |, $884.6 | $888.6
820 o 5900 T T T T
L v
73 5.25% $828.3 1 $856.2 /1 $.894.7 | $.-8:110.306 3.059 $843.8 | $870.4 | $862.9 | $866.9
______ 1 ] | |
820 850
. | | | |
73 6.50% N N $823.5 I$844.7 |$ 883.1]1% 8.0 |0.367 3.168 $832.5 | $858.6 , $851.2 | $855.2
500 870 T T T T
L v
73 8.50% . $803.2 1$826.9 1 $ 864.3|$ 8.0 10.352 3.113 $814.6 | $840.9 | $833.5 | $837.6
| | | |
280 S50 | I | |
74 0.00% N N $885.1 |$909.0 |$ 9429]% 85 I0.345 3.059 $896.0 I $923.9 | $916.0 | $920.2
870 550 T T T T
v w
74 0.30% $879.6 1$905.8 | $ 942.7|$ 8.4 10.327 3.105 $892.9 | $920.5 | $912.8 | $916.9
______ 1 | | |
70 S50 | | | |
74 0.50% N N $879.5 |$903.8 |$ 946.3|$ 8.3 |0.363 3.268 $890.9 | $918.3 | $910.6 | $914.6
' " less = s T T T T T 1 T T T
v
74 1.88% $865.0 1$889.5 1$ 928.3|$ 8.2 10.360 3.181 $876.9 | $904.0 | $896.2 1 $900.3
_ ____L _ ________ IS I B RN IR AN MR NN R
850 530 | | | |
74 3.00% N . N $851.4 |$878.3 |$ 920.6|$ 8.1 IO.361 3.218 $865.8 | $892.4 | $885.1 , $888.9
830 500 T T T T
L v
74 5.25% . $830.2 1$856.6 | $ 892.0]$ 8.0 10.336 3.057 $844.4 1 $870.7 | $863.3 | $867.3
| | | |
820 8590
| | | |
74 6.50% N N $821.7 I$845.0 |$ 884.3]% 8.0 |0.325 3.082 $832.7 I $858.8 | $851.5 | $855.6
800 g 870 T T T T
L v
74 8.50% . $803.3 1$827.11$ 864.0|$ 7.7 10.363 3.212 $815.2 | $840.5 | $833.4 | $837.2
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[ [ I I

75 0.00% N $885.0 1$910.0 |'$ 945.9]|$ 8.4 10.394 3.216 $897.3 | $924.7 | $916.8 | $921.0
| | | |
| | | |

75 0.30% $883.3 I$9O6.8 |$ 943.9|% 8.4 I0.320 3.114 $893.8 | $921.1 | $913.6 | $917.8
T T T T

75 0.50% $879.3 1$904.7 |'$ 940.8|$ 8.3 10.355 3.224 $892.0 | $919.4 | $911.5 | $915.6

I I W I A IR S SR B RN R
[ | | |

75 1.88% $863.0 | $890.3 |'$ 025.7$ 8.3 0.355 3163 [$877.4 | $004.7  $897.1 | $901.0
T T r T

75 3.00% $852.2 1$879.0 I$ 913.9|$ 8.110.381 13.162 | $866.5 | $893.3 | $885.6 | $889.9
| | | |
[ | | |

75 5.25% $832.3 I$857.l |$ 889.9]% 8.0 I0.345 3.172 $844.8 | $871.1 | $863.6 | $867.6
T T T T

75 6.50% $820.2 1$845.4 1$ 886.8|% 7.9 10.332 3.278 $833.3 | $859.1 | $851.7 | $855.5
| | | |
. e [ | | |

75 8.50% $805.0 I$827.2 |$ 866.8|$ 7.7 I0.375 3.284 $815.5 | $840.5 | $833.5 | $837.2
| | | |

76 0.00% $884.8 1$911.0 |$ 946.5|$ 8.4 10.323 13.079 | $898.0 1 $925.3 1 $917.9 1 $922.0
| | | |
[ | | |

76 0.30% $882.6 | $907.8 |§ 044.0[$ 8.3 0339 3177 |$894.8 | $922.1 $914.6 | $918.6
T T . T

76 0.50% $879.9 | $905.7.1 $ 948.6"'$.8.3 10.356 3.204 $893.0 | $920.1 | $912.5 | $916.4
| | | |
| | | |

76 1.88% $867.0 I$891.l |$ 930.5]% 8.2 I0.368 3.164 $878.6 | $905.5 | $897.9 | $902.0
| T K T

76 3.00% $856.4 | $879.7-1-$~ 913.6 | $ 8.0 10.364 3.089 $867.4 | $893.9 | $886.3 | $890.3
| | | |
[ | [ |

