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Patterns Generation in Two-Dimensional Surfaces

student : Wen-Kuei Hu Advisors : Dr. Song-Sun Lin

Department ( Institute ) of Applied Mathematics
National Chiao Tung University

ABSTRACT

In this thesis, we study the patterns generation.of two-dimensional surfaces. The
surfaces include cylinder, torus and-sphere. Our purpose is to find the recursive
formulas for patterns generation in two-dimenstonal surfaces.
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1 Preliminaries

Since this study bases on some part of [4], we use some definitions and
some results in [4]. Therefore we list them in following.

Let S be a finite set of p elements (symbols, colors or letters of an alpha-
bet). Where Z? denotes the integer lattice on R¢, and d > 1 is a positive
integer representing the lattice dimension. Then, function U : Z¢ — S is
called a global pattern. For each a € Z4, we write U(a) as u,. The set of all
patterns U : Z? — S is denoted by

d _ oZ¢
=87,

ie., Eg is the set of all patterns with p different colors in d-dimensional
lattice. As for local patterns, i.e., functions defined on (finite) sublattices,
for a given d-tuple N = (N, No, - -+ Ng). of positive integers, let

Zy = {(a1, a9, & e lifia, £ N, 1 <k <d}

be an N; x Ny x --- Ny finite rectangular lattice. Denoted by N > N if
N > N, for all 1 < k < d. The set of all local patterns defined on Zy is
denoted by

Sy = Evpis{UlztU € 59}

Under many circumstances, only a(proper) subset B of ¥y is admissible
(allowable or feasible). In this case, local patterns in B are called basic
patterns and B is called the basic set. In a one dimensional case, S consists
of letters of an alphabet, and B is also called a set of allowable words of
length N.

Consider a fixed finite lattice Zy and a given basic set B C Y. For
larger finite lattice Z5 O Zy, the set of all local patterns on Zg which can
be generated by B is denoted as X 5(B). Indeed, ¥ 5(B) can be characterized

Y:B)={ UeXz:Usn=Vn for any o € Z¢ with Zoin CZy
and some Vy € B},

a+N:{(a1+ﬁl7"' 7ad+ﬁd):(61a"' >ﬁd)€N}a



and
Uassn = VN means uqyp = vg for each B € Zy.

Similarly, the set of all global patterns which can be generated by B is denoted
by

X(B)={U € Zg :Upyy = Viy for any a € Z% with some Vy € B}.

For clarity, we begin by the studying two symbols, i.e., S = {0,1}. On a
fixed finite lattice Zy,,xm,, we first give a ordering x = X, xm, 0 Zimy xms
by

X((a1,az)) =ma(a; — 1) + ay

ie.,

mo 2m2 mime

1 m2+1 (ml—l)m2+1

The ordering x of (2.1) on Zy,, km, ¢an now be passed to ¥, xm, - Indeed,
for each U = (Uay ,0y) € Zinpxmigs define

X(U) = Xoigsom (V)

myi mo
= 14+ Z Z ua1a22m2(m1—a1)+(mz—az).

a1=1as=1

All patterns in Xs,,, can be arranged by the ordering matrix
Xn - [ Tnsivio ] s

a 2" x 2" matrix with entry ,.,i, = Tniy D Tnyy,, Where x(Uy) = i3 and
X(Uz) =g, 1 <y, ip <27,

Theorem  For any n > 2, Yoy, = {yj,..j, }, where y;,...;, is given in
(2.26). Furthermore, the ordering matrix X,, can be decomposed by n Z-
maps successively as

Yn;l Yn;2
Xn = Yn;3 Yn;4 )



Yogjiegil Yoggiee2
Yoiign = | Yogiies Yognodea |

for1<k<mn-—2,and

Yji-gn-11  Yji-jn_12
Yoiioina = | Yjrogna3  Yijrogn_14

From the proof of the above Theorem, we have

Ing11 = 200 — 1+ [‘7%]7
and . 1
Int1;2 = 2in2er U {]n—l—l Ik 2[%]}
Define
Vjiga--ga. = V12 Viags i Win_1jns
and

Hn = [Ujle'”jn]7

then the transition matrix H,, for B defined on Zs,.,, is a 2" x 2" matrix with
entries vj, ...;,, which are either 1 or 0, by substituting y;,...;, by vj,...;, in X,,.

For any two matrices A = (a;;) and B = (by), the Kronecker product
(tensor product) of A ® B is defined by

On the other hand, for any two n X n matrices

C= (Cij) and D = (dij)7



where ¢;; and d;; are numbers or matrices. Then, Hadamard product of CoD
is defined by
CoD= (Cijdij);

where the product ¢;; - d;; of ¢;; and d;; may be multiplication of numbers,
numbers and matrices or matrices whenever it is well-defined. For instance,
c;; is number and d;; is matrix.

