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Abstract:  We demonstrate that the coherent optical waves emitted from 
large-Fresnel-number degenerate cavities persistently display a sort of 
salient intensity variations. We use the representation of the coherent states 
to explore the origin of the salient intensity variations and find that these 
coherent laser waves arise from a quadrature superposition of two 
degenerate coherent states. With the analytical representation of the 
superposed coherent states, we verify that these coherent laser waves 
possess a large angular momentum per photon.  
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1. Introduction 

Pattern formation has been the subject of interest in many physical, chemical, and biological 
problems such as, nonlinear optics [1, 2], chemical reaction [3], structures inside living cells 
[4], Turing patterns in reaction-diffusion systems [5-7], and the DNA structures [8, 9]. 
Naturally, pattern formation possesses some common features that make it possible to 
understand the analogies in different fields. In recent years, various laser systems are widely 
employed to realize optical transverse pattern formation including the high order Laguerre-
Gaussian modes, Hermite-Gaussian modes, and the generalized coherent states that form a 
general family to comprise the Hermite-Gaussian and Laguerre-Gaussian mode families as 
special cases [10-13]. 

In the optical pattern formation, the phase singularities or the optical vortices which have 
been studied by Nye and Berry [14] not only reveal the interesting phase structures but also 
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signify the existence of the local angular momentum [15-17]. The angular momentum of 
optical waves can be divided into an orbital part associated with spatial distribution of the 
fields and a spin part associated with polarization in electromagnetic radiation [18-20]. So far, 
Laguerre-Gaussian laser modes have been confirmed to have a well-defined orbital angular 
momentum [21, 22] and applied to the fields of fundamental researches and practical 
applications such as optical tweezers, optical traps, and wireless and optical communications 
[23-26]. Motivated by these applications, there are noticeably a rapidly increasing number of 
researches exploring the angular momentum of coherent optical waves. 

In this paper, we first demonstrate that the three-dimensional (3D) Lissajous coherent 
waves emitted from large-Fresnel-number laser cavities persistently display a sort of salient 
intensity variations on the transverse patterns. We numerically confirm that the salient 
intensity variations can be well elucidated with a quadrature superposition of two basic 
coherent states. With the analytical representation of the superposed coherent states, we 
explore the angular momentum densities of the coherent laser modes and evidence that the 
experimental coherent wave is in possession of a large angular momentum per photon. 

2. Coherent-state representation and experimental observation  

Recently, a diode-pumped microchip laser has been employed to perform the analogous 
investigation of quantum-classical correspondence and pattern formation [27, 28]. In this 
experiment, the laser system is a diode-pumped Nd:YVO4 microchip laser and the resonator 
configuration is depicted in Fig. 1. The laser gain medium was a a-cut 2.0-at. % Nd:YVO4 
crystal with a length of 2 mm and transverse cross section of 3×3 mm2. One side of the crystal 
was coated for partial reflection at 1064nm. The radius of curvature of the cavity mirror is 
R=10 mm and its reflectivity is 99.8% at 1064nm. The pump source was an 809 nm fiber-
coupled laser diode with a core diameter of 100µm, a numerical aperture of 0.16, and a 
maximum output power of 1W. A focusing lens was used to reimage the pump beam into the 
laser crystal. We use off-axis pump scheme to generate 3D coherent waves, and the threshold 
power of the lasing mode is less than 0.5W. To measure the transverse patterns under 
propagation, a microscope objective lens mounted on a translation stage was employed to 
reimage the tomographic transverse patterns onto a CCD camera.  

 
 

Fig. 1. Experimental setup for the generation of superposed 3D coherent waves with off-axis pumping scheme. 

