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Efficient Tag-Based Routing Algorithms for
the Backward Network of
a Bidirectional General Shuffle-Exchange Network

Student: Jing-Kai Lou Advisor: Chiuyuan Chen

Department of Applied Mathematics
National Chiao Tung University

Abstract

In [7], Padmanbhan proposed the general shuffie-exchange network (GSEN)
and an efficient tag-based routing algorithm for it. In [1], Chen, Liu and Qiu
further enhanced the GSEN with bidireectional links. The bidirectional GSEN
can be divided into two dependent networks, the forward network and the
backward network. Since the forward network is.a GSEN, Padmanbhan’s tag-
based routing algorithm can-be applied on it. 'As for the backward network,
Chen et al. [1] proposed a:xouting algorithm which is based on the idea of
inversely using the forward eontrel‘tag.. In_this thesis, we will show that the
backward network has a wondexful‘property: for each destination ¢, there are
two backward control tags associated with-it such that every source j can get
to 7 by using one of the two control tags. We will use this property to derive
efficient algorithms for one-to-one routing and for constructing a routing table.

Keywords: Interconnection network, multistage network, shuffle-exchange net-
work, Omega network, tag-based routing algorithm.
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1 Introduction

The purpose of this thesis is to derive tag-based routing algorithms for the backward
network of a bidirectional general shuffle-exchange network. Throughout this thesis, N’
denotes the number of inputs and the number of outputs of a network. We assume that
all the switch elements in a network are identical and of size k£ x k.

Shuffle-exchange networks have been proposed as a popular architecture for intercon-
nection networks [2, 3, 6, 5, 7, 8]. The perfect shuffle operation on N’ terminals (k | N')
is the permutation 7 defined by

ki

(i) = (ki+ {N/J)mod]\f’, 0<i<N —1.

In particular, when k = 2, the perfect shuffle operation separates the top N’/2 terminals
from the bottom N’/2 terminals and precisely, interleaves them, with the bottom terminal
still remaining at the bottom. A shuffle-ezchange network is a network with N’ = k¢
inputs and outputs and each stage-consists of the perfect shuffle on N’ terminals followed
by N'/k switch elements.

In a multistage interconnection hetwork, a path from an input to an output can be
described by a sequence of labels that label the successive edges on this path. Such a
sequence is called a control tag [7] (or tag [1] or path descriptor [4]). The control tag may
be used as a header for routing a message: each successive node uses the first element
of the sequence to route the message, and then discards it. For example, in Figure 1(a),
input 2 can get to output 9 by using the control tag 11 (01011), which means input 2 can
get to output 9 via sub port 0 at stage 0, sub port 1 at stage 1, sub port 0 at stage 2 and
sub port 1 at stage 3 and sub port 1 at stage 4; see Figure 1(b) for an illustration of sub
ports.

In a shuffle-exchange network, the number of stages may be equal to or be greater
than log, N’. When the number of stages is exactly log, N’, a shuffle-exchange network

is identical to the Omega network defined in [5] and its control tags depend only on the
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Figure 1: (a) The GSEN with N%= 22 and & = 2; this figure also shows GSEN(2,11,5).
(b) A k x k switch element and its subsports.

destination.

In [7], Padmanbhan proposed the general shuffle-exchange network (GSEN), which
allows N’ # k? and contains exactly [log, N'] stages. Padmanbhan showed that the
control tags of a GSEN depend on both the source and the destination when N’ is not
a power of k. Padmanbhan also proposed an elegant tag-based routing algorithm for the
GSEN.

In [1], Chen, Liu and Qiu enhanced the GSEN with bidirectional links. Their reason for
the enhancement is that although unidirectional links are widely used, bidirectional links
also have many applications as suggested in [2]. A bidirectional GSEN can be divided into
two dependent networks: the forward network and the backward network. The forward

network is from the left-hand side of the network to the right-hand side of the network;



thus a request in it is sent from left to right. On the other hand, the backward network
is from the right-hand side of the network to the left-hand side of the network; thus a
request in it is sent from right to left. The control tags used in the forward (backward)
network are called the forward (backward) control tags.