Let Hy be a transition matrix. Then, for higher order transition matrices
H,,, n > 3, we have the following three equivalent expressions
(I) H,, can be decomposed into n successive 2 X 2matrices (or n-successive
Z-maps) as follows:
H,1 Hp:
H,=| H,s Hpa |,

Hiplp gy v g, -2
Hn;jl“'jk: Hn;jl'“jk3 Hn;jl”'jk4 )

forl1 <k<n-—2and

Ujiw g1l Ujijn_12
Hn;jl.l.jn_lz ,Ujl"'jn713 Ujl"'jn—14

Furthermore,
'Ulenfl;l Uk2Hn71;2
Hypo = | visHy_13 VkaHp_14
(IT) Starting from
H, H,

H2 - H3 H4 )

with
Vg1 Vg2
Hy= | vgz vea |,



H,, can be obtained from H,_; by replacing H, by Hj; o Hy according to
(3.14).

(I1T)
H, H

H, = (Hn—1)2"*1><2n71 o Eogn—z @ Hs H,y )

where Foi is the 2F x 2% matrix with 1 as its entries.

2 The cylindrical patterns

In geometry, we can construct aséylinder by pasting one pair of subtenses of
arectangle. So, consider the cylindrical patterns as the finite two-dimensional
patterns which have a periodic. boundary condition in one direction. For
clarity, we study two symbelsjie., S =40, 1}.

According to above, define

Zm1><m2 - {UC = (ua1><a2) & Zle(m2+1) ‘ Ui 1 = ui,(m2+1)7 1 S 7 S ml}

to represent the finite two-dimensional patterns which have periodic bound-
ary condition in vertical direction.

(We only study the two-dimensional patterns which have periodic bound-
ary condition in vertical direction, since the two-dimensional patterns which
have periodic boundary condition in horizontal direction is similar)

We first define an ordering of patterns for Z:mez as lexicographical or-
dering in one-dimensional case. On a fixed finite lattice Z,,, x(m,+1), We
first give a ordering x° = X%, xm,On Zmyx(mat1) Y X (1, 2)) = (mga +
1) (ag — 1) + ag, ie.,

i (mgy +'1)+1 (ml—l)(rﬁ2+1)+1




The ordering x“on Z,,, x (m,+1)can now be passed to anlxmz' Indeed, for
cach U = (Uay,a0) € Dy xmy» define

X (U) = X U) =14 30 0t a2l stmaes),

1<ar<mi1<aa<ma

Obviously, there is an one-to-one correspondence between local patterns
in) . .,and positive integers in the set Nymim, = {k € N |1 <k < 2mm2},

2.1 Ordering matrices

For 1 x (n + 1) pattern U® = (uy),1 <k <n+1in Zj ,as above, U°

Xma
is assigned the number
i=x(U) =1+ > w2,
1<k<n
As denoted by the 1 x (% 1)coltimn pattern w7, ;,
Un+1 Un+1
Ty, = | ¢ or. . ;where u; = u,1 .
U1 Uy

In particular, when n = 2, as denoted by zf = x5, i = 1 + 2u; + up and

Uusg Uus

c _
Ty = | usg or | us
Uq Uy

A 2 x 3 pattern U® = (uq, «,) can now be obtained by a horizontal direct
sum of two 1 x 3 patterns in > 5. ,, i.e.,

C — C C
'rimé = Iy @xh
U1,3 U23 Uy,3 | U233
= U2 U2 or |Ui2 |U22 | ,
U1 U2 Ui | U2

where
i, = 1+ 2up1 + ug 2, 1<k <2.

6



Therefore, the complete set of all 16(= 22*B-1) 2 x 3 patterns in >_5_ ,
can be listed by a 4 x 4 matrix Cj = [z§ , ] with 2 X 3 pattern z§ , as its

11,52

1,02
entries, i.e.,




0 0 1] 1

0 1 0 1

0 1 1
[0 ] [0 0] [ooO] [o1] [0 1]

0 00 01 0 01
| 0 0 0] [0O0O] |O1T] [0 1]
[0 ] 0 0] [oO] [O 1] [0 1]

1 10 11 10 11
| 0 | 00| [0OO0O] [O1] [0 1]
[ 1] 1 0] [1 0] [1 1] [1 1]

0 00 01 00 01
| 1 1 0] L0 [T 1] |1 1]
[ 1] (1 0 [0 1] [1 1]

1 10 Tl 10 11
|1 | 1 Ol S | B=1 (| 1 1 |

It is easy to verify that x¢ (xfmz) =4(i; =1) + iz, i.e., we are counting

local patterns in ) 5., by going through each row successively in above table.
Correspondingly, C5 can be referred to'as an ordering matrix for > 5. .
Similarly, all patterns in > 5.~ can be arranged by the ordering matrix C =
where x¢ (UY) = 44

Cc

c n n ] 1 c J— Cc
[:U } a 2" X 2" matrix with entry a7, ;. = x5, ©ay, .

n;i1,%2

and x° (US) =g, 1 <iy,ip < 2™

2.2 The relation between C; and X,

The definitions of X,, and x are according to the Preliminaries.
We consider U¢ = (U, .0,) € Zimxm = Ui = Uimyt1,1 <7 < my,then

A
c 1 2 1_ 1<a1<my
we can decompose U° as U' @ U? whereU" = (uq, a,) € D inyxm, AN

1<ag<mg
2 _ 1<ai1<my
Us= (u‘)‘l’O‘?)mzﬁazémz-&-l < Zm1><2’



ie.,

Uy,1 U1 °  Umy,l i Uy
;12

Ulmg U2mg  *°° Umyme .
Uy,2

Uq,2 U292 -+ Umy,2
Uy,1
| U11 U210 Umy1 | -

Al U1

@ b
| U1,ma

U2,my  *° Umg,ma
U292 - Umy,2
Ug1 - Umq,1
Ug1 - Umq,1

U2my  *° " Umymo

Therefore, we get x¢ (U¢) = x (U') and is an one-to-one correspondence
between U¢ and U", i.e., we can determine the x° (U°) by x (U").

