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Abstract

We study quantum transport properties of an open quantum ring(OQR). For the
OQR in zero magnetic filed, we have found that the resonant peaks correspond to the
bond states of a close ring. Fano structure in the transmission of an OQR can be found
in two case which the two lead are configured.asymmetrically and the channel size of
ring is changed. Moreover, we can:tune the Fano structure from broad to sharp by
varying the symmetry of OQR and tune the Fano structure from sharp to broad by
widening the channel width of the ring. Then approaching to 1D case, the resonance
peaks become shaper and shift toward the left'to be close to bound of close ring, when
the channel narrow down. For the OQR with finite magnetic filed, We have found that

the AB effect when the external field are applied in the ring and the oscillating
periodT, =2®, =h/e And it should be noted that the periodic oscillations are

disappear at high magnetic field. If we change the angle & of two lead for low and
high magnetic field, we can found that it is sensitive to changing angle & for small

magnetic field but not for large magnetic field.
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Chapter 1

introduction

1.1 Introduction

In the past decade developments in mesoscopie physics have received much attention and
made rapid progress. Quantuni transport in the mesoscopic systems has been extensively
studied both experimentally and theoretically. And the atomlike properties of dots or
gate-confined quantum make them:a good wveniue for studying the physics of confined
carriers and many-body effects. Hence quantum dots have attracted considerable interest
due to its potential to various application. They lead to interesting applications in fields
such as quantum cryptography, quantum computing, optics, and optoelectronics, etc.

In recent work, however, a new geometry of semiconductor quantum rings has been
introduced in experiments of magnetocapacitance and infrared excitation for few electrons
[1,2]. In many aspects, quantum rings are just quantum dots with a peculiar confining
potential [3]. The decisive difference in their topology that the hole in their middle
becomes prominent when an external magnetic field is applied. The magnetic flux that
penetrates the interior of the ring will then determine the nature of the electronic states.

Since the pioneering publications in Ref.4,5, the theoretical and experimental studies
of ring interferometers are studied extensively. In ring geometries strongly connected to

external leads the electron wave packets can take two different paths around the ring
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which gives rise to interference. This can be associated with Young’s double-slit ex-
periment for photons. The electron in a ring geometry allows the relative phase of the
electronic wave function in the two arms of the ring to be manipulated by a magnetic
field perpendicular to the plane of the ring. And Aharonov and Bohm proposed such a
setup to test experimentally the significance of the magnetic vector potential in quantum
mechanics [6]. They predicted that the phase difference of the alternative paths changes
by 27 as the flux through the ring is changed by one flux quantum h/q (q is the charge
of the particle). Then magnetic field periodic resistance oscillations in ring structure
have demonstrated that have a phase coherence length longer than or comparable to the
perimeter by many experiments. Hence in mesoscopic physics the Aharonov-Bohm (AB)
effect has become a standard tool to quantitatively investigate the phase coherence of
transport in either metallic [7] or semiconducting systems [8-10]. Figure 1.1 shows the
topography of a GaAs-AlGaAs heterostructure.containing a two-dimensional electron gas
below the surface.

In this thesis we study quantum transport properties of an open quantum ring(OQR).
For simplicity, we ignore the effects ofispins and the mutual interactions. Then we can
found some interesting phenomena. If we change geometric configuration from symmet-
rical to asymmetrical of OQR, the Fano structures can be found in the transmission.
Moreover the AB effect also can be observe in transmission of OQR with magnetic field.

In the following , we would introduce the Fano effect and AB effect.

1.2 Fano effect

In 1961, Fano considered a physical situation which occurs in many systems addressed
spectroscopically [11]. In the first part of the calculation, a quantum state, |¢) , with
energy EY | is taken to be coupled via matrix elements Vzr to a continuum of states denoted
by |E’) , forming a resonance in the continuum. In the second part, a transition between

another state, |i) , (which is not resonant with the continuum) and the resonance is
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1 300 nm current

Figure 1.1: Micrograph of the quantum ring. The red line marks the current flow form
source to drain through the two quantum point contacts angle the ring. The lateral gate
electrodes termed qcl-qc4 are used to tune the tunnel barriers (indicate by dotted lines)
connecting the quantum ring to its leads. The plunger gates allow the electron number
on the ring to be controlled (adapted from Ref. 9)
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considered, and it is shown that the interference between the contributions of the original
continuum states and the resonance will always yields a characteristic asymmetric line
shape in the transition probability. The typical phenomenon of Fano structures in which
the transmission probabilities is downward dips to zero and soon rise up to one.

The Fano effect, a ubiquitous phenomenon observed in a large variety of experiments
including neutron scattering [12], atomic photoionization [13], Raman scattering [14], and
optical absorption [15]. While a statistically averaged nature of the system containing
contributions from numerous sites is observed in these experiments, the Fano effect is
essentially a single-impurity problem describing how a localized state embedded in the
continuum acquires itinerancy over the system [16]. Therefore, an experiment on a single
site would reveal this fundamental process in a more transparent way. While the single-
site Fano effect has been reportedyin the seanning tunneling spectroscopy study of an
atom on the surface [17, 18] or4n transport through a quantum dot (QD) [19], there is
little, if any, controllability in either ease since the coupling between the discrete level and

the continuum is naturally formed.

