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It is well-known that the mirror image between absorption and fluorescence spectra is held for the dis-
placed harmonic-oscillator system, and also this mirror image is independent to the chiral symmetry in
which the excited-state potential energy surface is right-handed or left-handed with respect to the
ground-state potential energy surface. As the first-order approximation of anharmonic correction is
added into the displaced harmonic oscillator, this mirror image is broken down, and then the spectra
can be depended on the chiral symmetry mentioned above. Both absorption and fluorescence coefficients
are derived analytically within the first-order anharmonic approximation and numerical test is carried
out to demonstrate the breaking down of the mirror image. Based on the same analysis, the electron
transfer rate is derived analytically within the first-order anharmonic approximation. This rate might
take the form of Arrhenius’s equation but not form of Marcus’s equation. Furthermore, it is found that
this rate is also depending on the chiral symmetry.
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1. Introduction

Within Born-Oppenheimer approximation, the Franck-Condon
overlap integrals between vibrational wave functions which be-
long to two different electronic states are very important quantity
in theoretical treatment of molecular processes. The Franck-
Condon overlap integrals are extensively utilized for the interpre-
tations and theoretical modeling not only for the vibronic structure
of electronic spectra like UV absorption, fluorescence, and other
nonlinear optical spectra of molecules, but also some nonradiative
processes like electronic transfer, relaxation, photodissociation,
and reactive scattering. If the vibrational normal modes for the
two electronic states are the same, these integrals can be separated
into a product of individual mode oscillators within the harmonic-
oscillator approximation. This is called displaced oscillators. If the
vibrational normal modes for the two electronic states are differ-
ent, these separations are no longer possible in general. This is
called distorted oscillators. If couplings among vibrational normal
modes are taken into account, the theoretical treatment becomes
very complicated, for example, the mode-mixing is kind of mode
couplings that are called Duschinsky’s effect. Within harmonic-

* Corresponding author. Tel.: +886 3 5131224; fax: +886 3 5723764.
E-mail addresses: cyzhu@mail.nctu.edu.tw (C. Zhu), kkliang@sinica.edu.tw (K.K.
Liang).

0301-0104/$ - see front matter © 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.chemphys.2009.01.006

oscillator approximation, there are many well-developed theoreti-
cal methods [1-13]. The molecular vibration is harmonic only in
the low energy range (in the relative sense) of the potential surface
and as the energy increases and/or the energy gap between two
electronic states becomes large, the anharmonicity becomes signif-
icant. This is especially true for low frequency modes, for example,
intermolecular modes or bending modes. Anharmonicity can be
treated as kind of perturbation in harmonic treatment framework,
and this is also rapidly developing area [14-22].

It is the purpose for this paper to examine the effect of anhar-
monicity on molecular spectroscopy in a preliminary manner,
and that means to focus on the displaced oscillators. In order to de-
scribe the anharmonic effect, the Morse potential is commonly
used in literature [16,23], the potential for each vibrational mode
is given by

Vi(Q) =Di(1 — e 5%)’. (1.1)

The solution of the Schrodinger equation for the Morse oscillator
yields energy levels as

1 1\?
&y, = hw; (vj +§> — xjhw; (vj + §> . (1.2)

One feature of the Morse oscillator is that there exists a maximal
value of the eigenenergy &,. For small quantum number v;, the
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eigenenergy increases with z until it reaches the maximal value.
Beyond that, the eigenenergy decreases with further increase in
v,. It is @ common practice to truncate the possible values of 7 up
to a maximum corresponding to the maximal energy value. Thus,
at high temperature the partition function of a Morse’s oscillator
reaches a constant value determined by the maximal v, while the
partition function of a harmonic oscillator increases indefinitely
with temperature. Another feature is that the vibrational energy
level spacing is no longer constant. In the present work, we demon-
strate the basic effects of anharmonicity on molecular spectroscopy
and investigate the leading-order anharmonic correction to har-
monic oscillator. Therefore, we shall use the perturbation method
to express the anharmonic potential in the polynomial form

Vi(Q) = a,Q] +4a,Q} + 72a;,Q} + -+ (1.3)

in which /1 is a small perturbation parameter. It is well understood
when the vibrational energy level spacing is similar for the ground
and electronically excited states, which results in a fluorescence
spectrum that strongly resembles the mirror image of the absorp-
tion spectrum. This is due to the fact that the same transitions are
most favorable for both absorption and fluorescence. Even when
solvent effects are included, the mirror image still preserves as
the fluorescence and absorption spectra are broaden. However, we
demonstrate in this paper when anharmonicity is taken into ac-
count, the mirror image breaks down even for displaced oscillators
where energy level spacing is still exactly same for the ground and
electronically excited states.