U1 U2
Uin U2n
C
In particular, consider the pattern Us, ,, = : € E , then
V,2Xn
Uy2 U2
[ ~U1,1 U2 |
Ulp U n
c 1 Ao 1 : :
decompoes Us,,, into U, ,, ® U5 - wherels, . /= € sz and
U2 U2
U1 U2

U1 U1
U2 — ’ ) e Z
2Xn 2x2 "
ul,n u2,n

Suppose Ué:xn = UQCXn;l D U20><n;2 and U21><n =

Uy,1 U2,1
U1 n U2.n
c _ . c o . 1 _
U2><n;1 - . 7U2><n;2 — . 7U2><n;1 -
Uy,2 U2,2
| Y11 | U2,1 |

1 1
U2><n;1 D U2><n;2 where

U1,n U2.n
1 _
and Uy, =
Uy,2 U2,2
Uyl U21

And Suppose XC(UQanﬂ) =41 and XC(UZanQ) = 12, then X(U21><n;1) =1

and X (Uyy o) = 72 (By the definition of x and x°).Therefore, Us,, = =

1 —
and U2><n = Lnjiyig-

C .
n;11,127



According to Preliminaries, we represent ., i, as ¥, j...j, Where T, i,
and vy, j,.;, defined in [4]. Since the top and bottom layers are the same,
then

c A A
Tpsiyiia = Trsivsia D Yjngt = Yirgoedn D Yins = Yirgo.inoir-

By the Theorem in the Preliminaries and the argument as above, we can

get the following Theorem easily.

Theorem 1 For anyn > 2, > 0 = {Yj.j.j }- Furthermore, the ordering
matriz C) can be decomposed by n Z-maps successively as

C C
Yn;l Yn;Q
* c c
Cn - Yn;3 Yn;4 )
C C
Yn;jl-"jml Yn;jl“-jk,2
¢ . . pu— c . . c . .
N1 Jk ;g1 Jk 3 ;91 Jk 4 )
for1 <k<mn-—2, and
Y -Grmt gl Yjrejn—1,2.1
nijtgnot — i Hi1dn—1,3.01 0 Y1 1,401

2.3 The transition matrices

This part derives the transition matrix C,, for a given basic set BC ), , .
Given a basic set B C >, , , the transition matrix C,, can be defined by
Cn = [Cnsiria), <iyig<on » the 2" x 2" matrix with entries either 0 or 1, according
to the following rules:
Since C = [z¢., ;| and

n;ig,i2

N A A
C B _
Trsiria = Yirgoedngt = Yiige D Yjorga = D@ Yjne1,5n D Yjujis

where j;..7, are determined uniquely by ¢; and 7. Then

Cniins =1 ifall g gy, ys, , j,and y;, 5, belong to B
=0 otherwise.

10



Therefore, C,, also can be represented by C,, = [v},/,-j,.j:), and the tran-
sition matrix C,, for B C ) _,. ., defined on Zyy (1) is a 2" x 2" matrix with
entries vj,...j, j;, Which are either 1 or 0, by substituting v;,...;, j; by vj...j,..5
in C7.

‘/2;1 ‘/2;2

Vais Vau U3 U4
[10 Jo1 oo Je._J00
A=l o’ oo |"B3 T 10| % T o 1|

Theorem 3 C, =H, o ( > e ® Eyn-2® \721>

1<i<4

V1 V24

Definition 2 ‘72 = where 1721 = [ } 1 <i<4, and

Proof. Since Cn = [Cn§i1’7;2]1§i1,i2§2" = I:/Ujlj2"'jn7j1] = [Ujle"'jnvjnjl] .
Observe the Theoreml.1, we can;get

g1 =1, if I8, (mes’
j1=2, ifd < <2eln-t<, <27
g1 =3, if=2P ST <y, < 27!
g1 =4, if2R WS =2",

and the j, in the C,, are

SRD)
(1) - (D).

Then the result is easily to prove. m

2.4 Spatial entropy

°  in a 2" x 2" matrix C* . =

First, we save the all components of » . Xn

. ;
[men;i,j] 1§Z.Jézn,and the entries

* . c n
men;i,j — {wn;i,kl,kzn-km_zJ ’ 1 S kla k? e akmf2 S 2 }

11



c * _ c *
are subsets of ) . We know 1<Z~ij<2ncmxn;i,j = D xn and ¢ are

disjoint to each other.

