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E. Proof of ŝj for the MSNMIX model . . . . . . . . . . . . . . . . . . . 81

F. Proof of Theorem 2.1(c), (d), and (e) . . . . . . . . . . . . . . . . . . 83

G. Proof of the Ω
(k)
j . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

H. Proof the of CM-steps . . . . . . . . . . . . . . . . . . . . . . . . . . 96
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1. On supervised learning of multivariate skew normal

mixture models with missing information

1.1. Introduction

Finite mixture models have become a flexible and powerful probabilistic learn-

ing tool for heterogeneous multivariate data and been used extensively in classi-

fication and clustering. During the last two decades, the usefulness of gaussian

mixture (GMIX) (Pearson,1984) and Student’s t mixture (TMIX) models, see Peel

and McLachlan (2000), Shoham (2002), Shoham et al. (2003) and Lin et al. (2004),

are being increasingly applied in various research fields such as pattern recognition,

data mining, computer vision, signal and image processing, machine learning and

bioinformatics, etc. For a comprehensive introduction to mixture models and their

applications, see monographs by Titterington et al. (1985), McLachlan and Basford

(1988), McLachlan and Peel (2000), Frühwirth-Schnatter (2006) and the references

therein. Recently, mixtures of univariate skew normal and skew t distributions as

natural extensions of univariate gaussian mixtures have been considered by Lin et

al. (2007a; 2007b).

It is common in situations where data may exhibit highly asymmetric observa-

tions and thus statistical inferences drawn from the ordinary gaussian assumptions

may frequently yield unreliable inferences. To reduce unduly skewness encountered

in general practice, one commonly adopted approach is through the best known

data-based power transformation proposed by Box and Cox (1964). Although such

a treatment is very convenient to use, the achievement of joint normality is rarely

satisfied and the transformed variables become more difficult to interpret. Instead

of applying transformation methods, there has been a growing interest in propos-
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ing a wider class of distributions, the multivariate skew normal (MSN) distribution,

which contains an extra vector of parameters in regulating skewness and includes

the gaussian family as a special case.

The MSN distribution was originally studied by Azzalini and Dalla Valle (1996)

and some further attractive features and applications are given in Azzalini and Cap-

itaino (1999). Based on this class of distributions, a number of extensions or alter-

native proposals have appeared during the last decade. Arellano-Valle and Genton

(2005) studied the family of fundamental skew normal (FUSN) distributions, giv-

ing a unified scheme to obtain MSN distributions starting from symmetric ones.

Subsequently, Arrellano-Valle and Azzalini (2006) provide a survey on some of its

extensions and variants. Sahu et al. (2003) defined a new class of MSN distributions

and remarked that this sort of formulation is more flexible in terms of adjusting the

correlation structure than the MSN of Azzalini and Dalla Valle (1996). Recently,

Lin (2009) introduced a new mixture modeling framework with component densities

using the MSN distribution of Sahu et al. (2003) and showed its great flexibility in

modeling asymmetrically data.

Learning mixture models from incomplete data has become a powerful tool to

handle real-world multivariate data sets with complex missing patterns. The work

was pioneered by Ghahramani and Jordan (1994), who applied the Expectation

Maximization (EM) algorithm (Dempster et al.,1997) to compute maximun likeli-

hood (ML) estimates of the GMIX model with arbitrary patterns of missingness.

Lin et al. (2006) extended their approach by introducing some efficient learning

strategies from both ML and Bayesian perspectives. Wang et al. (2004) presented

an ordinary EM algorithm for ML estimation of TMIX models with missing infor-

mation. Related work on using the parameter expanded Expectation Maximization
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(PX-EM) algorithm (Liu et al., 1998) for the supervised learning of TMIX models

with incomplete data was done by Lin et al. (2008).

Throughout this dissertation, we assume that the mechanism of missingness

is missing at random (MAR), which means the probability of outcome data be-

ing missing is conditionally independent of the values of missing data when given

the observed data, see Rubin (1976), Schafer (1997), and Little and Rubin (2002)

for a more detailed discussion. For computational aspects, we offer an analytically

tractable EM algorithm coupled some useful model-based tools to handle data with

general missing patterns in the class of multivariate skew normal mixture (MSN-

MIX) model. To reduce complications during the EM procedure, we introduce two

binary auxiliary matrices for indexing the observed and missing components of each

datum. Under this model, we also offer a conditional predictor to retrieve the miss-

ing components and a classifier for allocating partially observed vectors.

In the next two sections, we describe the MSN and the multivariate truncated

normal distributions, define the notations and study some related properties. In

Section 1.4, we present the MSNMIX model in an incomplete data framework and

offer a computationally feasible EM algorithm to compute the ML estimates. The

standard errors are derived from the information-based method instead of using re-

sampling techniques. In Section 1.5, the proposed methodologies are applied to a

real data set with varying proportions of synthetic missing values. Some concluding

remarks are given in Section 1.6.

1.2. The multivariate skew normal distribution

A random vector Y = (Y1, . . . , Yp)
> is said to have the p-dimensional skew

normal distribution with a p × 1 location vector ξ, a p × p positive definite scale
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covariance matrix Σ, and a p× p skewness matrix Λ = Diag{λ1, . . . , λp} if its joint

probability density function (pdf) is given by

ψ(Y| ξ,Σ,Λ) = 2pφp(Y| ξ,Ω)Φp(Λ
>Ω−1(Y − ξ) | ∆), (1.1)

with Ω = Σ + Λ2 and ∆ = (Ip + ΛΣ−1Λ)−1 = Ip − ΛΩ−1Λ, where Ip is a p × p

identity matrix. Moreover, φp(· | µ,Σ) and Φp(· | Σ) denote the pdf of Np(µ,Σ)

and cumulative density function (cdf) of Np(0,Σ), respectively. If the p-dimensional

random vector Y has the pdf in Eq. (1.1), it will be denoted by Y ∼ SNp(ξ,Σ,Λ).

Typically, if Λ is assumed to be a diagonal matrix, then the covariance structure of

Y is not affected by the skewness. By the above reason, we assumed Λ is a diagonal

matrix throughout this paper.

Assuming Z ∼ Np(0, Ip), it follows that |Z| is distributed as a p-dimensional

standard half-normal distribution, denoted by HNp(0, Ip). A two-level hierarchical

version of the linear mixed-effects model

Y = ξ + Λγ + ε (1.2)

can be expressed by:

Y | γ ∼ Np(ξ + Λγ,Σ),

γ ∼ HNp(0, Ip),

where γ and ε are independently distributed as HNp(0, Ip) and Np(0,Σ), respec-

tively. Then the marginal distribution of Y is SNp(ξ,Σ,Λ). By Lin (2009), we have

the following lemma.

Lemma 1.1 Let Y ∼ SNp(ξ,Σ,Λ). Then

(i) E(Y) = ξ +
√

2
π
Λ1p,
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(ii) cov(Y) = Σ +
(
1− 2

π

)
Λ2,

where 1p is a p-dimensional vector of ones.

1.3. The multivariate truncated normal distribution

We use the notation Πp
i=1

∫∞
ai

=
∫∞

a1
· · · ∫∞

ap
for the abbreviation of multiple

integrals. A p-dimensional random vector Y = (Y1, . . . , Yp)
> is said to have the

p-dimensional truncated normal distribution with a p× 1 location vector µ, a p× p

positive definite scale covariance matrix Σ, and a truncated hyperplane region A =

{Y = (Y1, . . . , Yp)
>|Y1 > a1, . . . , Yp > ap} with ai being arbitary real numbers for

all i = 1, . . . , p if its joint pdf is given by

f(Y|µ,Σ;A) =
1

α
φp(Y|µ,Σ)IA(Y), (1.3)

where α = Πp
i=1

∫∞
ai

φp(Y|µ,Σ)dY and IA(Y) is the indicator functions whose value

equals one if Y ∈ A and zero elsewhere. If the p-dimensional random vector Y has

the pdf in Eq. (1.3), it will be denoted by Y ∼ TNp(µ,Σ;A). By Lin (2009), we

have the following lemma.

Lemma 1.2 Let Y ∼ TNp(µ,Σ;A). Then

E(Yi) = µi + α−1

p∑
r=1

σrifr(ar)G(r), (1.4)

where σij denotes the (i, j)th entry of Σ, fr(ar) = φ(ar|µr, σrr) denotes a normal

density with mean µr and variance σrr for the rth variable evaluated at ar and G(r) =

∏
j 6=r

∫∞
aj

φp−1(Y(r)|µ(r)
2·1,Σ

(r)
22·1)dY(r) with φp−1(Y(r)|µ(r)

2·1,Σ
(r)
22·1) being the conditional

density of the remaining p− 1 variables given Yr = ar.
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Moreover,

E(YiYj) = µiE(Yj) + µjE(Yi)− µiµj + σij + α−1

{
p∑

r=1

σriσrj

σrr

(ar − µr)fr(ar)G(r)

+

p∑
r=1

σir

[
p∑

s6=r

(
σsj − σrsσrj

σrr

)
fr,s(ar, as)G(rs)

]}
, (1.5)

where fr,s(ar, as) is a bivariate normal density of the (r, s)th variables of Np(µ,Σ)

evaluated at (ar, as) and G(rs) =
∏

j 6=r,s

∫∞
aj

φp−2(Y(rs)|µ(rs)
2·1 ,Σ

(rs)
22·1)dY(rs) with

φp−2(Y(rs)|µ(rs)
2·1 ,Σ

(rs)
22·1) being the conditional density of the remaining p−2 variables

given Yr = ar and Ys = as.

Let [A]rs denote the (r, s)th entry of A. Expressions in Eqs (1.4) and (1.5) can

be written in matrix form as follows:

E(Y) = µ + α−1Σq = η, (1.6)

where q = (q1, . . . , qp)
> is a p× 1 vector with rth entry is fr(ar)G(r), and

E(YY>) = µη> + ηµ> − µµ> + Σ + α−1Σ(H + D)Σ, (1.7)

where H is a p×p matrix with all diagonal entries being zero and frs(ar, as)G(rs) on

the (r, s)th off-diagonal entry, and D is a p × p diagonal matrix with rth diagonal

entry is σ−1
rr

(
(ar − µr)fr(ar)G(r) − [ΣH]rr

)
.

1.4. A multivariate skew normal mixture model with missing information

1.4.1. The model

In the MSNMIX model, we let Y = (Y1, . . . ,Yn) be a set of p-dimensional

random sample arising from a population with g subclasses C1, . . . , Cg. That is, each

Yj has the density

f(Yj|Θ) =

g∑
i=1

wiψp(Yj | ξi,Σi,Λi), wi ≥ 0,

g∑
i=1

ωi = 1, (1.8)
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where Λi = Diag(λi) with λi = (λi1, . . . , λip)
> and the unknown parameter vector

Θ contains the mixing probabilities wi (i = 1, . . . , g−1), the elements of component

locations ξi’s, the distinct elements of component scale covariance matrices Σi’s

and the skewness vectors λi’s. Note that the notation ψp(· | ξi,Σi,Λi) is the MSN

density defined in (1.1) and Diag(·) denotes a diagonal matrix created by extracting

the main diagonal elements of a square matrix or the diagonalization of a vector.

The mean and covariance of Yj are given by

E(Yj) =

g∑
i=1

wiµi,

cov(Yj) =

g∑
i=1

{
wi (1− wi) µiµ

>
i + wiΣ

∗
i

}
−

g∑

i6=j

wiwjµiµ
>
j ,

where µi = ξi +
√

2/πλi and Σ∗
i = Σi + (1 − 2/π)Λ2

i are the mean vector and

covariance matrix of SNp(ξi,Σi,Λi), respectively.

To pose model (1.8) into an EM framework, we introduce allocation variables

Zj = (Z1j, . . . , Zgj)
>, one for each individual Yj, whose role is to encode which

component has generated Yj. Specifically, the indicators Zj (j = 1, . . . , n) are a

g × 1 vector of binary variables, whose elements are

Zsj =





1 if Yj belongs to group s,

0 otherwise,

and satisfy
∑g

i=1 Zij = 1. This implies Zj follows a multinomial random vector with

1 trial and cell probabilities w1, . . . , wg, denoted by Zj ∼ M(1; w1, . . . , wg).

A three-level hierarchical representation of (1.8) can be expressed by

Yj | (γj, Zij = 1) ∼ Np(ξi + Λiγj,Σi),

γj | (Zij = 1) ∼ HNp(0, Ip),

Zj ∼ M(1; w1, . . . , wg), (1.9)
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for i = 1, . . . , g and j = 1, . . . , n. From (1.9), we therefore declare the complete

data vector to be (Y,Z,γ), where Y = (Y>
1 , . . . ,Y>

n )>, Z = (Z>1 , . . . ,Z>n )> and

γ = (γ>1 , . . . , γ>n )>. From (1.9), the complete data likelihood function for Θ is

Lc(Θ | Y,Z,γ) ∝
g∏

i=1

n∏
j=1

(
wiφp(Yj | ξi + Λiγj,Σi)

)Zij . (1.10)

We are interested in ML estimation problem of model (1.8) when Y may be

partially observed. The underlying missingness mechanism is assumed to be MAR.

Simply speaking, the missingness of data is unrelated to missing values, but it might

depend on the observed values.

Following Lin et al. (2006), we partition Yj into two components (Yo>
j ,Ym>

j )>,

where Yo
j (po

j×1) and Ym
j ((p−po

j)×1) denote the observed and missing components

of Yj, respectively. To facilitate the computation, we introduce two types of the

binary indicator matrices, denoted by Oj (po
j × p) and Mj ((p− po

j)× p), satisfying

Yo
j = OjYj and Ym

j = MjYj, which can be extracted from a p-dimensional identity

matrix Ip corresponding to row positions of Yo
j and Ym

j in Yj, respectively. It is

straightforward to verify that (a) Yj = O>
j Yo

j + M>
j Ym

j ; (b) O>
j Oj + M>

j Mj = Ip.

Furthermore, we can establish the following results.

Theorem 1.1 Let Yj ∼
∑g

i=1 wiψp(Yj | ξi,Σi,Λi), and let Yo
j and Ym

j be the

observed and the missing components corresponding to Yj, respectively. We have

(a) The marginal density of Yo
j is

∑g
i=1 wiψpo

j
(Yo

j |ξo
ij,Σ

oo
ij ,Λoo

ij ), where ξo
ij = Ojξi,

Σoo
ij = OjΣiO

>
j and Λoo

ij = OjΛiO
>
j .

(b) The conditional density of Ym
j given Yo

j is

f(Ym
j | Yo

j ) = 2p

g∑
i=1

w̃ijφp−po
j
(Ym

j | ξm·o
ij ,Ωmm·o

ij )Φp(ΛiΩ
−1
i (Yj − ξi) | ∆i),

8



where w̃ij = wiφpo
j
(Yo

j | ξo
ij,Ω

oo
ij )/

∑g
h=1 whψpo

j
(Yo

j | ξo
hj,Σ

oo
hj,Λ

oo
hj), ξm· o

ij =

Mj

(
ξi + ΩiC

oo
ij (Yj − ξi)

)
and Ωmm·o

ij = Mj(Ip − ΩiC
oo
ij )ΩiM

>
j with Ωoo

ij =

OjΩiO
>
j and Coo

ij = O>
j Ωoo−1

ij Oj.

Proof. The proof is given in Appendix A.

Theorem 1.2 From (1.9), we have the following conditional distributions:

(a) The conditional distribution of Yo
j given γj and Zij = 1 is

Yo
j | (γj, Zij = 1) ∼ Npo

j
(µo

ij,Σ
oo
ij ),

where µo
ij = Oj(ξi + Λiγj) and Σoo

ij = OjΣiO
>
j .

(b) The conditional distribution of Ym
j given Yo

j , γj, and Zij = 1 is

Ym
j | (Yo

j ,γj, Zij = 1) ∼ Np−po
j
(µm·o

ij ,Σmm·o
ij ),

where µm·o
ij = Mj(ξi + Λiγj + ΣiS

oo
ij (Yj − ξi − Λiγj)), Σmm·o

ij = Mj(Ip −
ΣiS

oo
ij )ΣiM

>
j , and Soo

ij = O>
j (OjΣiO

>
j )−1Oj.

(c) The conditional distribution of γj given Yo
j and Zij = 1 is

γj | (Yo
j , Zij = 1) ∼ TNp

(
ΛiC

oo
ij (Yj − ξi), Ip −ΛiC

oo
ij Λi;Rp

+

)
,

where Rp
+ is Rp with all elements being positive real numbers.

Proof. The proofs of part (a) and part (b) are straightforward and hence are

omitted. The proof of part (c) is given in Appendix B.

Let E(γj|Yo
j , Zij = 1) = ηij and E(γjγ

>
j |Yo

j , Zij = 1) = Ψij. Both of which are

implicit functions of parameters ξi, Σi and Λi and can be easily evaluated by using

Eqs. (1.6) and (1.7). The following corollary is a direct implication of Theorem 1.2.
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Corollary 1.1 Recalling Yj = O>
j Yo

j + M>
j Ym

j and O>
j Oj + M>

j Mj = Ip, these

give rise to O>
j Oj(Ip −ΣiS

oo
ij ) = 0. We can obtain

(a) E(Yj | Yo
j , Zij = 1) = ξi + Λiηij + ΣiS

oo
ij (Yj − ξi −Λiηij).

(b) cov(Yj | Yo
j , Zij = 1) = (Ip −ΣiS

oo
ij )

(
Σi + Λi(Ψij − ηijη

>
ij)Λi(Ip − Soo

ij Σi)
)
.

(c) E(Yjγ
>
j | Yo

j , Zij = 1) = (Ip −ΣiS
oo
ij )(ξiη

>
ij + ΛiΨij) + ΣiS

oo
ij Yjη

>
ij.

For a p-dimensional observation with the probability of its missingness greater

than or equal to zero for each attribute, there are 2p− 1 unique patterns of missing-

ness. In general, completely missing pattern does not happen. This indicates that

the missing rate should be smaller than (p−1)/p. To lessen the computational load,

Lin et al. (2006) have described a simple procedure by rearranging Y according to

unique missing patterns of data.

1.4.2. An efficient EM procedure for ML estimation

The EM algorithm of Dempster et al. (1977) has been widely used in the

literature to carry out ML estimation in a variety of incomplete data problems.

We offer an efficient EM algorithm for learning model (1.8) from incomplete data.

For notational simplicity, let Υ = (ξ1, . . . , ξg,Σ1, . . . ,Σg,Λ1, . . . ,Λg) and w =

(w1, . . . , wg)
>. Let Yo = (Yo

1,Y
o
2, · · · ,Yo

n) and Ym = (Ym
1 ,Ym

2 , · · · ,Ym
n ) represent

the observed portion and the missing portion of the data, respectively. From (1.10),

the complete data log-likelihood function of Θ, aside from additive constant terms,

10



can be written by

`c(Θ|Y,Z,γ)

=

g∑
i=1

n∑
j=1

Zij log(wi)− 1

2

g∑
i=1

[
log |Σi|

(
n∑

j=1

Zij

)
+ tr

(
Σ−1

i

n∑
j=1

Ωij

)]
,

(1.11)

where

Ωij = Zij(Yj − ξi −Λiγj)(Yj − ξi −Λiγj)
>.

Given the observed data Yo and the current parameter estimates Θ̂
(k)

, the E-

step needs to compute the expected log-likelihood of the complete data.

Lemma 1.3 The conditional expectation of Eq. (1.11) is given by

Q(Θ|Θ̂(k)
) = E

(
`c(Θ|Y,Z,γ)|Yo, Θ̂

(k)
)

= Q1(w|Θ̂(k)
) + Q2(Υ|Θ̂(k)

).

It follows that

Q1(w|Θ̂(k)
) =

g∑
i=1

n∑
j=1

Ẑ
(k)
ij log(wi), (1.12)

Q2(Υ|Θ̂(k)
) = −1

2

g∑
i=1

[
log |Σi|

(
n∑

j=1

Ẑ
(k)
ij

)
+ tr

(
Σ−1

i

n∑
j=1

Ω
(k)
ij

)]
, (1.13)

where

Ẑ
(k)
ij =

ŵ
(k)
i ψpo

j
(Yo

j |ξ̂
o(k)

ij , Σ̂
oo(k)

ij , Λ̂
oo(k)

ij )
∑g

i=1 ŵ
(k)
i ψpo

j
(Yo

j |ξ̂
o(k)

ij , Σ̂
oo(k)

ij , Λ̂
oo(k)

ij )
, (1.14)

Ŷ
(k)
ij = Σ̂

(k)

i Ŝ
oo(k)
ij Yj + (Ip − Σ̂

(k)

i Ŝ
oo(k)
ij )(ξ̂

(k)

i + Λ̂
(k)

i η̂
(k)
ij ), (1.15)

Ω
(k)
ij = Ẑ

(k)
ij

[
(Ip − Σ̂

(k)

i Ŝ
oo(k)
ij )Σ̂

(k)

i + (Ŷ
(k)
ij − ξi −Λiη̂

(k)
ij )(Ŷ

(k)
ij − ξi −Λiη̂

(k)
ij )>

+
(
Â

(k)
ij −Λi

)
(Ψ̂

(k)

ij − η̂
(k)
ij η̂

(k)>
ij )

(
Â

(k)
ij −Λi

)>]
, (1.16)

11



with ξ̂
o(k)

ij = Oj ξ̂
(k)

i , Σ̂
oo(k)

ij = OjΣ̂
(k)

i O>
j , Λ̂

oo(k)

ij = OjΛ̂
(k)

i O>
j , Â

(k)
ij = (Ip −

Σ̂
(k)

i Ŝ
oo(k)
ij )Λ̂

(k)

i and Ŝ
oo(k)
ij = O>

j (OjΣ̂
(k)

i O>
j )−1Oj for i = 1, . . . , g and j = 1, . . . , n.

Proof. The proof is given in Appendix C.

The EM algorithm is as follows:

E-step: Given Θ = Θ̂
(k)

, compute Ẑ
(k)
ij , Ω

(k)
ij and Ŷ

(k)
ij for i = 1, . . . , g and

j = 1, . . . , n, using Eqs (1.14), (1.16) and (1.15).

M-step:

1. Update ŵ
(k)
i by maximizing Eq. (1.12) over wi subject to their sum is unity,

which gives

ŵ
(k+1)
i =

1

n

n∑
j=1

Ẑ
(k)
ij .

2. Fix Λi at Λ̂
(k)

i , update ξ̂
(k)

i by maximizing Eq. (1.13) over ξi, which leads to

ξ̂
(k+1)

i =

∑n
j=1 Ẑ

(k)
ij Ŷ

(k)
ij − Λ̂

(k)

i

∑n
j=1 Ẑ

(k)
ij η̂

(k)
ij∑n

j=1 Ẑ
(k)
ij

.

3. Fix ξi at ξ̂
(k+1)

i and Λi at Λ̂
(k)

i , update Σ̂
(k)

i by maximizing Eq. (1.13) over Σi,

which leads to

Σ̂
(k+1)

i =

∑n
j=1 Ω̂

(k+1/2)

ij∑n
j=1 Ẑ

(k)
ij

,

where Ω̂
(k+1/2)

ij is Ω
(k)
ij in Eq. (1.16) with ξi replaced by ξ̂

(k+1)

i and Λi replaced by

Λ̂
(k)

i .

4. Here Λi assumed to be diagonal, say Λi = Diag(λi), where λi is a p-dimensional

vector. Fix ξi at ξ̂
(k+1)

i and Σi at Σ̂
(k+1)

i , update λ̂
(k)

i by maximizing Eq. (1.13)

12



over λi, which leads to

λ̂
(k+1)

i =

(
Σ̂

(k+1)−1

i ¯
n∑

j=1

Ẑ
(k)
ij Ψ̂

(k)

ij

)−1

×
(

Σ̂
(k+1)−1

i ¯
n∑

j=1

Ẑ
(k)
ij

(
(Ψ̂

(k)

ij − η̂
(k)
ij η̂

(k)>
ij )Â

>(k)
ij + η̂

(k)
ij (Ŷ

(k)
ij − ξ̂

(k+1)

i )>
))

1p,

where 1p denotes a p-dimensional vector of ones and the operator ¯ denotes the

elementwise product of two matrices of the same dimension.

The detailed proof of the M-steps is shown in Appendix D.

Since the stability and monotone convergence of EM are maintained, the itera-

tions are repeated until a suitable convergence rule is satisfied, e.g., ‖Θ̂(k+1)− Θ̂
(k)‖

is sufficiently small. When the convergence is achieved, the resulting estimates are

denoted by Θ̂ = (ŵ1, . . . , ŵg−1, ξ̂1, . . . , ξ̂g, Σ̂1, . . . , Σ̂g, Λ̂1, . . . , Λ̂g). Therefore, the

posterior probability of the Yj belonging to group i can be estimated by

ŵ∗
ij = P(Zij = 1|Yo, Θ̂) =

ŵiψpo
j
(Yo

j | ξ̂
o

ij, Σ̂
oo

ij , Λ̂
oo

ij )
∑g

i=1 ŵiψpo
j
(Yo

j | ξ̂
o

ij, Σ̂
oo

ij , Λ̂
oo

ij )
. (1.17)

According to the ML classification theory of (Basford and McLachlan, 1985), Yj

is assigned to group s if ŵ∗
sj > ŵ∗

ij for i = 1, . . . , g and i 6= s. Consequently, the ML

predictor for the missing component Ym
j is given by

Ŷm
j = E(Ym

j |Yo
j , Θ̂)

= Mj

g∑
i=1

ŵ∗
ij

(
ξ̂i + Λ̂iη̂ij + Σ̂iŜ

oo
ij (Yj − ξ̂i − Λ̂iη̂ij)

)
. (1.18)

1.4.3. Estimation of standard errors

Under the regularity conditions given in Zacks (1971, Chapter 5), the standard

errors of the ML estimates, Θ̂, can be obtained by inverting the observed or ex-

pected information matrix. Efron and Hinkely (1978) suggested using the observed

13



information matrix instead of the expected information matrix for the evaluation of

the standard errors. Meilijson (1989) showed a remark that the observed as well as

the expected information matrix could be estimated consistently by the empirical

covariance matrix of the individual scores.

Let `cj(Θ|Yj, τ j,Zj) be the complete data log-likelihood formed from the single

observation Yj. The individual score is defined as

u(Yo
j |Θ) = E

(
∂`cj(Θ|Yj,γj,Zj)

∂Θ

∣∣∣Yo
j ,Θ

)
.

The empirical information matrix, according to Meilijson’s formula, is defined as

Ie(Θ|Yo) =
n∑

j=1

u(Yo
j |Θ)u>(Yo

j |Θ)− n−1U(Yo|Θ)U>(Yo|Θ), (1.19)

where U(Yo|Θ) =
∑n

j=1 u(Yo
j |Θ).

Let vech(·) be the matrix operator which stacks only the distinct elements of a

symmetric matrix into a single vector. The ML estimates Θ̂ substituted for Θ in

the Eq. (1.19) and then it reduced to

Ie(Θ̂ | Yo) =
n∑

j=1

ûo
j û

o>
j ,

where

ûo
j = u(Yo

j |Θ̂)

= (ûo
j,w1

, . . . , ûo
j,wg−1

, ûo>
j,ξ1

, . . . , ûo>
j,ξg

, ûo>
j,σ1

, . . . , ûo>
j,σg

, ûo>
j,λ1

, . . . , ûo>
j,λg

)>,
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with λi = diag(Λi) and σi = vech(Σi). Expressions for the elements of ûo
j are given

by

ûo
j,wr

=
Ẑrj

ŵr

− Ẑgj

ŵg

,

ûo
j,ξi

= ẐijΣ̂i

−1(
Ŷij − ξ̂i − Λ̂iη̂ij

)
,

ûo
j,σi

= vech

(
ẐijB̂ij − 1

2
ẐijDiag(B̂ij)

)
,

ûo
j,λi

= Diag
(
ẐijŜ

oo
ij ((Yj − ξ̂i)η̂

>
ij − Λ̂iΨ̂ij)

)
,

where

B̂ij = Ŝoo
ij

(
Λ̂i(Ψ̂ij − η̂ijη̂

>
ij)Λ̂i + (Ŷij − ξ̂i − Λ̂iη̂ij)(Ŷij − ξ̂i − Λ̂iη̂ij)

>
)

Ŝoo
ij − Ŝoo

ij .

The detailed proof is shown in Appendix E.

1.5. Experimental results

For illustration purposes, we apply the techniques presented so far to a subset

of the Australian Institute of Sport (AIS) data, including 13 physical variables on

102 male and 100 female athletes, which are treated as two intrinsic classes. The

data were originally reported by Cook and Weisberg (1994) and have been analyzed

already by Azzalini and Dalla Valle (1996), Azzalini and Capitanio (1999) and Az-

zalini (2005), among others. They pointed out the AIS data are better suited to

the MSN distribution than gaussian, but neglected the situation where patterns of

multimodality happen. In this example, we select three attributes: BMI, Bfat and

LBM, which represent the body mass index, the percentage of body fat and lean

body mass, respectively.

Fig. 1.1 depicts pairwise bivariate scatter plots of the data with superimposed

contours of the fitted 2-component MSNMIX distribution. It can be observed from

15



the figure that the scatter plots and fitted densities reveal an apparent bimodal

asymmetric mixture pattern for each of the three pairs of variables. Note that the

mixture components for BMI and LBM are not well separated because the two at-

tributes are highly correlated with the Pearson’s correlation coefficient being 0.71.

bmi

10 20 30

2
0

2
5

3
0

1
0

2
0

3
0

Bfat

20 25 30

lbm

40 70 100

4
0

7
0

1
0

0

Figure 1.1: AIS data: bivariate scatter plots and fitted 2-component MSNMIX

contours (+: Female; •: Male)
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To conduct experimental studies, we first generate 500 synthetic missing data

sets by deleting at random from the experimental data under various missing rates,

r%, where each datum retains at least one observed attribute. The missing rates

of the synthetic data range from 10% up to 40% (increased by 10%). A relative

difference of 10−5 in successive values of the log-likelihood is used as a stopping

guideline for the EM algorithm.

