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Continuous Time Markov Chains On A System

Following An Alternating Renewal Process

Student : Yu-Ting Huang Advisor : Dr. Nan-Fu Peng

Institute of Statistics National Chiao Tung University

Abstract

A continuous time Markov chain observed on a system following the
dynamic behavior of an alternating renewal process is studied. The
limiting probability of the process is derived. The characteristics of the

process are examined. Examples of application are given.

Keywords: Alternating renewal process, Continuous time Markov chain,

M/M/queue.
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= TeQitai}/ityi_l exp(— at )dt (3)

A = [e%a, 7t expl- antidt = D Mt vt, " expl- ot at,
0 o1

)"
n:large» 2 ¢ eQit;M(t):(HQ—'j »m=2>m:large> ¥ Z k=t o
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k 1= k

k=1 O

#%(8) ~ (9)% Lemma > 3\ ¥ riim T & g

Theorem 1:
APE R - BAFETET A aX()r BRI BLF
AR R E R Rk P LR o do gk B :swn“))uzw;, #

() () q»% ¥ ﬁﬁ"_x i =12,...,r > n=12,... &L F 3

k=1 Olk
1 (1
_ (k+1)
= —7
r 1"21:(0@ )
k=1 Olk

B XU =12, rofa U F 3 i T B LRI

far
flm
~=h

U T X (1)l L L e

Remark 1: & Theorem 1 iR 2. T > 4e% P(t)=P,(t)=....= P.(t) -

=¥ = =77 LB AEB A TR o

17



1if t>c

) v i1=12,...,r
0 if t<c,

3.3 Yﬂﬁﬁ;ﬁa):{

) ) . . 1if t>c
Bk bk E BRE B EY REF ()= |
0 if t<ec,
- BHzLrpeplal HEELCci=12,..,r>-n=12.. -
EEBERLT o deki=12,r  HEHFELR()F - BicE

Qo ARUEAPT P E I AN ()hA S

_ 1 Zr:(_klIPi(t)dF(t)j(HPk(s)dde(t)ﬂ
(
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Bk M(s):fersds » M (s)satisfies | +Q,M(s)=e%
0

Fruaf ()% - BENLL IS ERLRE [T opEEs
TOUE B AT B AE - BIFER AR jorikant £ T3
e 5 - BENEREFY g R ImlemmaE e 5= B
I Fe BENE ABIE o FTBEANRINL0)THRAET
Bofs— BENTM k472 o 2N (11)F By BATFER LAz
BLEF dotd B A ke o

F1#* % & fr(Riemann sum) k 2 77z efaig i i@

ﬂzgc ﬂ(l){g(ﬁA)(gM(si)Asiﬂ /0 large -

i=1

m
A S 27 d
He eQ't;M(s)z(l +Q—'j »m=2">m:large - ¥ % ik =%
m

fo 22 o dode SV B L iE AR F R T 0 1=12,., r A2 he 2L FR

oo AT 0 ]2 8 (12) 40T
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Remark 1: & (12) efFim 2. & 5 4o % P(t)=P,(t)=....= P.(t) > 8]
r=aY=7z9=.=7") 2 I EV o E FE T 5 EBER
T AR Y Db

Remark 2:pt & fie &_F) 2 enZ P & B > 9702
{Yl(l),Y(2),...,Y(r),Yz(l),Yz(z),...,Yz(r),...,Y(l),Y(Z),...,Yn(ﬂ,Yn(fl), ______ } mE 5w

1 1 n n

A 4o A HITNB R L RS ER KT S NQ i=12,,1 ¢
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r ~ A2 engd ¢ (Characteristics of process)

EF EAPA - B oS RGP EBEOX() A BT AT
B T R BT AP TR SR AT P S AT
{5?#fﬁ%%&%?ﬁ%@{ﬁﬁﬁ&»ﬁm%%@ﬁgﬁ@