Given a basic set B C ), o, the 2" x 2" matrix C,,x, can be defined
Crixn = [cmxnﬂ’j]lgmgn where iy = card (cj;lxn;m DY (B)) .Then
> Cmxmig = Don (B) where I, (B) = card (3, (B)) .By the con-

mxn mxn
1<e,5<2n

struction of C,, = [Cn;i17i2]1<z’1 i,<gn fOr the same B C Y w9, We can get

Cmxnii,j = E , Cnji k1 Crska ko - - - Crjkm—2,j
1<k ko b —2<27

In particular, when m = 2, ¢35 €axnii,; for 1 <i,j < 2" ie.,

Cn = C2><n'

Theorem 4 C,, = (C,)" “for-m > 2..Furthermore,
m—1 c

1<i,j<2n

Proof. We prove this by induction.
(1). When m = 2, C,, = Cay,, clearly.
(2). Suppose, when m =1, Cixn = (C,)' "holds, i.e.,

s = ()] <<

(3). When m =1+ 1,

12



Cl+1)xn;i,j — Z Cnsi k1 Crsk kg - - - Cnsly_1,5
1<k ko k1 <27

- Z Cnsky_1,j Z Cnsi k1 Crska ks - - - Crgy_o ki1
1<k;_1 <2 1<k ko ko <27

= 3 [CukiiCxnigy]
1<k <20

= Z [[(Cn)ll} Cn;k1—17j:|
1<k;_,<2n k-1 '

_ [(cn)’] L forl <i,j <o

Z?J

Since Z Cmxnyi,j — |G

mXn
1<i j<an

(Byand €, =, Csy,, then

pa [(C’ﬂ)m‘l]i’j = F7(irz><n (B) .
1< g<2n

The proof is complet. =

The spatial entropy h¢(B) of > (B) is defined as follows :
Let T¢,.,.(B) = card(}_¢ .., (B)),the number of distinct patternsin »° (B).

mxn mXxn mxn

The spatial entropy h¢(B) is defined as

1
h¢(B) = limsup— logI'y .. (B).

mXxXn
m,n—oo TN

As for spatial entropy h¢(B), we have the following theorem.

Theorem 5 Given a basic set B C ) .., let A, be the largest eigenvalue of
the associated transition matriz C,, which is defined above. Then,
log A\,
h¢(B) = lim sup %6 n
n

n—oo

13



Proof. From the construction of C,,, we know that for m > 2,

anxn(B) = Z [(Cn)m_l] i,J

1<i,j<2n

#(Cr ).

As in a one dimensional case, we have

1 Cmfl
m—0o0 m
Therefore,
L
he(B) = 1 —log I .. (B
(B) - g mxn(B)
logl¢ .. (B
— limsup—( lim Ogm—xn())
M—200 UL AT=60 m
: log A5
= "Jim suip———.
=00 n
The proof is complete. ]

Remark 6 Similarly,the two-dimensional patterns which have periodic bound-
ary condition in horizontal direction have the same arguments.

3 The toric patterns

In geometry, we can construct a torus by pasting the two pair of subtenses
of a rectangle. So, consider the toric patterns as the finite two-dimensional
patterns which have double-periodic boundary condition in vertical and hor-
izontal directions. For clarity, we study two symbols, i.e., S = {0,1}.

According to above, define

t
Zml Xma = {Ut = (ualya2> € Z(m1+1)x(m2+1) ‘ uizl = uiv(m2+1)’ ULj = u(m1+1):j’
for 1<i<m;+1, 1<j<my+1}

14



to represent the finite two-dimensional patterns which have double-periodic
boundary condition .

t . .o
We can save the all components of >~ in a 2" x 2" matrix Dy, =
[dmmﬂ;j] - and the entries
1<4,5<27,
. . .
den;i,j - {xn;i,k‘l,kzmkmfz,j,i | 1 S kl’ k? T akm—Q S 2 }
t A . R
are subsets of We know U dixnij = D xn a0d dixny; are

e 1<i,j<2n
disjoint to each other.

Given a basic set B C ), ,, the 2" X 2" matrix D,,x, can be de-
fined Dy = [dnosigly<i jcon Where dypngiy = card (dmxnm Ny (B)) ,
then > dixnij = Ll (B) awhiere Tage (B) = card (30, (B)) -

mXn
1<i j<2n

By the construction of €, ‘= [€niy.isly i i,<gn fOT the same B C Y oxo @S
above, we can get

Amxnsij = § : CoreiilCthy ks - - - Crikm—2,§ Criii-
1<k ko kpm—2<2™

Theorem 7 Dy, = (Co)" o (C)", where (C,)" means the transpose of
Ch, form > 2,and ) [(C’n)m_1 o (C’n)T] =TIt . (B).

mXxXn
1<ij<2n ij
Proof.