76 5.25% $830.4 $862.2 ' § 8986 |8 8.0 03501/ 3106 |$849.8 | $876.0 | $868.8 | $872.7
\ T D T

76 6.50% $820.9 1 $845.7 1 $ 877.3/|S 7.910.354 [ 13:148 | $833.7 1 $859.6 | $852.1 | $856.0

I B s "W\NA ' OI /N N R R
| | | |

76 8.50% $804.8 |$827.4 |$ 863.5|% 7.6 I0.353 3.206 $815.7 | $840.6 , $833.5 | $837.2

IV. Simulation output result for BetaGeneral Experiment 1V(8.33, 62.49, 80%, 250%)

Duration | r Graph Min Mean Max Std Dev | Skewness Kurtosis [5% 80% 190%  T95%

T

60 0.00% y $915.6 | $973.0 |'$ 1,044.8| $ 18.5 10.298 3.070 | $944.4 | $978.2 | $980.9 | $ 1,005.2
|
I

60 0.30% $912.1 | $970.5 ' $ 1,054.2| $ 18.2 0.309 3.057 | $942.0 $975.6|$978.3 $ 1,002.2
T

60 $968.8 | $ 1,046.0| $ 18.6 10.293 3.057 | $939.9 | $974.0 | $976.7 | $ 1,000.8
|

S _____________’_________|_______

60 $957.6 ' $ 1,056.6 | $ 18.2 1 0.355 3.192 | $929.7 | $962.7 H $965.3 | $ 989.3
] I

A [~ T T T

60 $948.7 1 $ 1,028.91 $ 18.1 10.352 3.211 | $920.9 | $953.7 | $956.51$ 979.9
|

I _____________’_________|_______

60 5.25% $931.4 ' $ 1,013.8]|$ 18.0 10.344 3.149 | $903.7 $936.3|$939.0 $ 962.5
T

60 6.50% $922.1 1 $ 1,018.3|$ 17.7 10.340 3.340 | $894.5 | $927.0 | $929.7 1 $ 952.5
|
|

60 8.50% $907.7 ' $ 988.3|$ 17.5 0.283 3.070 | $880.8 | $912.5 | $915.1 ' $ 937.9
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61 0.00% $902.3 | $956.0 | '$ 1,035.1| $ 17.9 10.339 3.187 $928.4 | $960.9 | $963.7 987.4
|
|

61 0.30% $901.4 | $953.5 ' $ 1,029.9] $ 17.7 0.335 3.184 $926.3 | $958.4 I $961.1 984.2
T

61 0.50% $896.7 | $951.9 1'$ 1,029.2| $ 17.7 10.306 3.168 $924.2 | $956.9 | $959.4 982.6
|
|

61 1.88% ~ $889.2 | $940.8 | $ 1,025.5| $ 17.7 ,0.325 3.108 $913.6 | $945.7 | $948.2 971.4
T

61 3.00% $ 1,009.3| $ 17.2 10.284 3.121 $909.8 | $941.5 | $943.9 966.0

R R PN D
|

61 5.25% $ 993.0]|% 17.2 /0.290 3.119 $888.0 | $919.6 | $922.3 944.6

I I e e e I e

61 6.50% $ 983.4]|¢% 17.1 10.286 3.102 $879.3 | $910.4 | $912.8 935.1
|

[ - ]---—— - - — ]
|

61 8.50% $ 964.7]| % 16.9 0.293 3.018 $865.2 | $896.1 | $898.6 920.5
|

62 0.00% $893.5 1$944.5 1$ 1,024.7| $ 16.9 10.337 3.260 $918.5 | $949.3 | $951.8 973.6
|
|

62 0.30% $885.3 | $942.0 | $ 1,018.1| $ 17.0 ,0.301 3.105 $915.5 | $946.6 I $949.1 971.3
T

62 0.50% $887.6 | $940.3. I'$ 1,012.91 $ 16.9 10.326 3.201 $914.3 | $945.0 | $947.5 969.8
|
|

62 1.88% $876.70(.$928.9 | $ 1,007:07| $-16:80.313 3.211 $902.6 | $933.6 | $936.1 958.6
T

62 3.00% $860:1 /| $919.9°1°$°1,001.9] $ 16.7 10.279 3.085 $893.8 | $924.6 | $926.9 949.2
1
|