We fit a MSNMIX model with density (1.8) to 500 synthetic missing data sets

for g = 1 and g = 2, where g = 1 corresponds to the MSN model (a special

case of MSNMIX model with a single component) of Sahu et al. (2003), which

cannot capture the bimodality. Specifically, the 2-component MSNMIX model can

be written as

f(Yj | Θ) = wψ(Yj | ξ1,Σ1,Λ1) + (1− w)ψ(Yj | ξ2,Σ2,Λ2) (j = 1, . . . , 202),

where

ξi =




ξi1

ξi2

ξi3


 , Σi =




σi,11 σi,12 σi,13

σi,12 σi,22 σi,23

σi,13 σi,23 σi,33


 and Λi =




λi,11 0 0

0 λi,22 0

0 0 λi,33




for i = 1, 2.

For comparison, we test the null hypothesis H0 : g = 1 (MSN) versus the alter-

native hypothesis H1 : g = 2 (MSNMIX). The numbers of free parameters under

H0 and H1 are 12 and 25, respectively. The likelihood ratio test (LRT) statistic,

given by the difference in values of −2 times the log-likelihood between two nest

models, is used to judge which of the two models is more suitable for this data set.

Fig. 1.2 displays the histograms of converged log-likelihood values of the null and

the alternative models along with a summarized box plot for their LRT statistics.
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It is readily seen that the LRT statistics are highly significant compared with the

χ2
13 distribution for all cases.
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Figure 1.2: A comparison of converged log-likelihood values of the null (g = 1)

and the alternative (g = 2) models and their LRT statistics, where dotted line

(· · · )=χ2
13(0.99) = 27.69 and dashed line (− − −)=χ2

13(0.95) = 22.36, for various

proportions of missing values (Replications=500)
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To exemplify the predictive accuracies on the imputation of missing values, we

compare the MSN and MSNMIX predictors, see Eq. (1.18), together with the tra-

ditional randomization-based mean imputation (MI) predictor, known as a common

heuristic by filling in a single value for each missing value with the observed sample

mean of the associated attribute. As a measure of precision, the mean absolute

error (MAE) and the mean absolute relative error (MARE) are used to evaluate

the prediction discrepancy. Comparison results are listed in Table 1.1. The relative

improvement percentage (RIP) in Table 1.1 is defined as the percentage decrease

in the relative prediction error when comparing MSN and MSNMIX predictors. In

this study, we found that both model-based predictors substantially outperform MI

for all cases. Furthermore, the MSNMIX predictor exhibits considerable promising

accuracy in the prediction of missing values when compared with those of MSN

imputations over a wide range of missing rates.

Table 1.1: A comparison of averaged prediction accuracies and the associated stan-

dard deviations in parentheses for three imputation methods with varying propor-

tions of missing values. The relative improvement percentage (RIP) is measured by

(MSN-MSNMIX)/MSN×100%. (Replications=500)

Missing MAE MARE

rate MI MSN MSNMIX RIP(%) MI MSN MSNMIX RIP(%)

10%
6.114 3.476 3.326

4.32
0.243 0.154 0.141

8.44
(0.733) (0.495) (0.499) (0.032) (0.024) (0.023)

20%
6.124 3.777 3.637

3.71
0.246 0.166 0.155

6.63
(0.493) (0.321) (0.337) (0.024) (0.032) (0.018)

30%
6.115 4.096 3.967

3.15
0.244 0.177 0.167

5.65
(0.380) (0.300) (0.319) (0.018) (0.015) (0.015)

40%
6.115 4.382 4.275

2.44
0.245 0.190 0.182

4.21
(0.302) (0.284) (0.307) (0.017) (0.014) (0.015)
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As another illustration, we compare the supervised learning of classification ac-

curacies between the GMIX and MSNMIX classifiers, see Eq. (1.17). Comparisons

are made on the trivariate data and a reference bivariate sample (BMI, LBM). Table

1.2 shows the average misclassification rates from these models. As seen in the ta-

ble, the misclassification rates of the MSNMIX classifier are all significantly smaller

than those of GMIX classifier, especially for the bivariate sample with RIPs ranging

between 43.3% and 60.1%. These observations signify that the MSNMIX model

provides a sound statistical basis for clustering.

Table 1.2: A comparison of averaged misclassification rates (%) between GMIX

and MSNMIX models with standard deviations in parentheses for three imputa-

tion methods with varying proportions of missing values. The relative improve-

ment percentage (RIP) is measured by (GMIX-MSNMIX)/GMIX×100%. (Replica-

tions=500)

Missing Trivariate data Bivariate data (bmi, lbm)

rate GMIX MSNMIX RIP(%) GMIX MSNMIX RIP(%)

10%
5.35 4.77

10.8
27.36 10.93

60.1
(0.015) (0.010) (0.129) (0.022)

20%
6.99 6.24

12.0
31.71 14.60

54.0
(0.024) (0.014) (0.136) (0.028)

30%
9.84 8.61

12.5
34.75 18.68

46.2
(0.034) (0.018) (0.123) (0.036)

40%
13.11 11.63

11.3
36.20 20.52

43.3
(0.037) (0.023) (0.105) (0.020)
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1.6. Concluding remarks

We have established some properties related to the MSNMIX model in a miss-

ing information framework. The proposed model is very flexible in dealing with

heterogeneous data that involve strong skewness and is persistent to the presence of

missing observations. We discussed in detail how the EM algorithm coupled with

auxiliary matrices can be applied on learning models from incomplete data in an effi-

cient manner. Experimental results indicate that the MSNMIX model performs well

for imputations as well as clustering when asymmetric multimodality and missing

outcomes simultaneously occur in the input data. Finally, we highlight that, with

the growing advances of modern stochastic computing technology and inexpensive

high-speed computer power, it is worthwhile to pursue a fully Bayesian treatment

(e.g., Hastings, 1970; Tanner and Wong, 1987; Diebolt and Robert, 1994; Escobar

and West, 1995) in this context for enriching up-to-date account of the theory and

applicability.
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2. Robust Statistical Modeling Using The Multivariate

Skew t Distribution With Incomplete Data

2.1. Introduction

In the statistical modeling of multivariate data, sometimes, not all designed

measurements are fully collected. The occurrence of missing values in multivariate

analysis is a common problem that might lead to biased estimates of parameters or

inefficient inferences. Learning multivariate normal (MVN) models from incomplete

data has been well-developed and systematically studied in the literature, see e.g.,

Anderson (1957), Hocking and Smith (1968), Rubin (1987) and Liu (1999). For

analyzing data with incomplete observations, modern imputation methods such as

the Expectation Maximization (EM; Dempster et al., 1977) and data augmentation

(DA; Tanner and Wong, 1987) algorithms can be easily implemented by using the

statistical packages: proc MI in SAS (SAS 2001) and the Missing Data Analysis

Library in S-PLUS (Schimert et al., 2000).

Typically, the normality assumption for incomplete multivariate data is usually

hard to be justified. Further, in some situations, the underlying distribution of input

data may be asymmetrically distributed or it may contain some influential outliers.

The multivariate t (MVT) distribution is a useful model for robust inference and

covers a wide variety of applications (Kotz and Nadarajah, 2004). As pointed out by

Liu (1995), to fit data having longer than normal tails, multiple imputations under

MVT models allow to yield more valid statistical inferences than using the normal

distribution. Lange et al. (1989) remarked the MVT model is not a panacea for

modeling data with highly asymmetric observations.

Over the past decades, there has been a growing interest in proposing a para-
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metric family of multivariate skew t (MST) distribution (Jones and Faddy, 2003;

Azzalini and Capitaino, 2003), which is an extension of the MVT family with addi-

tional shape parameters to regulate skewness. In this paper, we consider the missing

imputation problems under a new class of MST distribution, defined by Sahu et al.

(2003), can accommodate a wider range of distributional features. Sahu et al. (2003)

remarked that the correlation structure within this family is not affected by the in-

troduction of skewness parameters.

In this class of MST models, we are devoted to developing tactical learning

tools to handle missing data problems. Throughout, the mechanism of missingness

is assumed to be MAR, pioneerly introduced by Rubin (1976), meaning that the

missingness of input data depends only on the observed values. A computationally

flexible Monte Carlo Expectation Conditional Maximization (MCECM) algorithm

that incorporates two auxiliary matrices is provided to carry out ML estimation

under a general pattern of missingness.

To pose the MST model in a Bayesian framework, a DA scheme for Bayesian

sampling is developed to create multiple imputations of missing data. The priors are

chosen to be weakly informative to avoid improper posterior distributions. Using a

fully Bayesian approach to implement this model, the posterior and predictive in-

ferences can be accurately extracted from a large converged Monte Carlo dependent

samples.

In Sections 2.2 and 2.3, we describe the MST distribution and multivariate trun-

cated t distribution with a simple pseudo random number generator via the Gibbs

sampler, respectively. In Section 2.4, we describe a feasible MCECM procedure to

conduct estimation and imputation of MST models from incomplete data. A simple

way of calculating information-based standard errors of estimates is also presented.
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In Section 2.5, an efficient DA scheme is employed to carry out a fully Bayesian

inference as well as multiple imputations of missing values. In Section 2.6, the

proposed methodologies are illustrated through two real examples with complete

and synthetic missing values. Some concluding remarks are briefly summarized in

Section 2.7.

2.2. The multivariate skew t distribution

For notational simplicity, we denote tp( · | µ,Σ, ν) to be the p-dimensional MVT

distribution with location vector µ, scale covariance matrix Σ and degrees of free-

dom ν and Tp( · | Σ; ν) is the cdf of tp(0,Σ, ν).

A p-dimensional random vector Y = (Y1, . . . , Yp)
> is said to have the p-dimensional

MST distribution with a p × 1 location vector ξ, a p × p positive definite scale co-

variance matrix Σ, a p × p skewness matrix Λ = Diag{λ1, . . . , λp}, and degrees of

freedom ν if its joint pdf is given by

f(Y| ξ,Σ,Λ, ν) = 2ptp(Y| ξ,Ω, ν)Tp

(
q

√
ν + p

U + ν

∣∣∣∆; ν + p

)
, (2.1)

where Ω = Σ + Λ2, ∆ = (Ip + ΛΣ−1Λ)−1 = Ip −ΛΩ−1Λ, q = ΛΩ−1(Y − ξ) and

U = (Y − ξ)>Ω−1(Y − ξ). If the p-dimensional random vector Y has the pdf in

Eq. (2.1), it will be denoted by Y ∼ STp(ξ,Σ,Λ, ν).

A three-level hierarchical version of the MST model can be expressed by:

Y | (γ, τ) ∼ Np(ξ + Λγ,Σ/τ),

γ | τ ∼ HNp(0, Ip/τ),

τ ∼ Γ(ν/2, ν/2) . (2.2)

It follows from (2.2), the marginal distribution of Y is STp(ξ,Σ,Λ, ν). By Sahu et

al. (2003), we have the following Lemma.
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Lemma 2.1 Let Y ∼ STp(ξ,Σ,Λ, ν). Then

(a)

E(Y) = ξ +

√
ν

π

Γ(ν−1
2

)

Γ(ν
2
)

λ,

(b)

cov(Y) =
ν

ν − 2

(
Σ +

(
1− 2

π

)
Λ2

)
+

2

π

(
ν

ν − 2
−

(
Γ(ν−1

2
)

Γ(ν
2
)

)2
ν

2

)
λλ>,

where λ = Diag(Λ).

From Lemma 2.1, the mean exists when ν > 1 and covariance matrix exists

when ν > 2. Note that there is an error in the expression of cov(Y) in Sahu et al.

(2003, pp. 137) that Λ2 is replaced by λλ> in Lemma 2.1.

2.3. The multivariate truncated t distribution

In this subsection, we briefly describe properties of the multivariate truncated

t distribution whose truncations are left-positioned at arbitrary points. Further, we

provide a simple means to generate random samples from this distribution.

Let Ttp(µ,Σ, ν;A) denote a p-variate truncated t distribution for tp(µ,Σ, ν) ly-

ing within a truncated hyperplane region A = {x = (x1, . . . , xp)
>|x1 > a1, . . . , xp >

ap} and use the notation
∏p

i=1

∫∞
ai

=
∫∞

a1
· · · ∫∞

ap
for the abbreviation of multiple

integrals. Specifically, we say a p-dimensional random vector X = (X1, . . . , Xp)
> ∼

Ttp(µ,Σ, ν;A), if its density is given by

f(x|µ,Σ;A) =
1

α
tp(x|µ,Σ, ν)IA(x), (2.3)

where α =
∏p

i=1

∫∞
ai

tp(x|µ,Σ, ν)dx is the normalizing constant and IA(x) is the

indicator function whose value equals one if x ∈ A and zero elsewhere.

Now, we present a flexible Gibbs procedure to draw random samples from (2.3).

25



Let L be the Cholesky factor such that Σ = LL>. If Z = L−1X, then

Z ∼ Ttp(µ
∗, Ip, ν;B), B = {Lz ≥ a},

where µ∗ = L−1µ = (µ∗1, . . . , µ
∗
p)
>. Based on the property of the MVT distribution

concerning its conditional distribution, the full conditionals required for the Gibbs

sampler are

Zr|(Z−r = z−r) ∼ Tt1

(
µ∗r,

ν + δ−r

ν + p− 1
, ν + p− 1;Br

)
, r = 1, . . . , p, (2.4)

and each which follows a univariate truncated t distribution with truncation Br.

Here δ−r = (z−r − µ∗
−r)

>(z−r − µ∗
−r), Br = {Zr ∈ R | Lz ≥ a} and z−r is a

subvector of z by disposing of the rth entry. To generate random variates from

(2.4), it can be easily done by using the ‘R’ programs provided by Nadarajah and

Kotz (2007).

In summary, the Gibbs sampler proceeds as follows:

1. Get initial values X(0) from the support region A. Set Z(0) = L−1X(0) and

k = 1.

2. Generate Z
(k)
r , r = 1, . . . , p, from f(zr|z(k)

1 , . . . , z
(k)
r−1, z

(k−1)
r+1 , . . . , z

(k−1)
p ), which

is a truncated t distribution as in (2.4).

3. Return the values X(k) = LZ(k). Set k = k + 1.

4. Repeat Steps 2 and 3.

2.4. The multivariate skew t distribution with missing information

2.4.1. Definition and some properties

Let Y = (Y1, . . . ,Yn) be a random sample of size n taken from STp(ξ,Σ,Λ, ν)

with n > p. According to (2.2), a three-level hierarchical representation of MST
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models can be expressed as

Yj | (γj, τj) ∼ Np(ξ + Λγj,Σ/τj),

γj | τj ∼ HNp(0, Ip/τj),

τj ∼ Γ(ν/2, ν/2) (j = 1, . . . , n). (2.5)

To set up estimating equations for multivariate data allowing for missing

values, we partition Yj into two components (Yo>
j ,Ym>

j )>, where Yo
j (po

j × 1) and

Ym
j ((p− po

j)× 1) denote the observed and missing components of Yj, respectively.

To facilitate computation, we introduce two types of the binary indicator matrices,

denoted by Oj (po
j×p) and Mj ((p−po

j)×p), satisfying Yo
j = OjYj and Ym

j = MjYj,

which can be extracted from a p-dimensional identity matrix Ip corresponding to

row positions of Yo
j and Ym

j in Yj, respectively. It can be easily verified that (a)

Yj = O>
j Yo

j + M>
j Ym

j ; (b) O>
j Oj + M>

j Mj = Ip. Accordingly, some important

consequences are summarized in the following theorem.

Theorem 2.1 Given the specification of (2.5), we have

(a) The conditional distribution of Yo
j given γj and τj is

Yo
j | (γj, τj) ∼ Npo

j
(ζo

j , τ
−1
j Σoo

j ),

where ζo
j = Oj(ξ + Λγj) and Σoo

j = OjΣO>
j .

(b) The conditional distribution of Ym
j given Yo

j , γj, and τj is

Ym
j | (Yo

j , γj, τj) ∼ Np−po
j
(ζm·o

j , τ−1
j Σmm·o

j ),

where ζm·o
j = Mj

(
ξ+Λγj+ΣSoo

j (Yj−ξ−Λγj)
)
, Σmm·o

j = Mj(Ip−ΣSoo
j )ΣM>

j

and Soo
j = O>

j (OjΣO>
j )−1Oj.
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(c) The marginal distribution of Yo
j is STpo

j
(ξo

j ,Σ
oo
j ,Λoo

j , ν) with density

f(Yo
j ) = 2po

j tpo
j
(Yo

j |ξo
j ,Ω

oo
j , ν)Tpo

j

(
qo

j

√
ν + po

j

ν + Uo
j

| ∆oo
j ; ν + po

j

)
,

where ξo
j = Ojξ, Λoo

j = OjΛO>
j , Ωoo

j = OjΩO>
j , qo

j = Λoo
j Ωoo−1

j (Yo
j − ξo

j),

Uo
j = (Yj−ξ)>Coo

j (Yj−ξ), Coo
j = O>

j Ωoo−1

j Oj and ∆oo
j = Ipo

j
−Λoo

j Ωoo−1

j Λoo
j .

(d) The posterior distribution of γj given Yo
j follows a multivariate truncated t

distribution. That is

γj | Yo
j ∼ Ttp(q

∗
j ,

Uo
j + ν

po
j + ν

∆∗
j , ν + po

j ; R
p
+),

where q∗j = ΛCoo
j (Yj − ξ) and ∆∗

j = Ip −ΛCoo
j Λ.

(e) The conditional distribution of τj given Yo
j and γj is

τj | (Yo
j ,γj) ∼ Γ

(p + po
j + ν

2
,
(γj − q∗j)

>∆∗−1

j (γj − q∗j) + Uo
j + ν

2

)
.

Proof. The proofs of part (a) and part (b) are straightforward and hence are omit-

ted. The proof of part (c), (d), and (e) are given in Appendix F.

2.4.2. ML estimation via the MCECM procedure

To compute the ML estimates for the parameter vector θ of MST models with

partially observed data, we adopt a simple modification of the MCEM algorithm

(Wei and Tanner, 1990), namely the MCECM algorithm. More precisely, it is an

extension of the ECM algorithm (Meng and Rubin, 1993) in which the E-step is

evaluated by approximating the conditional expectations through observations sim-

ulated by Markov chain Monte Carlo (MCMC) methods (Hastings, 1970), while the
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M-step is simplified by performing a sequence of conditional maximization (CM)

steps.

For notational simplicity, let θ = (ξ,Σ,Λ, ν). Let Yo = (Yo
1,Y

o
2, · · · ,Yo

n) and

Ym = (Ym
1 ,Ym

2 , · · · ,Ym
n ) represent the observed portion and missing portion of the

data, respectively. The complete data log-likelihood function of θ, ignoring additive

constant terms, is

`c(θ|Yo,Ym,γ, τ )

=
nν

2
log

ν

2
− n log Γ

(ν

2

)
− n

2
log |Σ| − ν

2

n∑
j=1

τj +
(ν

2
+ p− 1

) n∑
j=1

log τj

−1

2

n∑
j=1

τjγ
>
j γj −

1

2
tr

(
Σ−1

n∑
j=1

Ωj

)
, (2.6)

where Ωj = τj(Yj − ξ −Λγj)(Yj − ξ −Λγj)
>.

Let τ̂
(k)
j = E(τj|Yo

j , θ̂
(k)

), κ̂
(k)
j = E(log τj|Yo

j , θ̂
(k)

), η̂
(k)
j = E(τjγj|Yo

j , θ̂
(k)

) and

Ψ̂
(k)

j = E(τjγjγ
>
j |Yo

j , θ̂
(k)

) be the necessary conditional expectations involved in

(2.6). Let θ̂
(k)

= (ξ̂
(k)

, Σ̂
(k)

, Λ̂
(k)

, ν̂(k)) denote the estimates of θ at the kth iteration.

Given the observed data Yo and the current parameter estimates θ = θ̂
(k)

, we can

calculate

Ω
(k)
j = E(Ωj | Yo, θ̂

(k)
)

= (Ip − Σ̂
(k)

Ŝ
oo(k)
j )Σ̂

(k)
+ (Â

(k)
j −Λ)Ψ̂

(k)

j (Â
(k)
j −Λ)>

+τ̂
(k)
j (b̂

(k)
j − ξ)(b̂

(k)
j − ξ)> + (Â

(k)
j −Λ)η̂

(k)
j (b̂

(k)
j − ξ)>

+(b̂
(k)
j − ξ)η̂

(k)>
j (Â

(k)
j −Λ)>, (2.7)

where

Â
(k)
j = (Ip− Σ̂

(k)
Ŝ

oo(k)
j )Λ̂

(k)
and b̂

(k)
j = Σ̂

(k)
Ŝ

oo(k)
j Yj + (Ip− Σ̂

(k)
Ŝ

oo(k)
j )ξ̂

(k)
. (2.8)
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Proof. The detailed proof is given in Appendix G.

Furthermore, a Monte Carlo estimate of the Q-function can be evaluated as

Q̂(θ | θ̂(k)
) =

1

M

M∑
m=1

E
(
`c(θ | Yo,Ym, γ̂

(k)
[m], τ̂

(k)
[m], θ̂

(k)
) | Yo, θ̂

(k))
, (2.9)

where γ̂
∗(k)
[m] = {γ̂∗(k)

j,m , j = 1, . . . , n} and τ̂
∗(k)
[m] = {τ̂ ∗(k)

j,m , j = 1, . . . , n} for m =

1, . . . , M , are a set of independent random samples generated from each f(γj, τj|Yo
j )

given θ = θ̂
(k)

. The exact sampling of γj and τj can be conveniently implemented

through the following generators:

γ̂
(k+1)
j,m | Yo

j ∼ Ttp

(
q̂
∗(k)
j ,

Û
o(k)
j + ν̂(k)

po
j + ν̂(k)

∆̂
∗(k)

j , ν̂(k) + po
j ; R

p
+

)
,

and

τ̂
(k+1)
j,m | (γ̂(k+1)

j,m ,Yo
j )

∼ Γ
( ν̂(k) + p + po

j

2
,
(γ̂

(k+1)
j,m − q̂

∗(k)
j )>∆̂

∗(k)−1

j (γ̂
(k+1)
j,m − q̂

∗(k)
j ) + Û

o(k)
j + ν̂(k)

2

)
,

where q̂
∗(k)
j = Λ̂

(k)
Ĉ

oo(k)
j (Yj − ξ̂

(k)
), ∆̂

∗(k)

j = Ip − Λ̂
(k)

Ĉ
oo(k)
j Λ̂

(k)
, Û

o(k)
j = (Yj −

ξ̂
(k)

)>Ĉoo(k)
j (Yj−ξ̂

(k)
) and Ĉ

oo(k)
j = O>

j Ω̂
oo(k)−1

j Oj with Ω̂
oo(k)

j = Oj(Σ̂
(k)

+Λ̂
(k)2

)O>
j .

Therefore, the conditional expectations defined above can be readily approximated

as

τ̂
(k)
j ' M−1

M∑
m=1

τ̂
(k)
j,m, κ̂

(k)
j ' M−1

M∑
m=1

log τ̂
(k)
j,m,

η̂
(k)
j ' M−1

M∑
m=1

τ̂
(k)
j,mγ̂

(k)
j,m, Ψ̂

(k)

j ' M−1

M∑
m=1

τ̂
(k)
j,mγ̂

(k)
j,mγ̂

(k)>
j,m . (2.10)

Formally, the MCECM algorithm can be implemented as follows:

MCE-step: Given θ = θ̂
(k)

, compute Monte Carlo expectations τ̂
(k)
j , κ̂

(k)
j , η̂

(k)
j and

Ψ̂
(k)

j by using (2.10) for j = 1, . . . , n.

CM-steps:
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CM-Step 1. Fix Λ = Λ̂
(k)

, update ξ̂
(k)

by maximizing (2.9) over ξ, which leads to

ξ̂
(k+1)

=

∑n
j=1 τ̂

(k)
j b̂

(k)
j −∑n

j=1 Σ̂
(k)

Ŝ
oo(k)
j Λ̂

(k)
η̂

(k)
j∑n

j=1 τ̂
(k)
j

,

where Ŝ
oo(k)
j = O>

j (OjΣ̂
(k)

O>
j )−1Oj.

CM-Step 2. Fix ξ = ξ̂
(k+1)

and Λ = Λ̂
(k)

, update Σ̂
(k)

by maximizing (2.9) over

Σ, which gives

Σ̂
(k+1)

=

∑n
j=1 Ω̂

(k+1/2)

j

n
,

where Ω̂
(k+1/2)

j is Ω
(k)
j in (2.7) with ξ and Λ replaced by ξ̂

(k+1)
and Λ̂

(k)
,

respectively.

CM-Step 3. Fix ξ = ξ̂
(k+1)

and Σ = Σ̂
(k+1)

, updating λ̂
(k)

by maximizing (2.9)

over λ yields

λ̂
(k+1)

=
(
Σ̂

(k+1)−1

¯
n∑

j=1

Ψ̂
(k)

j

)−1(
Σ̂

(k+1)−1

¯
n∑

j=1

(
(b̂

(k)
j − ξ̂

(k+1)
)η̂

(k)>
j + Â

(k)
j Ψ̂

(k)

j

)> )
1p,

where Â
(k)
j and b̂

(k)
j are defined in (2.8). It follows immediately that Λ̂

(k+1)
=

Diag(λ̂
(k+1)

).

CM-Step 4. Obtain ν̂(k+1) as the solution of the following equation

log
(ν

2

)
+ 1−DG

(ν

2

)
+

1

n

n∑
j=1

(
κ̂

(k)
j − τ̂

(k)
j

)
= 0,

where DG(x) = Γ′(x)/Γ(x) is the digamma function.

The detailed of the CM-steps are shown in Appendix H.

Iterations of the above MCE- and CM- steps are alternated repeatedly until a

suitable convergence rule is satisfied, e.g., the relative difference in successive values
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of the log-likelihood is less than a tolerance value, say 10−12. As the log-likelihood

function tends to have multiple modes, the algorithm needs to be initialized with a

variety of several starting values. For the choice of initial values, Lin (2009) proposed

a simple way of automatically generating a selection of initial values. The global

optimum solution is obtained by comparing their relative converged log-likelihood

values. Under suitable regularity conditions (Chan and Ledolter, 1995), the algo-

rithm converges to local optimum of the likelihood function. The resulting ML

estimates are denoted by θ̂ = (ξ̂, Σ̂, λ̂, ν̂). It follows from Theorem 2.1(b) that the

ML predictor for the missing component Ym
j can be determined as

Ŷm
j = Mj

(
ξ̂ + Λ̂γ̂j + Σ̂Ŝoo

j (Yj − ξ̂ − Λ̂γ̂j)
)
, (2.11)

where γ̂j = E(γj|Yo, θ̂), which can be approximated by Monte Carlo average of

samples simulated from Ttp
(
q̂∗j ,

Ûo
j + ν̂

po
j + ν̂

∆̂
∗
j , ν̂ + po

j ; R
p
+

)
.

2.4.3. Standard errors estimates

Under certain regularity conditions, we apply the information-based method of

Meilijson (1989) to compute the asymptotic covariance of the ML estimates. Let

`cj(θ|Yj,γj, τj) be the complete data log-likelihood formed from the single observa-

tion Yj. The individual score is defined as

u(Yo
j |θ) = E

(∂`cj(θ|Yj,γj, τj)

∂θ
| Yo

j ,θ
)
.

The empirical information matrix, according to Meilijson’s formula, is defined as

Ie(θ|Yo) =
n∑

j=1

u(Yo
j |θ)u>(Yo

j |θ)− n−1U(Yo|θ)U>(Yo|θ), (2.12)

where U(Yo|θ) =
∑n

j=1 u(Yo
j |θ).

Let vech(·) be the matrix operator which stacks only the distinct elements of
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a symmetric matrix into a single vector. Substituting the ML estimates θ̂ into θ,

(2.12) is reduced to

Ie(θ̂ | Yo) =
n∑

j=1

ûo
j û

o>
j , (2.13)

where ûo
j = u(Yo

j |θ̂) = (ûo>
j,ξ, û

o>
j,σ, ûo>

j,λ, ûo
j,ν)

> is a (p2 +5p+2)/2×1 score vector and

σ = vech(Σ). Then, the asymptotic covariance matrix of θ̂ can be approximated by

the inverse of (2.13). Expressions for the elements of ûo
j can be obtained by standard

matrix differentiation. Technical derivations are given as follows:

ûo
j,ξ = τ̂jŜ

oo
j (Yj − ξ̂)− Ŝoo

j Λ̂η̂j, ûo
j,σ = vech

(
Ĉj − 1

2
Diag(Ĉj)

)
,

ûo
j,λ = Diag

(
Ŝoo

j (Yj − ξ̂)η̂>j − Ŝoo
j Λ̂Ψ̂j

)
,

ûo
j,ν =

1

2

(
log

( ν̂

2

)
+ 1−DG

( ν̂

2

)
+ κ̂j − τ̂j

)
,

where Ĉj = Σ̂
−1

R̂jΣ̂
−1 − Σ̂

−1
with

R̂j = D̂jΣ̂ + (D̂jΛ̂− Λ̂)Ψ̂j(D̂jΛ̂− Λ̂)> + (D̂jΛ̂− Λ̂)η̂j(Σ̂Ŝoo
j Yj + D̂j ξ̂ − ξ̂)>

+(Σ̂Ŝoo
j Yj + D̂j ξ̂ − ξ̂)η̂>j (D̂jΛ̂− Λ̂)>

+τ̂j(Σ̂Ŝoo
j Yj + D̂j ξ̂ − ξ̂)(Σ̂Ŝoo

j Yj + D̂j ξ̂ − ξ̂)>

and D̂j = Ip − Σ̂Ŝoo
j .