Amxnij = > Criiks Cnska Ky -+ - Crikan 2,5 Cnigi
1<k ko k227

= > Crsi ks Criskr by + + - Criskan—2.j | Crisjii
1<k ko k2 <2™

men;i,jcn;j,i
- [(CZXn)mil]iJ Cn;j,iv fOT 1 S Za] S 2",

15



Then,
Dy = (On)m_l © (Cn)T .
Since Y, dpxnij =1t

mxn
1<4,5<2n

> @) teen] =1, (B). -

1<i,j<2n i

(B) ,we can get

The spatial entropy h*(B) of 32'(B) is defined as follows :
Let I (B) = card(>"" . (B)),the number of distinct patternsin > (B).

mXxn mXxn mXxn

The spatial entropy h'(B) is defined as

1
RH(B) = li — logTt _ (B).
(B) im sup o log mxn(B)

Then,

h*(B) = lim supin log( Z {(Cn)m*1 o (C)"] ).

m,n—00 I<ig<2 J

4 The spherical patterns

In geometry, we can suppose that a ball constructed by pasting the
four edges of a rectangle into a point. So , consider the spherical patterns
as the finite two-dimensional patterns whose boundaries’ symbols are all
the same. In here, we consider two kinds of the spherical patterns: one
kind of the spherical patterns is the finite two-dimensional patterns whose
boundaries with four corners(e.x. Fig.1),and the other kind of the spherical
patterns is the finite two-dimensional patterns whose boundaries without four
corners(e.x. Fig.2).For charity, we study two symbols , i.e, S = {0,1}.

16



IXK XK K| K|KX X X|X|X
X X X X
X X X X
X X X X
IX K| K| K|KX X X|XK|KX
Fig.1 Boundary with four corners Fig.2 Boundary without four corners

(the first kind of the spherical patterns)  (the second kind of the spherical patterns)
4.1 The upper and lower parts of the boundary condi-
tion

Before we study the spherical patterns, we consider the top and bottom layers
of boundaries firstly.

Definition 8

o — : — . — )
ZlemQ = Uaq,an | Uay 00C Zmlx(m2+2)7 Wi 1 = Uimo+2 = 0, 1<:<my
c1 o i~ _ .
Zml xmg — | Yar,ao | Uay,arE Zmlx(m2+2)ﬂ Uil == Wima+2 = 17 I<i<m

b 2 oo
Observe the matrix C,, = [2¢ +1;z‘1,z‘2]1 iy gt By the Preliminaries

and the relation between C};_; and X, 1, we can get

1 <iq,09 <27 & j1 =1 <= the top and bottom layers are

2" 41 <ip,i, < 2" & jy=4 <= the top and bottom layers are

Therefore,
Zco :{QJC L | 1<Z1 Z2<2n}
2xn n+1ji1,i2 >~ 1, >~
and
C1 . c " . . n+1
ZQXn o {ZB”‘H%il,iz | 2"+ 1< 191,19 <2 } )
Furthermore,

co
pr— c 1 ) .« .. 1 mn
§ :mxn =T ipi | 1 S 2 i <27}

17



and
c1 . o . n
E = {xn—&—l;il,izmim ’ 1< 11,02 by < 2 }

mXxn

co : n n : 0 — [»0
We can save >0 in a 2" x 2" matrix C3,,, = [0, ;] L<ij<on and the
entries
~0 o c n
men;i,j - {xn+1;i,k1,k2~~~km,2,j | 1 S kla k? e >km—2 S 2 }
€0 ~0 — €0 ~0
are subsets of > " . We know 1<Z»7L]-J<2ncmxn;i,j = D mxn and & are

disjoint to each other.

Given a basic set B C Y, ,, the 2" x 2" matrix CY

mxXn

can be defined
0 _ _ ~0 (&)
C) o = [CO,an;m]lgmgnwhere Compxmiig = Card (men;i,j ny .. (B)) .Then

Z Comxny,j — ngxn (B> where Figxn (B) = card (Z;%m (B)) .

1<i,j<2n

By the construction of?C), ¢ = [cn+1;,~1,i2]l B iy<ontl for the same B C
> 9y and the above arguments, we can get

Comxni,j — E Cn+1;i,k1Cn+1;k1,ka + + » Cnd-1ikm_o,j
1<k k2 ko —2 <27

N g n . 9n e (11 — [al
Similarly,we can save ) ' in a 2" x 2" matrix C,, ,, = [men;i,j} L<ij<am
and the entries
~1 — c n . n+1
Conxmiing = \ Tnt b 2m ky bk o on | 271 S Kk kg <2 } are
el 21 _ya A1 e
subsets of > ' . We know 1<itf<2ncmxn;i7j =D xn and &, . are disjoint

to each other.

Given a basic set B C Y, ,, the 2" x 2" matrix C}

mxXn

can be defined
1 _ _ ~1 C1
Crixn = [CLmxniijli<i j<on Wherecs mxns; = card (mem‘,j N> . (B)) . Then

Y Clmxniij = Umxn (B) where I} (B) = card (ijlxn (B)) )

1<i j<2n

18



By the construction of Cyi1 = [Cht1sirial; <irig<gnt1 fOT the same B C
> 9y and the above arguments, we can get

Clmxngi,j — E Cn4+1;i427 k1 Cn4-1;k1 k2 - - - Cn+1;km—2,j+27
27 +1<ky ko o <271

In particular m = 2, cooxnij = Cny1iy and Croxnij = Cnttivanjron
1 <4, <2™

e Crna Chio
Definition 9 C,, = " "
Cn;3 Cn;4
0 _ 1 _
Therefore, C5,,, = Cyy1.1 and Oy, = Cpiia.