62 5.25% $845.8 | $902.4 ' $ 972.7 |$ 1614 0.314 3.199 $877.2 $907.0|$909.5 931.0
T

62 6.50% $842.7 ') $893/1.1.$ 970.1 ] $ 16.3 10.297 3.085 $867.9 | $897.5 | $899.8 921.2
|
|

62 8.50% $878.5 '$ 954.7|$ 16.1 0.328 3.246 $853.7 $882.9|$885.4 906.2
1

63 0.00% $933.0 |'$ 1,002.6 | $ 16-1 10.302 3.147 $907.8 | $937.6 | $939.9 960.7

R I EE BE—
|

63 0.30% $930.4 | $ 1,005.5]$ 16.1 0.317 3.201 $905.5 | $935.0 | $937.2 958.3
- = r— — T - -1 -1 -7~ T

63 $928.7 |$ 999.1]$ 16.2 10.332 3.266 $903.5 | $933.1 | $935.5 956.7
1
|

63 1.88% $917.1 ' $ 984.2]$ 16.0 0.290 3.051 $892.2 $921.6|$923.9 944.8
T

63 3.00% $ 985.4]|$ 15.7 10.290 3.179 $883.2 | $912.3 | $914.7 935.1
|

- ] -ttt - ]
|

63 5.25% $ 974.7]$% 15.7 0.296 3.193 $865.3 | $894.4 | $896.6 917.0
820 550 T

- -

63 6.50% $831.2 | $878.6 1 $ 940.7 | $ 14.9 10.247 3.073 $855.2 | $882.7 | $884.9 904.3
|
800 40 |

63 8.50% $817.8 | $865.7 ' $ 923.1|$ 15.2 0.287 2.996 $841.9 $869.9|$872.2 892.0
0.88k 1.00k I

64 10.00% . $864.1 | $917.0 | $ 981.8 | $ 15.1 10.217 3.066 $893.1 | $921.2 | $923.4 942.6
| |

0.86k 1.00k

| |

64 I0.30% $864.3 | $914.3 | $ 982.8|$ 14.9 0.257 3.182 $891.3 $918.5|$920.7 939.4
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860 580 T
64 0.50% ‘ ~ $863.1 | $912.5 | $ 973.4| $ 15.0 10.317 3.139 $889.6 | $916.6 | $918.8 938.5
|
g0 %80 |
64 1.88% $856.4 | $900.4 | $ 966.2 | $ 14.8 0.255 3.091 $877.1 | $904.5 I $906.6 925.9
540 550 T
-
64 3.00% $842.0 1 $890.8 | $ 952.8 | $ 14.6 10.281 3.119 $868.0 | $894.9 | $897.0 915.7
|
|
64 5.25% $829.8 | $872.2 ' $ 933.1|$ 14.4 0.274 3.046 $850.1 | $876.2 | $878.3 897.0
T
64 6.50% $813.4 | $862.2 | $ 918.2 | $ 14.4 10.236 3.049 $839.5 | $866.1 | $868.2 887.0
[ I P R
800 340 |
64 8.50% $803.7 | $852.9 ' $ 920.1|$ 14.6 [0.269 3.137 $830.2 | $856.9 | $859.1 877.6
840 380 I
- -
65 0.00% . $852.5 1 $900.0 1 $ 975.2 | $ 14.2 10.245 3.147 $877.4 | $904.0 | $906.0 924.0
|
- ____5::____55_:________________V_________I___ -
- -
65 0.30% $852.1  $897.3 | $ 965.7 | $ 14.1 |0.247 3.136 $874.9 | $901.2 | $903.3 921.8
T~ T 7 " lesw g s T T T T ¢ T T T 7T T
-
65 0.50% $849.2 1$895.6 1$ 957.3|$ 14.1 10.267 3.045 $873.5 | $899.4 | $901.5 919.8
|
820 330 |
65 1.88% ‘ $834.6 | $883.6 | $ 936.7|$ 14.0 ,0.257 3.051 $861.7 | $887.5 I $889.5 907.9
820 345 T
65 3.00% ‘ $827.7 | $874.2.1'$ ' 932.2 1'$ 14.0 10.255 3.057 $852.2 | $878.0 | $879.9 897.9
|
800 220 |
65 5.25% . $806.00 $855.7 $ 91729 $:13:7.,0.278 3.131 $834.5 | $859.4 | $861.4 878.9
800 520 T
-
65 6.50% . $800:6 /| $845.8°1.$.--902.5] $ 13.5 10.240 3.109 $824.2 | $849.5 | $851.5 868.6
|
780 920 |
65 8.50% $786.4 | $830.5 ' $ 904.6 |'$ 13:3 0.266 3.233 $809.7 | $834.2 | $836.1 852.9
840 380 1
-
66 0.00% $854.8 ] $901/0.).$ 960.3 | $ 14.0 10.240 3.056 $879.2 | $904.9 | $907.1 924.6
— - _ |
840 580 |
66 0.30% N $856.1 | $898.3 |'$ 963.6 | $ 14.0 ,0.283 3.201 $876.4 | $902.3 | $904.2 922.4
B0 ga”  se0 T
-
66 0.50% $852.5 | $896.5 |'$ 968.6 | $ .14.0 10.262 3.166 $874.5 | $900.3 | $902.5 920.6
—— R R S
840 0 |
66 1.88% $884.2 ' $ 941.4]$ 13.8 0.270 3.095 $862.5 | $888.1 | $890.0 908.1
R Ty B e e T
66 $8745 1% 936.7|$ 13.7 10.261 3.078 $853.0 | $878.2 | $880.2 897.7
_ |
v . : |
66 5.25% v $812.3 | $855.6 , $ 912.8| $ 13.4 0.237 3.061 $834.4 | $859.3 | $861.3 878.2
780 520 I T
-
66 6.50% $798.0 1$845.5 1$ 903.6 | $ 13.4 10.252 3.114 $824.3 | $849.2 | $851.1 868.3
|
- T T e 55_:________________V_________I___ -
- -
66 8.50% $788.3 | $829.8 ' $ 883.2|$ 13.1 ,0.275 3.046 $809.6 | $833.5 I $835.4 852.6
840 380 I
67 10.00% $858.7 | $902.0 | $ 965.0 | $ 13.9 10.261 3.088 $880.4 | $905.8 | $908.0 925.9
| |
[ - ' |
67 |0.30% N $853.7 | $899.2 ' $ 964.5]|$ 13.9 0.258 3.141 $877.4 | $903.1 | $905.2 922.8
67 10.50% $850.6 | $897.4 | $ 954.5]|$ 13.7 10.288 3.150 $876.1 | $901.2 | $903.3 921.4
| |
| 840 o |
67 |1.88% $844.3 | $884.8 | $ 943.9|$ 13.7 ,0.308 3.102 $863.5 | $888.6 | $890.6 908.4
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T