1.3 AB effect

According to quantum physics, when two coherent electron waves travelling along distinct
paths recombine, they will interfere. The outcome reflects a phase difference arising from
the different lengths of the paths taken by the electrons. If a magnetic field penetrates the
region between the two paths, it will cause an additional phase shift, and so will change
the resulting interference - a phenomenon known as the Aharanov-Bohm effect [6]

In this section, we would discuses the Aharonov-Bohm (AB) effect for a ring-shaped
conductor. Experimentally [8,9], the conductance of the ring have been observed to
oscillate as a function of the magnetic through the ring, see Fig. 1.2and Fig. 1.3. The

fundamental period of the oscillations is found to be the flux quantum, &, = h/e.
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Figure 1.2: Transmission-electron micrograph of ring-shaped conductor [6]. The inside
diameter of loop is 784 nm and the width of the wires is 41 nm (adapted from Ref.6).)
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Figure 1.3: (a)Magnetoresistance of the above ring measured at 7' = 0.01K. (b)Fourier
power spectrum in arbitrary units containing peaks at h/e and h/2e (adapted from Ref.6).
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The oscillations are caused by interference between the waves traversing the two

branches of the ring (see Fig. 1.4).

N/

Figure 1.4: Aharonov-Bohm ring.

The phase shift in the upper branch of the ring is

2
eup:%/ A d7 (1.1)
1

The fundamental period of the.6scillations is found to be the flux quantum &4 = % By

choosing in cylindrical coordinates N %Bru—gb we-obtain for the phase shift 6, = w%
where @ is the total flux through the ring.:Similarly, the phase shift in the lower branch
1S 010 = —W%.

The total phase difference between the waves in the different branches on the r.h.s. of
the ring is thus 6§ = 27r¢%. Consequently, the transmission probability oscillates with the
period ®(. For example, if there is only one mode propagating in the ring, the transmission
probability vanishes every time the phase shift equals an odd multiple of 7.

In addition to the h/e-oscillations, there can also be observed subharmonic oscillations
with frequencies h/ne, where n is an integer. These are caused by the waves traversing n

times half of the ring in the same direction before interfering (now the total phase shift

of the waves traversing, for example, in the clockwise direction is 7rn%0).
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Theory and formulation

2.1 Landauer-Buttiker formalism

When the characteristic sizes of semiconductor devices are small in comparison with
the elastic mean free path of carriers, the carrier fransport becomes ballistic [20]. The
Landauer-Buttiker formalism, which treats-the transport as a scattering process, is par-
ticular useful for the description of transport thought a mesoscopic system in the ballistic
transport regime. And in this section, we introduce the multchannel Landauer-Buttiker
formalism starting from the single channel case [4].

Assume that there are two reservoir of electrochemical potential p; and py respectively
connected by a 1D channel and there is a barrier in between the reservoirs. Consider two
reservoirs having the difference o = 17 — o in the electrochemical potential. We assume
that electron coming into both side reservoirs form the 1D channel will not reflect back.
So, only those transmitted electrons in between du contribute to the current density J
from reservoir 1 to 2 in 1D, J=1.

In order to calculate the conductance we start from the equation of the current density

at zero temperature

I = —envp (2.1)
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where vr indicates Fermi velocity, n is the number of states per unit length that injected
from reservior 1 to reservoir 2, and considering the probability for transmission to be T,
n can be written as

0= (G5 ) - (22)

For the density of state with 2 spin-states included, (dN/dFE) = 2/vp in a 1D system
(only one of the propagating direction is counted). Hence, we have

I = —%(MT (2.3)

Since the voltage difference 0V = du/(—e) , so that the conductance is in the form

2 2
G= %T (2.4)

For the case of multichannel system, we consider that electron propagate from the left nth
subband transmitted into right mth subband, and assume the transmission probability as
Tym, and the reflection probability as R,,,.Therefore, the total transmission probability

T, and the total reflection probability R, from the nth channel is

o (2.5)

By definition, the total current should be taken into account the contribution of all the
incident subbands, I;,; = Y _ I,,, where the I, is related to the current transmission T,,, so

n

we have

2e
I, = —zaﬂgnm (2.6)
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and

Lot = —%@ZZTM (2.7)

Following the Landaner-Buttiker formalism, the conductance can be expressed of the form
G-y 29
- h n m " '

2.2 Quantum transport through an open quantum
ring with no magnetic field

In the section, we consider an open.guantuir.ring with no external magnetic field, as is

depicted in (Fig. 2.1).

