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A collimated heterodyne light passes through the tested material and an analyzer, full-field interference

signals are taken by a fast CMOS camera. The series of interference intensities recorded at any pixel are

the sampling points of a sinusoidal signal. From those points, the associated argument of that pixel can

be derived by a least-square sine fitting algorithm on IEEE 1241 Standards. Subtracting the average

argument of the reference signal, the phase retardation of that pixel can be obtained. The phase

retardations of other pixels can be obtained similarly. Its validity is demonstrated.

& 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The birefringent material is often used in optical systems. Its
phase retardation strongly affects their functions. So it is necessary
to measure its phase retardation accurately. Several methods were
proposed to measure the phase retardation [1–11], and they have
good measured results. Except Lo’s method [11], they are valid only
for one point measurement. Although Lo’s method is suitable for
measuring the full-field phase retardation of the birefringent
material, it uses the integrating-bucket method which is similar to
the phase-shifting technique [12]. To improve the measurement
accuracy, an alternative method for measuring full-field phase
retardation is proposed in this paper. A collimated heterodyne light
passes through the tested material and an analyzer, full-field
interference signals are taken by a fast CMOS camera. The series of
interference intensities recorded in any pixel are the sampling points
of a sinusoidal signal. From those points, the associated argument of
the pixel can be derived by a least-square sine fitting algorithm on
IEEE 1241 Standards [13]. Subtracting the average argument of the
reference signal, the phase retardation of the pixel can be obtained.
The phase retardations of other pixels can be calculated similarly. To
show the validity of this method, a quarter wave-plate is tested. This
method has both merits of the common-path interferometry and the
heterodyne interferometry.

2. Principle

2.1. The intensities of the reference signal and the test signal

The schematic diagram of this method is shown in Fig. 1. A
linearly polarized light passes through an electro-optic (EO)
ll rights reserved.
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Su).
modulator driven by a function generator (FG). A saw-tooth signal
with frequency f and half-voltage amplitude Vl/2 is applied to the
EO modulator. The light beam is collimated by an optical module
that consists of a microscopic objective (MO), a pinhole (PH) and a
collimating lens (CL). Next, the collimated light passes through a
polarizer (P), a test sample (S), an analyzer (AN), and an imaging
lens (IL), and finally enters a CMOS camera (C). The S is a common
used circular wave-plate, and it is imaged by the IL. The image of
the S is located on the plane of the CMOS camera, which is
represented as Region I. The other area on the plane of the CMOS
camera is represented as Region II, as shown in Fig. 2. If the light
amplitudes of the pixels in the Region I and the Region II are Et

and Er, then their intensities are It ¼ |Et|
2 and Ir ¼ |Er|

2. Here It and
Ir act as a test signal and a reference signal, respectively.

For convenience, the +z-axis is chosen along the light
propagation and the y-axis is along the vertical direction. Let
the laser light be linearly polarized at 451 with respect to the x-
axis and both the fast axes of the EO modulator and the S be along
the x-axis. If the transmission axes of the P and the AN are located
at 451 with respect to x-axis, then the Jones vectors of Et and Er can
be derived and written as [14]
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Fig. 1. Schematic diagram for measuring the full-field phase retardation of a wave-plate. LS: laser light source; EO: electro-optic modulator; FG: function generator; MO:

microscopic objective; PH: pinhole; CL: collimated lens; P: polarizer; S: sample; AN: analyzer; IL: imaging lens; C: CMOS camera; PC: personal computer.

Fig. 2. The image (Region I) of a circular wave plate in the square image plane of

the camera.
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where f0 means the light frequency and c is the phase retardation
caused by the S. The associated intensities can be expressed as

It ¼
1
2½1þ cosð2pft þ cþ frÞ� (3)

and

Ir ¼
1
2½1þ cosð2pft þ frÞ�, (4)

where fr is the initial phase. Since both of them are sinusoidal
signals, they can be rewritten in the form as

It ¼ At cosð2pftÞ þ Bt sinð2pftÞ þ Ct (5)

and

Ir ¼ Ar cosð2pftÞ þ Br sinð2pftÞ þ Cr, (6)

where At, Bt, Ct, Ar, Br and Cr are real numbers. Their phase
difference c can be derived and written as

c ¼ ct � cr ¼ ðcþ frÞ � fr ¼ tan�1 �Bt

At

� �
� tan�1 �Br

Ar

� �
, (7)

where ct and cr are the measured phases in the Regions I and II,
respectively. From Eq. (7), it is obvious that c can be estimated
under the conditions when At, Bt, Ar and Br are specified. In order
to enhance measurement accuracy in our research, cr is the
average value of the phase for all the pixels in the Regions II.
2.2. Phase estimation

A CMOS camera with frame frequency fc is used to take n

frames in a recording time, so every pixel records a series of n

interference intensities, which are the sampled points of a
sinusoidal signal, as shown in Fig. 3. According to Nyquist
sampling theorem [15], the condition f cX2f should be valid to
avoid aliasing. If n interference intensities recorded by any pixel at
time t1, t2, y, tn are I1, I2, y, In, then we have
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A, B and C can be derived by using a least-square fitting algorithm
on IEEE Standards [13] and they can be expressed as
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where Mt means the transpose matrix of M. Next substituting
the estimated data of A and B into Eq. (7), the phase retardation
of that pixel can be calculated. If these processes are applied
to other pixels, then their phase retardations can be obtained
similarly.
3. Experiment and result