The anharmonic-oscillator model of molecular spectrum is for-
mulated by following method in Ref. [1] (and references therein) in
which the harmonic-oscillator model is employed in calculating
the Franck-Condon overlap integrals. The present paper is orga-
nized as follows. In Section 2, the molecular theory for absorption
and fluorescence spectroscopy is briefly presented which will be
followed by the derivation of the quantum mechanical expression
of molecular absorption coefficient using the cumulant method.
Section 3 is concerned with the treatment of anharmonic effect
on absorption and fluorescence spectra. For this purpose, the per-
turbation method will be used; that is, the harmonic wavefucntion
will be used as the basis set and the anharmonicity is treated as a
perturbation. The numerical results to demonstrate the anhar-
monic effect on absorption and fluorescence spectra will be pre-
sented in Section 4 and concluding remark will be given in
Section 5 along with analytical discussion of unharmonic effect
for absorption and fluorescence spectroscopy as well as electron
transfer rate.

2. General theory

By using the time-dependent perturbation method and dipole
approximation with assumption that molecular systems in the
dense media are randomly oriented, we can write down the
absorption coefficient of the electronic transition from adiabatic
state a to b [1]

1w -
OC(C!)) = ﬁ ‘,uba|2 Z ZPaﬁ‘<@b6’|@a6>|2b(wb6’,aﬁ - (l)), (2])
v

where [iy, is the electronic transition dipole moment, P, is the
Boltzmann factor and |(@,;|O@g)|* is the Franck-Condon factor.
The factor a in denominator of Eq. (2.1) that stands for a function
of refractive index is introduced to take into account the solvent
effect.

With further assumption of the independent oscillators we can
expand wave function into simple product of each vibration mode

@aﬁ(é) = H Xﬂl)j (Q]) (223)
J

and

O (Q) =[] 10/ (Q)) (2.2b)
j

in which Eq. (2.2a) denotes the wave function of an initial electronic
state a and Eq. (2.2b) denotes the wave function of a final electronic
state b. For absorption process as shown in Fig. 1a, a (b) represents
ground (excited) state. For fluorescence process as shown in Fig. 1b,
a (b) represents excited (ground) state. In the harmonic-oscillator
approximation, there is no observable effect in either absorption
or florescence spectrum whether the PES of the excited state in
Fig. 1 shifts to the right-handed side or the left-handed side with re-
spect to the PES of the ground state. We define this symmetry as a
chiral symmetry of the potential energy surfaces. This is nothing to
do with conventional definition of chiral symmetry of molecule it-
self. Throughout this paper, the chiral symmetry means symmetry
of the potential energy surfaces. We can easily understand this chi-
ral symmetry from the Franck-Condon overlap integrals; these
integrals are invariant with the chiral transformation for displaced
harmonical oscillators and one of consequences is leading to the
mirror image between absorption and fluorescence spectra. How-
ever, the spectra of the mirror image are obviously broken down
when anharmonic effects are taken into account because the
Franck-Condon overlap integrals are no longer invariant.

Based on the independent oscillator approximation of Egs. (2.2a
and 2.2b), Eq. (2.1) can be derived as [1]

2nw *© .
a(w) = 3ach |,uba|2/ dt exp [it(wpg — )] HGj(t), (2.3)
oo i
where
it
Gi(O) = D D Py Ly ) €xP [ﬁ(sU; - su,)} . (2.4)

v; DA
I J

The time correlation function (TCF) G;(t) can be rewritten as

Gi(t) = 3 Pay, ([ €/ Py, ) = ((eFu/Me-iahy) - (2.5)

l)j

"

Fig. 1. As anharmonic effect is taken into account, absorption and fluorescence
spectra can depend on direction of shift of excited electronically state with respect
ground electrically state. (a) Potential energy surfaces for absorption. (b) Potential
energy surfaces for fluorescence.
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where H, and Hj; represent the vibrational Hamiltonians corre-
sponding to the a and b electronic states, respectively. The angular
brackets in Eq. (2.5) denote an equilibrium ensemble average over
the initial vibronic states. If a particular vibronic transition (say,
corresponding to the Q, mode) is resolved, it is more convenient
to write Eq. (2.3) as