Since a forward network is a GSEN, Padmanbhan’s tag-based routing algorithm can
be used in it. As for the backward network, Chen et al. [1] implemented a tag-based
routing algorithm by using the forward tag inversely. More precisely, their algorithm first
runs Padmanbhan’s tag-based routing algorithm to derive the forward control tag; then,
their algorithm runs another procedure to convert the forward control tag to the backward
control tag. If the number of stages is n + 1, then the algorithm in [1] takes O(n) time to
derive the tag for a source j to get to a destination 7 and it takes O(N"?n) to construct
the routing table (a table that contains the backward control tags for routing the N’ x N’
pairs of nodes in the backward network).

In this thesis, we show that the-backward network-has a wonderful property: for each
destination ¢, there are two backward confrol tags associated with it such that every
source j can get to ¢ by using one of the twotags: We show that the two tags can be
derived in O(n) time. Therefore, it is possible to derive in O(n) time not only a tag for
a j to get to ¢ but also the tags for every j to get to 7. So, constructing the routing table
can be done in O(N'n) time. We now summarize results of the backward network of a

bidirectional GSEN below.

time required to use the algorithm in [1] | use our algorithm
find a tag for a j to get to i O(n) O(n)

find the tags for every j to get to i O(N'n) O(n)
construct the routing table O(N"n) O(N'n)

This thesis is organized as follows. In Section 2, we formally define the bidirectional

GSEN and give conventions used in this thesis. In Section 3, we describe the tag-based

3



routing algorithms in [7] and [1]. In Section 4, we describe our algorithm.

2 The bidirectional GSEN and conventions used in
this thesis

The following definition was given in [1].
Definition. A bidirectional general shuffle-exchange network GSEN(k,r,n + 1) is a
GSEN with bidirectional links. The switch elements are aligned in n + 1 stages, la-
belled 0,1,2,...,n. Each stage consists of r switch elements, labelled 0,1,2,...,r — 1.
And each switch element is a k x k bidirectional crossbar.

For example, if each link is a bidirectional link, then the network in Figure 1(a) is

GSEN(2,11,5). Note that in GSEN(k,r,n + 1), there are a total of
N =kxr

ports on each side of a stage, labelled 0, 1, 257005 =1. The parameters k, r and n satisfy
the following equation:

[logy (Kxr) h=sflogrV'| =n + 1.

Throughout this thesis, let
N =N+ M, with N=k"and k < M < (k—1)N. (2.1)

The switch elements in the same stage are considered cyclic; that is, switch element
labelled 0 is the next switch element of the switch element labelled »—1. Also, throughout
this thesis, node 7 is assumed on the left-hand side of the network and node j, the right-
hand side. Thus when we say a request is from ¢ to j (j to i), we mean the request is sent

through the forward (backward) network.

3 Previous tag-based routing algorithms

A tag-based control routing algorithm is one that sets up a path from an input to an

output by using a control tag 7. Each digit ¢, of the k-ary representation (¢t ...t,) of

4



T controls the switch element at stage ¢ in the path. We now briefly describe previous
tag-based routing algorithms of GSEN(k,r,n + 1). Recall that GSEN(k,r,n + 1) can be
divided into the forward network and the backward network. Also recall that the forward
network is a GSEN and Padmanbhan’s tag-based routing algorithm can be applied on it.

The following two theorems were given in [1].

Theorem 1. [1] In the forward network of GSEN(k,r,n+ 1), a path from i to j can be

set up by using the forward control tag T given by
Ty = (j + kMi) (mod N'). (3.2)
In addition, other forward control tags (and paths) may be available, specified by

T,=T +(p—1)N if T,<kN, 1<p<k. (3.3)

The backward network is not a GSEN."This, Padmanbhan’s algorithm can not be
applied on it. In [1], Chen et al. ptopésed a tag-baséd routing algorithm for it by using

the forward control tag inversely.