FE g% =0 1 (homogenous) » 2\ i 7 iz X (t) bt A =

(asymptotically homogenous) -

Example 1:
TR- BAFETET X4 kS 01 A B B
fﬁifgb-ﬁ)ti%ﬁ'ﬁji TF’H‘Q;«,; _,,_,\31 E‘j’*’—’? a.

o o[-K K of-5 & )

X 4 O R Q) = 2 Q, = ' QuQ,
oK —K

Wk A8 1 R R 2 KT - Bk i e 5> 0

K E %] i #ies 1 0< <Ky 47 aldf 1 enpriz » R

B ol @ AFF R 2hE i R ST g R ke L B
o

-lir'-‘ir0<8<£ﬂ'J
a

PriX(t+¢)= ux() X(t-¢)=1 X (t—2¢)=0]

>Pr[X(t+e :ux 0,X(t—£)=0,X(t-2¢)=0]

oo BSOS e 2 Rdp Ak sud aark s i (likelihood
of stage) -
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Ry - BRAF AT TERt(fixed)syk B 05— 3 E 10 F
= B E 00 FAER R AR L T AR e T - % | ¢ &
Lo F R ¥ - BAF A 7L TPFFLaREL0 - 3L
0> E - % E 0 VEIMERELAIFE2 AT ARFRtaT -

R S LS

i f“:%&% f'—’ﬁ 5 % L’f”'bt_?ﬁ °
Theorem 2:
gk X (1) &k $o@ & B Fd 30 2% = 4. (homogenous) » 4 Q, £

MR AP BB E b b o 2R 18 X(t) et i jice

1
,

(asymptotically infinitesimal matrix)Q ¢ £ Q = i

Tyl
j= 05

Q g

B 1 A2 E_bri7 % =x 4 (aSymptatically-homogenous) -
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BEASZ B S {1 ST 1 4 A & 2 5T r=3
2 A
(3~ % va0) s ¥ 5 FIHA Bl 0 S BATRR S 0 BT R
Bk e EFIH o BLFTRGTRL > F B ER T 4 L TR R
SR HILA B R TR F BTk S FA B w0l

Q.QQF — LiFE R

O —a,-a, a, 4
Q1 =1 a ~ 8 :
5 a, a, = —ad,y—=dy
iid
Yl(2) 1Y2(2) ’ Ys(z), ....... ~F, ( ) =
X(t)l}-"—LLLY ¢ E T
0 b01 o b02 bOl boz
Q,= blO blo 0
2 b, b, P ~Pa
iid
YO YO Y ~F,()=
X(t) EI A
O] =C—Cp,  Cy "o
Qs =1 Cio ~ G 0
2L G G Gl
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Repair rate(i2 32 st &)
a01 > b01 > COl ’ a02 > b02 > C02
Break rate(#% % 3 4 et )

a'10 < b10 < ClO ’ a'20 < b20 < C'20 ’ a21 < b21 < C'21

72

A 1:,\':_ E‘f’?;l;}:’;"

ty, >t b, <t,» Eflit=a,b,c
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=