27w
(e 3(1Ch |:u“bﬂ‘ Z: ZPGW ybv/ |/Cau, ‘

j#t

/ dtexp [it(cop,a, ~ © ]HG (2.6)

where
1
wbv;,aw = Wpa + E (Svf - Sm) (27)

in which wp, :%(Eb —E,;) and E, (E,) is electronic energy at the
equilibrium geometry of the electronic state b (a). As is shown from
the above discussion, the central problem for deriving o(w) is the
calculation of TCF Gj(t). In this paper, we shall calculate Gj(t) by
applying the cumulant expansion method [24] to the second-order,
and then we find

Gi(t) = exp {l’; ( ) dt(t — 7)((U;(0 )0j(r)>>c}, (2.8)
where

Uj(t) = exp (%Haj> (Hbj - H,,j) exp (*%Huj)-, (2.9)
(G;0)T; () = (U;(0)T;(6))) = ((U)*. (2.10)

In the short-time approximation, o(w) can be expressed as

o\ 172
) = 2nw il 2mh
3ach H* a2

< exp [_ (Ey — Ea —Zh;: + <<U>>>2}7 211)
where
() :]Z_<<U]>> (2.12)
and
a2 =" ((UH) = (@) = (0%) - (0 (2.13)
where]
(O%) = >0 (214)

It should be noted that using the vibrational basis set of the elec-
tronic state a, we can find

it o 1(it\° r 2
Gj(t) = exp ﬁ<<U1>> +§ (ﬁ) ZPGUJ- ()(av, Uj Xauj> - <<UJ>>
Uj
2
< ) Z ZPGU M (1 +itay, — eitwuju,> '
UJ UJ u]”j
(2.15)

In the double summations of Eq. (2.15), u;v; .

3. Anharmonic potential

In this section we shall present how the anharmonic effect can
be introduced into the calculations of the absorption and fluores-
cence spectra by using the cumulant expansion of the TCF.

3.1. Absorption coefficient

Although the Schrodinger equation of the Morse oscillator can be
solved exactly and analytically, it is difficult to use its wavefunctions
and energies to compute the TCF G(t) involved in absorption and
fluorescence spectra as we mentioned in Section 1. Therefore, we
consider the perturbation expansion of vibration j-mode potential as

VJ(Q) = aszjZ + /laj3Qj3 + /120]_40’;1 N
=Vi(Q)) + Vis(Q)) + Via(Q)) +

in which 1 is chosen as the perturbation parameter. In case of the

Morse potential, we can find coefficient relations as

Jap = -Dija?, 2? / =D 32

aj3 = — jaj, £70j4 = 12 a ( . )
Based on the standard perturbation method, we use the har-

monic basis set as the zero-order approximation and expand the

energy level and wave function for vibration mode - v; as

(3.1)

ajsza

&y, 0 AE 422 8[) (3.3)
and
1, (Q) = 1)(Q) + 20 (Q) + 2 7P (Q) + -+, (34)

where Xﬁ?(Qj) denote the harmonic basis set. Using Appendix A, we
obtain

0 _ o, <vj + %) (352)
el =0 (3.5b)
and
&) = 6 (2%)])2 (Vj + %)2 +‘11

3:3}23 <ZZ) ]>3 (V}_ . %)2 N 670} . (3.6)

The first-order correction to wave function turns to be

n o\ 32
(QJ) haé; <2wj> {3{\/ ( +1 X[),+1 QJ \/7/1)} QJ :|

+§ [0+ D0+ 200+ 3)7%5(Q)
b0 = D — 2)15(Q)] }- (37)

The first-order correction is zero for energy but is nonzero for wave
function. As the present discussion focuses on the first-order correc-
tion of the anharmonicity that is actually the leading term correc-
tion, we neglect all contributions of the second-order
anharmonicity in terms of /2 from now on.