Figure 2.1: Schematic illustration of the ring

In the ring region, the Hamiltonian describing an electron inside the ring can be written
of the form
h? 9 10 1 9

M=o 702 v ~i20e) TV (29)

where m* is the effective mass of electron, Vr (r) is the radial confinement potential. In
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this case we adopt a hard-wall laterally confined model, namely,

0,7"1 S r S T2
Vo(r) = (2.10)

00,1 > 19,7 < T
And then we choose the energy unit E* = h*k%/2mx, the length unit a* = 1/kp. Thus
we can obtain the dimensionless Schrodinger Equation for ring:

9 19 102

—ﬁ — ;E - ﬁ@ + ‘/,.(7”) wr(rv 9) = E¢r(r7 0) (211>

Here kp is a typical Fermi wave vector in the reservoirs.

Taking the same units, we also can obtain the dimensionless Schrodinger Equation for

leads as
0 0 Q)
o o + Vi(y) | vy (m,y) = Edp(z, y) (2.12)
0,0<y<d
VL(?J) =
oo,y < 0,y >d

where i = 1 for lead 1, 7 = 2 for lead 2, Vi (y) is the confinement potential, and d is the
width of lead.
By solve the Eq. (2.11) and Eq. (2.12), hence we can write down the wave function in

each region:

N
0 y) = 3 (@t Do), 2 gin 2,
M

Ue(r,0) = LQ ST b (kr)et™ (2.13)

m=—M

N
VP (2y) = 3 (e e + bg)e_lk"fc)\/gsin ey

\ n=1

10
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and

( N
0y [0 = 3 (iky)(anene — b e=hne), 2 sin 15
n=1

M .
oY, [Or = \/%7 m:z;M Cm@! (kr)e™? (2.14)

N
0D 0z = 3 (ikn) (@D ene — bDether), [2 sin nm
\ n=1

where n, m are both subband indices in the leads and the ring respectively. For the
region of lead, d is the width of lead and the transverse energy levels are quantized, with
E,, = n?w?/d?, so the wave vector for an electron with energy E and in the nth subband

is given by k, = v/ F — E,. For the region of ring, ¢,,(kr) is the radial wave function,
Om(kr) = T (kr) + Yo (k1) (2.15)

where k = VE, and J,,,(kr) and Y;u(ke) ave the Bessel functions of first and second kinds,

respectively. Here ¢,,(kr) satisfies thesboundary ¢ondition ¢,,(kr1) = 0, and hence
O = — I (kry) ) Yo (kry) (2.16)

Now, by matching the wave function for the boundary conditions:

vi(0,9) + 02 (0,y) = (12, 0) (2.17)
ot 0w = 0u/on,,, (2.18)
ov? /0 = owjon,,, (2.19)

If we neglect the difference between the straight line of the channel and the arc line of the

ring, and the angles to which the two side of two leads are 6, 6, and 03, 6, respectively,

11
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hence we have

N
(1) (1) 2 nmra(0—61) nmra(0—03)
> (an’ + by )\/>s1n#+2( + 0 )\/»sm—Qd 2

n=l " (2.20)
= /*127r Z Cm(bm(kr) imé
m=—M

N M

, 2 . nmry (0 —6y) 1

1) _ 1) — 2 1 zm@
;:1 (tky)(ay,” — by )\/;sm y \/_ _E_ (2.21)
N M
2 . nmry (0 —0s)

) (2) _ 32 —qj 2 3 — zm@

E (tky)(a,” — b,7) - sin g \/_ _E_ (2.22)

n=1

In the first stage, let us multiply both sides of Eq. (2.20) by the factor (1/y/2m)e="".

Here m’ = 0,+1,4+2--- + M, and integrate from zero to 2,

N
> (@) + 0OV + Z (@) =BT, = by (kra),m) = 0, £1, 42, ..., =M
n=1 n==

(2.23)

Then, we multiply both sides of Eq.(2:21)and Eq. (2.22) by /2/dsinn'nry (0 — 61)/d

and /2/dsinn'mry (0 — 03)/d , respectively. Here n’ = 1,2--- N | and integrate from 6,

to 02,
N M
> (k) (@) = YU = > ey (ko) L.’ = 1,2, ..., N (2.24)
n=1 m=—M
N ~ M
> (k) (@l = bV um = > em@(kra) L0’ = 1,2, N (2.25)
n=1 m=—M
where
1 [ 0—01)
Femn =474 /9 sin 22— (2.26)
- [1 [0 — _
Iipn = —/ sin Meimedé’ (2.27)
7Td 05 d

12



CHAPTER 2. THEORY AND FORMULATION

2 [ "1y (0 — 6 0—6
Unin = /9 sin 12 (d 1) gy P2 (d D g (2.28)
94 / . o
0, =2 / gin 20 =05) o 2 (6= 05) 4 (2.29)
d J,, d d

In Eq. (2.13) b,(zl) and bg) are coefficients of electron waves traveling inward or increasing
exponentially with z (for imaginary k, ), which are all set to be zero according to physical
consideration, except one coefficient bgl) = 1//k;, representing the amplitude of one
injected wave. And the coefficients o'l and af? which are related to the transmission
and reflection amplitudes. Hence we have 2M+2N+1 equations Eq. (2.23)-Eq. (2.25) for
2M+2N+1 unknown coefficients ag), a'? (n"=1,2,..N)and ¢,,(m = 0,%+1,... £ M).