0[-039 03 009 0[-0.31 0.25 0.06
Q,=1/016 -016 0 [’ Q,=1] 02 -02 O

2/ 012 019 -031 2/ 015 02 -0.35

0[-0.25 02 0.5 0[-05 039 0.11
Q,=1| 03 -03 0 |>Q,=1/03 -03 O

2| 02 025 -045 2| 0.1 019 -0.29

0[-0.34 027 007 0[-0.26 0.21 0.05
Q. =1/ 04 -04 0 |>Q,=1| 041 -041 O

2/ 021 02 -041 2 029 021 -05

of-8 5 3 of-6 4 2 0[-5 35 15
Q,=1/2 -2 0> Q=1/"8-=83=0/>Q, =14 -4 0

2 -3 2.2 3 -5 2| 3 35 -65

(1) Y IREGn () > i =121

Q Q.Q,.Q, Q.Q,.Q,

[, e, a,] | [3: 21, 10] [20, 8, 4]
7Y [0.3542, 0.5681, 0.0777] [0.4657, 0.4688, 0.0654]
Vi [0.3458, 0.5749, 0.0793] [0.4624, 0.4716, 0.0660]
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Q Q..Q,.Q, Q..Q,.Q,
o, 2, ] | [0.8,0.5,0.2] [0.1, 0.5, 0.7]
7Y [0.4980, 0.4410, 0.0609] [0.4289, 0.5079, 0.0632]
T [0.4606, 0.4729, 0.0665] [0.3259, 0.5948, 0.0793]
Q  10,.Q.0, Q,,Q.,Q,
o, ] | [3, 21, 10] [20, 8, 4]
7V [0.4197, 0.4731, 0.1073] [0.5323, 0.3887, 0.0790]
T [0.4079, 0.4816,,0:1104] [0.5286, 0.3913, 0.0801]
Q 1Q.Q.0 Q..Q..Q,
[, 2, 2, | [0.8,0.5,0.2] [0.1, 0.5, 0.7]
7V [0.5759, 0.3570, 0.0671] [0.5239, 0.3943, 0.0818]
T [0.5394, 0.3834, 0.0772] [0.3944, 0.4895, 0.1161]
Q 10.0.9Q, Q,.Q,.Q,
o, @, a2, ] | [3, 21, 10] [20, 8, 4]
7V [0.3340, 0.5400, 0.1260] [0.3988, 0.4933, 0.1079]
T [0.2448, 0.5943, 0.1609] [0.3681, 0.5130, 0.1189]

26




Q.00 Q,.Q..Q,
[, a,,,] | [08,05,0.2] [0.1, 0.5, 0.7]
7% [0.4307, 0.4690, 0.1003] [0.4245, 0.4745, 0.1011]
7 [0.3672, 0.5133, 0.1195] [0.2288, 0.6059, 0.1653]

Q)Y P E (7)) i =121

Q Q.Q,.Q, Q.Q,.Q,

la, a,,a,] | [113,1,1/2] [1, 1, 1/2]

o7y |14 [1.19.1]
7Y [0.9746, 0.0209, 0.0044] [0.9307, 0.0577, 0.0116]
7 [0.7936, 0.1648; 0:0418] [0.7316, 0.2194, 0.0491]
Q Q. Q. Q, Q..Q..Q,

o, @, a,] | [1/3, 1, 1/2] [1, 1, 1/2]

[7/1’7/2!73] [1’ 4’ 1] [1’ 19’ 1]
W [0.9752, 0.0200, 0.0048] [0.9341, 0.0534, 0.0125]
T [0.7689, 0.1828, 0.0485] [0.7243, 0.2206, 0.0553]
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Q Q,.Q,.Q, Q,.Q,.Q,

la, a,,0,] | [113,1,1/2] [1, 1, 1/2]

7ans] | L4 [1,19,1]
70 [0.9581, 0.0346, 0.0073] [0.8948, 0.0869, 0.0184]
7 [0.2793, 0.5356, 0.1853] [0.3235, 0.5156, 0.1611]

(3) Y IR F (t)= {1 i_f 26 =1,2,...,T
0 if t<ec,
102,99 Q,.Q,.Q,
o 8 8
7% | [0.5331, 0.4084, 0.0585] [0.6006, 0.3391, 0.0603]
T [0.3369, 0.5837, 0:0794] [0.4154, 0.4730, 0.1116]
QP 10.Q.Q Q.Q..Q,
C 8 1
7% | [0.4333,0.4667, 0.1000] [0.4450, 0.4906, 0.0644]
Vs [0.2286, 0.6077, 0.1637] [0.3886, 0.5360, 0.0754]
Q10,20 Q,.Q..Q,
c 1 1
7% | [0.5352, 0.3869, 0.0779] [0.4333, 0.4667, 0.1000]
T [0.4636, 0.4393, 0.0971] [0.2360, 0.6008, 0.1631]
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"ﬁﬁs’f:-
A2 V15

(1) Y PR, Hc(ar)