The detailed proof is shown in Appendix I.

2.5. A fully Bayesian approach

Due to the growing advances of modern computing technology, the Bayesian

method is frequently considered as an alternative way to deal with missing data

problems. Tanner and Wong (1987) proposed the DA algorithm, which has been
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shown to be an effective procedure for multiple imputations of missing data. In this

section, we construct an efficient DA algorithm that combines the latent variables

γ, τ , and unobserved data Ym to simulate the posterior distribution of θ.

The DA algorithm consists of the imputation step (I-step) and the posterior step

(P -step). At the kth iteration, the I-step is defined by drawing imputations of γ
(k)
j ,

τ
(k)
j , and Ym

j
(k) from the predictive distributions p(γj|Yo, θ(k)), p(τj|γj,Y

o,θ(k)),

and p(Ym
j |γj,Y

o, τj,θ
(k)), respectively, for j = 1, . . . , n, and the P -step refers to

generating θ(k+1) from p(θ|Yo,Ym(k+1), τ (k+1),γ(k+1)). If iterations are performed

by a sufficiently long time, then the simulations γ
(k)
j , τ

(k)
j , Ym(k)

j , and θ(k) are dis-

tributed according to p(γj|Yo), p(τj|Yo), p(Ym
j |Yo), and p(θ|Yo), respectively.

To avoid yielding the improper posterior distributions, we need to choose the

proper prior distributions for the parameter vector θ = (ξ,Σ,Λ, ν). Let Wp(a,Σ)

denote the p-dimensional Wishart distribution with degrees of freedom a and p× p

scale matrix Σ. When the prior information is not available, a convenient strategy

of avoiding improper posterior distribution is to use diffuse proper priors. The prior

distributions adopted are as follows:

ξ ∼ Np(a,κ−1),

Σ−1|B ∼ Wp(2α, (2B)−1),

B ∼ Wp(2γ, (2H)−1),

λ ∼ Np(0,Γ),

log

(
1

ν

)
∼ U(−10, 10),
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where (a, κ, α, γ,H,Γ) are fixed as appropriate quantities to yield the proper pos-

terior distributions. Thus, the joint prior density function of θ and B is

π(θ,B) ∝ |B| α+(2γ−p−1)/2|Σ|−(2α−p−1)/2 exp
{− 1

2
(ξ − a)>κ (ξ − a)

}

× exp

{
−tr

(
(Σ−1 + H)B

)− 1

2
λ>Γ−1λ

}
Jν , (2.14)

where Jν = ν−1 (0 < ν < ∞) is the Jacobian of transforming log(1/ν) to ν.

Multiplying (2.14) with the complete data likelihood function, the joint posterior

density can be obtained by

p (θ,B,Ym, τ ,γ|Yo) ∝ π(θ,B)
n∏

j=1

f(Ym
j |Yo

j , τj,γj,θ) f(τj|Yo
j ,γj,θ)

×f(γj|Yo
j ,θ) f(Yo

j |θ). (2.15)

To implement the DA algorithm, we are now in a position to present the full condi-

tional posterior densities.

Theorem 2.2 The full conditional posteriors of θ, B, γj, τj and Ym
j are as follows

(the symbol “| · · ·” denotes conditioning on all other variables):

p (γj|Yo
j ,θ) ∼ Ttp

(
q∗j ,

ν + Uo
j

ν + po
j

∆∗
j , ν + po

j ; R
p
+

)
,

p (τj|γj,Y
o
j ,θ) ∼ Γ

(p + po
j + ν

2
,
(γj − q∗j)

>∆∗−1

j (γj − q∗j) + Uo
j + ν

2

)
,

p (Ym
j |Yo

j ,γj, τj,θ) ∼ Np−po
j
(ζm·o

j , τ−1
j Σmm·o

j ),

p (ξ| · · · ) ∼ Np(µ
∗,κ∗),

p(B| · · · ) ∼ Wp(2γ
∗, (2H∗)−1),

p(Σ−1| · · · ) ∼ Wp(α
∗,B∗−1),

p(λ| · · · ) ∼ Np(δ
∗,Γ∗),
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where

κ∗ = (
n∑

j=1

τjΣ
−1 + κ)−1, µ∗ = κ∗

(
Σ−1

( n∑
j=1

τj(Yj −Λγj)
)

+ κa
)
, (2.16)

γ∗ = α + γ, H∗ = H + Σ−1, (2.17)

α∗ = 2α + n, B∗ = 2B +
n∑

j=1

τj(Yj − ξ −Λγj)(Yj − ξ −Λγj)
>, (2.18)

Γ∗ =
(
Γ−1 + Σ−1 ¯

n∑
j=1

τjγjγ
>
j

)−1

, δ∗ = Γ∗
(
Σ−1 ¯

n∑
j=1

τjγj(Yj − ξ)>
)
1p

. (2.19)

The full conditional distribution of ν is

p(ν| · · · ) ∝
((ν/2)ν/2

Γ(ν/2)

)n( n∏
j=1

τ
ν/2
j

)
exp

(
− ν

2

n∑
j=1

τj

)
Jν , (2.20)

which is not of a standard form.

Proof: The detailed proof is shown in Appendix J.

In the simulation process, samples for γ, τ , Ym, B, and θ are alternately

generated. The DA algorithm using the “M-H within Gibbs” sampler (Chib and

Greenberg, 1995) can be implemented as follows:

I-Step:

1. Generate γj from Ttp

(
q∗j ,

ν + Uo
j

ν + po
j
∆∗

j , ν + po
j ; R

p
+

)
, where q∗j , Uo

j and ∆∗
j are

given in Theorem 2.1.

2. Generate τj from

Γ
(p + po

j + ν

2
,
(γj − q∗j)

>∆∗−1

j (γj − q∗j) + Uo
j + ν

2

)
.

3. Generate Ym
j from Np−po

j
(ζm·o

j , τ−1
j Σmm·o

j ), where ζm·o
j and Σmm·o

j are as in The-

orem 2.1.
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P-Step:

1. Generate ξ from Np(µ
∗, κ∗), where µ∗ and κ∗ are given in (2.16).

2. Generate B from Wp(2γ
∗, (2H∗)−1), where γ∗ and H∗ are given in (2.17).

3. Generate Σ−1 from Wp(α
∗,B∗−1), where α∗ and B∗ are given in (2.18).

4. Generate λ from Np(δ
∗,Γ∗), where δ∗ and Γ∗ are given in (2.19).

5. Generate ν from (2.20) via the M-H algorithm.

To elaborate on the P -Step 5 of the above algorithm, we first transform ν

to ν∗ = log(1/ν) and then apply the M-H algorithm to the function g(ν∗| · · · ) =

p(ν∗| · · · )e−ν∗ . The candidate jumping kernel is chosen as N(ν∗
(k)

, σ2(k)

ν∗ ), where the

σ2(k)

ν∗ is taken by ν(k)−2
I−1(ν(k)). Denote by ψ(x) = d2/dx2 log Γ(x) the trigamma

function. Here

I(ν) =
1

4

n∑
i=1

[
ψ

(ν

2

)
− ψ

(
ν + po

j

2

)
− 2(ν + 2)

ν(ν + 2 + po
j)
− 2

ν
+

4

ν + po
j

]

is the Fisher information of ν corresponding to the MVT distribution.

Edwards et al. (1963) proposed the “Principle of Stable Estimation” from

the Bayesian perspective. By virtue of this point, we need to specify the para-

meters, (a,κ, α, γ,H,Γ), so as to be insensitive to change of the prior. In this

paper, we choose a to be the sample mean vector of the observed data and κ−1 =

(1− r)−1Diag{R2
1, . . . , R

2
p}, where Ri is the range of the observed values for the ith

variable and r is the missing rate in the sense of the percentage of missing values

of the data, which is used to adjust the flatness. The specification of the hyperpa-

rameters makes a weak prior information for ξ. As a generalization of Richardson

and Green (1997), we choose α = p + 1, γ = (p + 1)/10, H = 10κ, and Γ is taken
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as a diagonal matrix with relative large variances, say 104 for each variable.

Given a set of converged Monte Carlo DA samples θ(`) (` = 1, . . . , L), using

the Rao-Blackwellization (Gelfand and Smith, 1990), the Bayesian predictor for the

missing component Ym
j is given by

Ỹm
j =

1

L

L∑

`=1

E(Ym
j |Yo, θ(`))

= Mj
1

L

L∑

`=1

(
ξ(`) + Λ(`)γ

(`)
j + Σ(`)Soo(`)

j (Yj − ξ(`) −Λ(`)γ
(`)
j )

)
. (2.21)

2.6. Numerical Illustrations

2.6.1. The Interview Data

In this subsection, we apply the likelihood-based procedure to the interview

data used by Sahu et al. (2003). This data set consists of bivariate measurements

of science scores (Yi1) and non-academic scores (Yi2) on 731 applicants for the ad-

mission to a certain medical school. Each application was evaluated on its own

academic and nonacademic performance. The score of nonacademic performance

was recorded with the summation of the seven performance categories, including

the work experience, sense of responsibility, commitment and caring, motivation,

study skills, interest and referees’ comments.

The score in science was obtained from the secondary examination for selected

applicants with qualified non-academic totals. Sahu et al. (2003, p.144) concluded

the MSN model is favored when compared with the MST model, especially it make

great improvements over the usual MVN model. Our goal for this example is to

investigate a good learning model under the complete data and different missing

data scenarios.
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Table 2.1: Comparison of ML estimation and modeling adequacy among three fitted

models.

Parameters MVN MSN MST

estimation mle se mle se mle se

ξ1 8.08 0.09 10.35 0.16 10.29 0.16

ξ2 25.68 0.14 28.90 0.20 28.60 0.25

σ11 5.08 0.29 2.10 0.31 1.82 0.28

σ12 2.49 0.33 1.97 0.31 1.49 0.26

σ22 10.85 0.40 4.07 0.55 3.74 0.55

λ1 − − −2.86 0.19 −2.58 0.21

λ2 − − −4.09 0.20 −3.36 0.35

ν − − − − 11.21 3.38

m 5 7 8

`(θ̂
(k)|Yo) −3496.30 −3451.38 −3435.93

AIC 7002.60 6916.76 6887.86

BIC 7025.57 6948.92 6924.62

To conduct the complete data analysis, we fit the bivariate MVN, MSN and MST

models separately to the data. The resulting ML solutions, including the parame-

ter estimation and the associated standard errors calculated via the inverse of the

observed information, together with the maximized log-likelihood values `(θ̂
(k)|Yo)

and two widely used information criteria, Akaike information criterion (AIC) and

Bayesian information criterion (BIC), are listed in Table 2.1. All estimates are sig-

nificant, compared with two times their standard errors. Note that a smaller value

of AIC and BIC is associated with a better fitted model. The results indicate that

the MST model is the favorite choice because it has the smallest AIC and BIC values

when compared with the other two competitive models. Moreover, the estimated
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Figure 2.1: The scatter plot of the interview data, overlaid on several contour lines

obtained from the fitted MST model.

degrees of freedom of the fitted skew t model is 11.21, confirming the presence of

somewhat thick tails.

The fitted MST contours superimposed on a scatter plot along with two summary

histograms concerning their marginal distribution are depicted in Fig. 2.1. It is clear

to observe that the fitted contours adapt the shape of the scattering pattern ideally,

indicating the appropriateness of the use of MST distribution.

To conduct experimental studies under the incomplete data scenario, we con-

struct several artificially missing data sets by deleting at random from the interview
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data with various missing rates (r = 0.1, 0.2, 0.3, 0.4), and they are subsequently fit-

ted with the MVN, MSN and MST models. The above simulation and fitting were

repeated 500 times. The density plots of the converged log-likelihoods are depicted

in Fig. 2.2. We found that the MST model also provides better model-fitting results

even through the data were missing.

For this example with synthetic missing values, we are also interested in testing

the null hypothesis H0 : MSN model (ν = ∞) versus the alternative hypothesis

H1 : MST model. The likelihood ratio test (LRT) statistic, given by the difference

in values of −2 times the log-likelihood between two nest models, is used to judge

which of the two models is more appropriate for this data set. Fig. 2.3 displays the

box plots for each of 500 LRT statistics under four missing rates. In all 2,000 cases,

the numbers of LRT statistics that are significant at the 5% significant level are 500,

500, 499 and 411 with respect to missing rates r = 0, 1, 0, 2, 0.3, 0.4. Therefore, the

MST model works well for the fitting of multivariate continuous data in the presence

of asymmetrically atypical observations and a number of missing values.
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Figure 2.2: The densities plots of the convergent log-likelihood values under MST

(solid line), MSN (dashed line) and MVN (dotted line) models for various propor-

tions of missing values. (Replications=500)
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Figure 2.3: Boxplots of 500 LRT statistics (MSN vs. MST) for various missing rates.
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2.6.2. The Wind Speed Data

We show a further comparison of Bayesian imputation method to the trivariate

wind speed data, which were used by Gneiting et al. (2006) and subsequently

analyzed by Azzalini and Genton (2008) for the study of spatial distribution of wind

speed by means of another version of the MST distribution proposed by Azzalini

and Capitanio (2003). This data set contains 278 hourly average speed assembled at

three meteorological towers: Goodnoe Hills (gh), Kennewick (kw) and Vansycle (vs)

from 23 February to 30 November 2003 recorded at midnight. For the measurements

of this data set, the positive and negative signs stand for a westerly wind direction

and an easterly wind direction, respectively.
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Figure 2.4: Wind speed data: bivariate scatter plots and their fitted MST contours.
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To explore the distribution of wind speed data, Fig. 2.4 depicts pairwise bivariate

scatter plots along with superimposed ML fitted MST contours. The patterns of

fitted densities exhibit the presence of skewness and heavy tails, as displayed in Fig.

5 of Azzalini and Genton (2008) by using another MST distribution.

As in the previous example, we compare the MVN, MSN and MST models with

the winspeed data, while they are fitted by using the MCMC sampling. We ran

ten parallel chains with the starting values of each chain drawn independently from

the prior distributions. The multivariate potential scale reduction factor (MPSRF)

of Brooks and Gelman (1998), based on the parallel ten chains, was used to assess

convergence. Posterior inferences for the three models, including the mean, standard

deviation, and 2.5% and 97.5% quantiles, are shown in Table 2.2.

As seen in the table, it is found that the posterior intervals for the skewness pa-

rameters are all significantly different from zero, justifying the existence of skewness

for the variables. Moreover, the Bayesian estimate for ν = 4.33 is extremely small,

signifying the presence of highly heavy-tailed distributions. For model comparison,

the associated values of deviance information criterion (DIC; Spiegelhalter et al.,

2002) of the models are included in the table. The result indicates that the MST

model is the preferred choice because it has the smallest DIC value.

To examine the predictive abilities among three DA predictors, we utilize the

cross validation approach to evaluate their performances. The missing data sets are

generated artificially by deleting at random from the wind speed data under four

missing rates r = 0.1, 0.2, 0.3, 0.4. To implement the DA algorithm, we run 10,000

iterations with the first 5,000 iterations as the burn-in and store the remaining 5,000

iterations as the inference samples. It is noted that our chosen burn-in number is

much larger than needed. Simulations were run a total of 100 replications for each
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Table 2.2: Summarized posterior inferences and the associated DIC values among

three models.

Posterior Parameter

estimates ξ1 ξ2 ξ3 σ11 σ12 σ13 σ22 σ23 σ33 λ1 λ2 λ3 ν

MVN: (DIC=6527.20)

Mean 12.71 14.02 16.97 178.98 110.40 127.32 298.89 148.53 186.54 — — —

Std. Dev. 0.80 1.04 0.82 15.27 15.46 13.39 25.80 16.66 15.89 — — —

Median 12.71 14.03 16.96 178.28 109.63 126.51 297.21 147.68 185.64 — — —

Q0.025 11.12 11.99 15.39 151.33 81.72 103.06 253.82 118.34 158.17 — — —

Q0.975 14.31 16.10 18.57 211.62 143.13 155.36 354.45 183.79 220.37 — — —

MSN: (DIC=6481.56)

Mean 20.14 26.57 19.98 132.78 103.35 118.42 194.09 144.60 174.11 −8.93 −15.36 −3.81 —

Std. Dev. 2.90 1.49 1.09 25.00 13.85 13.15 24.63 15.56 15.63 3.34 1.36 0.93 —

Median 20.85 26.59 19.97 129.61 102.71 117.87 192.77 143.96 173.50 −9.88 −15.40 −3.80 —

Q0.025 11.44 23.55 17.80 92.17 78.50 94.84 149.84 115.90 144.81 −12.58 −17.92 −5.69 —

Q0.975 23.71 29.55 22.12 188.47 132.68 145.88 246.67 176.56 206.74 1.86 −12.60 −2.03 —

MST: (DIC=6394.67)

Mean 20.56 26.57 23.31 98.81 67.78 80.50 130.08 96.95 100.38 −7.39 −12.14 −5.46 4.33

Std. Dev. 1.41 1.45 1.01 17.11 11.99 11.54 20.13 12.92 13.04 1.69 1.53 1.08 0.78

Median 20.63 26.59 23.35 97.98 67.27 80.19 129.36 96.24 99.82 −7.46 −12.23 −5.51 4.29

Q0.025 17.68 23.68 21.23 66.82 46.12 59.35 93.77 74.08 77.28 −10.50 −14.93 −7.43 2.99

Q0.975 23.07 29.31 25.19 135.24 92.98 104.36 173.23 124.11 127.41 −3.92 −8.93 −3.20 6.11
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Table 2.3: Coverage probabilities for missing values generated artificially from vari-

ous missing rates. Values within parentheses are empirical standard errors. (Repli-

cations=100)

Models
Missing rates

10% 20% 30% 40%

MVN 0.169 0.195 0.203 0.225

(0.042) (0.027) (0.024) (0.022)

MSN 0.833 0.815 0.797 0.790

(0.049) (0.048) (0.054) (0.052)

MST 0.934 0.934 0.906 0.896

(0.033) (0.023) (0.027) (0.027)

missing rate r and each simulated missing data set was imputed using three DA

predictors. Using the imputed samples, we calculate the 95% predictive interval for

each missing datum and record whether or not the interval covers the true value.

The average of coverage probabilities are given in Table 2.3. As it can be seen, the

MST predictor yields much better coverage probabilities (close to the nominal 0.95

level) than the other two predictors.

2.7. Conclusion

From the likelihood-based and a Bayesian point of view, we have described

analytically flexible estimation and imputation methods for MST models under a

complete data framework. The proposed modeling approach can effectively accom-

modate the possible skewness as well as heavy tails for a general missingness pattern

of the data. We present a convenient hierarchical representation that is useful for the
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implementation of computing algorithms. We offer a workable DA procedure, which

can be used to simulate the entire posterior distributions of the parameters and per-

form multiple imputations in case of data incompleteness. The proposed algorithmic

schemes through the incorporation of auxiliary matrices can significantly lessen the

computing complexity. The experimental studies have highlighted the superiority of

MST models on the provision of more adequate results when the available data are

possibly incomplete. Finally, it is worthwhile to remark that the situation in which

no missing values in data can be treated as a special case, namely with Oi taken by

Ip for all i.
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3. Robust model-based clustering using multivariate skew t

mixtures with missing information

3.1. Introduction

Finite mixture models are known as powerful and flexible tools, which have been

fully developed and used in various area and real problems. Moreover, the mixture

models have been successfully applied in various kinds of area such as modelling

the gene data, the failure rate data and unsupervised clustering problems. There

are a number of fairly board monographs in this area, for example, Titterington et

al. (1985), McLachlan and Basford (1988), McLachlan and Peel (2000), Frühwirth-

Schnatter (2006) and the references therein.

Peel and McLachlan (2000) proposed the MVTMIX model as a robust extension

of the MVNMIX model when the underlying data have heavy tails. In some situ-

ations, the t mixtures may not be suitable to handle data with highly asymmetric

observations. Lin et al. (2007a) proposed a novel univariate skew t mixture model,

which allows to regulate skewness and accommodate heavy tail simultaneously. De-

spite having sound experimental results using STMIX, its application is still limited

to data with univariate outcomes. We are motivated to propose a multivariate

version of skew t mixture (MSTMIX) model.

We assume that the mechanism of missingness is MAR, meaning that the miss-

ingness depends only on the observed values but not on the missing values. With

the occurrence of missing values, we offer an efficient MCECM for the fitting of the

MSTMIX model. The MCECM algorithm is a modification of the EM algorithm

where the E step is computed numerically through Monte Carlo simulations. Since

the E-step involved multiple integrations and the integrations are complicated, the
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MCECM algorithm is used to solve this problem.

In Section 3.2, we describe the MSTMIX model, define the notations, and present

some important statistical properties within the missing information framework. An

efficient MCECM algorithm is used to compute the ML estimates and the associ-

ated standard errors are derived from the information-based technique. Issues on

classification and prediction problems of incomplete features are also discussed. The

proposed techniques are examined by using a simulation study and a real data set

in Section 3.3. Some concluding remarks are given in Section 3.4.

3.2. The multivariate skew t mixture distribution with missing informa-

tion

3.2.1. Definition and some properties

In the MSTMIX model, we assume that Y = (Y>
1 , . . . ,Y>

n )> from a p-dimensional

random sample from a population with g subclasses G1, . . . , Gg. The pdf of Yj can

be written as

f(Yj|Θ) =

g∑
i=1

wifp(Yj|ξi,Σi,Λi, νi), wi ≥ 0,

g∑
i=1

wi = 1, (3.1)

where wi’s are mixing probabilities, fp(·|ξ,Σ,Λ, ν) denotes a p-dimensional MST

density with location vector ξ, positive definite scale covariance matrix Σ, skew-

ness matrix Λ = Diag(λ) with λ = (λ1, . . . , λp)
>, degrees of freedom ν, Θ =

(w1, . . . , wg, ξ1, . . . , ξg,Σ1, . . . ,Σg,Λ1, . . . ,Λg, ν1, . . . , νg) are the mixture model pa-

rameters subject to
∑g

i=1 wi = 1.
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The mean and covariance of Yj are given by

E(Yj) =

g∑
i=1

wiµi,

cov(Yj) =

g∑
i=1

{
wi (1− wi) µiµ

>
i + wiΣ

∗
i

}
−

g∑

i6=j

wiwjµiµ
>
j ,

where

µi = ξi +

√
νi

π

Γ(νi−1
2

)

Γ(νi

2
)

λi

and

Σ∗
i =

νi

νi − 2

(
Σi +

(
1− 2

π

)
Λ2

i

)
+

2

π

(
νi

νi − 2
−

(
Γ(νi−1

2
)

Γ(νi

2
)

)2νi

2

)
λiλ

>
i

are the mean vector and covariance matrix of STp(ξi,Σi,Λi, νi), respectively.

For each Yj, it is convenient to introduce a set of zero-one indicator variables

Zj = (Z1j, . . . , Zgj)
> for j = 1, . . . , n, which is a multinomial random vector with 1

trial and cell probabilities w1, . . . , wg, denoted as Zj ∼ M(1; w1, . . . , wg). Note that

the rth element Zrj = 1 if Yj arises from component r. A four level hierarchical

representation of Eq. (3.1) can be expressed by:

Yj | (γj, τj, Zij = 1) ∼ Np(ξi + Λiγj,Σi/τj),

γj | (τj, Zij = 1) ∼ HNp(0, Ip/τj),

τj | (Zij = 1) ∼ Γ(νi/2, νi/2),

Zj ∼ M(1; w1, . . . , wg), (3.2)

for i = 1, . . . , g, j = 1, . . . , n.

Let Y = (Y>
1 , . . . ,Y>

n )>, Z = (Z>1 , . . . ,Z>n )>, γ = (γ>1 , . . . , γ>n )> and τ =

(τ1, . . . , τn)>. From (3.2), the complete data log-likelihood function of Θ, ignoring

50



additive constant terms, is

`c(Θ|Y,Z,γ, τ )

=

g∑
i=1

n∑
j=1

Zij

{
log(wi) +

νi

2
log

(νi

2

)
− log Γ

(νi

2

)
− 1

2
log |Σi|+ νi

2
log τj

−τj

2
(Yj − ξi −Λiγj)

>Σ−1
i (Yj − ξi −Λiγj)−

τjνi

2

}
. (3.3)

We consider the ML estimation problem of model (3.1) when Y may be partially

observed. As in previous strategy, we partition the random vector Yj into two

components (Yo>
j ,Ym>

j )>, with pj = po
j + pm

j , where Yo
j (po

j × 1) and Ym
j (pm

j × 1)

denote the observed and the missing components of Yj, respectively.

Theorem 3.1 From (3.2), it can be shown that

(a) The distribution of Yo
j given γj, τj and Zij = 1 is

Yo
j |(γj, τj, Zij = 1) ∼ Npo

j
(ζo

ij,Σ
oo
ij /τj)

where ζo
ij = Oj(ξi + Λiγj) and Σoo

ij = OjΣiO
>
j .

(b) The conditional distribution of Ym
j given Yo

j , γj, τj and Zij = 1 is

Ym
j |(Yo

j ,γj, τj, Zij = 1) ∼ Np−po
j
(ζm·o

ij ,Σmm·o
ij /τj),

where ζm·o
ij = Mj(ξi + Λiγj + ΣiS

oo
ij (Yj − ξi − Λiγj)), Σmm·o

ij = Mj(Ip −
ΣiS

oo
ij )ΣiM

>
j , and Soo

ij = O>
j (OjΣiO

>
j )−1Oj.

(c) The marginal distribution of Yo
j is

∑g
i=1 wifpo

j
(Yo

j |ξo
ij,Σ

oo
ij ,Λoo

ij , νi), where ξo
ij =

Ojξi and Λoo
ij = OjΛiO

>
j .

(d) The posterior distribution of γj given Yo
j and Zij = 1 is multivariate truncated

t distribution. That is

γj|(Yo
j , Zij = 1) ∼ Ttp

(
q∗ij,

(Uo
ij + ν)

(po
j + ν)

∆∗
ij, ν + po

j ;R
p
+

)
,
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where Uo
ij = (Yj−ξi)

>Coo
ij (Yj−ξi), ∆∗

ij = Ip−ΛiC
oo
ij Λi, and q∗ij = ΛiC

oo
ij (Yj−

ξi), Coo
ij = O>

j Ωoo−1

ij Oj, and Ωoo
ij = Oj(Λ

2
i + Σi)O

>
j .

(e) the posterior distribution of τj given Yo
j , γj and Zij = 1 is a gamma distribution.

That is

τj|(Yo
j , γj, Zij = 1) ∼ Γ

(
p + po

j + νi

2
,
(γj − q∗ij)

>∆∗−1

ij (γj − q∗ij) + Uo
ij + νi

2

)
.

Proof. The proofs of part (a) and (b) are straightforward and hence are omitted.

The proof of part (c), (d), and (e) are given in Appendix K.

Corollary 3.1 From (3.2), we have the following:

(a) The conditional expectation of τj given Yo
j and Zij = 1 is

E(τj | Yo
j , Zij = 1) =

(
νi + po

j

Uo
ij + νi

) Tp

(
q∗ij

√
νi+po

j+2

Uo
ij+νi

| ∆∗
ij ; νi + po

j + 2
)

Tp

(
q∗ij

√
νi+po

j

Uo
ij+νi

| ∆∗
ij ; νi + po

j

) .

(b) The conditional expectation of log(τj) given Yo
j and Zij = 1 is

E(log τj | Yo
j , Zij = 1)

= DG
(

νi + po
j

2

)
+

(
νi + po

j

Uo
ij + νi

)



Tp

(
q∗ij

√
νi+po

j+2

Uo
ij+νi

| ∆∗
ij ; νi + po

j + 2
)

Tp

(
q∗ij

√
νi+po

j

Uo
ij+νi

| ∆∗
ij ; νi + po

j

) − 1




+T−1
p

(
q∗ij

√
νi + po

j

Uo
ij + νi

∣∣∣∣∣∆
∗
ij ; νi + po

j

)

×
p∏

r=1

∫ q∗ijr

−∞
gνi(x)tp

(
x

∣∣∣
Uo

ij + νi

νi + po
j

×∆∗
ij ; νi + po

j

)
dx− log

(
Uo

ij + νi

2

)
,

and

gνi
(x) = DG

(
νi + p + po

j

2

)
−DG

(
νi + po

j

2

)
− p

po
j + νi

+
p(Uo

ij − po
j)

(νi + po
j)(U

o
ij + νi)

− log
(
1 +

x>∆∗−1

ij x

Uo
ij + νi

)
+

(νi + p + po
j)(x

>∆∗−1

ij x)

(Uo
ij + νi)(Uo

ij + νi + x>∆∗−1

ij x)
,
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where q∗ijr is the rth element of q∗ij = (q∗ij1, . . . , q
∗
ijp).

Proof: The proof is given in Appendix L.

3.2.2. ML estimation via the MCECM procedure

For notational simplicity, let Θ = (w1, . . . , wg, ξ1, . . . , ξg,Σ1, . . . ,Σg,Λ1, . . . ,Λg,

ν1, . . . , νg), Let Yo = (Yo
1,Y

o
2, · · · ,Yo

n) and Ym = (Ym
1 ,Ym

2 , · · · ,Ym
n ) represent the

observed portion and the missing portion of the data, respectively. The complete

data log-likelihood function of Θ, ignoring additive constant terms, is

`c(Θ|Yo,Ym,Z,γ, τ )

=

g∑
i=1

n∑
j=1

Zij log(wi) +

g∑
i=1

n∑
j=1

Zij

{νi

2
log

(νi

2

)
− log Γ

(νi

2

)
+

νi

2
(log τj − τj)

}

−1

2

g∑
i=1

[
log |Σi|

(
n∑

j=1

Zij

)
+ tr

(
Σ−1

i

n∑
j=1

Ωij

)]
, (3.4)

where Ωij = Zijτj(Yj − ξi −Λiγj)(Yj − ξi −Λiγj)
>.