Next we consider U,— in Eq. (2.9) up to the first-order correction
of anharmonicity. In principle, the difference of Hamiltonian in Eq.
(2.9) can be written as

Hyy — Hy = Viy(Q) = Vo (Q)). (3.8)
For displaced oscillator surfaces, we have
Uj=Up+Us+, (3.9)
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where and
.. — D-a2(0? — 02) — a: d:+ d? - - . a;
Uz =D (Q - Q) = 62(2Q,4; + ). G100, 10 11,) = (|02 + Upl,) = @] (1 + iﬁdj) +0(22)
Us = -Did (Q7 - Q)) = 4a3(3Q7d; + 3Q;d; + ), (3.11) J (3.14)
where Qj = Q; +d; that corresponds to left-handed shift with re- AN g2 a5 g 2 :
spect to ground electronic state as shown in Fig. 1a. We can easily or ({Uy) = apd; (1 + ’lazz d’) +0(#). Thus, we obtain
Iculat 7 2 2
calculate > Py | Ly | Ui )| = ((U)* = 0(22). (3.15)
- _6apaishd; 1 vj
(1 Unlz,) = and ~ 12220 (4.3 + 02), (3.12) _ o
; Inserting the above equations into Eq. (2.15) leads to
- , 3h 1
<ij Uj3|Xl)j> = Aajgdj |:d12 + o (Uj + §>:| O()yz) (3.13)
j
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Fig. 2. Comparison of absorption and fluorescence spectra for the case of wp, = 10,000 cm™, S; =2.0, w; = 100 cm~' and a;3d; /a;, = an for temperature T = 0 K. Dashed lines
stand for fluorescence spectra and solid lines stands for absorption spectra. (a) an =0 corresponds to the harmonic case. (b) an =0.2 corresponds to Fig. 1 in which the
electronically excited-state shifts at the right-handed with respect to electronically ground state. (c) an = 0.2 corresponds to Fig. 1 in which electronically excited-state shifts
at the left-handed with respect to electronically ground state (absorption and fluorescence spectra are computed by Egs. (3.22) and (3.24), respectively with setting up unit of

21w

B \ﬁba\z = 1. All the following Figs. 3-5 are computed by the same equations).
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Gi(t) = exp [itsjwj(1 + Aa—f?dj)
ajp

2 ’ 0 ’2
(@ p e bl

l)j Uj

+ ity — e'““”f”f)

v

(3.16)

where S; = ;—hwjdjz is defined as the Huang-Rhys factor, and note
that w; = /2aj,. In order to evaluate non-zero terms in the summa-
tion of Eq. (3.16), we need to calculate the following non-zero terms
as

141
; "5 (heyP;+ 1) (14 3:%24d 2
’<Xauj+1 U Xauj>‘ = Sj(hw;)"(v; +1) +3’LaTz i) +0(4)
(3.17)
and
|y |0 "5 thoy?o (143:%4 ) + 0022 3.18
Xanj—l J'Xaz)j>‘ = j( w]) Vj + j’@ i | + (’“ ) ( . )
Actually we have
N 2 5
| (a2 | Uiy )| = 002, (319)
and
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Fig. 3. The same as Fig. 2, but for temperature T=100cm .
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‘ (a2 ‘ U

Within first-order approximation, we finally have

Xﬂl)j)

= ? 2nw 00 it](@pg—®)-2)  Sjwja;3d;/ap]
= 0(2%). (3.20) a(w):3ac‘h|”b”|2 Kmdte -

X exp {—Zs,. (1 +3%dj) {20+ 1 — (B + 1)e — et} |,
J

Gj(t) = exp | (2itS;w;) (—%djﬂ exp [—Sj (l + 3a£dj> {2y
%2 %2 (3.22)
+1 — (U + 1)e" — ge ™t } (3.21) ,
’ ’ } where V; = (exp (%) - 1) ' is phonon distribution and
It follows that Wpg = (Ep — Eq)/h > 0.

Q

harmonic T =300
200 —— absorption -
--- emission

150

-

100

Abs or SE

A

AL R N R

50

S

9000 9500 10000
-1
Energy (cm )

o
i3
3
=
fr-"
S S s e—
3% - -
Fe-=e
&s © o o
2l
Y
-~

b !
350 :
anharmonic T =300

300 absorption -
-=-=--emission

250

200

150

Abs or SE

- i

Tres-

100 }
q

PR, T

-~
S

50 VR -
" "\ Wty
0 O SRS AN

9000 9500 10000 10500 11000

'P‘.
-
9

(2]

anharrﬁoni T =300
absorption
----emission

350

300

250

rrr -

200 "

-

150

Abs or SE

()

100

e,

50 PRI YR R - - I [

9000 9500 10000 10500 11000
-1
Energy (cm )