For an empty plane-concave resonator consisting of spherical mirror with radius of curvature R 
and cavity length L, the bare ratio between the transverse and longitudinal mode spacing is given 
by )1(cos)1( 1 RLLT −=∆∆=Ω −πνν . The bare ratio can be changed in the range between 0 to 
1 2  by varying the cavity length L for a given R in the half-spherical cavity. It has been 
evidenced [27, 28] that when the ratio LT νν ∆∆  is close to a simple fractional, the longitudinal-
transverse coupling usually leads to the frequency locking among different transverse modes 
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with the help of different longitudinal orders and forms 3D coherent waves localized on the 
parametric surfaces with Lissajous transverse patterns. To be self-contained we present a brief 
synopsis for the expression of the 3D coherent states. With the representation of quantum 
coherent states, the 3D coherent waves localized on the Lissajous parametric surfaces can be 
described as [27, 28] 
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where m  and n  are the indices of  x and y  coordinates, l is the longitudinal mode 

index, 2)(1)(
Ro

zzwzw += , 
o

w  is the beam radius at the waist, L is the effective cavity length 

and Rz  is the Rayleigh range. According to the degeneracy in cavity, we can abbreviate 

),,(,,
,, zyx

sqp

olonomψ  to be ),,(,
, zyx
qp

onomψ . With the spatial features of stationary coherent states in 

the 2D quantum harmonic oscillator [29-32], we can obtain that the 3D coherent waves 

),,(,
, zyx
qp

onomψ  are well concentrated on the parametric surface. In the previous work [27, 28], 

we have employed the representation of quantum coherent states to derive the analytical wave 
functions well concentrated on Lissajous parametric surfaces.  Figure 2(a) illustrates the 
numerical transverse patterns at different propagation positions for the 3D coherent state 

),,(,
, zyx
qp

onomψ  with )2,2(),( =qp , )110,110(),( 00 =nm , and 10=M . The related parametric 

surface is depicted in Fig. 2(b). Figure 2(c) displays the experimental transverse patterns of 
the corresponding coherent lasing mode. It can be seen that although the theoretical transverse 
patterns shown in Fig. 2(a) display the coarse morphology of the experimental results, they 
can not manifest the salient intensity variations of the experimental patterns shown in Fig. 
2(c). Reconstructing the salient intensity variations is vital for extracting the far-reaching 
information in the coherent laser waves. In the following, we will demonstrate that the salient 
intensity variations of experimental laser waves originate from a superposition of two 
degenerate 3D coherent states. 
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Fig. 2. (a). numerical tomographic transverse patterns for 
,
, ( , , )

o o

p q

m n x y zψ  in Eq. (1) with the 

parameters of ( , ) (110,110)
o o

m n = , ( , ) (2,2)p q = , 1 4P Q = , 0
o

ϕ =  and 10M =  for 

the range from 0.4z L=  to 100z L= ; (b): the Lissajous parametric surface corresponding to 
the numerical transverse patterns; (c): the experimental transverse patterns for comparing with 
(a) . 

3. Analyses of superposed coherent states and their angular momentum 

In a large-Fresnel-number laser cavity, the resultant field structure with the minimum mode 
volume can have the lowest lasing threshold to break into oscillation at first. The mode 
volume is correlated to the localization degree of the wave function. More importantly, the 
superposition of two degenerate 3D coherent states has smaller mode volume than the single 
3D coherent state. A superposition of two degenerate 3D coherent states can be generally 
expressed as   

                      2)],,(),,([),;,,( ,
,

,
,

,
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where ϕ is the relative phase. It is worthwhile to mention that the experimental transverse 
indices om  and on  usually exceed several hundreds; however, the indices in the computation 
are limited approximately to 150 because of the numeric overflow. In spite of the numerical 
limitation, the interference features of the superposed coherent states ,

,o o

p q

m nΨ  are overall 

independent of the transverse indices om  and 
o

n , as long as , 1
o o

m n >> .  Therefore, we scale 
down the transverse orders in the calculation to illustrate the experimental features. Figure 3 
depicts the numerical transverse patterns calculated from Eq. (3) with parameters 
( , ) (110,110)

o o
m n = , 1=r , 10=M , and 2πϕ = . It can be seen that the salient intensity 

variations of the experimental coherent waves can be excellently reconstructed with the 
superposed coherent states ,

, ( , , ; 1, / 2)
o o

p q

m n x y z πΨ . In the following, we will demonstrate that 

the choice of the difference of transverse orders and the relative phase between the two 3D 
coherent waves in Eq. (3) to be 1=r  and 2/πϕ =  is the best fit for the salient intensity 
variations of experimental laser waves. 