Rewrite the Eq. (2.23)-Eq. (2.25) in matrix form

Io(A+ B) +Iy(A' + B') = &C (2.30)

iUK(A — B) =L, ®'C (2.31)

iUK(A' — B') =1,9'C (2.32)
where

Solving the set of equations we obtain the coefficients oV and o :

(1) _ i 933
W= (2.33)

tm‘
a® — (2.34)

" Vhka

The total transmission and reflection probabilities are given by

T =3 [tul*
) (2.35)
R=3|rul

which conservation condition holds for T4+ R =1

13
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Moreover, the conductance G can be found by the expression

2
G = Q%T (2.36)

2.3 Quantum transport through an open quantum
ring in a magnetic field

In the section, we consider an open quantum ring applied by an external perpendicular
magnetic field, while the two leads without magnetic field.
In the region of ring, the Hamiltonian of an electron in a ring with a magnetic field B

is given by

H =31 (P+eA)’ + V(&) 2.37

= (P2+e(P-A+A P+ A% +V,.(r)

where m* is the effective mass of‘electron, V,.(#):is the radial confining potential. In this

case, again, we consider the ring with hard-wall confinement described by

0,71 <7 <1y
Vo(r) = (2.38)

o, > To, T < T

and A is the magnetic vector potential such that B =V x A.
Assuming that the magnetic field is constant and perpendicular to the plane of the

ring, the vector potential can be expressed in polar coordinates:
B
A=—(0,r0) (2.39)

2

where B = |B|. Since the system is circularly symmetric it is convenient to write the

14
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Hamiltonian in polar coordinates
g Pl (10 1PN eB (0N 1 (eB\",
T 2mx or?2  ror  r200? "7 \ 99 h2\ 2

Let w, = ;—Bi , w, being the cyclotron frequency, and then the Hamiltonian can be rewrite

+ V. (r) (2.40)

of the form

2 2 2
i [ (St 2 i) i () + g (et +04tr) 20

:2m* orz ' ror | r200? h h2 4

And then we choose the energy unit E* = h%*k%/2mx, the length unit a* = 1/kr, and
w} = E*/h = hk%/2mx. Therefore we can obtain the dimensionless Schrodinger equation

describing the electronic transport through the open quantum ring, given by

|:_(a + 1ﬁ+ Lo ) _i%wc<a> +%(wc)27‘2—|—‘/¢(7’) ¢T(T79):E¢T(r70)

o2 " ror ' r2oe? 06
(2.42)
Assuming the eigenfunction can be written as
imb
(r,0) = R, (r 2.43
0(r.0) = S= P (1) (2.43
Substituting Eq. (2.43) into Eq. (2.42), we have
LN (Y L L w2 R () = BR () (2.44)
or2  ror r2 p/Mte T g (We) T | Tom A1) = B tEm T '

(i) - (%) + (B gmw) - | But) =0 249

Then we assume

Ry, (1) ~ r|m|e_(wcr2)/8u(r) = rlmle=ey () (2.46)

15
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here a = w,/8.

Substituting Eq. (2.46) into Eq. (2.45), we can obtain

{ S+ (@lm] + )r + () r) 250 + (2.47)
[(2|m|+2) (=%) + (E — imw,)]| }u(r) =0
Now, let x = 2ar2:%r2 , SO we get
g—f = w,r/2 (2.48)
0z
= we/2 (2.49)
ou(r) Ozdu(r) w. du(x)
-z = _° 2.
or or dz 2 dx (2:50)
Pu(r)  Pxdu(z)  (0x\Id%ule)  wedu(r) w2 ,dPu(z)
_ o L)  (We 251
or? 0%r dx <5r) dx? 2 dx i ( 2 ) " T de? (2:51)

Substituting Eq. (2.48)-Eq. (2.51) intorEqr(247); we have

) (] 1) — ) 2D *[(5 - 5]~ 5 () + 1)}1 u(z) =0
" (2.52)

where
o= (wﬁ _ %m) S (ml+ 1) (2.53)

Eq. (2.52) is the form of confluent hypergeometric equation, namely that the u(z) is the

so-called confluent hypergeometric function, give by

u(w) = e M (=, m| + 15 25%) 4 dU (=2 ] + 1; 5577) (2.54)

16



CHAPTER 2. THEORY AND FORMULATION

It is now easy to obtain the R (r) by substituting Eq. (2.54) into Eq. (2.46):

Ryu(r) = rl™ (enM (=, [m] + 15 57°) + U (=em, [m] + 1; %0%)) 7078
:Cmr‘m‘ (M(_g’nm |m| + 17 %rz) + amU(_5m7 |m| + ]-a %72)) eiwcr2/8 (255)
=CpnOm (1)

where M , U are the confluent hypergeometric functions of first and second kinds, re-

spectively. The R,,(r) satisfies the boundary condition R,,(r1) = 0, and hence

= —M (=&, |m| + 1; %ﬁ)/v(—gm, m| + 1; %ﬁ) (2.56)

Hence the wavefunction which in the region of ring is written as

Uy (r,0) = \/% > Cnm (#)e (2.57)

Utilizing this equation, itis easy to eaculate-the total transmission and reflection proba-
bilities of the open ring system by‘matching boundary condition which is the same as the

method in Sec. 2.2.