Let τ̂
(k)
ij = E(τj|Yo

j , Zij = 1, Θ̂
(k)

), κ̂
(k)
ij = E(log τj|Yo

j , Zij = 1, Θ̂
(k)

), η̂
(k)
ij =

E(τjγj|Yo
jZij = 1, Θ̂

(k)
) and Ψ̂

(k)

ij = E(τjγjγ
>
j |Yo

j , Zij = 1, Θ̂
(k)

) be the necessary

conditional expectations involved in (3.4). Let Θ̂
(k)

= (ŵ
(k)
1 , . . . , ŵ

(k)
g , ξ̂

(k)

1 , . . . , ξ̂
(k)

g ,

Σ̂
(k)

1 , . . . , Σ̂
(k)

g , Λ̂
(k)

1 , . . . , Λ̂
(k)

g , ν̂
(k)
1 , . . . , ν̂

(k)
g ) denote the estimates of Θ at the kth it-

eration. Given the observed data Yo and the current parameter estimates Θ = Θ̂
(k)

,

we can calculate

Ẑ
(k)
ij = Pr(Zij = 1 | Yo

j , Θ̂
(k)

) =
ŵ

(k)
i fpo

j
(Yo

j |ξ̂
o(k)

ij , Σ̂
oo(k)

ij , Λ̂
oo(k)

ij , ν̂
(k)
i )

∑g
i=1 ŵ

(k)
i fpo

j
(Yo

j |ξ̂
o(k)

ij , Σ̂
oo(k)

ij , Λ̂
oo(k)

ij , ν̂
(k)
i )

, (3.5)

and
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Ω
(k)
ij = E(Ωij | Yo, Θ̂

(k)
)

= Ẑ
(k)
ij

[
(Ip − Σ̂

(k)

i Ŝ
oo(k)
ij )Σ̂

(k)

i + (Â
(k)
ij −Λi)Ψ̂

(k)

ij (Â
(k)
ij −Λi)

>

τ̂
(k)
ij (b̂

(k)
ij − ξi)(b̂

(k)
ij − ξi)

> + (Â
(k)
ij −Λi)η̂

(k)
ij (b̂

(k)
ij − ξi)

>

(b̂
(k)
ij − ξi)η̂

(k)>
ij (Â

(k)
ij −Λi)

>
]
, (3.6)

where

Â
(k)
ij = (Ip− Σ̂i

(k)
Ŝ

oo(k)
ij )Λ̂

(k)

i and b̂
(k)
ij = Σ̂

(k)

i Ŝ
oo(k)
ij Yj +(Ip− Σ̂

(k)

i Ŝ
oo(k)
ij )ξ̂

(k)

i . (3.7)

Proof: The proof is given in Appendix M.

Furthermore, a Monte Carlo estimate of the Q-function can be evaluated as

Q̂(Θ | Θ̂(k)
) =

1

M

M∑
m=1

E
(
`c(Θ | Yo,Ym, γ̂

(k)
[m], τ̂

(k)
[m],Z, Θ̂

(k)
) | Yo, Θ̂

(k))
, (3.8)

where γ̂
∗(k)
[m] = {γ̂∗(k)

ij,m, i = 1, . . . , g; j = 1, . . . , n} and τ̂
∗(k)
[m] = {τ̂ ∗(k)

ij,m , i = 1, . . . , g; j =

1, . . . , n} for m = 1, . . . ,M , are a set of independent random samples generated

from each f(γj, τj|Yo
j , Zij = 1) given Θ = Θ̂

(k)
. The exact sampling of γj and τj

can be conveniently implemented through the following generators:

γ̂
(k+1)
ij,m | (Yo

j , Zij = 1) ∼ Ttp

(
q̂
∗(k)
ij ,

Û
o(k)
ij + ν̂

(k)
i

po
j + ν̂

(k)
i

∆̂
∗(k)

ij , ν̂
(k)
i + po

j ; R
p
+

)
,

and

τ̂
(k+1)
ij,m | (γ̂(k+1)

j,m ,Yo
j , Zij = 1)

∼ Γ
( ν̂

(k)
i + p + po

j

2
,
(γ̂

(k+1)
ij,m − q̂

∗(k)
ij )>∆̂

∗(k)−1

ij (γ̂
(k+1)
ij,m − q̂

∗(k)
ij ) + Û

o(k)
ij + ν̂

(k)
i

2

)
,

where q̂
∗(k)
ij = Λ̂

(k)

i Ĉ
oo(k)
ij (Yj − ξ̂

(k)

i ), ∆̂
∗(k)

ij = Ip − Λ̂
(k)

i Ĉ
oo(k)
ij Λ̂

(k)

i , Û
o(k)
ij = (Yj −

ξ̂
(k)

i )>Ĉoo(k)
ij (Yj−ξ̂

(k)

i ) and Ĉ
oo(k)
ij = O>

j Ω̂
oo(k)−1

ij Oj with Ω̂
oo(k)

ij = Oj(Σ̂
(k)

i +Λ̂
(k)2

i )O>
j .
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Therefore, the conditional expectations defined as above can be readily approxi-

mated as

τ̂
(k)
ij ' M−1

M∑
m=1

τ̂
(k)
ij,m, κ̂

(k)
ij ' M−1

M∑
m=1

log τ̂
(k)
ij,m,

η̂
(k)
ij ' M−1

M∑
m=1

τ̂
(k)
ij,mγ̂

(k)
j,m, Ψ̂

(k)

ij ' M−1

M∑
m=1

τ̂
(k)
ij,mγ̂

(k)
ij,mγ̂

(k)>
ij,m . (3.9)

Formally, the MCECM algorithm can be implemented as follows:

MCE-step: Given Θ = Θ̂
(k)

, compute Monte Carlo expectations τ̂
(k)
ij , κ̂

(k)
ij , η̂

(k)
ij and

Ψ̂
(k)

ij by using (3.9) for i = 1, . . . , g and j = 1, . . . , n.

CM-steps:

CM-Step 1. Update ŵ
(k)
i by maximizing Equation (3.8) over wi subject to their

sum is unity, which gives

ŵ
(k+1)
i =

1

n

n∑
j=1

Ẑ
(k)
ij .

CM-Step 2. Fix Λi = Λ̂
(k)

i , update ξ̂
(k)

i by maximizing (3.8) over ξi, which leads

to

ξ̂
(k+1)

i =

∑n
j=1 Ẑ

(k)
ij τ̂

(k)
ij b̂

(k)
ij −∑n

j=1 Ẑ
(k)
ij Σ̂

(k)

i Ŝ
oo(k)
ij Λ̂

(k)

i η̂
(k)
ij∑n

j=1 Ẑ
(k)
ij τ̂

(k)
ij

,

where Ŝ
oo(k)
ij = O>

j (OjΣ̂
(k)

i O>
j )−1Oj.

CM-Step 3. Fix ξi = ξ̂
(k+1)

i and Λi = Λ̂
(k)

i , update Σ̂
(k)

i by maximizing (3.8) over

Σi, which gives

Σ̂
(k+1)

i =

∑n
j=1 Ω̂

(k+1/2)

ij∑n
j=1 Ẑ

(k)
ij

,

where Ω̂
(k+1/2)

ij is Ω
(k)
ij in (3.6) with ξi and Λi replaced by ξ̂

(k+1)

i and Λ̂
(k)

i ,

respectively.
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CM-Step 4. Fix ξi = ξ̂
(k+1)

i and Σi = Σ̂
(k+1)

i , updating λ̂
(k)

i by maximizing (3.8)

over λi yields

λ̂
(k+1)

i =
(
Σ̂

(k+1)−1

i ¯
n∑

j=1

Ẑ
(k)
ij Ψ̂

(k)

ij

)−1

×
(
Σ̂

(k+1)−1

i ¯
n∑

j=1

(
Ẑ

(k)
ij (b̂

(k)
ij − ξ̂

(k+1)

i )η̂
(k)>
ij + Â

(k)
ij Ψ̂

(k)

ij

)> )
1p,

where Â
(k)
ij and b̂

(k)
ij are defined in (3.7). It follows immediately that Λ̂

(k+1)

i =

Diag(λ̂
(k+1)

i ).

CM-Step 5. Fix ξi = ξ̂
(k+1)

i , Λi = Λ̂
(k+1)

i , and Σi = Σ̂
(k+1)

i , obtain ν̂
(k+1)
i as the

solution of the equation

log
(νi

2

)
+ 1−DG

(νi

2

)
+

1∑n
j=1 Ẑ

(k)
ij

n∑
j=1

Ẑ
(k)
ij

(
κ̂

(k)
ij − τ̂

(k)
ij

)
= 0.

The detailed proof of the CM-steps is shown in Appendix N.

If the degrees of freedom are assumed to be identical, i.e. ν1 = · · · = νg = ν,

the above CM-step 5 can be CML-step as follows:

CML-step: Fix ξi = ξ̂
(k+1)

i , Λi = Λ̂
(k+1)

i , and Σi = Σ̂
(k+1)

i , obtain ν̂(k) as the

solution of

log
(ν

2

)
+ 1−DG

(ν

2

)
+

1

n

g∑
i=1

n∑
j=1

Ẑ
(k)
ij

(
κ̂

(k)
ij − τ̂

(k)
ij

)
= 0.

The MCECM algorithm described in this section tends to be robust to the choice

of starting values for the parameters. For the specification of initial values, Seidel

et al. (2000) have demonstrated some strategies and stopping rules in the fitting

of mixture model. Here, we choose the ML estimates for the complete data as the

initial values for the parameters.
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Applying Bayes’ theorem, the posterior probability of the Yj belonging to group

i can be estimated by

ŵ∗
ij = P(Zij = 1|Yo, Θ̂) =

ŵifpo
j
(Yo

j |ξ̂
o

ij, Σ̂
oo

ij , Λ̂
oo

ij , ν̂i)∑g
i=1 ŵifpo

j
(Yo

j |ξ̂
o

ij, Σ̂
oo

ij , Λ̂
oo

ij , ν̂i)
. (3.10)

By the ML classification theory (Basford and McLachlan, 1985), Yj is assigned to

group s if ŵ∗
sj > ŵ∗

ij for i = 1, . . . , g and i 6= s.

Consequently, the ML predictor for the missing component Ym
j is given by

Ŷm
j = E(Ym

j |Yo, Θ̂)

= Mj

g∑
i=1

ŵ∗
ij

(
ξ̂i + Λ̂iγ̂ij + Σ̂iŜ

oo
ij (Yj − ξ̂i − Λ̂iγ̂ij)

)
,

where γ̂ij = E(γj|Yo, Zij = 1, Θ̂), which can be approximated by Monte Carlo

average of samples simulated from Ttp
(
q̂∗ij,

Ûo
ij + ν̂i

po
j + ν̂i

∆̂
∗
ij, ν̂i + po

j ; R
p
+

)
.

3.2.3. Estimation of standard errors

Under some regularity conditions, we provide the information-based method

used by Meilijson (1989) to compute the asymptotic covariance of the ML estimates

of mixture model parameters.

Let `cj(Θ|Yj,γj, τj,Zj) be the complete data log-likelihood formed from the

single observation Yj. The individual score is defined as

u(Yo
j |Θ) = E

(
∂`cj(Θ|Yj,γj, τj,Zj)

∂Θ

∣∣∣Yo
j ,Θ

)
.

The empirical information matrix, according to Meilijson’s formula, is defined as

Ie(Θ|Yo) =
n∑

j=1

u(Yo
j |Θ)u>(Yo

j |Θ)− n−1U(Yo|Θ)U>(Yo|Θ), (3.11)

where U(Yo|Θ) =
∑n

j=1 u(Yo
j |Θ).

Let vech(·) be the matrix operator which stacks only the distinct elements of a
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symmetric matrix into a single vector. The ML estimates Θ̂ substituted for Θ in

the Eq. (3.11) and then it reduced to

Ie(Θ̂ | Yo) =
n∑

j=1

ûo
j û

o>
j ,

where

ûo
j = u(Yo

j |Θ̂)

= (ûo
j,w1

, . . . , ûo
j,wg−1

, ûo>
j,ξ1

, . . . , ûo>
j,ξg

, ûo>
j,σ1

, . . . , ûo>
j,σg

, ûo>
j,λ1

, . . . , ûo>
j,λg

, ûo
j,ν1

, . . . , ûo
j,νg

)>

with λi = diag(Λi) and σi = vech(Σi). Expressions for the elements of ûo
j are given

by

ûo
j,wr

=
Ẑrj

ŵr

− Ẑgj

ŵg

,

ûo
j,ξi

= Ẑij

(
τ̂ijŜ

oo
ij

(
Yj − ξ̂i

)− Ŝoo
ij Λ̂iη̂ij

)
,

ûo
j,σi

= vech

(
Ĉij − 1

2
Diag(Ĉij)

)
,

ûo
j,λi

= Diag
[
Ẑij

(
Ŝoo

ij (Yj − ξ̂i)η̂
>
ij − Ŝoo

ij Λ̂iΨ̂ij

)]
,

ûo
j,νi

=
Ẑij

2

(
log

( ν̂i

2

)
+ 1−DG

( ν̂i

2

)
+ κ̂ij − τ̂ij

)
,

where τ̂ij, κ̂ij, η̂ij and Ψ̂ij are τ̂
(k)
ij , κ̂

(k)
ij , η̂

(k)
ij and Ψ̂

(k)

ij in (3.9) with Θ̂
(k)

replaced

by Θ̂ and Ĉij = Ẑij

(
Σ̂
−1

i R̂ijΣ̂
−1

i − Σ̂
−1

i

)
with

R̂ij = D̂ijΣ̂i + (D̂ijΛ̂i − Λ̂i)Ψ̂ij(D̂ijΛ̂i − Λ̂i)
>

+(D̂ijΛ̂i − Λ̂i)η̂ij(Σ̂iŜ
oo
ij Yj + D̂ij ξ̂i − ξ̂i)

>

+(Σ̂iŜ
oo
ij Yj + D̂ij ξ̂i − ξ̂i)η̂

>
ij(D̂ijΛ̂i − Λ̂i)

>

+τ̂ij(Σ̂iŜ
oo
ij Yj + D̂ij ξ̂i − ξ̂i)(Σ̂iŜ

oo
ij Yj + D̂ij ξ̂i − ξ̂i)

>,

and D̂ij = (Ip − Σ̂iŜ
oo
ij ). If the degrees of freedom are assumed to be equal, say

ν1 = · · · = νg = ν, we have ûo
j,ν =

∑g
i=1 ûo

j,νi
.

The detailed proof is shown in Appendix O.
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3.3. Experimental results

3.3.1. Example 1: Simulated data

For learning MSTMIX models with missing observations, we conduct a simula-

tion study to compare the misclassification rates under the MVNMIX, MVTMIX,

MSNMIX and MSTMIX models. We first generated 500 observations from each of

a three-component MSTMIX model at missing rates ranging from 10% to 40% with

an increment of 10%. The presumed parameters of the MSTMIX model are given

as

ξ1 = (0, 3)>, ξ2 = (3, 0)>, ξ3 = (−3, 0)>,

Σ1 =


 2 1

1 1


 , Σ2 =


 1 0

0 2


 , Σ3 =


 2 −1

−1 1


 ,

Λ1 =


 1 0

0 −1


 , Λ2 =


 1 0

0 1


 , Λ3 =


 −1 0

0 1


 ,

with mixing probabilities ω1 = ω2 = ω3 = 1/3 and degrees of freedoms ν1 = ν2 =

ν3 = 4.

The simulation aims to compare the performance of the four mixture models in

terms of the average misclassification rates. For simplification of illustration, we

fit a three component MSTMIX model with equal but unknown degrees of free-

dom. Now, we provide a simple way to obtain the initial values for the parameters,

say Θ̂
(0)

=
(
ŵ

(0)
1 , . . . , ŵ

(0)
g , ξ̂

(0)

1 , . . . , ξ̂
(0)

g , Σ̂
(0)

1 , . . . , Σ̂
(0)

g , Λ̂
(0)

1 , . . . , Λ̂
(0)

g , ν̂
(0)
1 , . . . , ν̂

(0)
g

)
.

The technique proceeds as follows: (i) Impute each missing value by averaging the

sample mean of non-missing values of the corresponding variable. The imputed

sample is denoted by Ỹ = (Ỹ1, . . . , Ỹn). (ii) Perform a K-means clustering. (iii)

Compute the zero-one component membership indicator Ẑ
(0)
j = {Ẑ(0)

ij }g
i=1 according
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to the K-means clustering results. (iv) Generate a random number a from U(0,1).

(v) The initial values of the parameters are chosen as

ω̂
(0)
i =

∑n
j=1 Ẑ

(0)
ij

n
, Σ̂

(0)

i = Si + (a− 1)Diag(Si),

λ̂
(0)
i,j = ±

√
(1− a)si,jj/(1− 2/π), ξ̂

(0)

i = µi −
√

2/πΛ̂
(0)

i ,

where λ̂
(0)
i,j can be either positive or negative, depending on the sign of the sample

skewness of the ith variable with

µi =

∑n
j=1 Ẑ

(0)
ij Ỹj∑n

j=1 Ẑ
(0)
ij

,

Si = [si,jk] =

∑n
j=1 Ẑ

(0)
ij (Ỹj − µi)(Ỹj − µi)

>
∑n

j=1 Ẑ
(0)
ij

,

for j, k = 1, . . . , p and i = 1, . . . , g. (vi) As for the degrees of freedoms, we set a

relative large values, say ν̂
(0)
1 = ν̂

(0)
2 = ν̂

(0)
3 = 100.

The MCECM algorithm is employed until the difference in successive values of

the log-likelihood is less than a tolerance value, say 10−5. For each iteration, we

recorded the misclassification rates in Table 3.1. It is clear to see that the MSTMIX

model outperforms the other three mixtures with varying proportions of missing

values.

3.3.2. Example 2: The AIS data

The famous Australian Institute of Sport (AIS) data set was reported by Cook

and Weisberg (1994). This data set has been analyzed by Azzalini and Dalla Valle

(1996) and Azzalinin (2005), including 13 variables on 100 female and 102 male

Australian athletes. We focused on the bivariate sample of two variables body

mass index (BMI; kg/m2) and body fat percentage (Bfat). The scatter plot of this
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Table 3.1: A comparison of the average misclassification rates and the associated

standard deviations in parentheses with various missing rates (Replications = 500)

r (%) MVNMIX MVTMIX ν MSNMIX MSTMIX ν

10 0.520 0.195 4.091 0.191 0.173 3.946

(0.119) (0.018) (0.258) (0.015) (0.010) (0.197)

20 0.491 0.241 4.108 0.259 0.219 3.900

(0.108) (0.027) (0.520) (0.046) (0.015) (0.255)

30 0.509 0.291 3.994 0.316 0.260 3.947

(0.093) (0.032) (0.596) (0.063) (0.020) (0.363)

40 0.515 0.337 3.824 0.372 0.309 3.909

(0.070) (0.038) (0.679) (0.065) (0.018) (0.298)

bivariate data set appears some outlying observations and a bimodal asymmetric

mixture pattern.

This example is intended to illustrate the effect of robustness of the MSTMIX

model after some perturbed values and missing values are introduced into the orig-

inal data set simultaneously. The technique proceeds as follows: (i) generate one

synthetic missing data by deleting at random from the bivariate data set under

various missing rates (r = 10, 20, 30%). (ii) add one of the contaminated values

(±5,±10,±15,±20) to the first observation of the second variable. (iii) compute

the ML estimates of each model and then classify each observation by Eq. (3.10).

Among these models, the average misclassification rates and the associated sam-

ple standard deviations for all possible combinations of missing rates and perturba-

tions are listed in Table 3.2. As anticipated, the MSTMIX model provides better

clustering results than the other three models for all cases.
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Table 3.2: A comparison of misclassification rates when fitting models with a single

perturbation for various proportions of missing values (Replications = 100). Values

in parentheses are the associated standard deviations.
Constants

Missing rate -20 -15 -10 -5 +5 +10 +15 +20

r=10% MVNMIX

0.294 0.295 0.290 0.289 0.291 0.297 0.300 0.310

(0.036) (0.026) (0.031) (0.030) (0.033) (0.033) (0.030) (0.032)

MVTMIX

0.221 0.225 0.220 0.220 0.220 0.221 0.220 0.220

(0.018) (0.018) (0.018) (0.018) (0.018) (0.019) (0.018) (0.018)

MSNMIX

0.142 0.142 0.135 0.135 0.137 0.139 0.144 0.147

(0.021) (0.021) (0.023) (0.022) (0.019) (0.020) (0.020) (0.017)

MSTMIX

0.108 0.116 0.109 0.109 0.113 0.114 0.112 0.111

(0.015) (0.017) (0.017) (0.017) (0.017) (0.016) (0.018) (0.017)

r=20% MVNMIX

0.369 0.361 0.356 0.350 0.354 0.359 0.368 0.371

(0.036) (0.034) (0.032) (0.034) (0.038) (0.034) (0.036) (0.036)

MVTMIX

0.254 0.255 0.246 0.251 0.251 0.252 0.251 0.252

(0.030) (0.028) (0.032) (0.029) (0.032) (0.032) (0.030) (0.029)

MSNMIX

0.172 0.167 0.168 0.164 0.165 0.169 0.174 0.182

(0.027) (0.025) (0.025) (0.023) (0.027) (0.028) (0.027) (0.030)

MSTMIX

0.151 0.156 0.157 0.152 0.152 0.153 0.153 0.153

(0.024) (0.022) (0.022) (0.022) (0.022) (0.024) (0.023) (0.022)

r=30% MVNMIX

0.461 0.449 0.444 0.453 0.444 0.454 0.456 0.464

(0.050) (0.053) (0.053) (0.045) (0.050) (0.053) (0.055) (0.052)

MVTMIX

0.277 0.273 0.257 0.273 0.262 0.262 0.265 0.265

(0.043) (0.042) (0.046) (0.040) (0.047) (0.048) (0.047) (0.045)

MSNMIX

0.211 0.219 0.223 0.211 0.212 0.214 0.229 0.220

(0.026) (0.035) (0.042) (0.036) (0.035) (0.035) (0.041) (0.033)

MSTMIX

0.198 0.209 0.206 0.198 0.201 0.205 0.206 0.200

(0.024) (0.030) (0.033) (0.028) (0.030) (0.034) (0.029) (0.030)
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3.4. Concluding remarks

We develop an efficient MCECM algorithm for the learning MSTMIX models

under a missing information framework. Two binary auxiliary matrices are incor-

porated in the model that can substantially reduce the computational cost. Experi-

mental results indicate that the MSTMIX model performs well for robust clustering

when outlying observations and missing values both occur in the input data.

In the last two decades, many researchers (e.g. Diebolt and Robert 1994; Escobar

and West 1995; Bensmail et al. 1997) have paid attention to the problem of Bayesian

mixture modeling due to the popularity of MCMC techniques. More recently, the

application of reversible jump MCMC (Green 1995; Brooks et al. 2003) has been

shown to provide great power and flexibility by allowing simultaneous Bayesian

estimation of both parameters and number of components (Richardson and Green

1997; Zhang et al. 2004; Dellaportas and Papageorgiou 2006). Therefore, it is

worthwhile to investigate the applicability of a fully Bayesian treatment in this

context.
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Appendix

A. Proof of Theorem 1.1

The following lemma is used in proving the results.

Lemma A.1 If Λi is a diagonal matrix, then OjΛiO
>
j OjΛiO

>
j = OjΛ

2
i O

>
j and

MjΛiM
>
j MjΛiM

>
j = MjΛ

2
i M

>
j .

We partitioned the random vector Yj and its parameters ξi, Σi and Λi as

follows:

Yj =


Yo

j

Ym
j


 =


OjYj

MjYj


 , ξi =


ξo

ij

ξm
ij


 =


Ojξi

Mjξi


 ,

Σi =


Σoo

ij Σom
ij

Σmo
ij Σmm

ij


 =


OjΣiO

>
j OjΣiM

>
j

MjΣiO
>
j MjΣiM

>
j


 ,

and

Λi =


 Λoo

ij 0po
j×pm

j

0pm
j ×po

j
Λmm

ij


 =


OjΛiO

>
j 0po

j×pm
j

0pm
j ×po

j
MjΛiM

>
j


 .

By Lemma A.1

Ωi = Σi + Λ2
i =


Oj(Σi + Λ2

i )O
>
j OjΣiM

>
j

MjΣiO
>
j Mj(Σi + Λ2

i )M
>
j


 =


Ωoo

ij Ωom
ij

Ωmo
ij Ωmm

ij


 .

Note that Σi and Λi are symmetric matrix. Thus, Ωi, Ωoo
ij and Ωmm

ij are

symmetric matrices and Ωom>
ij = Ωmo

ij .
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Let ΛiΩ
−1
i = Bi =

[
Bi1 Bi2

]
. Thus, we have

ΛiΩ
−1
i =


Λoo

ij 0

0 Λmm
ij





Ωoo

ij Ωom
ij

Ωmo
ij Ωmm

ij



−1

=


Λoo

ij 0

0 Λmm
ij





Ωoo−1

ij

(
Ωom

ij Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij + Ipo
j

)
−Ωoo−1

ij Ωom
ij Ωmm·o−1

ij

−Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij Ωmm·o−1

ij




=


Λoo

ij (Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij + Ωoo−1

ij ) −Λoo
ij Ωoo−1

ij Ωom
ij Ωmm·o−1

ij

−Λmm
ij Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij Λmm
ij Ωmm·o−1

ij




=
[
Bi1 Bi2

]
,

where Ωmm·o
ij = Ωmm

ij −Ωmo
ij Ωoo−1

ij Ωom
ij . That is,

Bi1 =


Λoo

ij (Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij + Ωoo−1

ij )

−Λmm
ij Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij




=


Λoo

ij (Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Ωmo
ij + Ipo

j
)

−Λmm
ij Ωmm·o−1

ij Ωmo
ij


Ωoo−1

ij

and

Bi2 =


−Λoo

ij Ωoo−1

ij Ωom
ij Ωmm·o−1

ij

Λmm
ij Ωmm·o−1

ij


 =


−Λoo

ij Ωoo−1

ij Ωom
ij

Λmm
ij


Ωmm·o−1

ij .

From the above calculation, we have the following results
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Bi1 + Bi2Ω
mo
ij Ωoo−1

ij

=


Λoo

ij (Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Ωmo
ij + Ipo

j
)

−Λmm
ij Ωmm·o−1

ij Ωmo
ij


Ωoo−1

ij

+


−Λoo

ij Ωoo−1

ij Ωom
ij

Λmm
ij


Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij

=


Λoo

ij Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Ωmo
ij + Λoo

ij −Λoo
ij Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Ωmo
ij

−Λmm
ij Ωmm·o−1

ij Ωmo
ij + Λmm

ij Ωmm·o−1

ij Ωmo
ij


Ωoo−1

ij

=


 Λoo

ij

0pm
j ×po

j


Ωoo−1

ij ,

ΛiΩ
−1
i Λi

=
[
Bi1 Bi2

]

Λoo

ij 0

0 Λmm
ij




=
[
Bi1Λ

oo
ij Bi2Λ

mm
ij

]

=


Λoo

ij

(
Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Ωmo
ij + Ipo

j

)
Ωoo−1

ij Λoo
ij −Λoo

ij Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Λmm
ij

−Λmm
ij Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij Λoo
ij Λmm

ij Ωmm·o−1

ij Λmm
ij


 ,

(A.1)
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and

Bi2Ω
mm·o
ij B>

i2

=


−Λoo

ij Ωoo−1

ij Ωom
ij

Λmm
ij


Ωmm·o−1

ij Ωmm·o
ij (Ωmm·o−1

ij )>
[
−(Λoo

ij Ωoo−1

ij Ωom
ij )> Λmm>

ij

]

=


−Λoo

ij Ωoo−1

ij Ωom
ij

Λmm
ij


Ωmm·o−1

ij

[
−(Ωmo

ij Ωoo−1

ij Λoo
ij ) Λmm

ij

]

=


Λoo

ij Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij Λoo
ij −Λoo

ij Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Λmm
ij

−Λmm
ij Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij Λoo
ij Λmm

ij Ωmm·o−1

ij Λmm
ij


 .

(A.2)

Since

∆i + Bi2Ω
mm·o
ij B>

i2 = Ip −ΛiΩ
−1
i Λi + Bi2Ω

mm·o
ij B>

i2 , (A.3)

we substituted (A.1) , (A.2) to (A.3) to obtain

∆i + Bi2Ω
mm·o
ij B>

i2 = Ip −

Λoo

ij Ωoo−1

ij Λoo
ij 0po

j×pm
j

0pm
j ×po

j
0pm

j ×pm
j




=


Ipo

j
−Λoo

ij Ωoo−1

ij Λoo
ij 0po

j×pm
j

0pm
j ×po

j
Ipm

j


 .

Thus, we have

f(Yo
j ,Y

m
j |Zij = 1,Θ)

= 2pφp(Yj | ξi,Ωi)Φp

(
ΛiΩ

−1
i (Yj − ξi) | ∆i

)

= 2pφpo
j
(Yo

j |ξo
ij,Ω

oo
ij )φpm

j
(Ym

j |ξm· o
ij ,Ωmm·o

ij )Φp

( [
Bi1 Bi2

]

Yo

j − ξo
ij

Ym
j − ξm

ij




∣∣∣∣∆i

)

= 2pφpo
j
(Yo

j |ξo
ij,Ω

oo
ij )φpm

j
(Ym

j |ξm· o
ij ,Ωmm·o

ij )Φp

(
Bi1(Y

o
j − ξo

ij) + Bi2(Y
m
j − ξm

ij) | ∆i

)
,
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where ξm· o
ij = ξm

ij + Ωmo
ij Ωoo−1

ij (Yo
j − ξo

ij).