 

z = 0.4 L 0.6 L 1.0 L 1.4 L 5.0 L 100 L 

(a) 

(b) 

(c) 
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Fig. 3. Numerical tomographic transverse patterns calculated with 
,

, ( , , ; , )
o o

p q

m n x y z r φΨ  in 

Eq. (3) with 1=r  and the parameters are the same in Fig. 2(a) for reconstructing the 
experimental results shown in Fig. 2(c). 

 

 

Fig. 4. (a) and (b). Experimental far-field transverse patterns for )2,5(),( =qp  and 

)2,5(),( −=qp , respectively.  (a’) and (b’): numerical transverse patterns calculated with Eq. 

(3) for ),,(2,5
30,130 zyxΨ , 00 =φ , 5=M  and ),,(2,5

30,130 zyx−Ψ , 00 =φ , 5=M , respectively.  

The experimental observations reveal that the salient intensity variations of the lasing waves 
are conspicuously associated with the signs of indices p and q, as shown in Figs. 4(a) and 4(b) 
for a case corresponding to the experimental far-field patterns with )2,5(),( =qp  and 

)2,5(),( −=qp , respectively. However, the spatial morphologies of the basic coherent state 

),,(,
, zyxqp

nm oo
ψ  depend only on the absolute values of indices p and q, not on their signs. 
Figures 4(a’) and 4(b’) show the numerical results of the superposed coherent states 

)2/,1;,,(,
, πzyxqp

nm oo
Ψ  for )2,5(),( =qp and )2,5(),( −=qp , respectively, where )30,130(),( 00 =nm , 

5=M . Comparing with different choices of r in Eq. (3), Figs. 5(a1)-5(a4) and 5(b1)-5(b4) 
depict the superposed coherent state )2,;,,(,

30,130 πrzyxqpΨ  with 4~1=r  for )2,5(),( =qp  and 
)2,5(),( −=qp , respectively. The different cases for 4~1=r  lead to the different spatial beating 

on the transverse patterns. Obviously, the superposition of two nearest degenerate 3D coherent 
states is the best choice for reconstructing the experimental results shown in Fig. 4(a) and 
4(b).  

 

 

Fig. 5. (a1) - (a4). the superposed coherent state )2,;,,(,

30,130 πrzyx
qpΨ  with 4~1=r  for 

)2,5(),( =qp , respectively. (b1)-5(b4): the superposed coherent state )2,;,,(,

30,130 πrzyx
qpΨ  

with 4~1=r  for )2,5(),( −=qp , respectively. 

(a1) (a2) (a3) (a4) 

(b1) (b2) (b3) (b4) 

(a) (b) (a’) (b’) 

z = 0 L 0.6 L 1.0 L 1.4 L 5.0 L 100 L 0.4 L 
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Besides the difference of transverse orders between 3D coherent states of the superposed state, 
the relative phase ϕ  also plays an important role to describe the salient intensity variation of 
the coherent laser waves. Figures 6(a1)-6(a4) and 6(b1)-6(b4) depict the superposed coherent 
state ),1;,,(,

30,130 ϕzyx
qpΨ  with 3,4,5,0 πππϕ =  for )2,5(),( =qp  and )2,5(),( −=qp , respectively. 