67 $830.3 1$874.8 1$ 932.8 0.259 $853.5 | $878.5 1 $880.5 | $ 898.1
I
- I

67 ‘ | $815.3 | $855.5 | $ 912.8 0.237 $834.4 | $859.3  $861.2 | $ 878.2
= T

w

67 ‘ $804.5 1$845.2 1'$  910.3 0.255 $824.8 | $848.8 1 $850.7 | $  867.8
I

67 $788.5 | $829.2 | $ 883.8 0.266 $808.5 | $832.8 | $834.6 | $ 8519
T

68 $859.6 1$903.0 |1 $ 958.0 0.290 $881.6 | $906.9 | $908.8 | $ 926.7

R AR N DU
I

955.0 0.265 $878.5 | $904.0 | $906.0 | $ 923.8

r— — - r— = - T T T~

965.4 0.236 $877.2 1 $902.0 | $904.0 | $ 921.5

- — [ - - R I N N
I

68 940.4 0.288 $864.6 | $880.1 | $891.2 | $  908.7
R r— — = = T

68 932.8 0.278 $854.4 1 $378.9 1 $880.9 | $ 898.1
I
I

68 917.5 0.299 $835.0 | $850.1 | $861.1 | $ 878.0
T

68 894.2 0211 $824.6 1 $348.5 1 $850.3 | $  866.8
I
I

68 $789.70, $828.5 | $ 88511 0.244 $808.6 | $832.1 | $834.0 | $  850.4
|

69 $861:3 1 $904.0-1:$--965.0 0.272 $882.7 1 $907.8 | $909.8 | $  927.0
I
I

69 $855.7 | $901.1 ' $ 960.8 0.290 $879.8 | $904.8 | $906.7 | $  924.7
T

69 $856.7. ) $899/2.1 $7 960.0 0.242 $877.9 1 $902.9 | $904.8 | $ 922.5
I
I

69 $886.0 '$ 937.7 0.244 $865.2 | $889.7 | $891.5 | $  908.8
T

69 $875.6 1'$7::930.1 0.262 $854.7 1 $879.3 1 $881.1 | $ 898.3

[ I R NE—
I

69 $855.4 | $ 914.5 0.302 $835.2 | $850.0 | $860.9 | $  876.9
[ R T

$844.6 1$ 895.0 0.266 $824.6 | $348.3 1 $850.1 | $ 866.6
I
I

$827.9 ' $ 892.3 0.245 $808.1 | $831.4 | $833.3 | $ 849.3
|

70 10.00% $905.0 | $ 964.0 0.233 $884.1 | $908.6 | $910.6 | $ 927.7

1 ] _ I R P N
I

70 | $902.0 '$ 951.7 0.257 $881.1 | $905.7 | $907.6 | $ 925.1
T T

70 10.50% $900.1 1$ 979.6 0.246 $879.3 1 $903.7 | $905.6 | $ 922.8
I I
I I

70 | $844.4 | $886.6 | $ 936.6 0.238 $866.2 | $890.2 | $892.2 | $ 909.2
T T

70 13.00% $836.6 1$875.9 1§ 927.2 0.227 $855.5 | $879.5 | $881.5 | $  898.0
I I
I I

70 | $813.9 | $855.4 | $ 915.5 0.242 $835.4 | $858.9 | $860.6 | $ 877.0
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-

70 6.50% 893.0 | $ 12.4 10.247 3.035 $824.7 | $847.8 | $849.6 | $ 865.6
|
|