2.4 Quantum transport through an open quantum
ring with a magnetic flux

In the section, we consider an open quantum ring with a magnetic flux in center of ring.
Assuming that the magnetic flux is constant and in the center region of ring, the vector

potential can be expressed :

A, =®/2mr
A, =0 (2.58)
A, =0

17



CHAPTER 2. THEORY AND FORMULATION

Hamiltonian:

H =

(P +eA)* + V,(r)
S (P24 e(P-A+A-P)+e2A?) + V,(r)

2m*

(2.59)

where m* is the effective mass of electron, V,.(r) is the radial confining potential. In this

case, again, we consider the ring with hard-wall confinement described by

0,71 <7 <1y
Vi) = (2.60)
o0, > T9, T < T

Since the system is circularly symmetric it is convenient to write the Hamiltonian in

polar coordinates:

H— hQ _ 8_2+12+ia_2 _'QE ilg + Ei ’
C 2mx or?2  ror = #2002 ; R\ 27rr 00 h2mr

e®
h2m

+V.(r) (2.61)

Let a= = , ® being the"magneticflux, and defining & = 2+ as the flux

2<I> 26

quantum, then the Hamiltonian can be rewrite of the form

h? [ 02 10 1 /07 0
H__Qm* {w—F;E‘F—(%—FZQa%—Q)]—FW(T) (2.62)

And then we choose the energy unit E* = h?k%/2mx, and the length unit «* = 1/kp.
Therefore we can obtain the dimensionless Schrodinger equation describing the electronic

transport through the open quantum ring, given by
- 8—2—1—124—— a—2+z2a£—a2 + V.(r)| ¥y (r,0) = E.(r,0) (2.63)
ar?2  ror 00? 00 " R .
Eq. (2.63) can be rewritten as

(T 5_:2 —Q—r% + 12 (B = Vi(r ))> by (r,0) = ((5—; —1—2204% —a ) hr(r,0) (2.64)

18
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Assuming the eigenfunction can be written as

Ur(r,0) = R(r)O(0)

Substituting Eq. (2.65) into Eq. (2.64), we have

Substituting Eq. (2.68) into RHS of Eq. (2.67):

— _m ((’L (m _ a))Q i(m/—a)f + Z20é< (m _ Oé)) ei(m’—a)@ _ a26i(m’—o¢)9)

— (@ (m' —a))? +i2a (i (m — a)) — a?)
— (= (m? =2m'a+ a®) = 2m'a + 2a* — a?)

—(=m") = m”

hence, d* = m'?.

The boundary condition of ©(0) is

O(0) = O(0 + 2r)

19
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CHAPTER 2. THEORY AND FORMULATION

Substituting Eq. (2.68) into Eq. (2.70), we can obtain

eilm'=a)2m — (2.71)

Hence, m’ —a =0,+1,+2--- 4+ M.

Then Eq. (2.66) can be rewritten as

1 2 82 a 2 12
Ry g T T () ) By =m 272
For any m/
0? 0
(sz + Ta— + 7"2E - m/2> Rm’<7a) =0 (273>
T r

Now, let k = VE and t = kr, so Ed. (2.73) become

82Rm/ t 1 8Rm/ t m’2
(9152( ) + - 8t() CORB=0 (2.74)

Eq. (2.74) is the form of bessel equation, hence R, (kr) give by

Cot (o (k1) 4 Qs Ny (k7)) ym/ = 0, £1, £2- - £ M
Ry (kr) = (2.75)
Cot (s (k1) 4 QS (7)), Other

where J,,,,(kr) and Y,/ (kr) are the Bessel functions of first and second kinds, respectively.

Here R, (kr) satisfies the boundary condition R, (kr;) = 0, and hence

— Ty (k7)) /Ny (k1 ), m/ = 0, £1, £2 -« £ M
—_— (kr1)/No (kr1) (2.76)

- m/(le)/J_m/(kT1)7 other
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Let m' —a=m=0,£1,+2, L, +M, so Eq. (2.75) become

Cm (Jmra(kr) + @ Npro(kr)) ,m+a=0,4+1,£2---

Rm/(kr) =
Cm (Jm+a(kr) + osz_(m+a)(kr)) ,other

Hence the wavefunction which in the region of ring is written as

M
imb
g cm¢m+a (kr)e

ﬁ\

+ M
= Cmqu-i-a(kr)

(2.77)

(2.78)

Utilizing this equation, it is easy to calculate the total transmission and reflection proba-

bilities of the open ring system by matching boundary condition which is the same as the

method in Sec. 2.1.
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Chapter 3

Result and discussion of open

quantum ring without magnetic field

We already derive the transmission probabilities of an open quantum ring (OQR) match-
ing method. And the electronic-transmission and the electron wave function can be exactly
calculated numerically. In this=chapter, we would'like to show our results of electronic
transport through an OQR of 7y =2, #p=1,"s = 1. And then we vary the angle (6) of
the two lead and the channel size of ring, the result are shown in the section 3.2. Finally,

we approach our result to 1-D case.