Theorem 2. [1] In the backward network of GSEN(k,r,n+ 1), a path from j to i can be

set up by using the backward control tag (S¢s1-" . sp) computed by the following procedure:
Procedure GetBackwardControlTag.

1. Use (3.2) and (3.3) to get the forward control tag T". Derive the k-ary representation

(totl . tn) of T.

2. Get the port sequence Ry, Ry, ..., R, based on (tot;...t,) as follows:

k-i (mod N')+tg it £=0,
k-Ryy (mod N')+t, if 1 <l<mn.

Ry =

3. Use Ry, Ry, ..., R, to get the backward control tag (sgs; ...s,) as follows:
o
E =
{“Wﬁ if1<¢<n.

Nl



Consider Figure 1(a) as an example. Suppose j = 9 wants to get to i = 2. In Step 1,
we derive T'= 11 = (01011). In Step 2, we derive Ry = 4, Ry = 9, R, = 18, R3 = 15 and
Ry = 9. In Step 3, we have (s¢s1525354) = (00011), which means j = 9 can get to i = 2
via sub port 1 at stage 4, sub port 1 at stage 3, sub port 0 at stage 2, sub port 0 at stage
1 and sub port 0 at stage 0.

Procedure GetBackwardControlTag takes O(n) time to derive the backward control
tag for j to get to . It takes O(n) time to route a one-to-one request and O(N"?-n) time

to construct the routing table.

4 The one-to-one routing

Recall that 7 is on the left-hand side of a bidirectional GSEN. Also recall that the switch
elements in each stage are labelled 0,1,2,..., » — 1 and the next switch element of the
switch element labelled r — 1 is the switeh element-labelled 0.

The following observations are-erucial to our algorithm: At stage 0, only one switch
element can get to 1. At stage 1, exactly k switch elemyents can get to ¢ and these switch
elements are consecutive. At stage<2; exactly k? switch elements can get to ¢ and these
switch elements are consecutive. In general, at stage ¢, 0 < ¢ < n — 1, exactly k’ switch
elements can get to ¢ and these switch elements are consecutive. Clearly, at stage n, all

the r switch elements can get to 7.



Since the switch elements at stage ¢ that can get to i are consecutive, we only need to

remember the label of the first one of them. Let 'y denote this label. Clearly, we have
Cy=ixk" (modr).
A critical value v(i) associated with 7 is defined to be
v(i) = C, X k.

For example, in Figure 2(a), the switch elements that can get to i« = 6 are highlighted,;
moreover, Cy = 6, C; =1, Cy =2, C3 = 4, Cy = 8 and v(i) = 16. In Figure 2(b), the
switch elements that can get to ¢ = 5 are highlighted; moreover, Cy = 5, Cy = 10, C5 =9,
C3 =7, Cy = 3 and v(i) = 6. We now propose an algorithm to compute the backward

control tags.



BACKWARD-CONTROL-TAGS.

Input: ¢ on the left-hand side of a bidirectional GSEN(k,r,n + 1).

Output: The critical value v(i) and two control tags (sgs ... s,) and (s;s] ...

1. /* Compute Cy, C1,...,C,. */
for / =0ton do
Cp i x k' (mod r);

2. /* Compute the critical value v(i). */

v(i) «— Cp, X k;

3. /* Compute sy, s, ...,s,. */

n
, 1
Sop— | — |
0 7“’

for /=1tondo
/ \‘kXCe_lJ
sp— | ———|;

r
4. /* Compute Fy, Fy,..., F,. */
if (r—=Cuo1)xk>r
then
begin
for /{=0ton—1do F, — 0;
F, —1;
end
else
for /=0tondo
if C,+k*>r then F, — 1 else F, — 0;