Theorem 10 C? (Cropis)™ " and G (Chg1:a)™ " for m > 2.

mXxn 1 mXxXn
m—. = co
Furthermore, > [(Ci1;1) Lj =T, (B), and
1<4,5<2n -
[(Co) =T (B) form > 2
n+1;4 AT I < = 4
1<e,5<2n
Proof. We know
Comxnsij = > Crt Ly s Ot Uik h + + + Cict Uik,
lgklzk?"’k'm72§2n
= Z Cn+1;150,k1 Cn+1;1:k1 k2 -+ - Cnd1;15km—2,
lgklzk?"’k'm72§2n
and
Clymxnii,j = > Cn+15i4+27 k1 CntLik1 kg -+ CntLiky, 2,427
2n+1§k1 ’k2"' 7k7n72g2n+1
= > Crt 13450, 1 Ot sk bz + - - Ok Lidieon 2,

1<k ko Jkm—2<27

We prove the part C° = (CnH;l)m_l by induction

mxXn

(The other part CL . = (Cyy1.4)™ " is similar.)

mxn

(1). When m =2, C3,,, = Cpy1.1, clearly.
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(2). Suppose, when m =1, Y = (Cpy11) 'holds, ie.,

IXn

-1 ..
Coixniij = [(Cn+1;1) ] L1<ij<2n
1/7-7

(3). When m =1+ 1,

Co,(14+1)xni,j = Z Cn+1;151,k1 Cnt+1515k1 k2 - - - Cnt 1515k 1,5
1<k ko k1 <27

> etk > Crt 15151,y Ot 15k e - -
1<k <2 1<k o k<20

Crn+1;1;k o,k 1 )]

= > [ensramyCoixnsi )
1<k <2n

Cn+1;l;kzm}

- = 4ld1a)

1<k _1<2n 6,1

_ [((J,LHJ)’] Lt TG <2,

2

Since > Comxniij = L'mxn (B) and comxni; = [(Cnﬂ;l)mil]i
1<i,j<2n

1,7 < 2" then

7]7 -

[(Cn+1§1)m71:|i7j - FfIE)LXTL (B)

1<ij<2n
The proof is complet. =

4.2 The boundary with corners

Now, we add the left and right layers of boundaries for the first kind of the
spherical patterns(i.e, whose boundaries contain four corners), we do some
definition as following;:

S
er?leQ = {uahaz | Uasa € Z(ml+2)><(m2+2)’ Uil = Uima+2 = U1j =
um1+2,j:071 §Z§m1+271 S] Sm2+2}

and
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S
ZmllxrnQ = {uahaz | Yo € Z(m1+2)><(m2+2)7 Uil = Wigma+2 = U1,j =
um1+2,j:171 SZSm1+271 S] Sm2+2}

So : n n f QO — [&0
And then, we can save ) ° ina 2" x2" matrix S}, = [smxmi’j} L<ij<an
and the entries
20 _ c n
Smxniij — {anFl?lﬂ"kl:k2"'km—2,j,1 | 1<k koo kpy <27}
So 20 _ So 20
are subsets of Y We know U &) . .. =" and 5 ... are

mxn 1<i,j<an
disjoint to each other..

Given a basic set B C Y, ,athel2% x 2" matrix S, ., can be defined

mXn
. s
= [S%Xn;i,jhg,jgzn wheres’ =-card <39n><n;i,j ny - (B)) .Then

X058, ] mxn
Z S?nxn;i,j = Firtz)xn (B) where Ffrgxn (B) = card (ZfSXn (B)) .

1<i,j<2n

SO

mxn

By the construction of C,,f13:= [Crritiiyio) for the same B C

1<y, ip <27+l
> 2y and the above arguments, we can'get

0 _
Smxnij E Cn+1;151,iCn+1;154,k1 Cn+ 1315k k2 -+« - Cnt- 1515k —2,5 Cn+13155,1

1<k ko ki —2<2™

= ( Z Cn+1;1;i,k‘1 cn—‘rl;l;khk‘Q .. Cn+151§km—27j)Cn+1;1;1,icn+1;1;j71
1<k ko Jkm—2 <27
€0,mxnsi,5Cn+1;1;1,iCn4-1;1545,1

= [(Cn+1;1)m_1]i’j Cn+1;1;1,iCn+1;1;5,1 for 1 <i,j <27
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ie.,