70 8.50% 879.3 1% 12.4 0.265 3.051 $807.9 | $830.7 I $832.5 | $ 848.6
1

71 0.00% 958.3 1% 13.1 10.263 3.005 $885.8 | $909.7 | $911.7 1'$ 928.8
|
|

71 0.30% 970.5] % 13.1 0.234 3.104 $882.0 | $906.6 | $908.5 | $ 925.5
T

71 0.50% 961.9 | $ 13.2 10.236 3.116 $880.2 | $904.6 | $906.4 | $ 923.1

R RO PN D
|

71 1.88% 939.3 % 13.0 0.251 3.068 $866.8 . $890.7 | $892.5 | $ 909.3

- - - 77 = r----r—~—r——731-~"~"71T"~-~"7T—"~7T—-~—-71T ™7

71 3.00% 933.7 | $ 12.8 10.228 2.998 $856.3 | $879.9 | $881.8 1 $ 898.1
|

- ] R e - ]
|

71 5.25% 912.9]|$ 12.6 0.225 3.063 $835.3 | $858.8 | $860.6 | $ 876.6
R r—— - 17— -—nr - 7= T

71 6.50% 888.8 | $ 12.4 10.222 3.024 $824.3 | $847.5 1 $849.3 | $ 865.7
|
|

71 8.50% 889.0 | $ 12.2 0.269 3.170 $807.7 | $830.0 I $831.8 | $ 847.4
|

72 0.00% 975.2 1 $ 13.3 10.278 3.130 $886.2 | $910.6 | $912.51$ 929.7
|
|

72 0.30% 961477} $-13:0+.0.240 3.146 $883.4 | $907.5 I $909.4 | $ 926.0
T

72 0.50% 957.11 $ 13.0 10.269 3.021 $881.6 | $905.5 | $907.5 |1 $ 924.2
|
|

72 1.88% 951.3 |'$ 12,9 0.242 3.075 $867.9 | $891.5 | $893.4 | $ 910.0
T

72 3.00% 937.6 | $ 12.7 10.202 3.029 $856.7 | $880.5 | $882.4 | $ 898.7
|
|

72 5.25% 916.5| % 12.4 0.279 3.107 $836.2 | $859.2 | $861.0 | $ 877.3
T

72 6.50% 901.5 1 $ 12:3 10.273 3.122 $824.9 | $847.8 1 $849.51$ 865.6

A I R E——
|

72 8.50% 878.01$ 12.1 0.256 3.091 $808.1 | $830.1 | $831.9 | $ 847.5
|

73 10.00% 963.4 | $ 12.9 10.218 3.160 $887.3 | $911.6 | $913.4 | $ 929.5
| |
| |

73 I0.30% 959.9|$ 12.8 0.235 3.069 $884.6 | $908.5 | $910.4 | $ 926.8
T ] T

73 10.50% 954.2 1 $ 12.7 10.188 2.942 $882.8 | $906.5 | $908.3 | $ 924.5

- ] _________’_________l_______
| |

73 Il.SB% 946.0 | $ 12.7 ,0.242 3.005 $868.8 | $892.3 | $894.1 | $ 910.5
T T

73 13.00% 940.5 | $ 12.6 10.247 3.112 $857.7 | $881.1 1 $883.0 | $ 899.5
| |
| |

73 |5.25% 905.2 | $ 12.4 0.234 2.997 $836.5 | $859.6 | $861.4 | $ 877.5
T 800 500 T

73 16.50% v $808.3 | $844.7 | $ 890.7 | $ 12.1 10.272 2.991 $825.9 | $848.0 | $849.9 1 $ 865.7
| |
| 780 |