The different relative phases between the 3D coherent states effect the intensity distribution on 
the transverse patterns of superposed coherent states. Based on thorough numerical analysis, 
we confirm that the superposition states in Eq. (3) with 2/πϕ ±=  can precisely exhibit the 
salient intensity variations of the experimental coherent waves. Furthermore, excellent 
distinction between the signs of indices p and q further once again confirms the indispensable 
role of the superposed coherent states ,

, ( , , ;1, 2)
o o

p q

m n x y z πΨ  in describing the salient intensity 
variations of the coherent laser waves.  

 

 

Fig. 6. (a1)-(a4): the superposed coherent state ),1;,,(,

30,130 ϕzyx
qpΨ  with 0=ϕ , 5π , 4π , 

and 3π  for )2,5(),( =qp , respectively. (b1)-5(b4): the superposed coherent state 

),1;,,(,

30,130 ϕzyx
qpΨ  with 0=ϕ , 5π , 4π , and 3π  for )2,5(),( −=qp , respectively. 

 

More recently, we found that the interference between two experimental coherent waves 
could give rise to striking spatial features that consist of various dashed and dotted wave 
patterns [33]. This spatial beating was previously interpreted as the superposition of two basic 
coherent states 

1 1

,
, ( , , )p q

m n x y zψ  and 
2 2

,
, ( , , )p q

m n x y zψ , where 2211 nmnm +≠+  that is different 

from the expression in Eq. (3) and the spatial beating frequency is determined by the 
transverse-order difference 21 nn −  and 21 mm − . Nevertheless, we rechecked the 

experimental patterns and found that the salient intensity variations also exist in the spatial 
beating patterns, as shown in Fig. 7(a) for the experimental far-field pattern with )2,5(),( −=qp . 
This finding indicates that the fundamental elements for the superposition should be the 
superposed coherent state ,

, ( , , ; 1, / 2)
o o

p q

m n x y z πΨ  not the basic coherent state ,
, ( , , )

o o

p q

m n x y zψ . 

Figure 7(b) shows the numerical patterns for the spatial beating of two superposed coherent 
states: 

1 1 2 2 1 1 2 2

, , ,
, ; , , ,( , , ) [ ( , , ;1, / 2) ( , , ;1, / 2)] / 2p q p q p q

m n m n m n m n
x y z x y z x y zπ πΨ = Ψ +Ψ    (4) 

where )25,120(),( 11 =nm , )31,138(),( 22 =nm , 1=r , 2πϕ = , and 5=M . Once again, the numerical 
wave pattern is in good agreement with the experimental result.   
 

(a1) (a2) (a3) (a4) 

(b1) (b2) (b3) (b4) 
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Fig. 7. (a). experimental far-field transverse pattern of dotted structure for )2,5(),( −=qp . (b): 

numerical results for the superposed state ),,(2,5

31,138;25,120 zyx
−Ψ  in Eq. (4) with 5=M .  

 
Based on comprehensive observation and analysis, we can conclude that the superposed 

coherent state ,
, ( , , ; 1, / 2)

o o

p q

m n x y z πΨ  is the fundamental element in describing the 3D coherent 

laser waves emitted from the degenerate cavities. More importantly, the analytical 
representation enables us to discover the inherent properties of the 3D coherent waves. The 
angular momentum density is one of the most intriguing parts of coherent optical waves 
because of its promising applications in atomic trapping, tweezers, and imaging [23-26]. Next, 
we will employ the analytical wave function to analyze the angular momentum density of 
coherent laser waves.  

The 3D coherent waves emitted from the a-cut Nd:YVO4 laser are usually linearly 
polarized and can be expressed as Ψ= xE ˆ

�
, where the unit vector x̂  is right on the c-axis of the 

gain medium. The linear momentum density p
�  and angular momentum density j

�
 of a light 

beam can be calculated from the electric, E
�

, and magnetic, B
�

 , fields, such as BEp o

���
×= ε  

and prj
���

×=  [21, 22], where oε  is the permittivity of vacuum. As a consequence, the z-
component of the angular momentum densities for the 3D coherent laser waves can be 
expressed as })]()([Im{)2( Ψ∂∂−∂∂Ψ= ∗ xyyxj oz ωε , where ω is the angular frequency and Im 
denotes the imaginary part of the expression. Figure 8 depicts the numerical result for the 
angular momentum density of the superposed state )2/,1;,,(,