Fig. 4. The same as Fig. 2, but for temperature T=300 cm .
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3.2. Fluorescence coefficient

The molecular fluorescence coefficient for the electronic transi-

143

27Tw
3ach

I(w | Fba

L[> it[(pe+@)+2 Y Sjojazd;/ap)
)= | / dte i

tion a — b as shown in Fig. 1b is defined as X exp {_Zsj (1 _32};(1],) (2041 = (0 +1)el — pje-itr}
i 72

(3.24)

where wp, = (Ey — Eq)/h < 0. It should be noticed that Q; = Q; — d;
for fluorescence in Fig. 1b corresponds to ij = Q; + d; for absorption
in Fig. 1a. As sign in d; enters absorption coefficient in Eq. (3.22) and
fluorescence coefficient in Eq. (3.24), we can conclude that the
breaking down of mirror image between absorption and

412w
3ach

(@) = 5o Hsal” Y~ D Posl (sl O )0y + ). (3.23)

i

Applying the similar procedure as above to calculate absorption
coefficient, within the first-order approximation of anharmonicity
we can derive

a harmonic T =0
150 (two modes)
—— absorption
L I ----emission
P 100
o
[0}
g \
50 A
AT
o9 s
0 Pl J‘-_ KI\F
9000 9500 10000 10500 11000
-1
Energy (cm )
b T
400 anharmonic T =0
(two modes)
300 —— absorption _
7 ----emission
&
& 200
Q
) |
I "
100 s 'In‘ .ﬂ .
'Y ,' T, 1 ., :'.
o L SNo e v S, 4
9000 9500 10000 10500 11000
-1
Energy (cm )
|
C 400 : :
: anharmonic T =0
Vo4 (two modes)
w2 :'X h —— absorption 7]
% " ;E ----emission
o L
o 200 N
e} aoh
< f ) ! '
] L]
100 fvebetr A
R [
TR
NV,
0 -l VAN -~ |
9000 9500 10000 10500 11000

Energy (cm B

Fig. 5. Comparison of absorption and fluorescence spectra for the two-mode case of wp,=10,000cm™!, (S;, S;)=(2.0, 3.0), (w;,w,) = (100cm~',10cm™') and
(ay3d1/as2,a23d> /az;) = (anl,an2) for temperature T =0 K. Dashed lines stand for fluorescence spectrum and solid lines stands for absorption spectrum. (a) an1 =an2=0
corresponds to the harmonic case. (b) an1 = an2 = —0.2 corresponds to Fig. 1 in which the electronically excited-state shifts at the right-handed with respect to electronically
ground state. (¢) an1 = an2 = 0.2 corresponds to Fig. 1 in which electronically excited-state shifts at the left-handed with respect to electronically ground state.
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fluorescence spectroscopy comes from the anharmonic effects with-
in the first-order approximation to harmonic displaced oscillators. If
we return to displaced harmonic case in Egs. (3.22) and (3.24) with
a;3 = 0, the both absorption and fluorescence coefficients agree with
the formula for harmonic oscillators in which the mirror image
holds.

4. Numerical calculations

Numerical calculations for absorption and fluorescence spectra
are carried out with numerically integrating out Egs. (3.22) and
(3.24), respectively. We first consider the absorption and fluores-
cence spectra at temperature T =0 K. The results are presented in
Fig. 2. The mirror image relation of the spectrum is held perfectly
in the harmonic case as shown in Fig. 2a. In contrast, the mirror im-
age breaks down in Fig. 2b and c as the anharmonic effect is turned
on. The spectra in Fig. 2b (Fig. 2c) correspond to the case in which
the excited-state potential energy surface shifts at the right-
handed (left-handed) side with respect to the ground-state poten-
tial energy surface. Obviously, the effects of the right-handed or
left-handed shifts are distinguishable. This distinction is not ob-
served in the case of harmonic oscillator. Actually we can interpret
the mirror image relation as a consequence of the chiral symmetry
of the excited-state potential energy surface with respect to the
ground-state energy surface. The more interesting effect is that
when this shift between the right-handed and left-handed is sym-
metric, the absorption (fluorescence) spectra in Fig. 2b form mirror
image with respect to the fluorescence (absorption) spectra in
Fig. 2¢, but it should be emphasized that this mirror image is hap-
pened to two different systems that show chiral symmetry on their
excited-state potential energy surfaces. We conclude that when
molecule has the chiral symmetry of potential surfaces, the right-
handed or left-handed the excited-state potential energy surface
is indistinguishable from harmonic-oscillator spectra, but can be
distinguishable when the first-order anharmonic effect is turned
on. Figs. 3 and 4 demonstrate the absorption and fluorescence
spectra at temperature T=100 and 300 cm™!, respectively. The
same conclusion is held as it is shown at T=0K, except that the
absorption and fluorescence spectra become more overlapped
and are broader. However, at non-zero temperature the numerical
integration of Eq. (3.22) for absorption coefficient and Eq. (3.24) for
the fluorescence coefficient requires great caution for convergence
at dips of spectra. In order to further confirm our conclusion, we
carry out two-mode calculation, and the results are shown in
Fig. 5, in which the above analysis about the chiral system is still
held except the spectra are getting broader and more structured.