The marginal density of Yo
j is given by

f(Yo
j |Zij = 1,Θ) =

∫
f(Yo

j ,Y
m
j |Zij = 1,Θ) dYm

j

=

∫
2pφpo

j
(Yo

j |ξo
ij,Ω

oo
ij )φpm

j
(Ym

j |ξm· o
ij ,Ωmm·o

ij )

×Φp

(
Bi1(Y

o
j − ξo

ij) + Bi2(Y
m
j − ξm

ij) | ∆i

)
dYm

j

= 2pφpo
j
(Yo

j |ξo
ij,Ω

oo
ij )

∫
φpm

j
(Ym

j |ξm· o
ij ,Ωmm·o

ij )

×Φp

(
Bi1(Y

o
j − ξo

ij) + Bi2(Y
m
j − ξm

ij) | ∆i

)
dYm

j .

Let z = Ym
j − ξm· o

ij , then Ym
j = z + ξm· o

ij = z + ξm
ij + Ωmo

ij Ωoo−1

ij (Yo
j − ξo

ij).

Thus, we have

φpm
j
(Ym

j |ξm· o
ij ,Ωmm·o

ij ) = φpm
j
(z|0,Ωmm·o

ij )

and

Φp

(
Bi1(Y

o
j − ξo

ij) + Bi2(Y
m
j − ξm

ij) | ∆i

)

= Φp

(
Bi1(Y

o
j − ξo

ij) + Bi2(z + Ωmo
ij Ωoo−1

ij (Yo
j − ξo

ij) | ∆i

)

= Φp

(
(Bi1 + Bi2Ω

mo
ij Ωoo−1

ij )(Yo
j − ξo

ij) + Bi2z | ∆i

)
.

By Lemma 2.1 of Arellano-Valle and Genton (2005), we have

f(Yo
j |Zij = 1,Θ)

= 2pφpo
j
(Yo

j |ξo
ij,Ω

oo
ij )

×
∫

φpm
j
(z|0,Ωmm·o

ij )Φp

(
(Bi1 + Bi2Ω

mo
ij Ωoo−1

ij )(Yo
j − ξo

ij) + Bi2z
∣∣∆i

)
dz

= 2pφpo
j
(Yo

j |ξo
ij,Ω

oo
ij ) Ez

{
Φp

(
(Bi1 + Bi2Ω

mo
ij Ωoo−1

ij )(Yo
j − ξo

ij) + Bi2Z
∣∣∆i

)}

= 2pφpo
j
(Yo

j |ξo
ij,Ω

oo
ij ) Φp

(
(Bi1 + Bi2Ω

mo
ij Ωoo−1

ij )(Yo
j − ξo

ij)
∣∣∆i + Bi2Ω

mm·o
ij B>

i2

)

= 2po
j φpo

j
(Yo

j |ξo
ij,Ω

oo
ij ) Φpo

j

(
Λoo

ij Ωoo−1

ij (Yo
j − ξo

ij)
∣∣Ipo

j
−Λoo

ij Ωoo−1

ij Λoo
ij

)
.
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Thus, Yo
j | (Zij = 1,Θ) ∼ SNpo

j

(
ξo

ij,Σ
oo
ij ,Λoo

ij

)
. It implies that

f(Yo
j |Θ) =

g∑
i=1

f(Yo
j |Zij = 1,Θ)p(Zij = 1) =

g∑
i=1

wiψpo
j
(Yo

j |ξo
ij,Σ

oo
ij ,Λoo

ij ).

(b) By virtue of φp(Yj|ξi,Ωi) = φpo
j
(Yo

j |ξo
ij,Ω

oo
ij )φp−po

j
(Ym

j |ξm·o
ij ,Ωmm·o

ij ), see Theo-

rem 2.5.1 of Anderson (2003), we can deduce that

f(Ym
j | Yo

j ) =
f(Ym

j ,Yo
j )

f(Yo
j )

=
2p

∑g
i=1 wiφp(Yj | ξi,Ωi)Φp(ΛiΩ

−1
i (Yj − ξi) | ∆i)∑g

i=1 wiψpo
j
(Yo

j | ξo
ij,Σ

oo
ij ,Λoo

ij )

= 2p

g∑
i=1

w̃ijφp−po
j
(Ym

j | ξm·o
ij ,Ωmm·o

ij )Φp(ΛiΩ
−1
i (Yj − ξi) | ∆i).
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B. Proof of Theorem 1.2(c)

From equation (1.9), we have the following densities

f(Yo
j |γj, Zij = 1,Θ) = (2π)

−po
j

2 |Σoo
ij |−

1
2 exp

(
− (Yo

j − µo
ij)
>Σoo−1

ij (Yo
j − µo

ij)/2
)

and

f(γj|Zij = 1) = 2p(2π)
−p
2 exp

(− γ>j γj/2
)
IRp

+
(γj).

Thus, we have

f(Yo
j , γj|Zij = 1,Θ)

= f(Yo
j |γj, Zij = 1,Θ)f(γj|Zij = 1)

∝ |Σoo
ij |−

1
2 exp

{
−

(
(Yo

j − µo
ij)
>Σoo−1

ij (Yo
j − µo

ij) + γ>j γj

)
/2

}
IRp

+
(γj)

∝ |Σoo
ij |−

1
2 exp

{
−

(
(γj −Λ−1

i (Yj − ξi))
>ΛiS

oo
ij Λi(γj −Λ−1

i (Yj − ξi)) + γ>j γj

)
/2

}

×IRp
+
(γj),

where

(Yo
j − µo

ij)
>Σoo−1

ij (Yo
j − µo

ij) + γ>j γj

= (OjYj −Oj(ξi + Λiγj))
>Σoo−1

ij (OjYj −Oj(ξi + Λiγj)) + γ>j γj

= (Yj − ξi −Λiγj)
>O>

j Σoo−1

ij Oj(Yj − ξi −Λiγj) + γ>j γj

= (γj −Λ−1
i (Yj − ξi))

>ΛiS
oo
ij Λi(γj −Λ−1

i (Yj − ξi)) + γ>j γj.

To prove the identity

(γj −Λ−1
i (Yj − ξi))

>ΛiS
oo
ij Λi(γj −Λ−1

i (Yj − ξi)) + γ>j γj

=
(
γj −ΛiC

oo
ij (Yj − ξ)

)> (
Ip −ΛiC

oo
ij Λi

)−1 (
γj −ΛiC

oo
ij (Yj − ξ)

)

+(Yj − ξ)>Coo
j (Yj − ξ),
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where Coo
j = O>

j Ωoo−1

j Oj.

We need the following lemma.

Lemma B.1 Let x, a and b be p×1 vectors, and let Q1 and Q2 be p×p symmetric

matrices such that (Q1 + Q2)
−1 exists. Then

(x− a)>Q1(x− a) + (x− b)>Q2(x− b)

= (x− x̂)>Q(x− x̂) + (a− b)>Q1Q
−1Q2(a− b),

where x̂ = Q−1(Q1a + Q2b) and Q = Q1 + Q2.

From Lemma B.1, we take x = τ j, a = Λ−1
i zij, b = 0, Q1 = ΛiS

oo
ij Λi and

Q2 = Ip.

Therefore,

Q = Q1 + Q2 = ΛiS
oo
ij Λi + Ip

= ΛiO
>
j Σoo−1

ij OjΛi + Ip

= (OjΛi)
>Σoo−1

ij (OjΛi) + Ip,

Q−1 =
(
Ip + (OjΛi)

>Σoo−1

ij (OjΛi)
)−1

= Ip − Ip(OjΛi)
> (

Σoo
ij + (OjΛi)Ip(OjΛi)

>)−1
(OjΛi)Ip

= Ip − (OjΛi)
> (

OjΣiO
>
j + OjΛiΛiO

>
j

)−1
(OjΛi)

= Ip − (OjΛi)
> (

Oj(Σi + Λ2
i )O

>
j

)−1
(OjΛi)

= Ip − (OjΛi)
>Ωoo−1

ij (OjΛi)

= Ip −ΛiC
oo
ij Λi, (B.1)
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x̂ = Q−1(Q1a + Q2b)

=
(
Ip − (OjΛi)
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ij (OjΛi)
)
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oo
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Oj(Yj − ξi)

= (OjΛi)
>

(
Σoo−1

ij −Ωoo−1

ij (OjΛ
2
i O

>
j )Σoo−1

ij

)
Oj(Yj − ξi)

= (OjΛi)
>

(
Σoo−1

ij −Ωoo−1

ij (Ωoo
ij −Σoo

ij )Σoo−1

ij

)
Oj(Yj − ξi)

= (OjΛi)
>

(
Σoo−1

ij −Σoo−1

ij + Ωoo−1

ij

)
Oj(Yj − ξi)

= (OjΛi)
>Ωoo−1

ij Oj(Yj − ξi)

= ΛiC
oo
ij (Yj − ξi), (B.2)

and

Q1Q
−1Q2 = ΛiS

oo
ij Λi

(
Ip − (OjΛi)

>Ωoo−1

ij (OjΛi)
)
Ip

= (OjΛi)
>Σoo−1

ij (OjΛi)
(
Ip − (OjΛi)

>Ωoo−1

ij (OjΛi)
)

= (OjΛi)
>
(
Σoo−1

ij −Σoo−1

ij (OjΛ
2
i O

>
j )Ωoo−1

ij

)
(OjΛi)

= (OjΛi)
>
(
Σoo−1

ij −Σoo−1

ij (Ωoo
ij −Σoo

ij )Ωoo−1

ij

)
(OjΛi)

= (OjΛi)
>Ωoo−1

ij (OjΛi)

= ΛiC
oo
ij Λi.

Thus, we have

(a− b)>Q1Q
−1Q2(a− b) = (Λ−1

i (Yj − ξi))
>ΛiC

oo
ij Λi(Λ

−1
i (Yj − ξi))

= (Yj − ξi)
>Λ−1

i ΛiC
oo
ij ΛiΛ

−1
i (Yj − ξi)

= (Yj − ξi)
>Coo

ij (Yj − ξi). (B.3)
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Substituting Equations (B.1), (B.2), and (B.3) into Lemma B.1, the identity is

proved.

Moreover, the equation |Σoo
ij | = |Ωoo

ij ||Ip −ΛiC
oo
ij Λi| holds.

The posterior distribution of γj given Yo
j and Zij = 1 is given by

f(γj|Yo
j , Zij = 1,Θ)

=
f(Yo

j ,γj|Zij = 1,Θ)

f(Yo
j |Zij = 1,Θ)

∝ f(Yo
j , γj|Zij = 1,Θ)

∝ |Σoo
ij |−

1
2 exp

{
− 1

2

(
(Yo

j − µo
ij)
>Σoo−1

ij (Yo
j − µo

ij) + γ>j γj

)}
IRp

+
(γj),

∝ |∆∗
ij|−

1
2 exp

{
− 1

2

(
(γj − q∗ij)

>∆∗−1

ij (γj − q∗ij)
)}

IRp
+
(γj),

where ∆∗
ij = Ip −ΛiC

oo
ij Λi, q∗ij = ΛiC

oo
ij (Yj − ξi), and Coo

ij = O>
j Ωoo−1

ij Oj.

It implies that

γj|(Yo
j , Zij = 1) ∼ TNp

(
ΛiC

oo
ij (Yj − ξi), Ip −ΛiC

oo
ij Λi,Rp

+

)
.
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C. Proof of Lemma 1.3

Let Ẑ
(k)
ij = E(Zij|Yo, Θ̂

(k)
), Ŷ

(k)
ij = E(Yj|Zij = 1,Yo, Θ̂

(k)
) and

Ω
(k)
ij = E(Zij(Yj − ξi − Λiγj)(Yj − ξi − Λiγj)

>|Yo, Θ̂
(k)

). Then, it can be shown

that

Ẑ
(k)
ij = P(Zij = 1|Yo, Θ̂

(k)
) =

ŵ
(k)
i ψpo

j
(Yo

j |ξ̂
o(k)

ij , Σ̂
oo(k)

ij , Λ̂
oo(k)

ij )
∑g

i=1 ŵ
(k)
i ψpo

j
(Yo

j |ξ̂
o(k)

ij , Σ̂
oo(k)

ij , Λ̂
oo(k)

ij )
.

Since Yj = O>
j Yo

j + M>
j Ym

j and O>
j Oj(Ip − Σ̂

(k)

i Ŝ
oo(k)
ij ) = 0, we have

Ŷ
(k)
ij = E(Yj|Zij = 1,Yo, Θ̂

(k)
)

= E(O>
j Yo

j + M>
j Ym

j |Zij = 1,Yo, Θ̂
(k)

)

= O>
j Yo

j + M>
j E(Ym

j |Zij = 1,Yo, Θ̂
(k)

)

= O>
j Yo

j + M>
j E

(
E(Ym

j |Zij = 1,Yo,γj, Θ̂
(k)

)
∣∣Zij = 1,Yo, Θ̂

(k)
)

= O>
j Yo

j + M>
j

×E
(
Mj

(
ξ̂

(k)

i + Λ̂
(k)

i γj + Σ̂
(k)

i Ŝ
oo(k)
ij (Yj − ξ̂

(k)

i − Λ̂
(k)

i γj)
) ∣∣Zij = 1,Yo, Θ̂

(k)
)

= O>
j Yo

j + M>
j Mj

(
ξ̂

(k)

i + Λ̂
(k)

i E(γj|Zij = 1,Yo, Θ̂
(k)

)

+Σ̂
(k)

i Ŝ
oo(k)
ij (Yj − ξ̂

(k)

i − Λ̂
(k)

i E(γj|Zij = 1,Yo, Θ̂
(k)

))
)

= O>
j Yo

j + M>
j Mj

(
ξ̂

(k)

i + Λ̂
(k)

i η̂
(k)
ij + Σ̂

(k)

i Ŝ
oo(k)
ij (Yj − ξ̂

(k)

i − Λ̂
(k)

i η̂
(k)
ij )

)

= O>
j OjYj + (Ip −O>

j Oj)(Ip − Σ̂
(k)

i Ŝ
oo(k)
ij )(ξ̂

(k)

i + Λ̂
(k)

i η̂
(k)
ij )

+(Ip −O>
j Oj)Σ̂

(k)

i Ŝ
oo(k)
ij Yj

= Σ̂
(k)

i Ŝ
oo(k)
ij Yj + (Ip − Σ̂

(k)

i Ŝ
oo(k)
ij )(ξ̂

(k)

i + Λ̂
(k)

i η̂
(k)
ij ),
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and

Cov(Yj − ξi −Λiγj|Zij = 1,Yo, Θ̂
(k)

)

= Cov(O>
j Yo

j + M>
j Ym

j − ξi −Λiγj|Zij = 1,Yo, Θ̂
(k)

)

= Cov(M>
j Ym

j −Λiγj|Zij = 1,Yo, Θ̂
(k)

)

= E
(
Cov(M>

j Ym
j −Λiγj|Zij = 1,Yo, γj, Θ̂

(k)
)
∣∣Zij = 1,Yo, Θ̂

(k))

+Cov
(
E(M>

j Ym
j −Λiγj|Zij = 1,Yo, γj, Θ̂

(k)
)
∣∣Zij = 1,Yo, Θ̂

(k))

= E
(
M>

j Cov(Ym
j |Zij = 1,Yo,γj, Θ̂

(k)
)Mj

∣∣Zij = 1,Yo, Θ̂
(k))

+Cov
(
M>

j E(Ym
j |Zij = 1,Yo, γj, Θ̂

(k)
)−Λiγj

∣∣Zij = 1,Yo, Θ̂
(k))

= M>
j Mj(Ip − Σ̂

(k)

i Ŝ
oo(k)
ij )Σ̂

(k)

i M>
j Mj + Cov

(
M>

j Mj

(
ξ̂

(k)

i + Λ̂
(k)

i γj

+Σ̂
(k)

i Ŝ
oo(k)
ij (Yj − ξ̂

(k)

i − Λ̂
(k)

i γj)
)−Λiγj

∣∣Zij = 1,Yo, Θ̂
(k))

= (Ip − Σ̂
(k)

i Ŝ
oo(k)
ij )Σ̂

(k)

i + Cov
(
M>

j Mj

(
ξ̂

(k)

i + Λ̂
(k)

i γj

+Σ̂
(k)

i Ŝ
oo(k)
ij (Yj − ξ̂

(k)

i − Λ̂
(k)

i γj)
)−Λiγj

∣∣Zij = 1,Yo, Θ̂
(k))

= (Ip − Σ̂
(k)

i Ŝ
oo(k)
ij )Σ̂

(k)

i + Cov
((

(Ip − Σ̂
(k)

i Ŝ
oo(k)
ij )Λ̂

(k)

i −Λi

)
γj

∣∣∣Zij = 1,Yo, Θ̂
(k)

)

= (Ip − Σ̂
(k)

i Ŝ
oo(k)
ij )Σ̂

(k)

i +
(
(Ip − Σ̂

(k)

i Ŝ
oo(k)
ij )Λ̂

(k)

i −Λi

)

×Cov(γj|Zij = 1,Yo, Θ̂
(k)

)
(
(Ip − Σ̂

(k)

i Ŝ
oo(k)
ij )Λ̂

(k)

i −Λi

)>

= (Ip − Σ̂
(k)

i Ŝ
oo(k)
ij )Σ̂

(k)

i

+
(
(Ip − Σ̂

(k)

i Ŝ
oo(k)
ij )Λ̂

(k)

i −Λi

)
(Ψ̂

(k)

ij − η̂
(k)
ij η̂

(k)>
ij )

(
(Ip − Σ̂

(k)

i Ŝ
oo(k)
ij )Λ̂

(k)

i −Λi

)>
.
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Therefore,

Ω
(k)
ij = E(Zij(Yj − ξi −Λiγj)(Yj − ξi −Λiγj)

>|Yo, Θ̂
(k)

)

= E(Zij|Yo, Θ̂
(k)

)E((Yj − ξi −Λiγj)(Yj − ξi −Λiγj)
>|Zij = 1,Yo, Θ̂

(k)
)

= E(Zij|Yo, Θ̂
(k)

)
[
E(Yj − ξi −Λiγj|Zij = 1,Yo, Θ̂

(k)
)

×E(Yj − ξi −Λiγj|Zij = 1,Yo, Θ̂
(k)

)>

+Cov(Yj − ξi −Λiγj|Zij = 1,Yo, Θ̂
(k)

)
]

= Ẑ
(k)
ij

[
(Ip − Σ̂

(k)

i Ŝ
oo(k)
ij )Σ̂

(k)

i + (Ŷ
(k)
ij − ξi −Λiη̂

(k)
ij )(Ŷ

(k)
ij − ξi −Λiη̂

(k)
ij )>

+
(
Â

(k)
ij −Λi

)
(Ψ̂

(k)

ij − η̂
(k)
ij η̂

(k)>
ij )

(
Â

(k)
ij −Λi

)>]
,

where Â
(k)
ij = (Ip − Σ̂

(k)

i Ŝ
oo(k)
ij )Λ̂

(k)

i .
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D. Proof of the M-steps

CM-step 1:

The mixing probabilities wi’s are subject to the constraint
∑g

i=1 wi = 1. Define

L =
∑g

i=1

∑n
j=1 Ẑ

(k)
ij log(wi) − λ(

∑g
i=1 wi − 1), where λ is the Lagrange multiplier.

Let dL/dwi = 0 and dL/dλ = 0, we have wi =
∑n

j=1 Ẑ
(k)
ij /λ and

∑g
i=1 wi = 1. It

follows that λ = n and the estimate of wi at the (k + 1)th iteration is

ŵ
(k+1)
i =

∑n
j=1 Ẑ

(k)
ij

n
.

CM-step 2:

Taking the partial derivative of Q2(Υ|Θ̂(k)
) with respect to ξi and setting it to

zero yields

∂Q2(Υ|Θ̂(k)
)

∂ξi

= −1

2

∂

∂ξi

tr

(
Σ−1

i

n∑
j=1

Ω
(k)
ij

)

= −1

2

∂

∂ξi

n∑
j=1

tr
(
Σ−1

i Ω
(k)
ij

)

= −1

2

∂

∂ξi

n∑
j=1

tr
(
Σ−1

i Ẑ
(k)
ij (Ŷ

(k)
ij − ξi −Λiη̂

(k)
ij )(Ŷ

(k)
ij − ξi −Λiη̂

(k)
ij )>

)

= −1

2

∂

∂ξi

n∑
j=1

(
Ẑ

(k)
ij (Ŷ

(k)
ij − ξi −Λiη̂

(k)
ij )>Σ−1

i (Ŷ
(k)
ij − ξi −Λiη̂

(k)
ij )

)

=
n∑

j=1

Σ−1
i Ẑ

(k)
ij (Ŷ

(k)
ij − ξi −Λiη̂

(k)
ij )

= Σ−1
i

n∑
j=1

Ẑ
(k)
ij (Ŷ

(k)
ij − ξi −Λiη̂

(k)
ij )

= 0.

With Λi fixed at Λ̂
(k)

i , solving this equation gives

ξ̂
(k+1)

i =

∑n
j=1 Ẑ

(k)
ij Ŷ

(k)
ij − Λ̂

(k)

i

∑n
j=1 Ẑ

(k)
ij η̂

(k)
ij∑n

j=1 Ẑ
(k)
ij

.
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CM-step 3:

Recalling the differential formulae with respect to a matrix, one has

∂ log |A|
∂A

= 2A−1 −Diag(A−1) and
∂tr(AB)

∂A
= 2B−Diag(B),

for any given symmetric matrix A and B. Taking the partial derivative of Q2(Υ|Θ̂(k)
)

with respect to Σ−1
i and setting it to zero yields

∂Q2(Υ|Θ̂(k)
)

∂Σ−1
i

= −1

2

∂

∂Σ−1
i

[
log |Σi|

(
n∑

j=1

Ẑ
(k)
ij

)
+ tr

(
Σ−1

i

n∑
j=1

Ω
(k)
ij

)]

= −1

2

∂

∂Σ−1
i

[
− log |Σ−1

i |
(

n∑
j=1

Ẑ
(k)
ij

)
+ tr

(
Σ−1

i

n∑
j=1

Ω
(k)
ij

)]

= −1

2

[
(−2Σi + Diag(Σi))

(
n∑

j=1

Ẑ
(k)
ij

)
+ 2

(
n∑

j=1

Ω
(k)
ij

)

−Diag

(
n∑

j=1

Ω
(k)
ij

)]

= 0.

Fix ξi at ξ̂
(k+1)

i and Λi at Λ̂
(k)

i , solving this equation obtains

Σ̂
(k+1)

i =

∑n
j=1 Ω̂

(k+1/2)

ij∑n
j=1 Ẑ

(k)
ij

,

where Ω̂
(k+1/2)

ij is Ω
(k)
ij in Equation (1.16) with ξi replaced by ξ̂

(k+1)

i and Λi replaced

by Λ̂
(k)

i .

CM-step 4:

Let Â
(k)
ij = (Ip−Σ̂

(k)

i Ŝ
oo(k)
ij )Λ̂

(k)

i . The sum of the term in the Q2(Υ|Θ̂(k)
) function

can be rearranged by

tr
(
Σ−1

i (Ŷ
(k)
ij − ξi −Λiη̂

(k)
ij )(Ŷ

(k)
ij − ξi −Λiη̂

(k)
ij )>

)

= tr
(
Σ−1

i (Ŷ
(k)
ij − ξi)(Ŷ

(k)
ij − ξi)

>
)
− 2tr

(
Σ−1

i (Ŷ
(k)
ij − ξi)η̂

(k)>
ij Λ>

i

)

+tr
(
Σ−1

i Λiη̂
(k)
ij η̂

(k)>
ij Λ>

i

)
.
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Now, taking the partial derivative of Q2(Υ|Θ̂(k)
) with respect to λi and setting

it to zero yields

∂Q2(Υ|Θ̂(k)
)

∂λi

= −1

2

∂

∂λi

tr

(
Σ−1

i

n∑
j=1

Ω
(k)
ij

)

= −1

2

∂

∂λi

n∑
j=1

tr
(
Σ−1

i Ω
(k)
ij

)

= −1

2

∂

∂λi

n∑
j=1

Ẑ
(k)
ij

[
−2tr

(
Σ−1

i (Ŷ
(k)
ij − ξi)η̂

(k)>
ij Λ>

i

)
+ tr

(
Σ−1

i Λiη̂
(k)
ij η̂

(k)>
ij Λ>

i

)

+tr
(
Σ−1

i (Λi − Â
(k)
ij )(Ψ̂

(k)

ij − η̂
(k)
ij η̂

(k)>
ij )(Λi − Â

(k)
ij )>

)]

= −1

2

n∑
j=1

Ẑ
(k)
ij

[
−2Diag

(
Σ−1

i (Ŷ
(k)
ij − ξi)η̂

(k)>
ij

)
+ 2Diag

(
Σ−1

i Λiη̂
(k)
ij η̂

(k)>
ij

)

+2Diag
(
Σ−1

i (Λi − Â
(k)
ij )(Ψ̂

(k)

ij − η̂
(k)
ij η̂

(k)>
ij )

)]

= Diag
(
Σ−1

i

n∑
j=1

Ẑ
(k)
ij (Ŷ

(k)
ij − ξi)η̂

(k)>
ij

)
−Diag

(
Σ−1

i Λi

n∑
j=1

Ẑ
(k)
ij η̂

(k)
ij η̂

(k)>
ij

)

−Diag
(
Σ−1

i Λi

n∑
j=1

Ẑ
(k)
ij (Ψ̂

(k)

ij − η̂
(k)
ij η̂

(k)>
ij )

)

+Diag
(
Σ−1

i

n∑
j=1

Ẑ
(k)
ij Â

(k)
ij (Ψ̂

(k)

ij − η̂
(k)
ij η̂

(k)>
ij )

)

= Diag
(
Σ−1

i

n∑
j=1

Ẑ
(k)
ij

[
(Ŷ

(k)
ij − ξi)η̂

(k)>
ij + Â

(k)
ij (Ψ̂

(k)

ij − η̂
(k)
ij η̂

(k)>
ij )

] )

−Diag
(
Σ−1

i Λi

n∑
j=1

Ẑ
(k)
ij Ψ̂

(k)

ij

)

=
(
Σ−1

i ¯
n∑

j=1

Ẑ
(k)
ij

[
(Ŷ

(k)
ij − ξi)η̂

(k)>
ij + Â

(k)
ij (Ψ̂

(k)

ij − η̂
(k)
ij η̂

(k)>
ij )

]> )
1p

−
(
Σ−1

i ¯
n∑

j=1

Ẑ
(k)
ij Ψ̂

(k)

ij

)
λi.

Note that the last equality follows from the fact that Diag(ADB) = (A ¯
B>) Diag(D) (D is a diagonal matrix) with Diag(·) denoting the diagonal elements
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of a square matrix and ‘¯’ the elementwise product of two matrices. With ξi = ξ̂
(k+1)

i

and Σi = Σ̂
(k+1)

i , setting ∂Q2(Υ|Θ̂(k)
)/∂λi = 0 yields the estimate of λi

λ̂
(k+1)

i =

(
Σ̂

(k+1)−1

i ¯
n∑

j=1

Ẑ
(k)
ij Ψ̂

(k)

ij

)−1

×
(

Σ̂
(k+1)−1

i ¯
n∑

j=1

Ẑ
(k)
ij

(
(Ψ̂

(k)

ij − η̂
(k)
ij η̂

(k)>
ij )Â

>(k)
ij + η̂

(k)
ij (Ŷ

(k)
ij − ξ̂

(k+1)

i )>
))

1p.
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E. Proof of ŝj for the MSNMIX model

The single observation of the complete data log-likelihood, ignoring additive

constant term, is

`cj(Θ|Yj,Zj,γj)

=

g∑
i=1

Zij

[
log(wi)− 1

2
log |Σi| − 1

2
(Yj − ξi −Λiγj)

>Σ−1
i (Yj − ξi −Λiγj)

]
.

The first derivatives of `cj(Θ|Yj,Zj,γj) with respect to wi is

∂`cj

∂wi

=
Zij

wi

− Zgj

wg

.

Thus,

ûo
j,wi

= E
(Zij

wi

− Zgj

wg

∣∣∣Yo
j , Θ̂

)
=

Ẑij

ŵi

− Ẑgj

ŵg

.

The first derivatives of `cj(Θ|Yj,Zj,γj) with respect to ξi is

∂`cj

∂ξi

= ZijΣ
−1
i (Yj − ξi −Λiγj).

Thus,

ûo
j,ξi

= E
(
ZijΣ

−1
i (Yj − ξi −Λiγj)

∣∣∣Yo
j , Θ̂

)

= ẐijE
(
Σ−1

i (Yj − ξi −Λiγj)
∣∣∣Yo

j , Zij = 1, Θ̂
)

= ẐijΣ̂
−1

i (Ŷij − ξ̂i − Λ̂iη̂ij),

where E(γj|Yo
j , Zij = 1, Θ̂) = η̂ij and E(Yj|Yo

j , Zij = 1, Θ̂) = Ŷij.

The first derivatives of `cj(Θ|Yj,Zj,γj) with respect to Σi is

∂`cj

∂Σi

= −Zij

2

∂

∂Σi

{
log |Σi|+ tr

(
Σ−1

i

(
Yj − ξi −Λiγj

) (
Yj − ξi −Λiγj

)>)}

= −Zij

2

{
2Σ−1

i −Diag(Σ−1
i )− 2Σ−1

i

(
Yj − ξi −Λiγj

) (
Yj − ξi −Λiγj

)>
Σ−1

i

+Diag
(
Σ−1

i

(
Yj − ξi −Λiγj

) (
Yj − ξi −Λiγj

)>
Σ−1

i

)}

=
Zij

2
(2Bij −Diag(Bij)) ,
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where Bij = Σ−1
i RijΣ

−1
i − Σ−1

i and Rij =
(
Yj − ξi −Λiγj

) (
Yj − ξi −Λiγj

)>
.