73 |8.50% v $788.0 | $826.9 | $ 887.9|$% 12.1 0.272 3.150 $808.0 | $830.2 I $832.1 | $ 847.6
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74 0.00% $866.0 | $909.0 | $ 959.3 | $ 12.8 10.248 2.987 $888.8 | $912.6 | $914.4 | $ 931.0
= 1
850 570 |

74 0.30% N T $866.6 | $905.8 ' $ 966.1|$ 12.8 0.270 3.075 $885.9 $909.4|$911.3 $ 927.5
T

74 0.50% $860.4 | $903.8 1'$ 964.4 | $ 12.9 10.243 3.072 $883.6 | $907.4 1 $909.3 |1 $ 926.0
1
|

74 1.88% $847.2 | $889.5 ' $ 944.3]|$ 12.7 0.212 3.058 $869.5 $893.0|$894.8 $ 911.4
T

74 3.00% $833.2 1$878.3 1'$ 929.5]$ 12.6 10.229 2.988 $858.6 | $881.8 | $883.5 | $ 899.8
1
|

74 5.25% $818.0 | $856.6 ' $ 909.8 | $ 12.3 0.232 3.063 $837.3 $860.0|$861.8 $ 877.4

= ] | I__“__L____—leﬁ____T__*_Tm

74 6.50% $ 897.6|% 12.0 10.279 3.096 $826.1 | $848.5 1 $850.2 | $ 865.6
|

— I [ I R ’_________|_______

74 8.50% $ 878.3|¢% 11.8 0.275 3.058 $808.6 $830.5|$832.2 $ 8475
|

75 0.00% $ 968.1]|$ 12.9 10.260 3.117 $889.8 | $913.5 1 $915.4 | $ 931.7
|
|

75 0.30% $ 969.5|% 12.9 0.258 3.085 $886.8 $910.3|$912.3 $ 928.8
T

75 0.50% $ 956.5]% 12.8 10.260 3.106 $884.7 | $908.3 | $910.2 | $ 926.6
1
|

75 1.88% $ 945.0] $-12:.6,0.239 2.996 $870.7 $893.8|$895.6 $ 911.8
T

75 3.00% $.-933.1] $ 12.5 10.274 3.063 $859.5 | $882.5 1 $884.4 | $ 900.9
1
|

75 5.25% $ 908.0 |$ 12:2 0.226 3.055 $837.9 $860.5|$862.3 $ 877.6
T

75 6.50% $ 903.0 | $ 12.2 10.295 3.137 $826.2 | $848.7 | $850.5 | $ 866.3
|
|

75 8.50% $ 883.8|% 11.9 0.260 3.052 $808.6 $830.5|$832.3 $ 847.8
|

76 0.00% $ 970.2 | $.13:0 10.290 3.137 $890.5 | $914.6 | $916.4 | $ 933.1
|

— I _ Y S S ERw ’_________|_______

76 0.30% $ 961.6|$ 12.8 0.277 3.083 $887.7 $911.4|$913.2 $ 929.9
T

76 0.50% $ 962.5|¢% 12.8 10.247 3.027 $885.7 | $909.2 | $911.1 | $ 927.8
1
|

76 1.88% $ 9456 |$ 12.7 0.304 3.142 $871.4 $894.6|$896.5 $ 912.7

= ] = — I_______L____‘F____‘I'_____T_____Tm

76 3.00% $ 936.7]| % 12.6 10.278 3.098 $860.1 | $883.1 | $884.9 | $ 901.2
I

— _ ] SR S R ’_________|_______

76 5.25% $ 912.2]$%$ 12.3 ,0.291 3.110 $843.1 $865.7|$867.5 $ 883.4
T

76 6.50% $ 898.8]|% 12.1 10.235 3.007 $826.7 | $849.0 | $850.7 | $ 866.6
1
|

76 8.50% $ 878.0]|% 11.8 0.229 3.001 $808.9 $830.7|$832.4 $ 847.7
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APPENDIX B: OPTIMAL COST AND DURATION SIMULATION AT
5™ AND 95™ PERCENTILE LEVEL

Duration 5th Percentile Cost
/interest]| 0.00%| 0.30%| 050%| 1.88%| 3.00%| 5.25%| 6.50%| 8.50%