5. /* Compute sg, S1,...,Sp. =/

for /=0 ton do

s¢ «— sy + Fy (mod k);



stage 0 stage 1 stage 2 stage 3 stage 4

Figure 2: GSEN(2,11,5) with the switch elements that can get to (a) i = 6 and (b) i =5
being highlighted.
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Again, consider Figure 2 (a) as an example. Then k =2, r = 11 and n = 4. Suppose
i = 6. Then after Step 1, Cy =6, C; =1, Cy, =2, C3 = 4 and Cy = 8. After Step 2,
v(i) = 16. After Step 3, (s)s]s5s5sy) = (01000). After Step 4, Fop =0, Fy =0, F», = 0,
F3; = 0 and Fy = 1. After Step 5, (s9S1525354) = (01001). It is easy to verify that: if
j < 16, then j can get to 6 by using the tag (01001); if j > 16, then j can get to 6 by

using the tag (01000). We summarize the above results in the following table.
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destination i | (spS1525384) | (88| shshsy) | v(7)

1=06 01001 01000 16

Recall that there are a total of N’ ports on each side of a stage, labelled 0,1, 2, ..., N'—
1. A port R consists of two parts: the number y of the switch element where R is located,
and the sub port number z in the switch element where R is located; see [1]. R and y

and z satisfy R = ky + z. The following result was proved in [1].

Lemma 3. [1] Suppose port u of stage { —1 and port v of stage € are connected by a link,

where u = ky; + 21 and v = kys + z5. Then z, = ijv_ifj

Thus we have

Lemma 4. Let u, v, y1, 21, Y2, 22 be defined as in Lemma 3 and consider the switch
elements labelled y, and yo. Then the backwaidcontrol tag for ys to get to y; (or to get

to u) is za; moreover, zy = L;j

Proof. Clearly, the tag is 2o. Since N’ = kX r, by Leinma 3, z, = L%J [

We now prove that

/

Lemma 5. If j = v(i), then j can get to i by using the tag (s,s] ... sh).

Proof. Suppose j = v(i). Then j can get to i via switch elements labelled C,,, C},_1, . . ., Cy.
For each ¢, 1 < ¢ < n, Cy is linked to C,_; via sub port 0 of Cy_;. Sub port 0 of Cy_; is
port u of Cy_1, where u = k x Cy_;. Thus by Lemma 4, the tag for C, to get to Cy_; is
{%J . Also by Lemma 4, the tag for Cj to get to 7 is L%J In Step 3 of BACKWARD-
CONTROL-TAGS, we set s = Lﬂ and s, = L%J, for ¥ =1,2,...,n. Thus we have

this lemma. (]

Lemma 6. If j > v(i), then j can get to i by using the tag (s,s) ... sh).

10



Proof. By (2.1), k" < N’ < k"L, Set d = j —v(i) for easy writing. Then 0 < d < N'—1.

Thus 0 < % < 87t < Y21k8 < & and therefore 0 < | %+ | < k°. Recall that
Kkt
at stage n, all of the r switch elements can get to i; at stage ¢, 0 < ¢ < n — 1, there

are exactly k’ consecutive switch elements that can get to i and the first one is labelled
Cy. Thus j can get to i via switch elements labelled C,, + [%J, Ch_1+ M%J, Ch_o+ L%J,

, Cp+ Lkn z+1J e O+ L d J Co + Lknﬂj The connection of a GSEN ensures that
if Cp, 1 < ¢ < n, is connected to Cy_y via sub port z, then Cy + LWJ is connected

to Cy_y + Lkn_;'ﬁﬁj via sub port z,. By Lemma 4, the tag for Cy + Lk” e+1J to get to

oot + [grtos] s 22 by Lemma 5, 2 = sf. Note that 0 < by < 50 < 1. Thus
Co + Lknﬂj = (p. By Lemma 5, the tag for Cy to get to i is sj. From the above, if

j > (i), then j can get to i by using the tag (sjs] ... s). ]