, πzyx
qp

nm oo
Ψ  with the parameters of 

)110,110(),( =oo nm , )2,2(),( =qp , and 10=M . This angular momentum density is associated with 
the experimental coherent laser wave shown in Fig. 3. The regions of maximum angular 
momentum density can be clearly divided into four parts that exhibit to rotate with 
propagation. Furthermore, some regions of the angular momentum density have the opposite 
sign to the average value of the angular momentum, even though their overall contribution is 
extremely small. Unlike the Laguerre-Gaussian modes that are the eigenmodes of the angular 
momentum operator [21, 22], the angular momentum densities of the superposed coherent 
state )2/,1;,,(,

, πzyx
qp

nm oo
Ψ  are not exactly proportional to the local energy densities. Recently, 

Zambrini and Barnett [34] have numerically shown the possibility to engineer independently 
the local densities of angular momentum and energy.     

It is of practical significance for numerous applications to efficiently generate the large 
angular momentum per photon. Although the angular momentum density of the 3D coherent 
laser wave depends on the propagation position, its angular momentum per photon is 
invariant.  In terms of the quantum operator, the angular momentum per photon for a 

normalized linearly polarized light beam Ψ can be expressed as ΨΨ= zz LL ˆ , where 

)]()([ˆ xyyxiLz ∂∂−∂∂−= ℏ .  With the orthogonal properties of the eigenfunctions of the 2D 

quantum harmonic oscillator, it is not difficult to verify that 0ˆ ,
,

,
, == qp

nmz
qp

nmz
oooo

LL ψψ , i.e. the 

zL  values for the basic coherent 

 

(a) (b) 
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Fig. 8. Numerical result for the angular momentum density of the superposed state 

)2/,1;,,(,
, πzyxqp

nm oo
Ψ  with the parameters of )110,110(),( =

oo
nm , )2,2(),( =qp , and 10=M  

corresponding to the intensity distribution shown in Fig. 3. 

 

states qp

nm oo

,
,ψ  are zero. For the superposed coherent states )2/,1;,,(,

, πzyx
qp

nm oo
Ψ , on the contrary, 

their angular momentum per photon can be verified to be oo
qp

nmz
qp

nm
nmL

oooo
)1(ˆ ,

,
,
, +=ΨΨ ℏ .  

Since the 3D coherent laser waves are composed of the superposed coherent state 
)2/,1;,,(,

, πzyx
qp

nm oo
Ψ , their salient intensity variations signify the existence of a large angular 

momentum per photon. The factor oo nm )1( +  corresponds to the geometric mean of the 

transverse orders and is proportional to the Fresnel number of the laser cavity. The Fresnel 
number in the present microchip laser can be in the range of 10-1000. Therefore, the average 
angular momentum per photon of the experimental coherent laser waves can be up to 1000ℏ .   
Although the theoretical origin of the superposed coherent state )2/,1;,,(,

, πzyx
qp

nm oo
Ψ  is unknown 

at this stage, the analysis of large angular momentum in the 3D coherent laser wave can 
provide a foundation of deep understanding on the intrinsic properties of the coherent waves. 

4. Conclusion 

In summary, we have successfully employed the representation of the superposed coherent 
states to elucidate the salient intensity variations of the coherent laser waves which are emitted 
from large-Fresnel-number microchip lasers with longitudinal-transverse coupling. The 
analytical wave functions have been used to explore the angular momentum densities of the 
experimental coherent laser modes. We also analyze that the coherent laser wave is in 
possession of a large angular momentum per photon and the value can be up to 1000ℏ .  Since 
the special structures of various interferences are widely encountered in many branches of 
science [35-37], the present findings certainly provide some insights into various classical and 
quantum waves.  
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