#1 60| $962.90 | $960.58 | $958.90 | $947.66 | $938.88 | $921.91 | $912.62 , $898.15

61| $946.49 | $944.00 | $942.28 ' $931.38 ' $927.51 ' $905.56 | $896.45 | $882.16
62| $935.21 | $933.03 | $931.24 | $919.79 | $911.11 | $893.68 | $884.36 | $869.79 |
63| $924.27 | $906.24 | $920.24 | $908.56 | $899.32 | $881.75 ' $870.64 ' $857.32
64| $908.84 | $906.24 | $5904.41 | $892.34 | 5882.83 | $864.42 | $854.56 | $845.12 |
65| $892.47 | $889.63 | $888.06 | $875.93 | $866.55 | $848.36 | $838.55 | $823.24
66] $893.42 | $890.75 | $888.88 K S876.81 , $866.94 & $848.34 | $838.34 | $822.68
67| $894.58 ' $891.70 ' $889.94 | $877.55 | $867.57 | $848.27 | $837.96 | $822.21
68| $895.64 | $892.73 | $890.86 | $878.07 | $868.11 | $848.35 , $837.98 | $821.64
69| $896.75 | $893.87 | $891.93 ' 5878.80 ' $868.28 ' $848.47 | $837.70 | $821.18

70| $897.85 | $894.78 | $893.02 | $879.46 | $868.96 | $848.60 | $837.69 | $820.67 |
71| $898.85 | $895.86 | $894.06 $880.E $869.44, 5848.47 ' $837.41 ' $820.10
72| $900.05 |, $896.82 , $894.87.1-5881.07 1/5870.101.$849.04 | $837.75 | $820.35 |
73| $901.00 | $897.82 | $895.94-{-5881.88"| $870.90 | $849.45 | $838.01 | $820.45 |
74] $902.08 | $898.91| S896.88 5882.65 $871.58- $849.96 | $838.45 | $820.64
75| $903.12 © $899.96 ' $897.87 | $883.52 | $872.22 | $850.40 | $838.83 | $820.88 |
76| $904.14 | $900.827| $898.91 | $884.32 | $872.95 | $855.57 , $839.15 , $820.95

Duration 5th Percentile Cost
/Interest 0.00% 0.30% 0.50%| 1.88%| 3.00% 5.25% 6.50% 8.50%

#2 60] $959.77 | $957.51 | $955.52.5944.54 |.$935.75 | $918.67 , $909.44 = $895.28

61| $943.37 | $940.89 | $939.18 1/ $928.16 | $924.11 | $902.50 | $893.59 | $879.36 |
62| $932.36 | $929.96 | $927.96 | $916.89 | $908.14 | $890.71 | $881.40 | $867.17 |
63| $921.53 | $903.54 | $917.23 | $905.68 , $896.61 , $878.97 | $867.95 | $854.60
64] $906.02  $903.54  $901.75 | $889.73 | $880.26 | $861.94 | $851.88 | $842.44 |
65| $889.63 | $887.20 | $885.69 | $873.66 | $864.00 | $845.98 | $835.91 | $820.85
66] $890.82 | $888.19 | $886.56 = $874.06 & $864.50 & $845.80 | $835.89 | $820.19
67| $891.83 ! $889.17 | 5887.34 | $875.11 | $865.09 | $845.86 | $835.87 | $820.02 |
68| $893.24 | $890.36 | $888.34 | $S875.73 | $865.57 | $846.18 | $835.60 , $819.36
69| $894.18 | $891.31 | $889.29 ! $876.32 ! $866.22 | $846.07 | $835.20 | $818.69
70| $895.28 | $892.43 | $890.43 | $877.17 | $866.67 | $846.06 | $835.24 | $818.29 |
71| $896.54 | $893.47 | $891.46 , $877.88 , $867.19 4 $846.24 | $835.00 ! $817.71
72| $897.61  $894.61 $892.59 | $878.66 | $867.82 | $846.78 | $835.52 | $818.09 |
73] $898.63 | $895.38 | $893.60 | $879.79 | $868.41 | $847.44 | $835.94 | $818.30
74] $899.68 | $896.42 | 5894.41 = $880.51 ;| $869.32 ' $847.79 | $836.14 | $818.45

75| $900.77 | $897.58 | $895.65 | $881.00 | $869.95 | $848.13 | $836.72 | $818.65 |
76| $901.68 | $898.66 | $896.57 | $882.05 | $870.73 | $853.43 | $837.04 | $818.90