Cn+1;1;11 Cn41;1511 Cn+1;151,1
50 . (C’ )m—l o Cn+1;151,2 Cn+1;151,2 000 Cn41;151,2
mxXn - 77,+1,1 . .
Cn+1;1;1,27  Cn41;1;1,27 Cn+1;1;1,27
Cn+1;1;1,1 Cnt131521 "0 Cpg1;12md
Cn+1;1;1,1 Cn+15152,1 Cn+1;1527 1
(@]
| Cn+11511 Cnt15152,1 Cn+1;152m,1
m—
= (Cn+1;1) © [Cn+1;1;1,icn+1;1;j,1]1§i7j§2n
.. 1 o m—1
Similarly, we can get s,,,,.; ; = [(Cn+1;4) ]” Crt1;4527,iCnt15455,2n for 1 <
i,j <2"ie.,
Cn41:4;27.1  Cn$li4;2m 1 Cn+1;4;27 1
1 m—1 Cn+1;4;27 2 Cpei17:27 2 Cn+1;4;27 2
Smxn = (Cn+1§4) « . . .
| Crisk145205200500n £154;27 27 Cn4-1;4;2n,2n
Cni1;4512n 0 Cpi1;4;2,2n Cn1;4;2n 20
Cnt1;4;1,2n Cpi1;452,2n Cn41;4;2n 20
O
Cni1;4;127 Cntl;4;2,2n Cn1;4;2n 2n
m—1 -
= (Cn+1;4) O[Cn+1;4;2”,icn+1;4;j,2”]1§i,j§2”
: 0 __ TS0 1 __Ts1
Since Z Smxn;i,j - men (B) and Z Smxn;i,j - men (B) ,We can
1<i,5<2n 1<i,j<2n
get

mxn

[(Corr)™ ], ensricasings = Do, (B)
1<i j<2n :

Z [(Cn+1;4)m71] i, Cn+1;4;27,iCn+1;455,2m = I (B) .

mXn
1<ij<2n

Remark 11 If we define H,, = Hpao Hyp

H H s then Cn;i == Hn;io<E2”*2 X "‘/’v271> s
n;3 n;4
for1 <i<A4.
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The spatial entropy k% (B) of > *°(B) is defined as follows :
Let 70, (B) = card(3>_°,,, (B)),the number of distinct patterns in _°° (B).

mxn mXxn mxn

The spatial entropy h* () is defined as

mXxn

1
h*(B) = lim sup— logIy° . (B).

m,n—00

Then,

. 1 m—
h**(B) = lim sup— log( Z [(Cn-i-l;l) l]m Crt 11511t 13135,1) -

m,n—oc0 1Y 1<i,j<on

Similarly, the spatial entropy 2% (B) of > 7(B) is defined as follows :
Let T, (B) = card(3>_, (B));the number of distinct patternsin " (B).

mXxn mxn, mxn

The spatial entropy h°'(B)4s defined as

1
h* (B) =limsup—IlogT!  (B).
m,n—00 LI

Then,

: 1 m—
7 (B) = limsup——1og([(Cri14)" '], | Cns12miCninigan)-

m,n—oo 1NN

4.3 The boundary without corners

Now, we add the left and right layers of boundaries for the second kind of
the spherical patterns (i.e, whose boundaries do NOT contain four corners),
we do some definition as following:
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1 _ 1 2 2
Let U - (u1,61>1<61<n S len? U — (ual’O{Q)lSalSm,lSalSn—‘,—Q c sz(n+2)7

3 3
and U° = (u ) € define
1,85 1<B,<n len’
2 2 2
Ulnt2 | Yant2 | 7" | YUmng2
T 2 2 2 3
Uy ul,n-l—l Uy n+1 toe um,n-{—l U
U'eU?e U’ = : : : :
T 2 2 2 3
Ug 4 Ui o Ude | "¢ Um2 | U11
2 2 2
Uiy Ugg | -+ | Uma
and
— S0
_ 1 2 3 1 2
Zmlme - {ul,,ﬁl ® ual,az ® ul,ﬂz | ul,,Bl € lemg’ uozl,az S Zmlx(m2+2)’ and

3 1,2 _ 2 _ .3 ~ :
UL . € D sy Uiy = Us1 = Uy i0 = up,; =0, forlgzgmgylgjgml}

and

81
— 1 2 3 1 2
Zm1><m2 - {ul,ﬁl ® ual,ag D) ul,,@2 | ul,ﬁl & lenm’ ual,az S Zmlx(mg-‘rQ)’ and
3 1, Pl - _ .3 _ : :
UL g, € Dt wmps Wi == pen = up; =1, for 1 <o <mp 1< j < ml}

“— S0
And then, we can save ) |

and the entries

- Ny, N f QO —
mxp 1A 202" matrix Sg =

(36 mxnsi]

mxn 0,mXxn;t,j 1<4,5<2m”
e A ¢ A n
SO,an;i,j = Tnsl,i ® ‘xn—&-l;i,kl,kgmkm_z,j ® Tn;j,1 ‘ 1 S k17 k2 T 7km72 S 2

“— S0

A
are subsets of ) where ® means "the ® need to overlap one layer". Since
we know

0 0
Ul Ul Ui, U,z
(0 D=x( s Ppandx( o =X )
Uil Uil u%n,l u12n 1
0 0
«— S0
We know 1<i}f<2n§amxn;m‘ = > mxnd 55, are disjoint to each other.
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Given a basic set B C >, ,, the 2" x 2" matrix SO . can be defined

mXxn

S9 5

_ [z0
mxn ~ [ mxn;i,j} 1<i,j<2n where

“~ S0

~0 o ~
Smxn;i,j = card 807m><n;i,j N E : (B)

mxn

~ - “ S0
Then > S0mxnij = Lmxn (B) where I (B) = card (me (B)) :