Thus,

ûo
j,σi

= vech

{
E

(Zij

2
(2Bij −Diag(Bij))

∣∣∣Yo
j , Θ̂

)}

= vech

{
Ẑij

2

(
2B̂ij −Diag(B̂ij)

)}
,

where B̂ij = Σ̂
−1

i R̂ijΣ̂
−1

i − Σ̂
−1

i with

R̂ij = E(Rij|Yo
j , Zij = 1, Θ̂)

= (Ip − Σ̂iŜ
oo
ij )Σ̂i + (Ŷij − ξ̂i − Λ̂iη̂ij)(Ŷij − ξ̂i − Λ̂iη̂ij)

>

+
(
(Ip − Σ̂iŜ

oo
ij )Λ̂i − Λ̂i

)
(Ψ̂ij − η̂ijη̂

>
ij)

(
(Ip − Σ̂iŜ

oo
ij )Λ̂i − Λ̂i

)>
.

Therefore,

B̂ij = Ŝoo
ij

(
Λ̂i(Ψ̂ij − η̂ijη̂

>
ij)Λ̂i + (Ŷij − ξ̂i − Λ̂iη̂ij)(Ŷij − ξ̂i − Λ̂iη̂ij)

>
)

Ŝoo
ij − Ŝoo

ij .

Furthermore, we can obtained

E(Yjγ
>
j |Yo

j , Zij = 1, Θ̂) = (Ip − Σ̂iŜ
oo
ij )(ξ̂iη̂

>
ij + Λ̂iΨ̂ij) + Σ̂iŜ

oo
ij Yjη̂

>
ij,

from the law of iterative expectations. The first derivatives of `cj(Θ|Yj,Zj,γj) with

respect to λi is

∂`cj

∂λi

= Diag
(
ZijΣ

−1
i (Yj − ξi −Λiγj)γ

>
j

)
.

Thus,

ûo
j,λi

= E
(
Diag

(
ZijΣ

−1
i (Yj − ξi −Λiγj)γ

>
j

) ∣∣∣Yo
j , Θ̂

)

= Diag
(
ẐijE

(
Σ−1

i (Yj − ξi −Λiγj)τ
>
j

∣∣∣Yo
j , Zij = 1, Θ̂

))

= Diag
(
ẐijŜ

oo
ij ((Yj − ξ̂i)η̂

>
ij − Λ̂iΨ̂ij)

)
,

where E(γjγ
>
j |Yo

j , Zij = 1, Θ̂) = Ψ̂ij.
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F. Proof of Theorem 2.1(c), (d), and (e)

The following lemma is used in proving the results.

Lemma F.1 If τ ∼ Γ(α, β), then for any a ∈ Rp

E(Φp(a
√

τ)) = Tp

(
a

√
α

β
; 2α

)
,

where Tp( · ; 2α) denotes a p-dimensional cdf of the t distribution with degrees of

freedom 2α.

Proof of Theorem 2.1(c):

We partitioned the random vector Yj and its parameters ξ, Σ and Λ as follows:

Yj =


Yo

j

Ym
j


 =


OjYj

MjYj


 , ξ =


ξo

j

ξm
j


 =


Ojξ

Mjξ


 ,

Σ =


Σoo

j Σom
j

Σmo
j Σmm

j


 =


OjΣO>

j OjΣM>
j

MjΣO>
j MjΣM>

j


 ,

and

Λ =


 Λoo

j 0po
j×pm

j

0pm
j ×po

j
Λmm

j


 =


OjΛO>

j 0po
j×pm

j

0pm
j ×po

j
MjΛM>

j


 .

By Lemma A.1

Ω = Σ + Λ2 =


Oj(Σ + Λ2)O>

j OjΣM>
j

MjΣO>
j Mj(Σ + Λ2)M>

j


 =


Ωoo

j Ωom
j

Ωmo
j Ωmm

j


 .

Note that Σ and Λ are symmetric matrix. Thus, Ω, Ωoo
j and Ωmm

j are symmetric

matrices and Ωom>
j = Ωmo

j .
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Let ΛΩ−1 = B =
[
B1 B2

]
. Thus, we have

ΛΩ−1 =


Λoo

j 0

0 Λmm
j





Ωoo

j Ωom
j

Ωmo
j Ωmm

j



−1

=


Λoo

j 0

0 Λmm
j





Ωoo−1

j (Ωom
j Ωmm·o−1

j Ωmo
j Ωoo−1

j + Ipo
j
) −Ωoo−1

j Ωom
j Ωmm·o−1

j

−Ωmm·o−1

j Ωmo
j Ωoo−1

j Ωmm·o−1

j




=


Λoo

j (Ωoo−1

j Ωom
j Ωmm·o−1

j Ωmo
j Ωoo−1

j + Ωoo−1

j ) −Λoo
j Ωoo−1

j Ωom
j Ωmm·o−1

j

−Λmm
j Ωmm·o−1

j Ωmo
j Ωoo−1

j Λmm
j Ωmm·o−1

j




=
[
B1 B2

]
,

where Ωmm·o
j = Ωmm

j −Ωmo
j Ωoo−1

j Ωom
j . Thus, we have

B1 =


Λoo

j (Ωoo−1

j Ωom
j Ωmm·o−1

j Ωmo
j Ωoo−1

j + Ωoo−1

j )

−Λmm
j Ωmm·o−1

j Ωmo
j Ωoo−1

j




=


Λoo

j (Ωoo−1

j Ωom
j Ωmm·o−1

j Ωmo
j + Ipo

j
)

−Λmm
j Ωmm·o−1

j Ωmo
j


Ωoo−1

j

and

B2 =


−Λoo

j Ωoo−1

j Ωom
j Ωmm·o−1

j

Λmm
j Ωmm·o−1

j


 =


−Λoo

j Ωoo−1

j Ωom
j

Λmm
j


Ωmm·o−1

j .

From the above calculation, we have the following results

B1 + B2Ω
mo
j Ωoo−1

j

=


Λoo

j (Ωoo−1

j Ωom
j Ωmm·o−1

j Ωmo
j + Ipo

j
)

−Λmm
j Ωmm·o−1

j Ωmo
j


Ωoo−1

j +


−Λoo

j Ωoo−1

j Ωom
j

Λmm
j


Ωmm·o−1

j Ωmo
j Ωoo−1

j

=


Λoo

j Ωoo−1

j Ωom
j Ωmm·o−1

j Ωmo
j + Λoo

j −Λoo
j Ωoo−1

j Ωom
j Ωmm·o−1

j Ωmo
j

−Λmm
j Ωmm·o−1

j Ωmo
j + Λmm

j Ωmm·o−1

j Ωmo
j


Ωoo−1

j

=


 Λoo

j

0pm
j ×po

j


Ωoo−1

j ,
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ΛΩ−1Λ

=
[
B1 B2

]

Λoo

j 0

0 Λmm
j




=
[
B1Λ

oo
j B2Λ

mm
j

]

=


Λoo

j Ωoo−1

j (Ωom
j Ωmm·o−1

j Ωmo
j Ωoo−1

j + Ipo
j
)Λoo

j −Λoo
j Ωoo−1

j Ωom
j Ωmm·o−1

j Λmm
j

−Λmm
j Ωmm·o−1

j Ωmo
j Ωoo−1

j Λoo
j Λmm

j Ωmm·o−1

j Λmm
j


 ,

(F.1)

and

B2Ω
mm·o
j B>

2

=


−Λoo

j Ωoo−1

j Ωom
j

Λmm
j


Ωmm·o−1

j Ωmm·o
j (Ωmm·o−1

j )>
[
−(Λoo

j Ωoo−1

j Ωom
j )> Λmm>

j

]

=


−Λoo

j Ωoo−1

j Ωom
j

Λmm
j


Ωmm·o−1

j

[
−(Ωmo

j Ωoo−1

j Λoo
j ) Λmm

j

]

=


Λoo

j Ωoo−1

j Ωom
j Ωmm·o−1

j Ωmo
j Ωoo−1

j Λoo
j −Λoo

j Ωoo−1

j Ωom
j Ωmm·o−1

j Λmm
j

−Λmm
j Ωmm·o−1

j Ωmo
j Ωoo−1

j Λoo
j Λmm

j Ωmm·o−1

j Λmm
j


 . (F.2)

Since

∆ + B2Ω
mm·o
j B>

2 = Ip −ΛΩ−1Λ + B2Ω
mm·o
j B>

2 , (F.3)

we substituted (F.1) , (F.2) to (F.3) to obtain

∆ + B2Ω
mm·o
j B>

2 = Ip −

Λoo

j Ωoo−1

j Λoo
j 0po

j×pm
j

0pm
j ×po

j
0pm

j ×pm
j




=


Ipo

j
−Λoo

j Ωoo−1

j Λoo
j 0po

j×pm
j

0pm
j ×po

j
Ipm

j


 .

Since

Yj | (γj, τj) ∼ Np(ξ + Λγj,Σ/τj)
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and

γj | τj ∼ HNp(0, Ip/τj),

we have

f(Yj | γj, τj) = φp(Yj|ξ + Λγj,Σ/τj)

and

f(γj | τj) = 2pφp(γj|0, Ip/τj)IRp
+
(γj).

By Lemma B.1, we have

(Yj − ξ −Λγj)
>Σ−1(Yj − ξ −Λγj) + γ>j I−1

p γj

= (Yj − ξ)>Ω−1(Yj − ξ) + (γj −ΛΩ−1(Yj − ξ))>∆−1(γj −ΛΩ−1(Yj − ξi)),

where Ω = Σ + Λ2 and ∆ = (Ip + ΛΣ−1Λ)−1. Thus,

φp(Yj|ξ + Λγj,Σ/τj) · φp(γj|0, Ip/τj)IRp
+
(γj)

= φp(Yj|ξ,Ω/τj) · φp(γj|ΛΩ−1(Yj − ξ),∆/τj)IRp
+
(γj).

Thus,

f(Yj|τj,Θ) =

∫

Rp
+

f(Yj | γj, τj,θ)f(γj | τj, θ)dγj

=

∫

Rp
+

2pφp(Yj|ξ + Λγj,Σ/τj) · φp(γj|0, Ip/τj)dγj

=

∫

Rp
+

2pφp(Yj|ξ,Ω/τj) · φp(γj|ΛΩ−1(Yj − ξ),∆/τj)dγj

= 2pφp(Yj|ξ,Ω/τj)

∫

Rp
+

φp(γj|ΛΩ−1(Yj − ξ),∆/τj)dγj

= 2pφp(Yj|ξ,Ω/τj)Φp(
√

τjΛΩ−1(Yj − ξ)|∆).
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Thus,

f(Yo
j ,Y

m
j |τj,θ)

= 2pφp(Yj|ξ,Ω/τj)Φp(
√

τjΛΩ−1(Yj − ξ)|∆)

= 2pφpo
j
(Yo

j |ξo
j ,Ω

oo
j /τj)φpm

j
(Ym

j |ξm· o
j ,Ωmm·o

j /τj)Φp

(√
τj

[
B1 B2

]

 Yo

j − ξo
j

Ym
j − ξm

j




∣∣∣∣∆
)

= 2pφpo
j
(Yo

j |ξo
j ,Ω

oo
j /τj)φpm

j
(Ym

j |ξm· o
j ,Ωmm·o

j /τj)

×Φp

(√
τj

(
B1(Y

o
j − ξo

j) + B2(Y
m
j − ξm

j )
) | ∆

)
,

where condition mean ξm· o
j = ξm

j + Ωmo
j Ωoo−1

j (Yo
j − ξo

j) and conditional covariance

Ωmm·o
j /τj = (Ωmm

j −Ωmo
j Ωoo−1

j Ωom
j )/τj. The marginal density of Yo

j given τj and θ

is as follows

f(Yo
j |τj,θ) =

∫
f(Yo

j ,Y
m
j |τj,θ) dYm

j

= 2pφpo
j
(Yo

j |ξo
j ,Ω

oo
j /τj)

∫
φpm

j
(Ym

j |ξm· o
j ,Ωmm·o

j /τj)

×Φp

(√
τj

(
B1(Y

o
j − ξo

j) + B2(Y
m
j − ξm

j )
) | ∆

)
dYm

j .

Let z = Ym
j − ξm· o

j , then Ym
j = z + ξm· o

j = z + ξm
j + Ωmo

j Ωoo−1

j (Yo
j − ξo

j).

Thus, we have

φpm
j
(Ym

j |ξm· o
j ,Ωmm·o

j /τj) = φpm
j
(z|0,Ωmm·o

j /τj)

and

Φp

(√
τj

(
B1(Y

o
j − ξo

j) + B2(Y
m
j − ξm

j )
)

= Φp

(√
τj

(
B1(Y

o
j − ξo

j) + B2(z + Ωmo
j Ωoo−1

j (Yo
j − ξo

j)
)
| ∆

)

= Φp

(√
τj

(
(B1 + B2Ω

mo
j Ωoo−1

j )(Yo
j − ξo

j) + B2z
)
| ∆

)
.
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By Lemma 2.1 of Arellano-Valle and Genton (2005), we have

f(Yo
j |τj, θ)

= 2pφpo
j
(Yo

j |ξo
j ,Ω

oo
j /τj)

×
∫

φpm
j
(z|0,Ωmm·o

j /τj)Φp

(√
τj

(
(B1 + B2Ω

mo
j Ωoo−1

j )(Yo
j − ξo

j) + B2z
) ∣∣∆)

dz

= 2pφpo
j
(Yo

j |ξo
j ,Ω

oo
j /τj)Ez

{
Φp

(√
τj

(
(B1 + B2Ω

mo
j Ωoo−1

j )(Yo
j − ξo

j) + B2Z
) ∣∣∆)}

= 2pφpo
j
(Yo

j |ξo
j ,Ω

oo
j /τj)Φp

(√
τj(B1 + B2Ω

mo
j Ωoo−1

j )(Yo
j − ξo

j)
∣∣∆ + B2Ω

mm·o
j B>

2

)

= 2po
j φpo

j
(Yo

j |ξo
j ,Ω

oo
j /τj)Φpo

j

(√
τjΛ

oo
j Ωoo−1

j (Yo
j − ξo

j)
∣∣Ipo

j
−Λoo

j Ωoo−1

j Λoo
j

)
.

Since

τj ∼ Γ(ν/2, ν/2),

we have

f(Yo
j |θ)

=

∫
f(Yo

j |τj,θ)f(τj)dτj

=
(π

2

)− po
j
2

ν
2

ν
2

Γ(ν
2
)
|Ωoo−1

j |− 1
2

×
∫ ∞

0

τ
ν+po

j
2
−1

j exp
(
− τj

2

[
(Yo

j − ξo
j)
>Ωoo−1

j (Yo
j − ξo

j) + ν
])

×Φpo
j

(√
τjΛ

oo
j Ωoo−1

j (Yo
j − ξo

j)
∣∣Ipo

j
−Λoo

j Ωoo−1

j Λoo
j

)
dτj

=
(π

2

)− po
j
2

ν
2

ν
2

Γ(ν
2
)
|Ωoo−1

j |− 1
2

Γ(
ν+po

j

2
)

{
1
2

[
(Yo

j − ξo
j)
>Ωoo−1

j (Yo
j − ξo

j) + ν
]} ν+po

j
2

×
∫ ∞

0

Γ
(νi + po

j

2
,
(Yo

j − ξo
j)
>Ωoo−1

j (Yo
j − ξo

j) + ν

2

)

×Φpo
j

(√
τjΛ

oo
j Ωoo−1

j (Yo
j − ξo

j)
∣∣Ipo

j
−Λoo

j Ωoo−1

j Λoo
j

)
dτj
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=
(π

2

)− po
j
2

(νi

2

)− po
j
2

(ν

2

) ν+po
j

2 |Ωoo−1

j |− 1
2
Γ(

ν+po
j

2
)

Γ(ν
2
)

×
[

(Yo
j − ξo

j)
>Ωoo−1

j (Yo
j − ξo

j) + ν

2

]− ν+po
j

2

×
∫ ∞

0

Γ
(ν + po

j

2
,
(Yo

j − ξo
j)
>Ωoo−1

j (Yo
j − ξo

j) + ν

2

)

×Φpo
j

(√
τjΛ

oo
j Ωoo−1

j (Yo
j − ξo

j)
∣∣Ipo

j
−Λoo

j Ωoo−1

j Λoo
j

)
dτj

= 2po
j (πν)−

po
j
2 |Ωoo−1

j |− 1
2
Γ(

ν+po
j

2
)

Γ(ν
2
)

[
(Yo

j − ξo
j)
>Ωoo−1

j (Yo
j − ξo

j)

ν
+ 1

]− ν+po
j

2

×
∫ ∞

0

Γ
(ν + po

j

2
,
(Yo

j − ξo
j)
>Ωoo−1

j (Yo
j − ξo

j) + ν

2

)

×Φpo
j

(√
τjΛ

oo
j Ωoo−1

j (Yo
j − ξo

j)
∣∣Ipo

j
−Λoo

j Ωoo−1

j Λoo
j

)
dτj

= 2po
j × tpo

j
(ξo

j ,Ω
oo
j , ν)Tpo

j

(
Λoo

j Ωoo−1

j (Yo
j − ξo

j)
( ν + po

j

Uo
j + ν

) 1
2 | ∆oo

j ; ν + po
j

)
,

where Uo
j = (Yj−ξ)>Coo

j (Yj−ξ), ∆oo
j = Ipo

j
−Λoo

j Ωoo−1

j Λoo
j and Coo

j = O>
j Ωoo−1

j Oj

with the last equality is by Lemma F.1.

Proof of Theorem 2.1(d):

The joint density of Yo
j and γj is as follows

f(Yo
j , γj)

=

∫ ∞

0

f(Yo
j ,γj, τj)dτj

= 2
pm
j
2 π−

p+po
j

2

ν
2

ν
2

Γ(ν
2
)
|Σoo

j |−
1
2

×
∫ ∞

0

τ
(

ν+p+po
j

2
)−1

j exp

{
− τj

(
[Λγj − (Yj − ξ)]>Soo

j [Λγj − (Yj − ξ)]

+γ>j γj + ν
)
/2

}
dτj
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= Γ

(
ν + p + po

j

2

) (
[Λγj − (Yj − ξ)]>Soo

j [Λγj − (Yj − ξ)] + γ>j γj + ν

2

)− ν+p+po
j

2

×2
pm
j
2 π−

p+po
j

2

ν
2

ν
2

Γ(ν
2
)
|Σoo

j |−
1
2 .

= Γ

(
ν + p + po

j

2

) ((
γj −Λ−1(Yj − ξ)

)>
ΛSoo

j Λ
(
γj −Λ−1(Yj − ξ)

)
+ γ>j γj + ν

2

)− ν+p+po
j

2

×2
pm
j
2 π−

p+po
j

2

ν
2

ν
2

Γ(ν
2
)
|Σoo

j |−
1
2 .

By Lemma B.1, we let x = γj, a = Λ−1(Yj − ξ), b = 0, Q1 = ΛSoo
j Λ, Q2 = Ip,

Q = Q1 +Q2 = ΛSoo
j Λ+ Ip, and x̂ = Q−1(Q1a+Q2b) = ∆∗

jΛSoo
j ΛΛ−1(Yj − ξ) =

∆∗
jΛSoo

j (Yj − ξ).

Furthermore, we have

(a)∆∗
jΛSoo

j (Yj−ξ) = ΛCoo
j (Yj−ξ), where Coo

j = O>
j Ωoo−1

j Oj and (b)Q1Q
−1Q2 =

ΛCoo
j Λ.

Proof:

(a)

∆∗
jΛSoo

j (Yj − ξ)

=
(
Ip − (OjΛ)>Ωoo−1

j (OjΛ)
)

ΛSoo
j (Yj − ξ)

=
(
Ip − (OjΛ)>Ωoo−1

j (OjΛ)
)

(OjΛ)>Σoo−1

j Oj(Yj − ξ)

=
(
(OjΛ)>Σoo−1

j − (OjΛ)>Ωoo−1

j (OjΛ)(OjΛ)>Σoo−1

j

)
(Yo

j − ξo
j)

= (OjΛ)>
(
Σoo−1

j −Ωoo−1

j (OjΛ
2O>

j )Σoo−1

j

)
(Yo

j − ξo
j)

= (OjΛ)>
(
Σoo−1

j −Ωoo−1

j (Ωoo−1

j −Σoo
j )Σoo−1

j

)
(Yo

j − ξo
j)

= (OjΛ)>
(
Σoo−1

j −Σoo−1

j + Ωoo−1

j

)
(Yo

j − ξo
j)

= (OjΛ)>Ωoo−1

j (Yo
j − ξo

j)

= ΛCoo
j (Yj − ξ).
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(b)

Q1Q
−1Q2 = ΛSoo

j Λ
(
Ip − (OjΛ)>Ωoo−1

j (OjΛ)
)
Ip

= (OjΛ)>Σoo−1

j (OjΛ)
(
Ip − (OjΛ)>Ωoo−1

j (OjΛ)
)

= (OjΛ)>
(
Σoo−1

j −Σoo−1
j (OjΛ

2O>
j )Ωoo−1

j

)
(OjΛ)

= (OjΛ)>
(
Σoo−1

j −Σoo−1
j (Ωoo

j −Σoo
j )Ωoo−1

j

)
(OjΛ)

= (OjΛ)>Ωoo−1

j (OjΛ)

= ΛCoo
j Λ.

Thus,

f(γj|Yo
j ) ∝ f(Yo

j ,γj)

∝ (
[γj −Λ−1(Yj − ξ)]>Λ>Soo

j Λ[γj −Λ−1(Yj − ξ)] + γ>j γj + ν
)− ν+p+po

j
2

=
(
[γj − q∗j ]

>∆∗−1

j [γj − q∗j ] + (Uo
j + ν)

)− ν+p+po
j

2

∝
( [γj − q∗j ]

>∆∗−1

j [γj − q∗j ]

Uo
j + ν

+ 1
)− ν+p+po

j
2

=
( [γj − q∗j ]

>∆∗−1

j [γj − q∗j ]

po
j + ν

po
j + ν

Uo
j + ν

+ 1
)− ν+p+po

j
2

,

where q∗j = ΛCoo
j (Yj − ξ), and ∆∗

j = Ip −ΛCoo
j Λ.

It implies γj|Yo
j ∼ Ttp(q

∗
j ,

Uo
j +ν

po
j+ν

∆∗
j , ν + po

j ;R+
p ).

Proof of Theorem 2.1(e):

The conditional density of τj given Yo
j and γj is as follows

f(τj|Yo
j , γj) =

f(Yo
j ,γj, τj)

f(Yo
j ,γj)

=
τ

(
ν+p+po

j
2

)−1

j

Γ
(

ν+p+po
j

2

)
(

[Λγj − (Yj − ξ)]>Soo
j [Λγj − (Yj − ξ)] + γ>j γj + ν

2

) ν+p+po
j

2

× exp

{
− τj

(
[Λγj − (Yj − ξ)]>Soo

j [Λγj − (Yj − ξ)] + γ>j γj + ν
)
/2

}
.
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It implies

τj|(Yo
j ,γj) ∼ Γ

(
ν + p + po

j

2
,
[Λγj − (Yj − ξ)]>Soo

j [Λγj − (Yj − ξ)] + γ>j γj + ν

2

)
.

By Lemma B.1, we have

τj|(Yo
j ,γj) ∼ Γ

(
ν + p + po

j

2
,
(γj − q∗j)

>∆∗−1

j (γj − q∗j) + Uo
j + ν

2

)
.
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G. Proof of the Ω
(k)
j

Let Ω
(k)
j = E(τj(Yj − ξ−Λγj)(Yj − ξ−Λγj)

>|Yo
j , θ̂

(k)
). Since Yj = O>

j Yo
j +

M>
j Ym

j and O>
j Oj(Ip − Σ̂

(k)
Ŝ

oo(k)
j ) = 0, we have

E(Yj − ξ −Λγj|Yo
j ,γj, τj, θ̂

(k)
)

= E(O>
j Yo

j + M>
j Ym

j − ξ −Λγj|Yo
j ,γj, τj, θ̂

(k)
)

= O>
j Yo

j − ξ −Λγj + M>
j E(Ym

j |Yo
j ,γj, τj, θ̂

(k)
)

= O>
j Yo

j − ξ −Λγj + M>
j Mj(ξ̂

(k)
+ Λ̂

(k)
γj + Σ̂

(k)
Ŝ

oo(k)
j (Yj − ξ̂

(k) − Λ̂
(k)

γj))

= O>
j OjYj − ξ −Λγj + M>

j Mj(Σ̂
(k)

Ŝ
oo(k)
j Yj + (Ip − Σ̂

(k)
Ŝ

oo(k)
j )(ξ̂

(k)
+ Λ̂

(k)
γj))

= O>
j OjYj − ξ −Λγj + (Ip −O>

j Oj)Σ̂
(k)

Ŝ
oo(k)
j Yj

+(Ip − Σ̂
(k)

Ŝ
oo(k)
j )(ξ̂

(k)
+ Λ̂

(k)
γj)

= Σ̂
(k)

Ŝ
oo(k)
j Yj − (ξ + Λγj) + (Ip − Σ̂

(k)
Ŝ

oo(k)
j )(ξ̂

(k)
+ Λ̂

(k)
γj),

E(Yj − ξ −Λγj|Yo
j , τj, θ̂

(k)
)

= E(E(Yj − ξ −Λγj|Yo
j ,γj, τj, θ̂

(k)
)|Yo

j , τj, θ̂
(k)

)

= E(Σ̂
(k)

Ŝ
oo(k)
j Yj − (ξ + Λγj) + (Ip − Σ̂

(k)
Ŝ

oo(k)
j )(ξ̂

(k)
+ Λ̂

(k)
γj)|Yo

j , τj, θ̂
(k)

)

= Σ̂
(k)

Ŝ
oo(k)
j Yj + (Ip − Σ̂

(k)
Ŝ

oo(k)
j )ξ̂

(k) − ξ

+
(
(Ip − Σ̂

(k)
Ŝ

oo(k)
j )Λ̂

(k) −Λ
)

E(γj|Yo
j , τj, θ̂

(k)
)

= b̂
(k)
j − ξ +

(
Â

(k)
j −Λ

)
E(γj|Yo

j , τj, θ̂
(k)

)

and

Cov(Yj − ξ −Λγj|Yo
j , τj, θ̂

(k)
)

= Cov(O>
j Yo

j + M>
j Ym

j − ξ −Λγj|Yo
j , τj, θ̂

(k)
)

= Cov(M>
j Ym

j −Λγj|Yo
j , τj, θ̂

(k)
)

93



= E
(
Cov(M>

j Ym
j −Λγj|Yo

j , γj, τj, θ̂
(k)

)
∣∣Yo

j , τj, θ̂
(k))

+Cov
(
E(M>

j Ym
j −Λγj|Yo

j , γj, τj, θ̂
(k)

)
∣∣Yo

j , τj, θ̂
(k))

= E
(
M>

j Cov(Ym
j |Yo

j ,γj, τj, θ̂
(k)

)Mj

∣∣Yo
j , τj, θ̂

(k))

+Cov
(
M>

j E(Ym
j |Yo

j , γj, τj, θ̂
(k)

)−Λγj

∣∣Yo
j , τj, θ̂

(k))

= E
( 1

τj

M>
j Mj(Ip − Σ̂

(k)
Ŝ

oo(k)
j )Σ̂

(k)
M>

j Mj

∣∣Yo
j , τj, θ̂

(k))

+Cov
(
M>

j Mj(ξ̂
(k)

+ Λ̂
(k)

γj + Σ̂
(k)

Ŝ
oo(k)
j (Yj − ξ̂

(k) − Λ̂
(k)

γj))−Λγj

∣∣Yo
j , τj, θ̂

(k))

=
1

τj

(Ip − Σ̂
(k)

Ŝ
oo(k)
j )Σ̂

(k)
+ Cov

((
(Ip − Σ̂

(k)
Ŝ

oo(k)
j )Λ̂

(k) −Λ
)
γj

∣∣∣Yo
j , τj, θ̂

(k)
)

=
1

τj

(Ip − Σ̂
(k)

Ŝ
oo(k)
j )Σ̂

(k)

+
(
(Ip − Σ̂

(k)
Ŝ

oo(k)
j )Λ̂

(k) −Λ
)
Cov(γj|Yo

j , τj, θ̂
(k)

)
(
(Ip − Σ̂

(k)
Ŝ

oo(k)
j )Λ̂

(k) −Λ
)>

=
1

τj

(Ip − Σ̂
(k)

Ŝ
oo(k)
j )Σ̂

(k)
+

(
Â

(k)
j −Λ

)
Cov(γj|Yo

j , τj, θ̂
(k)

)
(
Â

(k)
j −Λ

)>
,

where Â
(k)
j = (Ip − Σ̂

(k)
Ŝ

oo(k)
j )Λ̂

(k)
and b̂

(k)
j = Σ̂

(k)
Ŝ

oo(k)
j Yj + (Ip − Σ̂

(k)
Ŝ

oo(k)
j )ξ̂

(k)
.