To demonstrate the validity of this method, an He–Ne laser
with 632.8 nm wavelength, an EO modulator (New Focus/Model
4002), and a CMOS camera (Basler/A504 K) with 8-bit gray level
and 320�256 pixel image resolution are used to test a commer-
cial zero-order quartz quarter-wave plate (Union Optic/WPF4125)
[16] with (ne, no) ¼ (1.553, 1.544), d ¼ 17.58 mm effective thickness
(only the thickness of the quartz crystal, not including the
thickness of the substrate glass) and 1 in. diameter is tested. Here
ne and no are the extraordinary and ordinary refractive indices,
respectively. Under the conditions f ¼ 100 Hz, Vl/2 ¼ 144 V,
fc ¼ 1499.3 frames/s, n ¼ 300 frames are taken in 0.2 s. The
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Fig. 3. A series of n interference intensities recorded by every pixel.
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Fig. 4. The measured full-field phase retardation distribution in gray level.
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Fig. 5. One-dimensional phase retardation distribution along the dotted line in

Fig. 4.
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condition fc ¼ 1499.3 frames/s is chosen based on the optimal
condition proposed by Jian et al. [17] to decrease the measure-
ment error. Next, a least-square sine fitting algorithm on IEEE
1241 Standards in a MATLAB program is utilized to estimate
the data of c of every pixel. The measured full-field phase
retardation is shown in gray scale in Fig. 4. The average phase
retardation is 1.573 rad, and one-dimensional phase retardation
distribution along the dotted line in Fig. 4 is shown in Fig. 5.
From Fig. 5, it can be seen that the measured results near the
periphery are strongly influenced by the edge diffraction. In
addition, the deviation (i.e., the difference between the measured
result and the average value 1.573 rad) distribution corresponding
to the square part labeled in the dotted line in Fig. 4 is calculated
and depicted in Fig. 6. The associated standard deviation is
0.030 rad.
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4. Discussion

From Eq. (7), it is obvious that both ct and cr should be within
the range (�p/2, p/2). If the polarities (positive or negative) of At,
Bt, Ar and Br are considered to determine the associated quadrants,
then the range of ct and cr can be expanded as (�p, p).
Consequently, c may be within the range (�2p, 2p) according to
Eq. (7). If c is not within the range (�p, p), it should be modified by
using the similar operation in the phase unwrapping process [18].
That is, �2p and 2p are added to c, respectively; only one result is
within the range (�p, p). The modified result is the phase
retardation to be measured.

The errors in the phase difference measurement in this
technique may be influenced by the following factors:
0 0 Pixel nur
(1)

Fig. 6. The measured deviation from the average value for a square part in Fig. 4.
Collimating error

It depends on the collimation quality of the light beam. The
central part of the light beam is incident on the test wave-
plate normally, and the peripheral part is incident with the
incident angle Dy. Chang’s technique [19] is introduced to
improve the collimation quality of the light beam, and the
condition Dy ¼ 0.021 can be achieved. If the angle between the
propagation direction and the optical axis of the birefringent
element is y, then the effective extraordinary index ne(y) can
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be expressed as [20]

1

n2
e ðyÞ
¼

cos2 y
n2

o

þ
sin2 y

n2
e

. (10)

Consequently, the associated collimating error Dfc is

Dfc ¼
½neðyÞ � no�d

l
� 360�, (11)

where l is the light wavelength. Substituting our experimental
conditions (ne, no) ¼ (1.553, 1.544), d ¼ 17.58mm, y ¼ 907
0.021 and l ¼ 0.6328 mm into Eqs. (10) and (11), DfcE
(1.1�10�5)1 can be obtained. In addition, the contrast of the
interference signal in Region II decreases by multiplying the
factor cos(Dy). When Dy is smaller than 101, the contrast
almost remains unchanged. Consequently, the measured
results of the Region II are hardly influenced by the colli-
mation quality of the light beam.
(2)
 Sampling error

It depends on the frequency of the heterodyne interference
signal, the camera recording time, the frame period, the frame
exposure time and the number of gray levels. The optimal
condition presented by Jian et al. [17] is used in our tests, so
the sampling error Dfs is about 0.0361.
(3)
 Polarization-mixing error

Owing to the extinction ratio effect of a polarizer, mixing of
light polarization occurs. In our experiments, the extinction
ratio of the polarizer (Japan Sigma Koki, Ltd.) is 1�10�5 is
used. It can be estimated in advance to modify the measured
results. The polarization-mixing error can be decreased to
Dfp ¼ 0.031 with this modification [21].
(4)
 Azimuthal angular angle

It occurs from the misalignments between the fast axes the EO
modulator and the test birefringent element. If there is an
angle e between them, then the azimuthal angular error Dfa

depends on e and c. It can be estimated as Chiu et al. [6] did,
and we have DfaE0.031 as |e| ¼ 51 at c ¼ 901.
Consequently, the total error of this method is DfE0.11. In
addition, this method can be applied to check the phase
retardation uniformity of the sample.
5. Conclusion

In this paper, an alternative method for measuring full-field
phase retardation has been proposed. A collimated heterodyne
light passes through the tested material and an analyzer, full-field
interference signals are taken by a fast CMOS camera. The series of
interference intensities recorded at any pixel are the sampling
points of a sinusoidal signal. From those points, the associated
argument of that pixel can be derived. Subtracting the average
argument of the reference signal, the phase retardation of that
pixel can be obtained. The phase retardations of other pixels can
be obtained similarly. To show the validity of this method, a
quarter wave-plate has been tested. This method has both merits
of the common-path interferometry and the heterodyne inter-
ferometry.
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