1<i,j<an

By the construction of C 11,1 = [Cnt1;150100)1 <4, sy<ontr @A Hy = [Py in]1 <) 5y <o
for the same B C ), , and the above arguments, we can get

~0 E
San;iJ‘ - hn;l,icn+l;l;i,k1 Cn+41;1;k1 ko » - - CnJrl;l;km_g,jhn;j,l
1<k ko ko —2 <27

= ( E Cn41;150, k1 Cnt- 1515k ko - - - Cn—l—l;l;k:m,j)hn;l,ihn;j,l
1<k ko k2527

= CO,an;i,jhn;l,ihn;j,l
= [(CnJrl;l) ]ij hn;l,ihn;j,l for 1 _<_ (2W) S 2
ie.,

hn;l,l hn;l,l o hn;l,l
~ m—1 hn;1,2 hn;1,2 o hn;1,2
SO,an = (Cn—i—l;l) o . . .

| hn;1,2" hn;1,2” e hn;l,Q”

hn;l,l hn;2,1 T hn;Z",l

hn;l,l hn;2,1 T hn;Z”,l
o . .

hn;l,l hn;Z,l T hn;Q",l

= (Cn+1;1>m71 © [hn;lﬂhn;y‘,lhgi,jgzn
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Similarly,

hn;?"-,l hn;2”~,1 Tt hn;2n',1
~ _ hn;2”,2 hn;2”,2 T hn;2n,2
m—1
Sl,mxn = (On+l;4) o
hn;2",2” hn;2”,2" o hn;Z”,Q”
hn;l,?” hfn;2,2" o hn;2”,2”
hn;l,Q” hn;2,2" U hn;2",2"
O . . .
hn;LQn hn;272n A hn;Q'n?Qn

= (Cn+1;4)m71 © [hn;Q",z‘hn;jQ"]1§i,j§2n

Since > ggzxn;i,j = Tnyn (B) and  3° §}n><n;i,j = T, (B) ,we can
1<ij<2n 1<ij<2n
get
[(Cn+1;1)mA1]ij [hn;l,ihn;j,l] y ffzgxn (B)
1<i,j<2n ’ 3
Z [(Cn+1;4)m71]ij [hn;2",ihn;j,2”] = Ffrlzxn (B) :
1<i,j<2n ’
- ~ %0
The spatial entropy A% (B) of > (B) is defined as follows :
~ “ S0 S0
Let I, (B) = card(}_,, ., (B)),the number of distinct patternsin ) (B).

The spatial entropy h*(B) is defined as

- 1 -
hoo(B) = li — Jog 0 .
(B) im sup - log n(B)

Then,

. . 1 o
h*(B) = limsup— log( Y [Coprr)™ ], [ ibingsa]).

mnTee 1<i,j<2n

v S1

Similarly, the spatial entropy 2% (B) of . (B) is defined as follows :

— 81

Let 31 (B) = card(Y, ... (B)),the number of distinct patternsin 3. (B).
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The spatial entropy 7' (B) is defined as

. 1 _
R (B) = li — logT%'. (B).
(B) im sup - log xn(B)

Then,

~ ) 1 m—
h*'(B) = lim sup— log( Z [(Cv,n—i-l;zl) 1L7j [Pnson ihnjon])-

m,n—o0 T 1<i,j<2n

5 Conclusion

We get the recusive formulas for patterns generation in two-dimensional sur-
faces ( cylinder, torus and sphere).

1. Cylinder: C,,x, = (Cn)m_1 for'tn > 2. Furthermore,

Z [(Cn)m_lh,j = Tn (B).

1<i,j<2m

2. Torus: D,,xpn = (Cn)m_l 0 (C’n)Tfor m> 2. Furthermore,

> @) e (C)'] =T (B).

— %,J
1<4,5<2n

3. Sphere:
(i) The boundary contains four corners.

STOan = (Cn—i-l;l)m_i © [Cn—irl;l;l,icn—i-l;l;j,l]
St in = (Crs1.)™ " 0 [Cog1.a2m iCny1s:g2m]

Furthermore,
m—1 s
> [(Cori)" ], cnrrnicarings = Dotn (B)
1<s,5<2m ’
m—1 s
(Cn+1;4> o Cn41;1;27,iCn4-1;155,27 = Lxn (B) :
i
1<s,5<2m ’
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(ii) The boundary dose NOT contain four corners.

Sﬂ,mxn = (Cn+1;1)m_1 © [hn;l,ihn;j,lhgi,jgn
Sl,mxn = (Cn+1;4)m_1 © [hn;2",ihn;j,2"]19’7]52”

Furthermpre,
1<Z:<2 [(Cn+1;1)m_1] i, [hn;lﬂ'hn;j,l] = figxn (B) .
<i,j<2n 3
1<Z:<2 [(Cn+1;4)m_1]m [hn;Q”,ihn;j,Q"] = I'xn (B) :
<i,j<2n

Future plan: (i) Compare the entropy of the plane with the entropy
of these surfaces. If they are not the same, we will
find some sufficient conditions to let them equal.

(ii))  We will'extend thé:two-dimensional resulte to
highersdimensional cases.And also consider the above
problems.
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