Thus,

E((Yj − ξ −Λγj)(Yj − ξ −Λγj)
>|Yo

j , τj, θ̂
(k)

)

= E(Yj − ξ −Λγj|Yo
j , τj, θ̂

(k)
)E(Yj − ξ −Λγj|Yo

j , τj, θ̂
(k)

)>

+Cov(Yj − ξ −Λγj|Yo
j , τj, θ̂

(k)
)

=
[
b̂

(k)
j − ξ +

(
Â

(k)
j −Λ

)
E(γj|Yo

j , τj, θ̂
(k)

)
]

×
[
b̂

(k)
j − ξ +

(
Â

(k)
j −Λ

)
E(γj|Yo

j , τj, θ̂
(k)

)
]>

+
(
Â

(k)
j −Λ

)
Cov(γj|Yo

j , τj, θ̂
(k)

)
(
Â

(k)
j −Λ

)>
+

1

τj

(Ip − Σ̂
(k)

Ŝ
oo(k)
j )Σ̂

(k)
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=
(
b̂

(k)
j − ξ

) (
b̂

(k)
j − ξ

)>
+

(
b̂

(k)
j − ξ

)
E(γj|Yo

j , τj, θ̂
(k)

)>
(
Â

(k)
j −Λ

)>

+
(
Â

(k)
j −Λ

)
E(γj|Yo

j , τj, θ̂
(k)

)
(
b̂

(k)
j − ξ

)>
+

1

τj

(Ip − Σ̂
(k)

Ŝ
oo(k)
j )Σ̂

(k)

+
(
Â

(k)
j −Λ

)
E(γj|Yo

j , τj, θ̂
(k)

)E(γj|Yo
j , τj, θ̂

(k)
)>

(
Â

(k)
j −Λ

)>

+
(
Â

(k)
j −Λ

)
Cov(γj|Yo

j , τj, θ̂
(k)

)
(
Â

(k)
j −Λ

)>

=
(
b̂

(k)
j − ξ

) (
b̂

(k)
j − ξ

)>
+

(
b̂

(k)
j − ξ

)
E(γj|Yo

j , τj, θ̂
(k)

)>
(
Â

(k)
j −Λ

)>

+
(
Â

(k)
j −Λ

)
E(γj|Yo

j , τj, θ̂
(k)

)
(
b̂

(k)
j − ξ

)>
+

1

τj

(Ip − Σ̂
(k)

Ŝ
oo(k)
j )Σ̂

(k)

+
(
Â

(k)
j −Λ

)
E(γjγ

>
j |Yo

j , τj, θ̂
(k)

)>
(
Â

(k)
j −Λ

)>
.

Thus,

Ω
(k)
j = E(τj(Yj − ξ −Λγj)(Yj − ξ −Λγj)

>|Yo
j , θ̂

(k)
)

= E(τjE((Yj − ξ −Λγj)(Yj − ξ −Λγj)
>|Yo

j , τj, θ̂
(k)

)|Yo
j , θ̂

(k)
)

=
(
Â

(k)
j −Λ

)
E(τjγjγ

>
j |Yo

j , θ̂
(k)

)
(
Â

(k)
j −Λ

)>

+
(
b̂

(k)
j − ξ

)
E(τjγj|Yo

j , θ̂
(k)

)>
(
Â

(k)
j −Λ

)>

+
(
Â

(k)
j −Λ

)
E(τjγj|Yo

j , θ̂
(k)

)
(
b̂

(k)
j − ξ

)>

+E(τj|Yo
j , θ̂

(k)
)
(
b̂

(k)
j − ξ

)(
b̂

(k)
j − ξ

)>
+ (Ip − Σ̂

(k)
Ŝ

oo(k)
j )Σ̂

(k)
.
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H. Proof the of CM-steps

Let Â
(k)
j = (Ip − Σ̂

(k)
Ŝ

oo(k)
j )Λ̂

(k)
and b̂

(k)
j = Σ̂

(k)
Ŝ

oo(k)
j Yj + (Ip − Σ̂

(k)
Ŝ

oo(k)
j )ξ̂

(k)
.

CM-step 1:

Taking the partial derivative of Q with respect to ξ and setting it to zero yields

∂Q

∂ξ
= −1

2

∂

∂ξ
tr

(
Σ−1

n∑
j=1

Ω
(k)
j

)

= −1

2

∂

∂ξ

n∑
j=1

tr
(
Σ−1Ω

(k)
j

)

= −1

2

∂

∂ξ

n∑
j=1

[
tr

(
Σ−1τ̂

(k)
j (b̂

(k)
j − ξ)(b̂

(k)
j − ξ)>

)

+tr
(
Σ−1(Â

(k)
j −Λ)η̂

(k)
j (b̂

(k)
j − ξ)>

)
+ tr

(
Σ−1(b̂

(k)
j − ξ)η̂

(k)>
j (Â

(k)
j −Λ)>

)]

= −1

2

∂

∂ξ

n∑
j=1

[
τ̂

(k)
j (b̂

(k)
j − ξ)>Σ−1(b̂

(k)
j − ξ) + 2(b̂

(k)
j − ξ)>Σ−1(Â

(k)
j −Λ)η̂

(k)
j

]

= −1

2

n∑
j=1

[
−2Σ−1τ̂

(k)
j (b̂

(k)
j − ξ)− 2Σ−1(Â

(k)
j −Λ)η̂

(k)
j

]

= Σ−1
n∑

j=1

[
τ̂

(k)
j (b̂

(k)
j − ξ) + (Â

(k)
j −Λ)η̂

(k)
j

]

= 0.

With Λ fixed at Λ̂
(k)

, solving this equation gives

ξ̂
(k+1)

=

∑n
j=1 τ̂

(k)
j b̂

(k)
j −∑n

j=1 Σ̂
(k)

Ŝ
oo(k)
j Λ̂

(k)
η̂

(k)
j∑n

j=1 τ̂
(k)
j

.

CM-step 2:

Taking the partial derivative of Q with respect to Σ−1 and setting it to zero yields

∂Q

∂Σ−1 =
∂

∂Σ−1

[
n

2
log |Σ−1| − 1

2
tr

(
Σ−1

n∑
j=1

Ω
(k)
j

)]
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=

[
n

2
(2Σ−Diag(Σ))− 1

2

(
2

n∑
j=1

Ω
(k)
j −Diag

(
n∑

j=1

Ω
(k)
j

))]

= 0.

Fix ξ at ξ̂
(k+1)

and Λ at Λ̂
(k)

, solving this equation obtains

Σ̂
(k+1)

=

∑n
j=1 Ω̂

(k+1/2)

j

n
,

where Ω̂
(k+1/2)

j is Ω
(k)
j in Equation (2.7) with ξ replaced by ξ̂

(k+1)
and Λ replaced

by Λ̂
(k)

.

CM-step 3:

Here Λ assumed to be diagonal, say Λ = Diag(λ), where λ is a p-dimensional

vector. Taking the partial derivative of Q with respect to λ and setting it to zero

yields

∂Q

∂λ
= −1

2

∂

∂λ
tr

(
Σ−1

n∑
j=1

Ω
(k)
j

)

= −1

2

∂

∂λ

n∑
j=1

tr
(
Σ−1Ω

(k)
j

)

= −1

2

∂

∂λ

n∑
j=1

[
tr

(
Σ−1(Â

(k)
j −Λ)Ψ̂

(k)

j (Â
(k)
j −Λ)>

)

+tr
(
Σ−1(Â

(k)
j −Λ)η̂

(k)
j (b̂

(k)
j − ξ)>

)
+ tr

(
Σ−1(b̂

(k)
j − ξ)η̂

(k)>
j (Â

(k)
j −Λ)>

)]

= −1

2

∂

∂λ

n∑
j=1

[
tr

(
Σ−1(Â

(k)
j −Λ)Ψ̂

(k)

j (Â
(k)
j −Λ)>

)

+2tr
(
Σ−1(b̂

(k)
j − ξ)η̂

(k)>
j (Â

(k)
j −Λ)>

)]

= −1

2

n∑
j=1

[
−2Diag

(
Σ−1(Â

(k)
j −Λ)Ψ̂

(k)

j

)
− 2Diag

(
Σ−1(b̂

(k)
j − ξ)η̂

(k)>
j

)]

= −Diag

(
Σ−1Λ

n∑
j=1

Ψ̂
(k)

j

)
+ Diag

(
Σ−1

n∑
j=1

(
(b̂

(k)
j − ξ)η̂

(k)>
j + Â

(k)
j Ψ̂

(k)

j

))
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= −
(
Σ−1 ¯

n∑
j=1

Ψ̂
(k)

j

)
λ +

(
Σ−1 ¯

n∑
j=1

(
(b̂

(k)
j − ξ)η̂

(k)>
j + Â

(k)
j Ψ̂

(k)

j

)> )
1p.

With ξ = ξ̂
(k+1)

and Σ = Σ̂
(k+1)

, setting ∂Q/∂λ = 0 yields the estimate of λ

λ̂
(k+1)

=
(
Σ̂

(k+1)−1

¯
n∑

j=1

Ψ̂
(k)

j

)−1(
Σ̂

(k+1)−1

¯
n∑

j=1

(
(b̂

(k)
j − ξ̂

(k+1)
)η̂

(k)>
j + Â

(k)
j Ψ̂

(k)

j

)> )
1p.
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I. Proof of ŝj for the MST model

The single observation of the complete data log-likelihood, ignoring additive

constant term, is

`cj(θ|Yj, γj, τj) =
ν

2
log

ν

2
− log Γ

(ν

2

)
+

1

2
log

∣∣Σ−1
∣∣ +

ν

2
log τj

−τj

2

{(
Yj − ξ −Λγj

)>
Σ−1

(
Yj − ξ −Λγj

)
+ ν

}
.

Let D̂j = (Ip − Σ̂iŜ
oo
j ).

Furthermore, we can obtained

E(τjYj|Yo
j , θ̂) = τ̂jD̂j ξ̂ + D̂jΛ̂η̂j + τ̂jΣ̂Ŝoo

j Yj,

from the law of iterative expectations.

The first derivatives of `cj(θ|Yj, γj, τj) with respect to ξ is

∂`cj

∂ξ
= τjΣ

−1(Yj − ξ −Λγj).

Thus,

ûo
j,ξ = E

(
τjΣ

−1(Yj − ξ −Λγj)
∣∣∣Yo

j , θ̂
)

= τ̂jŜ
oo
j (Yj − ξ̂)− Ŝoo

j Λ̂η̂j.

The first derivatives of `cj(θ|Yj, γj, τj) with respect to Σ is

∂`cj

∂Σ
= −1

2

∂

∂Σ

{
log |Σ|+ tr

(
Σ−1τj

(
Yj − ξ −Λγj

) (
Yj − ξ −Λγj

)>)}

= −1

2

{
2Σ−1 −Diag(Σ−1)− 2Σ−1τj

(
Yj − ξ −Λγj

) (
Yj − ξ −Λγj

)>
Σ−1

+Diag
(
Σ−1τj

(
Yj − ξ −Λγj

) (
Yj − ξ −Λγj

)>
Σ−1

)}

=
1

2
(2Cj −Diag(Cj)) ,
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where Cj = Σ−1RjΣ
−1 − Σ−1 and Rj = τj

(
Yj − ξ −Λγj

) (
Yj − ξ −Λγj

)>
.

Thus,

ûo
j,σ = vech

{
E

(1

2
(2Cj −Diag(Cj))

∣∣∣Yo
j , θ̂

)}

= vech

{
1

2
E

(
2Cj −Diag(Cj)

∣∣∣Yo
j , θ̂

)}

= vech

{
1

2

(
2Ĉj −Diag(Ĉj)

)}
,

where Ĉj = Σ̂
−1

R̂jΣ̂
−1 − Σ̂

−1
with

R̂j = E
(
Rj

∣∣∣Yo
j , θ̂

)

= D̂jΣ̂ + (D̂jΛ̂− Λ̂)Ψ̂j(D̂jΛ̂− Λ̂)> + (D̂jΛ̂− Λ̂)η̂j(Σ̂Ŝoo
j Yj + D̂j ξ̂ − ξ̂)>

+(Σ̂Ŝoo
j Yj + D̂j ξ̂ − ξ̂)η̂>j (D̂jΛ̂− Λ̂)>

+τ̂j(Σ̂Ŝoo
j Yj + D̂j ξ̂ − ξ̂)(Σ̂Ŝoo

j Yj + D̂j ξ̂ − ξ̂)>.

Furthermore, we can obtained

E(τjYjγ
>
j |Yo

j , θ̂) = D̂j(ξ̂η̂>j + Λ̂Ψ̂j) + Σ̂Ŝoo
j Yjη̂

>
j

from the law of iterative expectations. The first derivatives of `cj(θ|Yj,γj, τj) with

respect to λ is

∂`cj

∂λ
= Diag

(
τjΣ

−1(Yj − ξ −Λγj)γ
>
j

)

Thus,

ûo
j,λ = E

(
Diag

(
τjΣ

−1(Yj − ξ −Λγj)γ
>
j

) ∣∣∣Yo
j , θ̂

)

= Diag
(
E

(
τjΣ

−1(Yj − ξ −Λγj)γ
>
j

∣∣∣Yo
j , θ̂

))

= Diag
(
Σ̂
−1

E(τjYjγ
>
j |Yo

j , θ̂)− Σ̂
−1

(ξ̂η̂>j + Λ̂Ψ̂j)
)

= Diag
(
Ŝoo

j

(
(Yj − ξ̂)η̂>j − Λ̂Ψ̂j

))
.
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The first derivatives of `cj(θ|Yj, γj, τj) with respect to ν is

∂`cj

∂ν
=

1

2

{
log

(ν

2

)
+ 1−DG

(ν

2

)
+ log(τj)− τj

}
.

Thus,

ûo
j,ν = E

(1

2

{
log

(ν

2

)
+ 1−DG

(ν

2

)
+ log(τj)− τj

} ∣∣∣Yo
j , θ̂

)

=
1

2

[
log

(
ν̂

2

)
+ 1−DG

(
ν̂

2

)
+ κ̂j − τ̂j

]
.
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J. Proof of Theorem 2.2

The proposed model is as follows:

Y1,Y2, · · · ,Yn ∼ STp(ξ,Σ,Λ, ν),

where Λ = Diag(λ).

The prior distributions are as follows:

ξ ∼ Np(a,κ−1)

λ ∼ Np(0,Γ)

Σ−1|B ∼ Wp(2α, (2B)−1)

B ∼ Wp(2γ, (2H)−1)

log

(
1

ν

)
∼ U(−10, 10),

where a and 0 are p× 1 vector, κ, B, H, and Γ are positive definite matrix, α and

γ are scalars.

The prior densities are as follows:

π(ξ) = (2π)−
p
2 |κ|− 1

2 exp

{
−1

2
(ξ − a)>κ(ξ − a)

}

∝ exp

{
−1

2
(ξ − a)>κ(ξ − a)

}

π(Σ−1|B) =
|Σ−1| 12 (2α−p−1)exp

{−1
2
tr

(
((2B)−1)−1Σ−1

)}

2
1
2
p(2α)|(2B)−1| 12 (2α)Γp(

1
2
(2α))

∝ |B|α|Σ−1| 12 (2α−p−1)exp{−tr(BΣ−1)}

π(B) =
|B| 12 (2γ−p−1)exp

{
−1

2
tr

(
((2H)−1)

−1
B

)}

2
1
2
p(2γ)|(2H)−1| 12 (2γ)Γp(

1
2
(2γ))

∝ |B| 12 (2γ−p−1)exp{−tr(HB)}
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π(λ) = (2π)−
p
2 |Γ|− 1

2 exp

{
−1

2
λ>Γ−1λ

}

∝ exp

{
−1

2
λ>Γ−1λ

}

π(ν) =
1

20ν

∝ 1

ν
,

where Γp(
1
2
(2x)) =

∏p
i=1 Γp(

1
2
(2x + 1 − i)). Let θ = (ξ,Σ,Λ, ν). The joint prior

density for (θ,B) is

π(θ,B) ∝ |Σ−1| 12 (2α−p−1) × |B|α+ 1
2
(2γ−p−1) × 1

ν

×exp

{
−1

2
(ξ − a)>κ(ξ − a)− tr(BΣ−1)− tr(HB)− 1

2
λ>Γ−1λ

}
.

The complete-data likelihood of (Y, τ , γ) is

`c(θ|Y, τ ,γ) = `c(θ|Yo,Ym, τ ,γ)

=
n∏

j=1

f(Yo
j ,Y

m
j , τj, γj|θ)

=
n∏

j=1

f(Ym
j |Yo

j , τj,γj,θ)f(Yo
j , τj,γj|θ)

=
n∏

j=1

f(Ym
j |Yo

j , τj,γj,θ)f(τj|Yo
j ,γj,θ)f(γj|Yo

j ,θ)f(Yo
j |θ)

∝
n∏

j=1

((ν

2

) ν
2
(
Γ

(ν

2

))−1

|Σ−1|1/2τ
( ν

2 )
j exp

(
−τj

2
(∆j + ν)

))
,

where ∆j = (Yj − ξ −Λγj)
>Σ−1(Yj − ξ −Λγj).

The joint posterior density function is as follows

p(θ,B,Ym, τ ,γ|Yo) ∝ π(θ,B)`c(θ|Y, τ ,γ). (J.1)

By using Equation (J.1), we have the following posterior distributions.

The conditional distribution of γj given Yo
j and θ is as follows

p(γj|Yo
j ,θ) ∝ p(θ,B,Ym, τ ,γ|Yo) ∝ f(γj|Yo

j ,θ).
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It implies that

γj|(Yo
j , θ) ∼ Ttp

(
q∗j ,

ν + Uo
j

ν + po
j

∆∗
j , ν + po

j ; R
p
+

)
,

by Theorem 2.1(d). The conditional distribution of τj given Yo
j , γj and θ is as

follows

p(τj|Yo
j ,γj,θ) ∝ p(θ,B,Ym, τ ,γ|Yo) ∝ f(τj|Yo

j , γj,θ).

It implies that

τj|(Yo
j , γj,θ) ∼ Γ

(p + po
j + ν

2
,
(γj − q∗j)

>∆∗−1

j (γj − q∗j) + Uo
j + ν

2

)
,

by Theorem 2.1(e). The conditional distribution of Ym
j given Yo

j , τj, γj and θ is as

follows

p(Ym
j |Yo

j , τ j, γj, θ) ∝ p(θ,B,Ym, τ , γ|Yo) ∝ f(Ym
j |Yo

j , τj, γj, θ).

It implies that

Ym
j |(τj,γj,Y

o,θ) ∼ Npm
j
(ζm·o

j , τ−1
j Σmm·o

j ),

by Theorem 2.1(b).

The conditional distribution of B given Yo
j , Ym

j , τj, γj and θ is as follows

p(B|τj,Y
o
j ,Y

m
j , γj, θ) ∝ |B|α+ 1

2
(2γ−p−1)exp

{−tr(BΣ−1)− tr(HB)
}

= |B| 12 (2α+2γ−p−1)exp
{−tr

(
(Σ−1 + H)B

)}

= |B| 12 (2(α+γ)−p−1)exp

{
−1

2
tr

(
2(Σ−1 + H)B

)}

= |B| 12 (2γ∗−p−1)exp

{
−1

2
tr (2H∗B)

}
,

where H∗ = Σ−1 + H and γ∗ = α + γ.

Thus,

B|(τj,Y
o
j ,Y

m
j , γj,θ) ∼ Wp

(
2γ∗, (2H∗)−1) .
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The conditional distribution of Σ−1 given ξ,Λ,Yo,Ym,τ ,γ, and B is as follows

p(Σ−1|ξ,Λ,Yo,Ym, τ, γ,B)

∝ |Σ−1| 12 (n+2α−p−1)exp

{
−tr(BΣ−1

i )− 1

2

n∑
j=1

τj∆j

}

= |Σ−1| 12 (n+2α−p−1)exp {

−1

2
tr

(
Σ−1

(
2B +

n∑
j=1

τj(Yj − ξ −Λγj)(Yj − ξ −Λγj)
>
))}

= |Σ−1| 12 (α∗−p−1)exp

{
−1

2
tr

(
Σ−1B∗)

}
,

where α∗ = n + 2α and B∗ = 2B +
∑n

j=1 τj(Yj − ξ −Λγj)(Yj − ξ −Λγj)
>.

Thus,

Σ−1|(ξ,Λ,Yo,Ym, τ, γ,B) ∼ Wp

(
α∗, (B∗)−1

)
.

The conditional distribution of ξ given Σ−1 ,Λ,Yo,Ym,τ ,γ, and B is as follows

p(ξ|Σ−1,Λ,Yo,Ym, τ ,γ,B) ∝ exp

{
−1

2

(
(ξ − a)>κ(ξ − a) +

n∑
j=1

τj∆j

)}
,

where (ξ − a)>κ(ξ − a) +
∑n

j=1 τj∆j can be expressed as

n∑
j=1

τj∆j + (ξ − a)>κ(ξ − a)

=
n∑

j=1

(
τj(Yj − ξ −Λγj)

>Σ−1(Yj − ξ −Λγj)
)

+ (ξ − a)>κ(ξ − a)

=
n∑

j=1

τj

(
Y>

j Σ−1Yj + ξ>Σ−1ξ + γ>j ΛΣ−1
i Λγj − 2Y>

j Σ−1ξ − 2γ>j ΛΣ−1Yj

+2γ>j ΛΣ−1ξ
)

+ ξ>κξ − 2a>κξ + a>κa

∝ ξ>
(

n∑
j=1

τjΣ
−1

)
ξ + ξ>κξ − 2

n∑
j=1

τjY
>
j Σ−1ξ + 2

n∑
j=1

τjγ
>
j ΛΣ−1ξ

−2a>κξ

= ξ>
(

n∑
j=1

τjΣ
−1 + κ

)
ξ − 2

(
n∑

j=1

τjY
>
j Σ−1 −

n∑
j=1

τjγ
>
j ΛΣ−1 + a>κ

)
ξ
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= ξ>(κ∗)−1ξ − 2

(
n∑

j=1

τjY
>
j Σ−1 −

n∑
j=1

τjγ
>
j ΛΣ−1 + a>κ

)
κ∗(κ∗)−1ξ

= ξ>(κ∗)−1ξ − 2


κ∗

(
n∑

j=1

τjY
>
j Σ−1 −

n∑
j=1

τjγ
>
j ΛΣ−1 + a>κ

)>

>

(κ∗)−1ξ

= ξ>(κ∗)−1ξ − 2(µ∗)>(κ∗)−1ξ

= ξ>(κ∗)−1ξ − 2(µ∗)>(κ∗)−1ξ + (µ∗)>(κ∗)−1µ∗ − (µ∗)>(κ∗)−1µ∗

= (ξ − µ∗)>(κ∗)−1(ξ − µ∗)− (µ∗)>(κ∗)−1µ∗

∝ (ξ − µ∗)>(κ∗)−1(ξ − µ∗),

with µ∗ = κ∗
[
Σ−1

(∑n
j=1 τj(Yj −Λγj)

)
+ κa

]
and κ∗ = (

∑n
j=1 τjΣ

−1 + κ)−1.

Thus,

ξ|(Σ−1,Λ,Yo,Ym, τ ,γ,B) ∼ Np(µ
∗,κ∗).

The conditional distribution of λ given ξ ,Σ−1,Yo,Ym,τ ,γ, and B is as follows

p(λ|Σ−1, ξ,Λ,Yo,Ym, τ ,γ,B) ∝ exp

{
−1

2

(
λ>Γ−1λ +

n∑
j=1

τj∆j

)}
,

where λ>Γ−1λ +
∑n

j=1 τj∆j can be expressed as

n∑
j=1

τj∆j + λ>Γ−1λ

∝
n∑

j=1

τj

(
γ>j ΛΣ−1Λγj − 2γ>j ΛΣ−1(Yj − ξ)

)
+ λ>Γ−1λ

=
n∑

j=1

τj

(
λ>Diag(γj)Σ

−1Diag(γj)λ− 2λ>Diag(γj)Σ
−1(Yj − ξ)

)
+ λ>Γ−1λ

= λ>
(

n∑
j=1

τjDiag(γj)Σ
−1Diag(γj)

)
λ− 2λ>

n∑
j=1

τjDiag(γj)Σ
−1(Yj − ξ)

+λ>Γ−1λ

= λ>
(

Γ−1 +
n∑

j=1

τjDiag(γj)Σ
−1Diag(γj)

)
λ− 2λ>

n∑
j=1

τjDiag(γj)Σ
−1(Yj − ξ)
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= λ>(Γ∗)−1λ− 2λ>λ∗

= λ>(Γ∗)−1λ− 2λ>(Γ∗)−1Γ∗λ∗ + (Γ∗λ∗)>(Γ∗)−1(Γ∗λ∗)− (Γ∗λ∗)>(Γ∗)−1(Γ∗λ∗)

= (λ− Γ∗λ∗)>(Γ∗)−1(λ− Γ∗λ∗)− (Γ∗λ∗)>(Γ∗)−1(Γ∗λ∗)

∝ (λ− Γ∗λ∗)>(Γ∗)−1(λ− Γ∗λ∗)

∝ (λ− δ∗)>(Γ∗)−1(λ− δ∗),

with Γ∗ =
(
Γ−1 +

∑n
j=1 τjDiag(γj)Σ

−1Diag(γj)
)−1

=
(
Γ−1+Σ−1¯∑n

j=1 τjγjγ
>
j

)−1

and δ∗ = Γ∗
(∑n

j=1 τjDiag(γj)Σ
−1(Yj − ξ)

)
= Γ∗

(
Σ−1 ¯∑n

j=1 τjγj(Yj − ξ)>
)
1p.

Thus,

λ|(Σ−1, ξ,Λ,Yo,Ym, τ ,γ,B) ∼ Np(δ
∗,Γ∗).
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K. Proof of Theorem 3.1(c), (d), and (e)

Proof of Theorem 3.1(c):

We partitioned the random vector Yj and its parameters ξi, Σi and Λi as follows:

Yj =


Yo

j

Ym
j


 =


OjYj

MjYj


 , ξi =


ξo

ij

ξm
ij


 =


Ojξi

Mjξi


 ,

Σi =


Σoo

ij Σom
ij

Σmo
ij Σmm

ij


 =


OjΣiO

>
j OjΣiM

>
j

MjΣiO
>
j MjΣiM

>
j


 ,

and

Λi =


 Λoo

ij 0po
j×pm

j

0pm
j ×po

j
Λmm

ij


 =


OjΛiO

>
j 0po

j×pm
j

0pm
j ×po

j
MjΛiM

>
j


 .

By Lemma A.1

Ωi = Σi + Λ2
i =


Oj(Σi + Λ2

i )O
>
j OjΣiM

>
j

MjΣiO
>
j Mj(Σi + Λ2

i )M
>
j


 =


Ωoo

ij Ωom
ij

Ωmo
ij Ωmm

ij


 .

Note that Σi and Λi are symmetric matrix. Thus, Ωi, Ωoo
ij and Ωmm

ij are

symmetric matrices and Ωom>
ij = Ωmo

ij .

Let ΛiΩ
−1
i = Bi =

[
Bi1 Bi2

]
. Thus, we have

ΛiΩ
−1
i =


Λoo

ij 0

0 Λmm
ij





Ωoo

ij Ωom
ij

Ωmo
ij Ωmm

ij



−1

=


Λoo

ij 0

0 Λmm
ij





Ωoo−1

ij (Ωom
ij Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij + Ipo
j
) −Ωoo−1

ij Ωom
ij Ωmm·o−1

ij

−Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij Ωmm·o−1

ij




=


Λoo

ij (Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij + Ωoo−1

ij ) −Λoo
ij Ωoo−1

ij Ωom
ij Ωmm·o−1

ij

−Λmm
ij Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij Λmm
ij Ωmm·o−1

ij




=
[
Bi1 Bi2

]
,
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where Ωmm·o−1

ij = Ωmm
ij −Ωmo

ij Ωoo−1

ij Ωom
ij . Thus, we have

Bi1 =


Λoo

ij (Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij + Ωoo−1

ij )

−Λmm
ij Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij




=


Λoo

ij (Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Ωmo
ij + Ipo

j
)

−Λmm
ij Ωmm·o−1

ij Ωmo
ij


Ωoo−1

ij

and

Bi2 =


−Λoo

ij Ωoo−1

ij Ωom
ij Ωmm·o−1

ij

Λmm
ij Ωmm·o−1

ij


 =


−Λoo

ij Ωoo−1

ij Ωom
ij

Λmm
ij


Ωmm·o−1

ij .

From the above calculation, we have the following results

Bi1 + Bi2Ω
mo
ij Ωoo−1

ij

=


Λoo

ij (Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Ωmo
ij + Ipo

j
)

−Λmm
ij Ωmm·o−1

ij Ωmo
ij


Ωoo−1

ij +


−Λoo

ij Ωoo−1

ij Ωom
ij

Λmm
ij


Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij

=


Λoo

ij Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Ωmo
ij + Λoo

ij −Λoo
ij Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Ωmo
ij

−Λmm
ij Ωmm·o−1

ij Ωmo
ij + Λmm

ij Ωmm·o−1

ij Ωmo
ij


Ωoo−1

ij

=


 Λoo

ij

0pm
j ×po

j


Ωoo−1

ij ,

ΛiΩ
−1
i Λi

=
[
Bi1 Bi2

]

Λoo

ij 0

0 Λmm
ij




=
[
Bi1Λ

oo
ij Bi2Λ

mm
ij

]

=


Λoo

ij Ωoo−1

ij (Ωom
ij Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij + Ipo
j
)Λoo

ij −Λoo
ij Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Λmm
ij

−Λmm
ij Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij Λoo
ij Λmm

ij Ωmm·o−1

ij Λmm
ij


 ,

(K.1)
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and

Bi2Ω
mm·o
ij B>

i2

=


−Λoo

ij Ωoo−1

ij Ωom
ij

Λmm
ij


Ωmm·o−1

ij Ωmm·o
ij (Ωmm·o−1

ij )>
[
−(Λoo

ij Ωoo−1

ij Ωom
ij )> Λmm>

ij

]

=


−Λoo

ij Ωoo−1

ij Ωom
ij

Λmm
ij


Ωmm·o−1

ij

[
−(Ωmo

ij Ωoo−1

ij Λoo
ij ) Λmm

ij

]

=


Λoo

ij Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij Λoo
ij −Λoo

ij Ωoo−1

ij Ωom
ij Ωmm·o−1

ij Λmm
ij

−Λmm
ij Ωmm·o−1

ij Ωmo
ij Ωoo−1

ij Λoo
ij Λmm

ij Ωmm·o−1

ij Λmm
ij


 .(K.2)

Since

∆i + Bi2Ω
mm·o
ij B>

i2 = Ip −ΛiΩ
−1
i Λi + Bi2Ω

mm·o
ij B>

i2 , (K.3)

we substituted (K.1) , (K.2) to (K.3) to obtain

∆i + Bi2Ω
mm·o
ij B>

i2 = Ip −

Λoo

ij Ωoo−1

ij Λoo
ij 0po

j×pm
j

0pm
j ×po

j
0pm

j ×pm
j




=


Ipo

j
−Λoo

ij Ωoo−1

ij Λoo
ij 0po

j×pm
j

0pm
j ×po

j
Ipm

j


 .