Q(:,:,1)=[-0.39 0.3 0.09 ; 0.16 -0.16 0 ; 0.12 0.19 -0.31];
Q(:,;,2)=[-0.31 0.250.06 ; 0.2-0.20 ;0.15 0.2 -0.35];
Q(:,;3)=[-0.250.2 0.05;0.3-0.30 ;0.20.25-0.45];

%Q &Pt d FRPAS N F g P TE F N T o
alpha=[20 8 4];  %alpha & /=% Rz 35 g & a3 »~ o
symstxy z;

for i1=1:3,
B(:,:,0)=int(expm(Q(:,:,i)*t)*alpha(t)*exp(-alpha(i)*t),t,0 , inf);
end

z=1-Xx-y;

X=[xy z];

Ans=X*B(:,:;,1)*B(:,:,2)*B(:,:,3)-X;
S=solve(Ans(2),Ans(3));

p1=[S.x S.y 1-S.X-S.y]; %+ 45 Lemma = ;% R {7 5
AA=eye(3); psum=zeros(3);

for i1=1:3,

AA=AA*B(:,,);

psum = psum + AA/alpha(i); end

p=( p1/(1/alpha(1) + 1/alpha(2) + 1/alpha(3) ))*psum;  %p T 5 *7 &
sum(p) Y- KR FfcE E A 1o
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(2) Y IRIEF tp(a.y)
alpha=[1 1 0.5]; r=[1 19 1]; n=30;

%alpha % gamma i& i/ % R 245 J g § F > o
Q(:,:,1)=[-0.390.30.09; 0.16 -0.16 0; 0.12 0.19 -0.31];
Q(:,:,2)=[-0.310.250.06 ; 0.2-0.20 ;0.150.2-0.35];
Q(:,:,3)=[-0.250.2 0.05;0.3-0.30 ;0.2 0.25 -0.45];
%Q 4P bt PP NE g P TE F o
symsxyzt;
for j=1.3,
p(:,:,))=zeros(3);
fori=1:n, t=i/n; bata(j)=1/alpha(});
g=expm(Q(:,:,J)*t)*r(j) =t (r(j)-1) *exp(-t"r(j)/bata(j))/bata(j)/n;
p(:,.)=p(C,:,)+tg end ‘end
z=1-x-y; X=[xyz]; Ans=X*p(a1)*p(:,:,2)*p(:,:,3)-X;
S=solve(Ans(2),Ans(3));
p1=[S.x S.y 1-S.x-S.y]; %+3¥4x Lemma = ;% £ e
AA=eye(3); psum=zeros(3);
for i=1:3,

AA=AA*p(:,:1);

psum = psum + AA*gamma( (n+1)/r(i) )/gamma( n/r(i)+1)
*bata(i)™(1/r(1))/r(i); end

w=pl*psum; %w = 5 #1F%

if (abs(sum(w)-1)<0.0005);

%t - H AR e F e E B LY T Lo
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(3) Y PRj¥_Constant(¥2 pFRF 5 2 _iE)

c=8;n=10000;

Q(,:,1)=[-853;2-20;12-3];
Q(:,:,2)=[-642;3-30;23-5];
Q(,:,;3)=[-53.515;4-40;335-6.5];

%Q F M o LRI N g s TR A N
for i=1:3;

A(:,:1)=expm(Q(:,:,i)*c); end

Syms Xy z;

z=1-Xx-y;

X=[xy z];

ANS=X*A(:,:, 1)*A(, 2) A (L53)=X;
S=solve(Ans(2),Ans(3));

pl=[S.x S.y 1-S.x-S.y]; %iI4x Lemma = ;% F 18 e

AA=eye(3); p=zeros(3);

for j=1:3,

if (j>1)

AA=AA*expm(Q(:,:,J-1)*c); end
psum=zeros(3);

for i=1:n,
psum=psum+expm(Q(:,:,j)*c*i/n)*c/n;  end
p=p+psum*AA; end

w=pl*p/(c*3); %w T i TR
SUm(W)1 %}@-— -H}Eigz‘ —-‘% ‘ff’{? ;‘% 1 )
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