5. Concluding remarks

We have demonstrated numerical calculations for breaking
down of mirror image between the absorption and fluorescence
spectroscopy in the Section 4, Actually, we can use the short-time
approximation to demonstrate it analytically. By assuming strong
vibronic coupling, i.e., 37,5; > 1 and

w?t?
exp(+itw;) = 1 + itw; — ]2 NI (5.1)

we can integral out Eq. (3.24) for absorption coefficient

() = 257 i .
( = 5 4 |[Mba — -
3ach ZJSJCUJZ (U]' + %) (1 +3 Zj%dj)
2
[Ey — Eo — hoo + YySihay (1 + 24|
55 (hay)* (0 +1) (4 + 122 ;)

exp |— (5.2)

and for fluorescence coefficient

1) = 272 iy -
= 51 |[Mba
3ach stjw]?(f)j +1) (1 - 3aﬁd;)

ap

2
[Eb = Eq+ ho — 35Siha;(1 + Z’%dj)]
x exp |— T a; . (5.3)
55 (hay)* (v +3) (4 - 122 ;)

Both Egs. (5.2) and (5.3) imply the Gaussian form of the band shape
function with the maxima shift with respect to the harmonic-oscil-
lator case, while the temperature dependence is still preserved. It is
easy to see from Eqgs. (5.2) and (5.3) that the mirror image is broken
down as the first-order anharmonicity a;3 # 0 and the sign of dis-
placement d; is now observable quantity in the spectra as well.
Let us see an another limit at absolute zero temperature T=0K,
Eq. (3.22) for the absorption coefficient is reduced to

2nw
a(w) = 3ach | b

. E . _ pitw;
X exp {Xj:s(usaj_z@)(l e )} (5.4)

and for fluorescence coefficient Eq. (3.24) turns to be

) 00 it[(wba—w)—ZZsjwjaﬁdj/ajz]
| / dte i
—00

) it[(wpg+)+2 Zsjwjaﬁd}v/uﬁ]
() = 328 ial” [ dr e / 55)
xexp[— L Si(1 - 32d;)(1 - ")),

n !

j
By introducing the average frequency @ in e, further simplifica-
tion can be carried out and we can derive the following simple
expression for absorption coefficient

2 m,_s'
ww) = Bthg)@|ﬁba‘zs :! 7 (5.6)
where
‘wba - -2y 50; (Zj—; dj)‘

n= = (5.7)
and
s =3y s +3Zj—zdj). (5.8)

J

The derivation of Eq. (5.6) is given in Appendix B. Similarly, we can
derive the simple expression for fluorescence coefficient

4m2w . ,S™Me™S
(@) = 3achzd)|'uba| nl (59)
where
s”:Zsj<1 —3a£dj>. (5.10)
] %2

The band origin (or the 0-0 transition) for o(w) and I(w) are the
same, but their intensities are different since o(w) is proportional
to e in Eq. (5.8), while I(w) is proportional to e in Eq. (5.10).
As S'#S", the mirror image relation between o(w) and I(w) are no
longer exist even at zero temperature. All these analytical observa-
tions are confirmed from numerical demonstrations in Section 4.