Since

Yj | (γj, τj, Zij = 1) ∼ Np(ξi + Λiγj,Σi/τj)

and

γj | (τj, Zij = 1) ∼ HNp(0, Ip/τj),

we have

f(Yj | γj, τj, Zij = 1) = φp(Yj|ξi + Λiγj,Σi/τj)
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and

f(γj | τj, Zij = 1) = 2pφp(γj|0, Ip/τj)IRp
+
(γj).

By Lemma B.1, we have

(Yj − ξi −Λiγj)
>Σ−1

i (Yj − ξi −Λiγj) + γ>j I−1
p γj

= (Yj − ξi)
>Ω−1

i (Yj − ξi) + (γj −ΛiΩ
−1
i (Yj − ξi))

>∆−1
i (γj −ΛiΩ

−1
i (Yj − ξi)),

where Ωi = Σi + Λ2
i and ∆i = (Ip + ΛiΣ

−1
i Λi)

−1. Thus,

φp(Yj|ξi + Λiγj,Σi/τj) · φp(γj|0, Ip/τj)IRp
+
(γj)

= φp(Yj|ξi,Ωi/τj) · φp(γj|ΛiΩ
−1
i (Yj − ξi),∆i/τj)IRp

+
(γj).

Thus,

f(Yj|Zij = 1, τj,Θ) =

∫

Rp
+

f(Yj | γj, τj, Zij = 1,Θ)f(γj | τj, Zij = 1,Θ)dγj

=

∫

Rp
+

2pφp(Yj|ξi + Λiγj,Σi/τj) · φp(γj|0, Ip/τj)dγj

=

∫

Rp
+

2pφp(Yj|ξi,Ωi/τj) · φp(γj|ΛiΩ
−1
i (Yj − ξi),∆i/τj)dγj

= 2pφp(Yj|ξi,Ωi/τj)

∫

Rp
+

φp(γj|ΛiΩ
−1
i (Yj − ξi),∆i/τj)dγj

= 2pφp(Yj|ξi,Ωi/τj)Φp(
√

τjΛiΩ
−1
i (Yj − ξi)|∆i).

Thus,

f(Yo
j ,Y

m
j |Zij = 1, τj,Θ)

= 2pφp(Yj|ξi,Ωi/τj)Φp(
√

τjΛiΩ
−1
i (Yj − ξi)|∆i)

= 2pφpo
j
(Yo

j |ξo
ij,Ω

oo
ij /τj)φpm

j
(Ym

j |ξm· o
ij ,Ωmm·o

ij /τj)Φp

(√
τj

[
Bi1 Bi2

]

Yo

j − ξo
ij

Ym
j − ξm

ij




∣∣∣∣∆i

)

= 2pφpo
j
(Yo

j |ξo
ij,Ω

oo
ij /τj)φpm

j
(Ym

j |ξm· o
ij ,Ωmm·o

ij /τj)

×Φp

(√
τj

(
Bi1(Y

o
j − ξo

ij) + Bi2(Y
m
j − ξm

ij)
) | ∆i

)
,
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where condition mean ξm· o
ij = ξm

ij + Ωmo
ij Ωoo−1

ij (Yo
j − ξo

ij) and conditional covariance

Ωmm·o
ij /τj = (Ωmm

ij −Ωmo
ij Ωoo−1

ij Ωom
ij )/τj.

The marginal density of Yo
j given Zij = 1, τj,Θ is as follows

f(Yo
j |Zij = 1, τj,Θ) =

∫
f(Yo

j ,Y
m
j |Zij = 1, τj,Θ) dYm

j

= 2pφpo
j
(Yo

j |ξo
ij,Ω

oo
ij /τj)

∫
φpm

j
(Ym

j |ξm· o
ij ,Ωmm·o

ij /τj)

×Φp

(√
τj

(
Bi1(Y

o
j − ξo

ij) + Bi2(Y
m
j − ξm

ij)
) | ∆i

)
dYm

j .

Let z = Ym
j − ξm· o

ij , then Ym
j = z + ξm· o

ij = z + ξm
ij + Ωmo

ij Ωoo−1

ij (Yo
j − ξo

ij).

Thus, we have

φpm
j
(Ym

j |ξm· o
ij ,Ωmm·o

ij /τj) = φpm
j
(z|0,Ωmm·o

ij /τj)

and

Φp

(√
τj

(
Bi1(Y

o
j − ξo

ij) + Bi2(Y
m
j − ξm

ij)
)

= Φp

(√
τj

(
Bi1(Y

o
j − ξo

ij) + Bi2(z + Ωmo
ij Ωoo−1

ij (Yo
j − ξo

ij)
)
| ∆i

)

= Φp

(√
τj

(
(Bi1 + Bi2Ω

mo
ij Ωoo−1

ij )(Yo
j − ξo

ij) + Bi2z
)
| ∆i

)
.

By Lemma 2.1 of Arellano-Valle and Genton (2005), we have

f(Yo
j |Zij = 1, τj,Θ)

= 2pφpo
j
(Yo

j |ξo
ij,Ω

oo
ij /τj)

×
∫

φpm
j
(z|0,Ωmm·o

ij /τj)Φp

(√
τj

(
(Bi1 + Bi2Ω

mo
ij Ωoo−1

ij )(Yo
j − ξo

ij) + Bi2z
) ∣∣∆i

)
dz

= 2pφpo
j
(Yo

j |ξo
ij,Ω

oo
ij /τj)Ez

{
Φp

(√
τj

(
(Bi1 + Bi2Ω

mo
ij Ωoo−1

ij )(Yo
j − ξo

ij) + Bi2Z
) ∣∣∆i

)}

= 2pφpo
j
(Yo

j |ξo
ij,Ω

oo
ij /τj)Φp

(√
τj(Bi1 + Bi2Ω

mo
ij Ωoo−1

ij )(Yo
j − ξo

ij)
∣∣∆i + Bi2Ω

mm·o
ij B>

i2

)

= 2po
j φpo

j
(Yo

j |ξo
ij,Ω

oo
ij /τj)Φpo

j

(√
τjΛ

oo
ij Ωoo−1

ij (Yo
j − ξo

ij)
∣∣Ipo

j
−Λoo

ij Ωoo−1

ij Λoo
ij

)
.
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Since

τj | (Zij = 1) ∼ Γ(νi/2, νi/2),

we have

f(Yo
j |Zij = 1,Θ)

=

∫
f(Yo

j |Zij = 1, τj,Θ)f(τj|Zij = 1)dτj

=
(π

2

)− po
j
2

νi

2

νi
2

Γ(νi

2
)
|Ωoo−1

ij |− 1
2

×
∫ ∞

0

τ
ν+po

j
2
−1

j exp
(
− τj

[
(Yo

j − ξo
ij)
>Ωoo−1

ij (Yo
j − ξo

ij) + νi

]
/2

)

×Φpo
j

(√
τjΛ

oo
ij Ωoo−1

ij (Yo
j − ξo

ij)
∣∣Ipo

j
−Λoo

ij Ωoo−1

ij Λoo
ij

)
dτj

=
(π

2

)− po
j
2

νi

2

νi
2

Γ(νi

2
)
|Ωoo−1

ij |− 1
2

Γ(
νi+po

j

2
)

{
1
2

[
(Yo

j − ξo
ij)
>Ωoo−1

ij (Yo
j − ξo

ij) + νi

]} νi+po
j

2

×
∫ ∞

0

Γ
(νi + po

j

2
,
(Yo

j − ξo
ij)
>Ωoo−1

ij (Yo
j − ξo

ij) + νi

2

)

×Φpo
j

(√
τjΛ

oo
ij Ωoo−1

ij (Yo
j − ξo

ij)
∣∣Ipo

j
−Λoo

ij Ωoo−1

ij Λoo
ij

)
dτj

=
(π

2

)− po
j
2

(νi

2

)− po
j
2

(νi

2

) νi+po
j

2 |Ωoo−1

ij |− 1
2
Γ(

νi+po
j

2
)

Γ(νi

2
)

×
[

(Yo
j − ξo

ij)
>Ωoo−1

ij (Yo
j − ξo

ij) + νi

2

]− νi+po
j

2

×
∫ ∞

0

Γ
(νi + po

j

2
,
(Yo

j − ξo
ij)
>Ωoo−1

ij (Yo
j − ξo

ij) + νi

2

)

×Φpo
j

(√
τjΛ

oo
ij Ωoo−1

ij (Yo
j − ξo

ij)
∣∣Ipo

j
−Λoo

ij Ωoo−1

ij Λoo
ij

)
dτj
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= 2po
j (πνi)

− po
j
2 |Ωoo−1

ij |− 1
2
Γ(

νi+po
j

2
)

Γ(νi

2
)

[
(Yo

j − ξo
ij)
>Ωoo−1

ij (Yo
j − ξo

ij)

νi

+ 1

]− νi+po
j

2

×
∫ ∞

0

Γ
(νi + po

j

2
,
(Yo

j − ξo
ij)
>Ωoo−1

ij (Yo
j − ξo

ij) + νi

2

)

×Φpo
j

(√
τjΛ

oo
ij Ωoo−1

ij (Yo
j − ξo

ij)
∣∣Ipo

j
−Λoo

ij Ωoo−1

ij Λoo
ij

)
dτj

= 2po
j × tpo

j
(ξo

ij,Ω
oo
ij , νi)Tpo

j

(
Λoo

ij Ωoo−1

ij (Yo
j − ξo

ij)
( νi + po

j

Uo
ij + νi

) 1
2 | ∆oo

ij ; νi + po
j

)
,

where Uo
ij = (Yj − ξi)

>Coo
ij (Yj − ξi), ∆oo

ij = Ipo
j
− Λoo

ij Ωoo−1

ij Λoo
ij , and Coo

ij =

O>
j Ωoo−1

ij Oj with the last equality is by Lemma F.1.

Thus,

Yo
j |Zij = 1,Θ ∼ STpo

j

(
ξo

ij,Σ
oo
ij ,Λoo

ij , νi

)
.

Hence, it implies that

f(Yo
j |Θ) =

g∑
i=1

f(Yo
j |Zij = 1,Θ)p(Zij = 1) =

g∑
i=1

wifpo
j
(Yo

j |ξo
ij,Σ

oo
ij ,Λoo

ij , νi).

Proof of Theorem 3.1(d):

The conditional density of Yo
j , γj, and τj given Zij = 1 is as follows

f(Yo
j ,γj, τj|Zij = 1)

= f(Yo
j | γj, τj, Zij = 1)f(γj | τj, Zij = 1)f(τj|Zij = 1)

= (2π)−
po
j
2

∣∣∣∣
Σoo

ij

τj

∣∣∣∣
− 1

2

exp
(
− [Yo

j −Oj(ξi + Λiγj)]
>(Σoo

ij /τj)
−1[Yo

j −Oj(ξi + Λiγj)]/2
)

×2p(2π)−
p
2 |Ip

τj

|− 1
2 exp

(
− γ>j (

Ip

τj

)−1γj/2
) νi

2

νi
2

Γ(νi

2
)
τ

νi
2
−1

j exp(−νiτj/2)

= 2
pm
j
2 π−

p+po
j

2

νi

2

νi
2

Γ(νi

2
)
|Σoo

ij |−
1
2 τ

(
νi+p+po

j
2

)−1

j

× exp
(
− τj[

(
γj −Λ−1

i (Yj − ξi)
)>

Λ>
i Soo

ij Λi

(
γj −Λ−1

i (Yj − ξi)
)

+ γ>j Ipγj + νi]/2
)
.
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The conditional density of Yo
j and γj given Zij = 1 is as follows

f(Yo
j ,γj|Zij = 1)

=

∫ ∞

0

f(Yo
j ,γj, τj|Zij = 1)dτj

= 2
pm
j
2 π−

p+po
j

2

νi

2

νi
2

Γ(νi

2
)
|Σoo

ij |−
1
2

∫ ∞

0

τ
(

ν+p+po
j

2
)−1

j

× exp

{
− τj

(
[Λiγj − (Yj − ξi)]

>Soo
ij [Λiγj − (Yj − ξi)] + γ>j γj + νi

)
/2

}
dτj

= Γ

(
ν + p + po

j

2

) (
[Λiγj − (Yj − ξi)]

>Soo
ij [Λiγj − (Yj − ξi)] + γ>j γj + νi

2

)− ν+p+po
j

2

×2
pm
j
2 π−

p+po
j

2

νi

2

νi
2

Γ(νi

2
)
|Σoo

ij |−
1
2 .

Let x = γj, a = Λ−1
i (Yj − ξi), b = 0, Q1 = ΛiS

oo
ij Λi and Q2 = Ip. By Lemma B.1,

we have

(
[γj −Λ−1

i (Yj − ξi)]
>ΛiS

oo
ij Λi[γj −Λ−1

i (Yj − ξi)] + γ>j γj

)

=
(
(γj − q∗ij)

>∆∗−1

ij (γj − q∗ij) + Uo
ij

)
,

where q∗ij = ΛiC
oo
ij (Yj − ξi) and ∆∗

ij = Ip −ΛiC
oo
ij Λi.

Thus,

f(γj|Yo
j , Zij = 1) ∝ f(Yo

j ,γj|Zij = 1)

∝ (
[Λiγj − (Yj − ξi)]

>Soo
ij [Λiγj − (Yj − ξi)] + γ>j γj + νi

)− νi+p+po
j

2

=
(
[γj −Λ−1

i (Yj − ξi)]
>Λ>

i Soo
ij Λi[γj −Λ−1

i (Yj − ξi)] + γ>j γj + νi

)− νi+p+po
j

2

=
(
[γj − q∗ij]

>∆∗−1

ij [γj − q∗ij] + (Uo
ij + νi)

)− νi+p+po
j

2

∝
( [γj − q∗ij]

>∆∗−1

ij [γj − q∗ij]

Uo
ij + νi

+ 1
)− νi+p+po

j
2

=
( [γj − q∗ij]

>∆∗−1

ij [γj − q∗ij]

po
j + νi

po
j + ν

Uo
ij + ν

+ 1
)− ν+p+po

j
2

.
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It implies γj|(Yo
j , Zij = 1) ∼ Ttp(q

∗
ij,

Uo
ij+νi

po
j+νi

∆∗
ij, νi + po

j ;R+
p ).

Proof of Theorem 3.1(e):

The conditional density of τj given Yo
j , γj, and Zij = 1 is as follows

f(τj|Yo
j , γj, Zij = 1) =

f(Yo
j ,γj, τj|Zij = 1)

f(Yo
j ,γj|Zij = 1)

=
1

Γ
(

ν+p+po
j

2

)
(

[Λiγj − (Yj − ξi)]
>Soo

ij [Λiγj − (Yj − ξi)] + γ>j γj + νi

2

) νi+p+po
j

2

×τ
(

νi+p+po
j

2
)−1

j exp

{
− τj

(
[Λiγj − (Yj − ξi)]

>Soo
ij [Λiγj − (Yj − ξi)]

+γ>j γj + νi

)
/2

}
.

It implies that

τj|(Yo
j ,γj, Zij = 1)

∼ Γ

(
νi + p + po

j

2
,
[Λiγj − (Yj − ξi)]

>Soo
ij [Λiγj − (Yj − ξi)] + γ>j γj + νi

2

)
.

By Lemma B.1, we have

τj|(Yo
j ,γj, Zij = 1) ∼ Γ

(
νi + p + po

j

2
,
(γj − q∗ij)

>∆∗−1

ij (γj − q∗ij) + Uo
ij + νi

2

)
.
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L. Proof of Corollary 3.1

The conditional density of Yo
j , γj, and τj given Zij = 1 is as follows

f(Yo
j ,γj, τj|Zij = 1)

= f(Yo
j | γj, τj, Zij = 1)f(γj | τj, Zij = 1)f(τj|Zij = 1)

= (2π)−
po
j
2

∣∣∣∣
Σoo

ij

τj

∣∣∣∣
− 1

2

exp
(
− [Yo

j −Oj(ξi + Λiγj)]
>(Σoo

ij /τj)
−1[Yo

j −Oj(ξi + Λiγj)]/2
)

×2p(2π)−
p
2 |Ip

τj

|− 1
2 exp

(
− γ>j (

Ip

τj

)−1γj/2
) νi

2

νi
2

Γ(νi

2
)
τ

νi
2
−1

j exp(−νiτj/2)

= 2
pm
j
2 π−

p+po
j

2

νi

2

νi
2

Γ(νi

2
)
|Σoo

ij |−
1
2 τ

(
νi+p+po

j
2

)−1

j exp
(
− τjγ

>
j γj/2

)
exp

(
− νi

2
τj

)

× exp
(
− τj[Λiγj − (Yj − ξi)]

>Soo
ij [Λiγj − (Yj − ξi)]/2

)

= 2
pm
j
2 π−

p+po
j

2

νi

2

νi
2

Γ(νi

2
)
|Σoo

ij |−
1
2 τ

(
νi+p+po

j
2

)−1

j

× exp
(
− τj[

(
γj −Λ−1

i (Yj − ξi)
)>

Λ>
i Soo

ij Λi

(
γj −Λ−1

i (Yj − ξi)
)

+ γ>j Ipγj + νi]/2
)
.

Let x = γj, a = Λ−1
i (Yj − ξi), b = 0, Q1 = ΛiS

oo
ij Λi and Q2 = Ip. By Lemma B.1,

we have

(
[γj −Λ−1

i (Yj − ξi)]
>ΛiS

oo
ij Λi[γj −Λ−1

i (Yj − ξi)] + γ>j γj

)

=
(
(γj − q∗ij)

>∆∗−1

ij (γj − q∗ij) + Uo
ij

)
.

Thus,

f(Yo
j ,γj, τj|Zij = 1)

= 2
pm
j
2 π−

p+po
j

2

νi

2

νi
2

Γ(νi

2
)
|Σoo

ij |−
1
2 τ

(
νi+p+po

j
2

)−1

j exp

{
− τj

[
(Yj − ξi)

>Coo
ij (Yj − ξi) + νi

]
/2

}

× exp

{
− τj

(
γj − q∗ij

)>
∆∗−1

ij

(
γj − q∗ij

)
/2

}
.
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Thus,

f(Yo
j , τj|Zij = 1)

=

∫

R+
p

f(Yo
j ,γj, τj|Zij = 1)dγj

= 2
pm
j
2 π−

p+po
j

2

νi

2

νi
2

Γ(νi

2
)
|Σoo

ij |−
1
2 τ

(
νi+p+po

j
2

)−1

j exp

{
− τj

[
(Yj − ξi)

>Coo
ij (Yj − ξi) + νi

]
/2

}

×
∫

R+
p

exp

{
− τj

(
γj − q∗ij

)>
∆∗−1

ij

(
γj − q∗ij)/2

}
dγj

= 2
pm
j
2 π−

p+po
j

2

νi

2

νi
2

Γ(νi

2
)
|Σoo

ij |−
1
2 τ

(
νi+p+po

j
2

)−1

j exp

{
− τj

[
(Yj − ξi)

>Coo
ij (Yj − ξi) + νi

]
/2

}

×(2π)
p
2 |∆

∗
ij

τj

| 12 Φp

(
q∗ij|∆∗

ij/τj

)

= 2pm
j (

2

π
)

po
j
2

νi

2

νi
2

Γ(νi

2
)
|Σoo

ij ∆∗−1

ij |− 1
2 τ

νi+po
j

2
−1

j exp

{
− τj

[
(Yj − ξi)

>Coo
ij (Yj − ξi) + νi

]
/2

}

×Φp

(
q∗ij
√

τj|∆∗
ij

)
.

The conditional density of τj given Yo
j and Zij = 1 is as follows

f(τj | Yo
j , Zij = 1) ∝ f(Yo

j , τj|Zij = 1)

∝ τ
νi+po

j
2

−1

j exp

{
− τj

[
(Yj − ξi)

>Coo
ij (Yj − ξi) + νi

]
/2

}
Φp

(
q∗ij
√

τj|∆∗
ij

)
.

Thus,

f(τj | Yo
j , Zij = 1) = C1τ

νi+po
j

2
−1

j Φp

(
q∗ij
√

τj|∆∗
ij

)

× exp

{
− τj

[
(Yj − ξi)

>Coo
ij (Yj − ξi) + νi

]
/2

}
.

Using the property of the probability density function, we have

∫ ∞

0

C1τ
νi+po

j
2

−1

j exp

{
− τj

[
(Yj − ξi)

>Coo
ij (Yj − ξi) + νi

]
/2

}
× Φp

(
q∗ij
√

τj|∆∗
ij

)
dτj = 1.
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It implies

C1Γ(
νi + po

j

2
)

(
1

2

[
(Yj − ξi)

>Coo
ij (Yj − ξi) + ν

])− νi+po
j

2

×
∫ ∞

0

Γ

(
νi + po

j

2
,
1

2

[
(Yj − ξi)

>Coo
ij (Yj − ξi) + ν

])
Φp

(
q∗ij
√

τj|∆∗
ij

)
dτj = 1.

By Lemma F.1

C1Γ(
νi + po

j

2
)

(
1

2

[
(Yj − ξi)

>Coo
ij (Yj − ξi) + ν

])− νi+po
j

2

×Tp

(
q∗ij

(
νi + po

j

(Yj − ξi)
>Coo

ij (Yj − ξi) + ν

) 1
2

|∆∗
ij; νi + po

j

)
= 1.

Therefore,

C1 =

(
1
2

[(
Yj − ξi)

>Coo
ij (Yj − ξi) + νi

]) νi+po
j

2

Γ(
νi+po

j

2
)Tp

(
q∗ij

(
νi+po

j

(Yj−ξi)
>Coo

ij (Yj−ξi)+νi

) 1
2

|∆∗
ij; νi + po

j

) .

By Lemma F.1

E(τj | Yo
j , Zij = 1)

=

∫ ∞

0

C1τ
νi+po
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2
−1
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{
− τj

[
(Yj − ξi)
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]
/2

}

× Φp

(
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√
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ij

)
dτj

= C1 × Γ(
νi + po
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2
)

(
1

2

[
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ij (Yj − ξi) + νi
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2

∫ ∞

0

Γ

(
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2
,
1

2

[
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ij (Yj − ξi) + νi

])

×Φp

(
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√
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ij

)
dτj

= C1 × Γ(
νi + po
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2
)

(
1

2

[
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ij (Yj − ξi) + νi

])− νi+po
j+2

2
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(
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(
νi + po

j + 2

(Yj − ξi)
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ij (Yj − ξi) + νi

) 1
2

|∆∗
ij; νi + po

j + 2

)
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=
νi + po

j

(Yj − ξi)
>Coo

ij (Yj − ξi) + νi

×
Tp

(
q∗ij

(
νi+po

j+2

(Yj−ξi)
>Coo

ij (Yj−ξi)+νi

) 1
2

|∆∗
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j + 2

)
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(
q∗ij

(
νi+po

j

(Yj−ξi)
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) 1
2

|∆∗
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j

)

=
νi + po

j

Uo
ij + νi

×
Tp(q

∗
ij

√
νi+po

j+2

νi+Uo
ij
|∆∗

ij; νi + po
j + 2)

Tp(q∗ij

√
νi+po

j

νi+Uo
ij
|∆∗

ij; νi + po
j)

,

where Uo
ij = (Yj − ξi)

>Coo
ij (Yj − ξi) and q∗ij = ΛiC

oo
ij (Yj − ξi).

Since
∫∞

0
f(τj | Yo

j , Zij = 1)dτj = 1, we have

d

dνi

∫ ∞

0

f(τj | Yo
j , Zij = 1)dτj = 0

d

dνi

∫ ∞

0

C1τ
νi+po

j
2

−1
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{
− τj

[
(Yj − ξi)

>Coo
ij (Yj − ξi) + νi

]
/2

}

×Φp

(
q∗ij
√

τj|∆∗
ij

)
dτj = 0,

where C1 =
(
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2
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j

2

(
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j

2
)Tp

(
q∗ij

√
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j
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ij
|∆∗

ij; νi + po
j

))−1

.

By Leibnitz’s rule, we have

log

(
Uo

ij + νi

2

)
+

(
νi + po

j

Uo
ij + νi

)
−DG

(
νi + po

j

2

)
+ E(log τj|Yo

j , Zij = 1)

−E(τj|Yo
j , Zij = 1)− 1

Tp(q∗ij

√
νi+po
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ij
|∆∗
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j)

×
∫ q∗ij1
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· · ·

∫ q∗ijp

−∞
gνi

(xj)tp(xj|∆∗
ij ×

Uo
ij + νi
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j

; νi + po
j)dxj = 0,

where q∗ij = (q∗ij1, ..., q
∗
ijp)

> and gνi
(xj) = DG

(
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j

2

)
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(
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j

2

)
− p
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+

p(Uo
ij−po

j )
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j )(Uo

ij+νi)
− log
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1 +
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ij xj
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ij

)
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j )(x>j ∆∗−1

ij xj)
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ij+νi+x>j ∆∗−1

ij xj)
.
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Let A = tp(xj|∆∗
ij ×

Uo
ij+νi

νi+po
j
; νi + po

j). Thus,

∂

∂νi

(
Tp(q

∗
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( νi + po
j

Uo
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) 1
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ij; νi + po
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=
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∗
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2
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Hence,

E(log τj|Yo
j , Zij = 1)
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2
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+

(
νi + po

j
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)


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M. Proof of the Ω
(k)
ij

Let

Ẑ
(k)
ij = E(Zij|Yo, Θ̂

(k)
) =

ŵ
(k)
i fpo

j
(Yo

j |ξ̂
o(k)

ij , Σ̂
oo(k)

ij , Λ̂
oo(k)
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Ω
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i Ŝ
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where Â
(k)
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i Ŝ
oo(k)
ij )Λ̂

(k)

i and b̂
(k)
ij = Σ̂

(k)

i Ŝ
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Â

(k)
ij −Λi

)>

+
(
Â
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N. Proof of the CM-steps

Let Â
(k)
ij = (Ip − Σ̂

(k)

i Ŝ
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CM-step 1:

The mixing probabilities wi’s are subject to the constraint
∑g
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∑g
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∑n
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∑g
i=1 wi − 1), where λ is the Lagrange multiplier.

Let dL/dwi = 0 and dL/dλ = 0, we have wi =
∑n

j=1 Ẑ
(k)
ij /λ and

∑g
i=1 wi = 1. It

follows that λ = n and the estimate of wi at the (k + 1)th iteration is

ŵ
(k+1)
i =

∑n
j=1 Ẑ

(k)
ij

n
.

CM-step 2:

Taking the partial derivative of Q2 with respect to ξi and setting it to zero yields
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= Σ−1
i

n∑
j=1

[
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(k)
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ij − ξi) + Ẑ

(k)
ij (Â

(k)
ij −Λi)η̂
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ij

]
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With Λi fixed at Λ̂
(k)

i , solving this equation gives

ξ̂
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i =

∑n
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ij τ̂
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i η̂
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.

CM-step 3:

Taking the partial derivative of Q2 with respect to Σ−1
i and setting it to zero yields

∂Q2

∂Σ−1
i

=
∂

∂Σ−1
i

[
1

2
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i |
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Fix ξi at ξ̂
(k+1)

i and Λi at Λ̂
(k)

i , solving this equation obtains

Σ̂
(k+1)

i =

∑n
j=1 Ω̂

(k+1/2)

ij∑n
j=1 Ẑ

(k)
ij

,

where Ω̂
(k+1/2)

ij is Ω
(k)
ij in Eq. (3.6) with ξi replaced by ξ̂

(k+1)

i and Λi replaced by

Λ̂
(k)

i .

CM-step 4:

Here Λi assumed to be diagonal, say Λi = Diag(λi), where λi is a p-dimensional

vector. Taking the partial derivative of Q2 with respect to λi and setting it to zero
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yields
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(k)
ij −Λi)Ψ̂

(k)

ij (Â
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Ẑ
(k)
ij Ψ̂

(k)

ij

)
λi.

With ξi = ξ̂
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i and Σi = Σ̂
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i , setting ∂Q2/∂λi = 0 yields the estimate of λi
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O. Proof of ŝj for the MSTMIX model

The single observation of the complete data log-likelihood, ignoring additive

constant term, is

`c(Θ|Yj,Zj,γj, τj)

=

g∑
i=1

Zij

{
log(wi) +

νi

2
log

(νi

2

)
− log Γ
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)
− 1

2
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2
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2
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}
.

Let D̂ij = (Ip− Σ̂iŜ
oo
ij ). The first derivatives of `c(Θ|Yj,Zj, γj, τj) with respect
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Furthermore, we can obtained
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from the law of iterative expectations. The first derivatives of `c(Θ|Yj,Zj, γj, τj)
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The first derivatives of `c(Θ|Yj,Zj, γj, τj) with respect to Σi is
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)}
,

where Ĉij = Ẑij
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Thus,
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The first derivatives of `c(Θ|Yj,Zj, γj, τj) with respect to νi is
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If the degrees of freedom are assumed to be equal, i.e., ν1 = · · · = νg = ν, then

ûo
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