Lemma 7. If j < v(i) and (r — Cp_1)ox0ks > 1, then j can get to i by using the tag

(S0S1 ... 5n)-

Proof. Set d = j — v(i) + N’ for-easy writing. Then can get to i via switch elements
labelled C,, + [2| — 7, Cpoy + | S5 Crs F 1L, Co+ | %], -+, O+ | 2],

Co+ [ o +1J The connection of a GSEN‘ensures that if C,, is connected to C,,_; via sub
port 2o, then C,, + L%J — 7 is connected to C,,_; + [kQJ via sub port z3 + 1 (mod k). By

Lemma 4, the tag for C, + LZJ —rto get to C,,_1 + L J is zo+1 (mod k). By Lemma 5,

2
2o = s In our algorithm, we set F,, = 1 and set s,, = s/, + F,, (mod k). Thus s, = z5+1
(mod k). Again, the connection of a GSEN ensures that if Cy, 1 < ¢ < n—1, is connected
to Cy_q via sub port 2, then C, 4+ LM%‘ZHJ is connected to Cy_; + LWL@HJ via sub port
z3. By Lemma 4, the tag for C, 4 LMLL@HJ to get to Cp_1 + LW#@HJ is zo. By Lemma 5,
2y = §p. In our algorithm, we set F; = 0 and set s, = s, + F; (mod k). Thus s, = 2».
Note that 0 < kn;‘il < N=bl 1. Thus Cy + Lknﬂj = (. By Lemma 5, the tag for Cj
to get to i is sj. In our algorithm, we set F; = 0 and set so = s{ + Fy (mod k). Thus

Sop = Sp. We now have this lemma. ]

11



Lemma 8. If j < v(i) and (r — C,_1) X k < r, then j can get to i by using the tag
(8081 -+ 8n)-

Proof. Set d = j — v(i) + N’ for easy writing. Then j can get to i via switch elements
labelled L,,, L,_1, -+, Ly, ---, L1, Ly, where

Ln:Cn—l—{%J —-r

and for{ =n—1,n—2,...,0,

Co+ | | if Cp+ k<,

L=
Co+ | s | =7 i Cot k>,

The connection of a GSEN ensures that if C,, is connected to C),_; via sub port z3, then
L, is connected to L, viasub port zo+1 (mod k). By Lemma 4, the tag for L, to get to
L,_11is z9+1 (mod k). By Lemma 5, .29= s . Note.that C,,+k™ > r. Thus our algorithm
sets F,, = 1. Since our algorithm séts s, = s/ + F,. (mod k), clearly s, = zo+1 (mod k).
Again, the connection of a GSEN=ensures that if Cy, 1-< ¢ < n — 1, is connected to Cy_;
via sub port 29, then L, is connected to F,_; via'sub port zy if L, = C;+ Lkn,;‘leﬂj and via
sub port 2541 (mod k) if Ly = Co+ | 2%+ | = Thus by Lemma 4, the tag for L, to get to
Ly_yiszif Ly =Cy+ Lkn—;‘lfﬂj and is zo+1 (mod k) if L, = Cp+ Lﬁj —r. By Lemma
5, 2o = s, In our algorithm, we set F, = 0 if Cy, +k* <r (i.e., if Ly = Cy + LWL%J), set
F,=1ifCo+ k" >r (ie,if Ly = Cy+ LMX%J —r) and set s, = s, + F; (mod k). Thus

Sp = 2 if Ly = Cy + \_kn ZHJ and sy = 20+ 1 (mod k) if L, = C; + \_kn e+1J — r. Note

that 0 < 4 < 221 = Cy. By Lemma 5, the tag for Ly to get to 7 is ;.
Note that Cy + k° < r. Thus our algorithm sets Fy = 0 and set so = s, + Fy (mod k).

Thus so = s;. We now have this lemma. ]

Theorem 9. If j < v(i), then j can get to i by using the backward control tag (sos1 ... Sn);

if j > v(i), then j can get to i by using the backward control tag (sys) ...s.). Moreover,

it takes O(n) time to compute v(i), (SoS1...5n) and (spsy...sh).