In order to make the current theory as self-completed simula-
tion method on the same level of anharmonic approximation, we
further demonstrate this anharmonic effect on photo-induced elec-
tron transfer and we will see the rate constant is depending on the
sign of displacement as well. In the Condon approximation, the
electron transfer (ET) rate W can be expressed as [1]
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W= 22Tl Y Y Pul(O O00)o(0hr.0). (5.11)
v v

where T, denotes the electronic coupling matrix element. As the
derivation is quite similar to those for absorption coefficient and
stimulated fluorescence coefficient given in the previous sections,
we would like just to present the results here. The rate W in the dis-
placed oscillator approximation with including the first-order
anharmonic contribution takes the following form

Toal* [ . aj3
h; [mdtexp it wba—ZEj:Sjwj édj
x exp {— 3s <1 + BZJid]) {20+ 1 (0 + 1) — uje”wj}}
i 72

(5.12)

for the case in which the relation between the ground-state excited-
state PESs is described by Fig. 1a, and

Toa® [ ) a;
W= % / dtexp |:lt (a}ba + ZZS]'(U]‘ (ﬁd;))}
J—o00 j J

X exp {— ZSj (1 - BZj—de) {20;+1 - (v + 1)e"™ — r;je-"fm/}}
J
(5.13)

for the case in which the relation between the excited-state and
ground-state PESs is described by Fig. 1b. By applying the short-
time approximation mentioned above, Eqs. (5.12) and (5.13) are re-
duced to

Tl T
— - :
h >;5i07? () +%)<1 i3Zj—;dj)

{Eb —E,+ stj'h(l)j <1 + Zj—zd]) }2

O s s thay 2+ D (14324,
2555 (ha;)” (0 +3) a, %

(5.14)

where the upper plus sign corresponds to Eq. (5.12) and the lower
minus sign corresponds to Eq. (5.13). In the classical region (i.e.,
hw;/ksT <« 1), we obtain

w_Tul [0 o {_ (AGhq + ')’

41" kgT

o T (5.15)

where AGy, = E, — Eg,
X = Zs,nwj<1 i3gj—zdj>; P Zsjhw,<1 i%dj) (5.16)
J J

Since 1"#//, the rate constant W given by Eq. (5.15) does not take
the form of Marcus’s equation. In other words, it is found that if
the anharmonic effect is significant, the conventional Marcus’s
equation for electron transfer is no longer valid. Furthermore, in
the case of an anharmonic displaced oscillator, the ET rate depends
not only on whether the transfer takes place from upper to lower or
lower to upper PES, but also whether the excited-state PES shifts at
the right-handed or the left-handed with respect to the ground-
state PES.

In brief, we would like to point out that in this work only the
displaced oscillator surfaces have been studied and the anhar-
monic effect is examined only to the first-order approximation.
The chiral symmetry of potential energy surfaces can produce ob-
servable effects for absorption spectra, stimulated fluorescence
spectra and electron transfer process within the first-order anhar-
monic effect. In the near future, we will investigate the general the

displaced-distorted oscillators and the Duschinsky effect due to
normal-mode mixing of two electronic states including the first-
order as well as the higher order anharmonic corrections. The main
complicity of the Duschinsky effect is involved in dealing with
non-separable Franck-Condon overlap integrals in Egs. (2.1),
(3.23), and (5.11),

(€4(Q)10as(Q)) = Loy (Q1) g (Q2) - Ly, (Qu) e, Q1) e,
X (Q2) -+ Lany (QN)) (5.17)

in the case of displaced harmonic oscillator and displaced anhar-
monic oscillator with just the first-order correction, Eq. (5.17) can
be factored out into a product of individual mode overlap integrals
as we have done in the present work. Eq. (5.17) has been integrated
out analytically for the harmonic oscillators including the Duschin-
sky effect [25]. We can generalize the method in Ref. [25] with
applying the first-order correction of wave function in Eqgs. (3.7)-
(3.9), (3.12)-(3.24), (5.1)-(5.17). For the higher order anharmonic
correction, even the second-order correction can induce a different
kind of mode mixing [26] that (differs from the Duschinsky effect)
can mix wavefunctions within the same electronic state accompa-
nying energy flow among vibrational modes. It is also very interest-
ing question that how the two kinds of mode mixings are
distinguished in the experimental observations. Finally, we con-
clude that anharmonic effects should be very important in dealing
with unimolecular decomposition of molecular clusters, especially
the effect from the intermolecular modes.
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Appendix A. The first- and second-order energy corrections for
cubic and quartic anharmonic oscillator

In this appendix we use general perturbation theory to solve the
first- and second-order energy corrections for anharmonic oscilla-
tor with the following potential form