77



Duration
/Interest

5th Percentile Cost

0.00%

0.30%

0.50%|

1.88%)|

3.00%|

5.25%

6.50%

8.50%

#3 60

$954.83

$952.55

$950.90

$939.47

$930.88

$913.78

$904.50

$890.46

61

$938.47

$935.89

$934.39

$923.55

$919.59

$898.00

$888.71

$874.62

62

$927.44

$925.23

$923.26

$912.26

$903.09

$886.16

$877.26

$862.31 |

63

$916.94

$899.23

$912.67

$901.20

$892.02

$874.61

$863.91

$850.37

64

$901.65

$899.23

$897.70

$885.44

$876.10

$858.04

$848.15

$838.45 |

65

$885.48

$883.30

$881.47

$869.64

$859.96

$842.12

$832.36

$817.15 |

66

$886.96

$884.26

$882.41

$870.28

$860.59

$841.98

$832.13

$816.63

67

$888.08

$885.26

$883.49

$870.87

$861.30

$842.17

$832.02

$816.21 |

68

$889.24

$886.44

$884.65

$872.05

$861.77

$842.27

$831.62

$815.65

69

$890.35

$887.16

$885.69

$872.52

$862.16

$842.44

$831.80

$815.37

70

$891.47

$888.69

$886.49

$873.31

$862.85

$842.56

$831.50

$814.73 |

71

$892.87

$889.62

$887.72

$874.22

$863.30

$842.42

$831.53

$814.22

72

$893.88

$890.80

$888.71

$874.91

$864.17

$843.30

$831.86

$814.55 |

73

$895.14

$891.71

$890.08

$875.81

$864.92

$843.81

$832.49

$814.62

74

$896.05

$892.90

$890.89

$876.86

$865.85

$844.44

$832.69

$815.18

75

$897.29

$893.84

$891.99

$877.42

$866.54

$844.80

$833.29

$815.52

76

$897.97

$894.79

$893.03 | S878:591|.5867.38 |'5849.84

$833.65

$815.66

Duration

5th Percentile Cost

/Interest

0.00%

0.30%

0.50%

1.88%

3.00%

5.25%

6.50%

8.50%

#4 60

$944.42

$942.00

$939.88

$929.71

$920.95

$903.69

$894.50

$880.76

61

$928.41

$926.28

$924.19

$913:64

$909.80
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APPENDIX C: BETAGENERAL DISTRIBUTION

Description

RiskBetaGeneralalphal,alpha2, minimum,maximum) specifies a
beta distribution with the defined minimum and maximum using
the shape parameters alphal and alphaz.

The BetaGeneral is directly derived from the Beta distribution by
scaling the [0,1] range of the Beta distribution with the use of a
minimum and maximum value to define the range. The PERT
distribution can be derived as a special case of the BetaGeneral
distribution.

Examples RiskBetaGeneral(1,2,0,100) specifies a beta distribution using
the shape parameters 1 and 2 and a minimum value of 0 and a
maximum value of 100.
RiskBetaGeneral(C12,C13,012,013) specifies a beta
distribution using the shape parameter afphal taken from cell C12
and a shape parameter afpha2 taken from cell C13 and a minimum
value from D12 and a maximum value of from D13.
Guidelines oy continuous shape parameter
oy > 0
Oy continuous shape parameter
Oy > 0
min continuous boundary parameter
min < max
max continuous boundary parameter
Domain min £ ¥ = max continuous
Density ooy —1 oo -1
and f(X)= ICX—II]JII:] . I':ma.x—le 2
Cumulative oo oy -1
Distribution E(&l,az}(max mm)
Functions
B (o, o I
F(X)zMEIZ[Cﬂl,Oﬁg) gy SO
Bloy, o) with AE — trit)
where B is the Beta Function and B, is the Incomplete Beta
Function.
Mean _ o _
i + I:max— triity )
Cfy i
1 2
Variance Cfy Gy . B
. I:max—mm:l
I:Of,l +CE,2:| I:le,l + Qg +]:|
Skewness ) oty — 0y Oy + oty +1
oy + g + 2 0y g
Kurtosis

3 I:Ci.l + i + 1)(2[:051 + i )2 + g g I:Ci.l + Cig — 6))
Ciy Gl I:Of,l + g + 2)((11 +s + 3)
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Mode

051—1

trin + ———— (s — rmin |

oy —2 a1, 0,1
min o, <1, 0,21 oro; =1, a,>1
max ct.lzl. ct.z{l ar cal}l. u.2=l

Examples
0 FOF - BetaGeneral(2, 3,0,5)

0.4

CDF - BetaGeneral(2,3,0,4)

O
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