12



Proof. It is obvious that it takes O(n) time to compute v(i), (sps1 ... s,) and (s48] ... s).

This theorem now follows from Lemma 5, Lemma 6, Lemma 7 and Lemma 8. [

The following is a one-to-one routing algorithm for the backward network of a bidi-

rectional GSEN.

ONE-TO-ONE.

Input: ¢ on the left-hand side and j on the right-hand side of a bidirectional GSEN
(k,r,n+1).

Output: The backward control tag for 7 to get to 7.
1. Use BACKWARD-CONTROL-TAGS to derive v(7), (5951 ... 5n) and (s4s] ... Sh);

2. if j < v(i) then return (s¢s; ...s,) else return (s(s) ...s,);

It is obvious that algorithm ONETO-ONE takes O(n) time.

5 The routing table and the all-to-all routing

In this section, we will propose an algorithm to.eonstruct the routing table of the back-
ward network of a bidirectional GSEN. This algorithm is based on the one-to-one routing

algorithm proposed in the previous section and can be used for the all-to-all routing.

ROUTING-TABLE.
Input: A bidirectional GSEN(k,r,n + 1).
Output: Its routing table.

1. /* Recall the function all to one */
fori=0to N'—1do

run algorithm BACKWARD-CONTROL-TAGS for i and GSEN(k, r,n + 1);

endfor;
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It is obvious that algorithm ROUTING-TABLE takes O(/N'n) time. In the appendix,
we list the computer output of the routing tables derived by algorithm ROUTING-TABLE
for N = 18,20,22,...,32. Note that in the table of N’ = 32, each v(i) is zero, which
means we can get to every ¢ by using only one tag. This result reflects the known result
that when the number of stages is exactly log, V', a shuffle-exchange network is identical

to the Omega network defined in [5] and its control tags depend only on the destination.

A Backward control tags for N' = 18,20, ...,32

GSEN(2, 9, 5) GSEN(2, 10, 5)

i | sosi1s2835485 | spsshshshss | v(7) i | sosis2835485 | Spsshshsyss | v(i)
0] 00001 00000 0 0] 00001 00000 0
11 000160 00001 14 1100010 00001 12
2100100 00011 10 21 00100 00011 4
31 00110 00101 6 3100101 00100 16
41 01000 00111 2 41 00111 00110 8
5001001 01000 16 51 01001 01000 0
6] 01011 01010 12 64 01010 01001 12
71 01101 01100 8 71401100 01011 4
8| 01111 01110 4 81-01101 01100 16
91 10001 10000 0 91201111 01110 8
100 10010 10001 14 0F 10001 10000 0
1] 10100 10011 10 11T 10010 10001 12
121 10110 10101 6 121 10100 10011 4
131 11000 10111 2 131 10101 10100 16
141 11001 11000 16 4] 10111 10110 8
5] 11011 11010 12 151 11001 11000 0
6] 11101 11100 8 16 11010 11001 12
7] 11111 11110 4 171 11100 11011 4

18] 11101 11100 16

9] 11111 11110 8
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GSEN(2, 11, 5)

i | sosi1s2835485 | spsshshshss | v(i)
0/ 00001 00000 0
11 00010 00001 10
2100011 00010 20
31 00101 00100 8
41 00110 00101 18
51 01000 00111 6
6 01001 01000 16
71 01011 01010 4
81 01100 01011 14
91 01110 01101 2
10 01111 01110 12
11} 10001 10000 0
121 10010 10001 10
131 10011 10010 20
141 10101 10100 8
15 10110 10101 18
16| 11000 10111 6
171 11001 11000 16
18] 11011 11010 4
191 11100 11011 14
200 11110 11101 2
21 11111 11110 12
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GSEN(2, 12, 5)