3.1 Mesoscopic transport properties of an open quan-
tum ring

The coefficient of electron transmission through the open quantumnh ring in zero magnetic
field was calculated in Chap.2. As shown in Fig. 3.1, the transmission probabilities T
(solid line) as a functions of the momentum of injected electron for an OQR of ry = 2,
r1 =1, s =1 and § = w. Here, we just consider the momentum of the range from 1 to
2, only first subband contributes to the transmission. The solid line refers transmission

probabilities and the dashed line refers the momentum of confined states in the closed
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ring. Here, n and m are the radial and angular quantum number, respectively.

In Fig. 3.1, for the solid line, there are seven peaks and dips, the maximum value is
one for each peak and the minimum value of dip is form of envelope. And the momentum
of those peaks are 1.032, 1.127, 1.266, 1.434, 1.618, 1.80 and 1.96, the momentum of
those dip are 1.063, 1.185, 1.344, 1.529, 1.723, 1.929 and 1.977. And for the dashed line,
there are eight confined states of close ring, we denote them as (n,m) = (1,1)(1,2)...(1,8),
respectively.

From the Fig. 3.1, we observe that the peaks are sharper and they also match better
with confined states when the momentum £ are near the subband of lead (k=1,2). And
we can found that there are eight dashed line, but there are only seven peaks, it seems
that one peak in the transmission is missing. In order to understand the incident electron
behavior in space, hence we plot avave function probability at the maximum value of
peak. They are shown in Fig. 3:2. Comparing Kig.3.2(a)-(g), we can found that the wave
function at k= 1.032(a), 1.127(b), 1:266(¢) and 1.344(d), the number of waves in the ring
are 1, 2, 3 and 4, respectively. And directlyperceived through the senses, it seems that the
number of waves in the ring at k=1.618(¢) shall be 5 by sense, but from the Fig. 3.2(e),
we can see that there are 6 waves in the ring at k=1.618. So we can know that the peak
of missing shall between k=1.4339 and 1.618. And the scale of wavefunctioin probability
in the ring for £=1.032 and 1.8 are larger than lead. However, it seems that the electron

like to stay in the ring relatively.

3.2 Tuning of the Fano resonance in an open quan-

tum ring

3.2.1 Effect of symmetrically to asymmetrically

Fano structure in the transmission of an OQR can be found in two case which the two lead

are configured asymmetrically and the channel size of ring is changed. First, we consider
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Figure 3.1: The solid line refers transmission probabilities as functions of the electron
momentum for an OQR of r, =2, ry =1, s = 1 and § = 7. The dashed line refers the
momentum of confined states in the closed ring. The n and m is the radial and angular

quantum number, respectively.
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Figure 3.2: The wave function of k=1.032(a), 1.127(b), 1.266(c), 1.434(d), 1.618(e), 1.8(f),
1.96(g) forra =2, =1,s=1land =
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the case that two lead are configured asymmetrically, that is shown in Fig. 3.3 From
Fig. 3.3, we see that the typical phenomenon of Fano structures in which the transmission
probabilities manifests downward dips to zero and soon rise up to one, when we vary the
angle (6) of two lead. And those Fano structures are near confined states of the closed
ring. When @ are varied continuously, the Fano peak seems to become broader. Hence, we
can tune the Fano resonance by varying the geometric parameters such that the quantum

ring is either symmetric to asymmetric.

11 (1,2 (1,3) 1,4 15 (1,6) a7 (1,8)(2,0)
[ [ [

AN |

0.5

(@)

0

NEA =R

al

Ik
CINiA SN
WA= = NI

[y

0

[

A N N

1 11 12 13 14 15 16 17 18 19 2

Figure 3.3: Current transmission as a function of the electron momentum of the OQR of
rg =2, 11 =1, s =1, for different angle 6 = 7(a), 0.997(b), 0.987(c), 0.977(d), 0.967(e),
0.957(f).
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3.2.2 Effects of varying channel size of ring