V(Q) = :Q% +1a:Q° + 2asQ* = V5(Q) + V3(Q) + Va(Q) (A1)
in which Q is mass-weighted normal-mode coordinate, and /. is cho-
sen to be a small quantity such that cubic term V3(Q) and quartic
term V4(Q) represent the first-order and second-order corrections
to harmonic potential, respectively. With 1 = 0, we have the zero-
order wave function %\ (Q) = |v) with the zero-order energy level

E§9>:hw<v+%>, v=0,1,2,..., (A2)

where o = +/2a,. By employing general perturbation theory, we
have the first-order energy correction in terms of the anharmonic
terms in Eq. (A1)

EV = (v[V3(Q) + Va(Q)|v) = 2a3(v|Q*|v) + 22aq (v|Q*|v). (A3)
It can be easily shown that

(vQ*|v) =0 (A4)
and

<v+%>2+%. (A5)

v1Qy) = 6(%)
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The second-order energy correction in terms of the anharmonic
terms in Eq. (A1) can be expressed as

-y I( V\Vs +V4( QI

= Eif”

)2 ZZ | V‘Q |.u «4 ZZ | V‘Q |:u (AG)
HAY v E,l U=y v

in which the cross term can be easily proved to be zero. After te-
dious but not difficult derivation, we can evaluate the first term
in Eq. (A6) as

5 QP |01Q +3) | |01Q°1y + 1)
wFy E(O O E(vO) 755(«]23 Es’m 7E5321
Iy~ D | [IQYy —3)1 (A7)
EO—E"  EY-EY,
and finally
3
Z\VIQ wP_ 1 (h (3012 +30v + 11)
) ho \2w
) v
30 [ h\? 1\ 7
:’%<ﬁ) <”i> "60)° )

For the present purpose, we do not have to evaluate the second
term in Eq. (A6) as it turns to be in the order of 4*. All above deri-
vations are repeated by using the following recurrence relation

Q) = \/—{\/V+ v +1) +\/—|v—1>} (A9)

Next, we consider the first-order correction to wave function

722 (Q) = |v) by general perturbation theory
(v[V3(Q) + V4(Q)|1)
Q=3 g 4@
7/“a3z V‘Q ‘M) Xn (Q)+’12a4z <V‘Q ‘,Ll> Xl) (Q)
HUFV Ev UFV Ev Ep
(A10)
The first term in Eq. (A10) can be evaluated as
IR 3 (h\”
,; Ev E XU (Q) - _% (ﬁ)
<o 2@ - v @)
1 7/ h\32
" 3how (%)
< [VOr Do+ 20 +372%(Q
~Vo =T - 2)775(Q). (A11)

The second-term in Eq. (A10) is not necessarily derived here it turns
to be in the order of #%. In summary, the energy level for anhar-
monic oscillator can be rewritten as

E,=E9 +EV 4+ E® =60 426V 4+ 22e® + ..., (A12)

where the second equality rearranges the order of perturbation in
terms of 7, and they are easily evaluated as follows:

0 :hw<v+%>, (A13)
and the first-order correction to the energy is zero
el =0 (A14)

and the second-order is given by
o (Y[ (v ) it
-\ 20 2) "4
30d3 ( h\’ il 2+l
ho \2w 2 60|°
The first-order correction to wave function in terms of / turns to be

32
xé”(@:—“i(i) [ 0+ 1779 — V1% Q)

ho \2w

(A15)

Ads

3/2
*%(%> [\/(U+1)(v+2)(u+3)xﬂ3(Q)
V=10 =2)7% Q)

In this way, we have a consistent order correction with anharmonic
potential in Eq. (A1). It should be noted that up to the first-order
correction to harmonic potential in terms of /, the energy correction
is zero but wave function correction is not.

(A16)

Appendix B. The derivation Eq. (5.6)

By replacing (1 — e®) with (1 — ¢i®) by average frequency @
in Eq. (5.4), we turn out to deal with the following integration

A= / dte™ x exp [-B(1 — e'®)]
—eB / dte™ x exp [Be“‘f’} (B1)

in which A and B are constants. By expanding the second exponen—

tial function in power series form exp [Be“a’} an e'””’f we
obtain
o0 n
A:e*BZ / dte™ ) — *BZ 27t5 (A+n®)=2met
n= n=|A/@|
(B2)

Note that s-function is even function.
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