Appendix A

Given atwo-D curve « parameterized in arc length s, the unit vector T and
curvature « of « are define as

da o (A1)
ds
and
d?a
=xN , A.2
2 (A2)

where N indicates the unit normal vector.

Since
da da _ 1, (A.3)
ds ds
by differentiate (A.3) we have
da d?a
Bl A4
ds ds® (A4)
Therefore, T and N are orthonormal vectors:
. . . 3 da d%a
If o isparameterized in any parametert, thatis o(t) = [x(t) y()], o and 2
s s
can be expressed as
da _dads_|dap (A5)
dt  ds dt |dt
and
da da
e Ut |de|dT ds I |de|”
= T+———= T+x N (A.6)
dt2 ot |dt|ds dt  dt | dt |
da d?a
The cross product of . and 2 can be expressed as
s s
2 3
d—axd—a=0+lcd—a TxN. (A7)
dt  dt? dt
Using (A.7), we can calculate x as
dlx d?a
dt * dt? Yoy X!
_ X'y"=y'x (AS8)

daf () 2+ ()72

dt
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Appendix B

Given a point p on surface S, the tangent plane of p is indicated as T(S). The curvature
of p along different directions can be calculated using the first fundamental form and
second fundamental form in differential geometry. Assume a curve « lies on S, that
is

a(s) =S(u(s),v(s)). (B.1)

The unit tangent vector T can be obtained by

7-dals) _oSdu, o5 dv. (8.2)
ds ouds ovds
The first fundamental form in differential geometry is expressed as
da(s) da(s oS., du oS oS dudv ,0S,,, dv
=772 990) dals)_ By iy, ,BBMN, By @y @3
ds ds ou” ds ouovdsds “ovo ds

The first fundamental form I; measuredength-of curves, angles of tangent vector, and
areas without referring back to the*neighbor.space R3 [39]. Let E, F, and G, express the
coefficient of the quadric form,

0S
E= (_)2! (B4)
ou
F=B53%5 (B.5)
ou ov
and
S,
G=(—)". B.6
) (B.6)
The unit normal vector of « can be calculated by
oS oS
o 02
N= U OV (B.7)
o5 oS
ou ov

The curvature of « along the surface normal direction, normal curvature «,, can be
expressed as

da(s)
2 d(i' N)
o = 80a) s 7 dals) AN (B.8)
ds ds ds ds
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dN(s)
ds

Let

Kn:d(T-N)
ds ds

—da(S)dN(d((xjis)):O—TdN(r):_TAT = |2,

dN( )_ AT . Now the normal curvature x, can be expressed as

(B.9)

where |, is the second fundamental form. By using matrix A, the normal curvature
along different directions can be obtained. The second fundamental can be expressed

as

da(s) dN __0Sdu @S dv, oNdu oN dv

[ —_des) aN _ 05 v, ©oN du  oN av
2 ds ds (au ds ov ds) (au ds o ds)
0S ON,,du,, ON,dudv 0S ON.,,dv,,
_{(a_u a_u)(_) (a_u E)EE (E E)(E) }.

du dv
_o(Uyz ypp dudv o dvy
(ds) as ds 96

Since dN(Z—a) can be expressed as
s

oS du
da _8n 8n.ou ds

AN(—)=A—= =(a

( ) dS [a21 azz][as dV] ( Ak

ov ds

oS oS . du
—tay
ou ov’' ds

dN ON du ON dv

:E ou ds ov ds
we have

—=(ay o +ap s )

ou ou ov
=(ay * +ay ﬁ) |

ov ou ov

By using (B.4-6) and (B.10-12), we have

-e= Zi ZN =a,E+a,F,
-f= Zi (Zs =a,E+a,F,
-f= gi gN =a,E+a,F,
and
-g= Z\S/ 68l\\ll =a,F+a,G.

By rearranging the elements, we have
e f) (ay, a,|E F
f g) \ay a, \F G)’
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(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)



and

a; a; 1 fF—-eG gF-1G
A= = . .
( J (eF -fE fF- gEj (B.18)
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