According to section 3.2.1, we can tune the Fano peak by varying the angle of two lead.
But in the experiment, it’s hard to varying the angle of lead. So we try to vary other
parameter to see if there are still Fano peaks. Consequently, we find that Fano peak occur
as varying the channel size of ring. Then, we vary the channel size of ring by changing
r; from 1 to 0.95 and fix the ro = 2 and s = 1. The transmission probability for each
rq is shown in Fig.3.2.2. Comparing Fig. 3.4(a)-(f), we can see that the Fano structures
appear at the momentum after k=1.9 in Fig. 3.4(d). Before £k=1.9 in Fig. 3.4(a)-(f), the
profile just shift forward to low momentum. And the shift of profile just like the shift
of the confined momentum of close ring (dashed line) before £=1.9 in Fig. 3.4(a)-(f). It
is interesting to see if there is any sighificantsdifference before £=1.9 and after k=1.9 in
Fig. 3.4. Consequently, we observein Fig. 3.4 that the Fano structures appear near the
confined state (1,8) of close ring in Fig. 3.4(d)-(f): And the different of Fig. 3.4(a)-(c)
and (d)-(f) is that the confined state (1,8)-isbeyond the (2,0) in Fig. 3.4(d)-(f) but not in
Fig. 3.4(a)-(e). And the Fano peak‘begome shaper, when we vary the channel size from

1 to 0.95.

3.3 Approach to 1D rings

Here, we approach our result to 1D case and we just consider energy below the second
subband and that particle propagates only within the first subband. In order to comparing
more convenient, we use the longitudinal wave number k,, = \/E—iEgR instead of the
momentum k, where F is total energy and E2p is the energy at confined state (1,0) of
close ring. And we define \,, = 27/ k;, as the wavelength, and L;; = R0 > as armlengths,
here R = (r2+r1)/2 and 6, » are the angles shown in Fig. 2.1. We compare the two cases
of broad channel (R/s = 3.5) and narrow channel (R/s = 9.5), where s is the width of
ring. The transmission venues (L + Ly)/A/, at symmetrical arms (L; = Lg) in the ring

is shown as Fig. 3.5. Form Fig. 3.5, it are seen that resonance peaks become shaper and
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Figure 3.4: The solid line is transmission probabilities as functions of the electron mo-
mentum of the OQR of r; =1, s = 1 and 0 = 7, for different ro = 1(a), 0.99(b), 0.98(c),
0.97(d), 0.96(e), 0.95(f).
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Figure 3.5: The solid line is transmission probabilities as functions of (L + La)/A,;, of
the OQR of § = 7, for (a)R/s = 3.5, (b)R/s = 9.5
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shift toward the left to be close to confined state of close ring , when the channel narrow
down. And the confined states of close ring are dashed line in Fig. 3.5, and those dashed
line are very close (L1 + Lg)/\ = integer. It seems that the number of waves in the ring
is n when (Ly 4+ Lo)/A = n.

In section 3.2, we found that the Fano structure can be tuned by change geometry
symmetric. Here, we would like to see the change of the Fano structure as approaching to
1D case. Fig. 3.6, shows the transmission probabilities for the case of asymmetrical arms.
From Fig. 3.6, it is seen that the Fano structure become very sharp when the channel is
narrower. But the Fano structures do not shift their position when the channel narrows

down. This is different with the resonance peaks.
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Figure 3.6: The solid line is transmission probabilities as functions of (L1 + Ly)/A,, of
the OQR for (a)R/s = 3.5, L1/Ly = 0.9 (b)R/s = 9.5, L1/Ly = 0.9, (c)R/s = 3.5,
L/Ls =07, (A)R/s = 3.5, L1 /Ly = 0.7
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Chapter 4

Numerical results with finite

magnetic field

4.1 Magnetic field character on quantum transport

Figure 4.1 shown the transmission: probability'as a function of ®/®, for an AB ring,
the system parameters ro = 2, ry = 1, § = m and k = 1.182, where ® is flux through
the ring section area and ®, = h/2e is flux quantum. Form Fig. 4.1 we see that T
changes periodically with magnetic field, which is basic characteristic of the AB ring.
The oscillating period is 2®¢ = h/e. This is known as the (h/e) AB effect since one cycle
of oscillation corresponds to a change in the enclosed magnetic flux (® = BS),where S is
the area of the ring. Moreever we can see that the peak of periodic oscillation may split
into two peaks at ®/®y > 16 see Fig. 4.1, then the periodic oscillation are disappearing

at large magnetic field.

4.2 Momentum characteristics on quantum transport

The Fig. 4.2 show that the transmission of an OQR in weak magnetic field (®o/P =

0.48, dashed-dot line) and in zero magnetic field (®/®y = 0, solid line). Comparing the
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Figure 4.1: The transmission probability as a function of ®/®, for an AB ring, the
parameters o =2, 11 =1, 0 =7 and k = 1.182.
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transmission of an OQR in weak and zero magnetic field, we can find that there are 14
peaks in weak magnetic filed and 7 peaks in zero field. It is shown that each peak has
been splitted into two peaks when weak magnetic field is applied. And it can be also seen
that there are Fano structure, locate at the bound states of a corresponding close ring.
For the case of low magnetic field, if we change the angle 6 between the two leads of
connected from the OQR, the transmission characteristics are shown in Fig. 4.3. From the
Fig. 4.3, it is seen that the value of dip with transmission zero are increased by varying 6
from m. However other shallow dips are decreased. Interestingly the Fig. 4.4 shows that
the variation of transmission of OQR with high magnetic field, when we change 6. Then
it show that those transmission in Fig. 4.4 only change a little as varying the angle 6.