i | s0s152535455 | shshshshshst | v(1)
0/ 00001 00000 0
1100010 00001 3
21 00011 00010 16
31 00101 00100 0
41 00110 00101 8
51 00111 00110 16
6] 01001 01000 0
7001010 01001 8
81 01011 01010 16
91 01101 01100 0
10 01110 01101 8
11} 01111 01110 16
121 10001 10000 0
131 10010 10001 8
141 10011 10010 16
15 10101 10100 0
16 10110 10101 8
171 10111 10110 16
18] 11001 11000 0
194 11010 11001 8
200211011 11010 16
21111101 11100 0
22011110 11101 8
234 11111 11110 16




GSEN(2, 13, 5)

i | sosi1s2835485 | spsshshshss | v(i)
0/ 00001 00000 0
11 00010 00001 6
2100011 00010 12
31 00100 00011 18
41 00101 00100 24
51 00111 00110 4
61 01000 00111 10
71 01001 01000 16
81 01010 01001 22
91 01100 01011 2
10 01101 01100 8
111 01110 01101 14
12 01111 01110 20
131 10001 10000 0
141 10010 10001 6
15 10011 10010 12
16 10100 10011 18
171 10101 10100 24
18] 10111 10110 4
191 11000 10111 10
200 11001 11000 16
210 11010 11001 22
221 11100 11011 2
230 11101 11100 38
241 11110 11101 14
25 11111 11110 20
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GSEN(2, 14, 5)

i | 05152535455 | shshshshshst | v(1)
0] 00001 00000 0
1100010 00001 4
21 00011 00010 8
31 00100 00011 12
41 00101 00100 16
51 00110 00101 20
6| 00111 001160 24
71 01001 01000 0
81 01010 01001 4
91 01011 01010 8
10 01100 01011 12
111 01101 01100 16
121 01110 01101 20
131 01111 011160 24
141 10001 10000 0
151 10010 10001 4
16| 10011 10010 8
171 10100 10011 12
181 10101 10100 16
194 10110 10101 20
2002010111 10110 24
211211001 11000 0
22011010 11001 4
230 11011 11010 8
241 11100 11011 12
250 11101 11100 16
26 11110 11101 20
271 11111 11110 24




GSEN(2, 15, 5)

GSEN(2, 16, 5)

i | sosi1s2835485 | spsshshshss | v(i) i | 0515253545556 | shsishshsisiss | v(i)

0] 00001 00000 0 0 00000 00000 0

11 00010 00001 2 1 00001 00001 0

21 00011 000160 4 2 00010 00010 0

31 00100 00011 6 3 00011 00011 0

41 00101 00100 8 4 00100 00100 0

51 00110 00101 10 ) 00101 00101 0

6] 00111 00110 12 6 00110 00110 0

71 01000 00111 14 7 00111 00111 0

81 01001 01000 16 8 01000 01000 0

91 01010 01001 18 9 01001 01001 0

10 01011 01010 20 10 01010 01010 0
111 011060 01011 22 11 01011 01011 0
121 01101 011060 24 12 01100 01100 0
131 01110 01101 26 13 01101 01101 0
4] 01111 011160 28 14 01110 011160 0
15 10001 10000 0 15 01111 01111 0
16| 10010 10001 2 16 10000 10000 0
171 10011 10010 4 17 10001 10001 0
18] 10100 10011 6 18 10010 10010 0
191 10101 10100 8 19 10011 10011 0
200 10110 10101 10 20 10100 10100 0
21 10111 10110 12 2% 10101 10101 0
221 11000 10111 14 22 10110 10110 0
231 11001 11000 16 23 10111 10111 0
241 11010 11001 18 24 11000 11000 0
251 11011 11010 20 25 11001 11001 0
26| 11100 11011 22 26 11010 11010 0
271 11101 11100 24 27 11011 11011 0
280 11110 11101 26 28 11100 11100 0
291 11111 11110 28 29 11101 11101 0
30 11110 11110 0

31 11111 11111 0
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