Hence, it seems that the interference effect are not obvious at large field.
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Figure 4.2: The transmission of an OQR in weak magnetic field (®/®, = 0.48, dash-dotted
line) and in zero magnetic field (®/®y = 0, solid line)
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Figure 4.3: The transmission of an OQR 7, = 2 and r; = 1 in lower magnetic field
(®/Py = 0.48)for different § = w(solid line), 0.967(dotted line), 0.927(dashed line).
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Transmission

Figure 4.4: The transmission as a function of momentum k. The parameters are ry = 2,
r1 = l,and k = 1.182 in higher magnetic field (®/®q = 9.87)for different § = 7 (solid line),
0.977(dash-dotted line), 0.87(dashed line).
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Chapter 5

Numerical results with magnetic flux

5.1 Comparison with.the:1D result

In this chapter, we show the result of an'open quantum ring with a magnetic flux in
center of ring. First, we compare our schemes. with the 1D calculation in a chosen type of
system. The way that we calculate the transmission probability for a 1D ring connected
to two leads, which is the simplest multiply connected 1D system, using our connection
schemes at the three-leg junction (Y junction) [23].

Fig. 5.1 shows the transmission probabilities obtained by different schemes. We have
considered different flux /Py = 0 — 2.0, and in each case we have presented the result of
the 1D scheme with » = 3.5 and the results of the Q1D scheme with ro = 4 and r = 3.
It is seen that in all cases, the difference between the Q1D and 1D results is slight in the
scale of this graph. There are good comparisons between the results due to Q1D scheme

and the 1D calculation.

5.2 Magnetic flux character on quantum transport

Fig. 5.2 presents the transmission probabilities of open quantum ring with ro =2, 1 =1

and k = 1.11. As expected the transmission show Aharonov-Bohm oscillations. From
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Figure 5.1: The transmission probability 7T is plotted versus the dimensionless longitudi-
nal wave number in Q1D scheme (ry = 4, r; = 3, solid line) and 1D(r = 3.5, dash line)
scheme [24], for different flux ®/®, =(a)2.0, (b)1.6, (c)1.2, (d)1.0, (¢)0.8, (£)0.4, (g)0.
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Fig. 5.2, the oscillating period is ®/®y = 2(Py = h/2¢). Moreover, there are two kinds of
strange dips. One is the value of dip equals zero and another is that the minimum value
of dip is form of envelope.

Then we choose some dips and peaks, and plot wave function probability at the max-
imum value of peak and the minimum vale of dip. They are shown in Fig. 5.3. For peaks,
the wave function at /Py = (a)12.93 and (¢)14.97 are seem that electron like to exit from
lower branch and stay on upper branch. On the contrary, the wave function at ®/®, =
(b)13.21 and (d)15.21 seem that like to exit from upper branch and stay on lower branch.
For dips, the wave function probability at upper and lower branch for ®/®, = (e)15.09

and (f)14.1 are symmetry. It differs from the wave function at peaks.
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Figure 5.2: The transmission probability as a function of ®/®, for an OQR with a mag-
netic flux in center of ring , the parameters ro =2, ry =1, 0 =7 and k = 1.11.
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Figure 5.3: The wave function of ®/®y= (a)12.93, (b)13.21, (¢)14.97, (d)15.21, (e)15.09,
(141, forry =2, =1, s=1k=111land 0 =7
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Chapter 6

Conclusions and future work

Throughout the thesis, the quantum transport properties through a OQR are calculated
and numerically analyzed. We have found that. the resonant peaks correspond to the
bond states of a close ring. Moreover, we can tune the Fano structure from broad to
sharp by varying the symmetry-of OQR<and turn the Fano structure from sharp to broad
by widening the channel width of the ring. Then-"approaching to 1D case, the resonance
peaks become shaper and shift toward the left to be close to bound of close ring, when
the channel narrow down. We have found that the AB effect when the external field are
applied in the ring and the oscillating period T}, = 2®, = h/e. It should be noted that
the periodic oscillations are disappear at high magnetic field. If we change the angle 6
of two lead for low and high magnetic field, we can found that it is sensitive to changing
angle 0 for small magnetic field but not for large magnetic field. In the thesis, a number
of interesting phenomena on quantum transport through an OQR are observed. For the
case of zero magnetic field, we have found that the transmission resonances a function of
energy has only one missing to match with the bound-state levels of a close ring. The
physics behind is still not very clear, and our group member will make diligence on the
detail transport mechanisms through the OQR systems. Further studies such as spin-orbit

interaction, and time-dependent modulation will be studied in the near future.
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