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Abstract

This study investigates the complexity of the global set of output patterns for one-dimensional multi-layer
cellular neural networks with input. Applying labeling to the output space produces a sofic shift space. Two
invariants, namely spatial entropy and dynamical zeta function, can be exactly computed by studying the
induced sofic shift space. This study gives sofic shift a realization through a realistic model. Furthermore,
anew phenomenon, the broken of symmetry of entropy, is discovered in multi-layer cellular neural networks
with input.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

The cellular neural network (CNN) proposed by Chua and Yang is a large aggregate of ana-
logue circuits [8,9]. The system presents itself as an array of identical cells which are all locally
coupled. Many such systems have been studied as models for spatial pattern formation in biology
[10-12,16,17], chemistry [13], physics [6], image processing and pattern recognition [7].
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The complexity of the set of global patterns for one- or two-dimensional cellular neural net-
works has been widely discussed [1-5,14,15,19]. However, this study is the first to explore
the complexity for one-dimensional multi-layer CNN. The two-dimensional sofic and two-
dimensional multi-layer CNN are discussed in other papers.

A one-dimensional multi-layer CNN system with input is realized as the following form,

(n)
dx () (n)

_ (n) ), (n) P
= A Yy (a.n
lk|<d lk|<d

forsomed e N, 1 <n<NeN,ieZ, where

u =y fora<n< N, uV=u,  x0)=x, (1.2)
and
1
y=f(X)=§(IX+1|—|x—1|) (1.3)
is the output function. For 1 < n < N, parameter A = (a(_"a)_,, e, a;") ) is called the feedback

template; B™ = (b<”) b(”)) is called the controlling template, and z is the threshold. The
quantity x( ") denotes the state of a cell C; in the nth layer. The stationary solutions x = (x( ))
of (1.1) are essential for understanding the system, and their outputs y(") f (xf")) are called

patterns. A mosaic solution (xl(")) satisfies |x§n)| > 1 for all i,n. Hence the investigation of
stationary solution of N-layer CNN is to study an N-coupled map lattice,

{1 _ (1) (1) (1), (1) 1
X = Z Vit T Z by, ui+k+z( ),

[k|<d |k|<d
(2) 2 (2 2)_ (1) )
Z a yigrt Z by 27
[k|<d [k|<d (1.4)

(N) (N)(N) (N), (N=1) N)
Z ayige+ Y b v+
|k|<d |k|<d

One-layer CNN with input is first considered. Let
P2 ={(A,B,2): A, Be Mix@arn(R), zeR}, (1.5)

where n = 4d + 1. The parameter space P"+2 can be partitioned into finite subregions, such that
each region has the same mosaic patterns. Once the region of the parameter space is chosen, the
basic set of admissible local patterns B C {+, —}Z3Xz is then determined. The ordering matrix of
all local patterns in {4, —}%3=2 is defined. For a given basic set B, the transition matrix T(B) is
then obtained, and a shift space is induced. For simplicity, consider the case d = 1, i.e., each cell
can only interact with their nearest neighbors. In one-dimensional one-layer CNN without input,
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every partition is associated with a unique set of admissible patterns B = B3« and the transition
matrix T =T(B3x1) [15]. Let

Y ={()iez | yi-—1yivis1 € Bforalli € Z}, (1.6)

then Y is a shift of finite type (SOFT). The number of global admissible patterns with length n
and the number of periodic patterns with period m can then be formulated from the transition
matrix T. However, this cannot be done when the basic set of admissible local patterns B = B3 x>
is derived from the one-layer CNN with input. More precisely, each pattern that is produced from
the system is a coupled pattern L); i 5%33 where y;y,y3 denotes the output pattern, and ujuou3
denotes the input pattern. For simplicity, rewrite the coupled pattern as y;y»>y3 ¢ ujuou3z. The
output space is defined as

v, = { (- y_1yoy1 ---) € {+, —}%: there exists (---u_juouy ---) € {+, —}% } 17

such that (---y_1ygy1--- ¢ - u_juopuy---) € X(B) ’ '

where X (B) C {+, —}%~=2 is a subshift space generated by B C {+, — 232, Analytical results
indicate that Yy is not a SOFT, but a sofic shift (Theorem 2.13). Under this situation, the formula
of spatial entropy (entropy) A (B) (Theorem 2.17) and dynamical zeta function (zeta function)
Lo () (Theorem 2.24) can be computed. Therefore, the dynamics of the mosaic solutions of
multi-layer CNN are understood. Conversely, the sofic shift is realized through a realistic model.

The analysis gets more complicated in N-layer CNN, N > 2. However, once recognizing the
elaborate content of one-layer CNN with input, all results for one-layer CNN with input can be
extended to general case with analogous method. We like to emphasize that each layer induces
a sofic shift and the N-layer coupled system induces the convolution of N-many independent
sofic shifts. Hence, Section 2 studies one-layer CNN with and without input and emphases the
difference. Without input, the dynamical system is subshift of finite type and then sofic when
input appears. Section 3 consists those general results introduced in Section 2.

The dynamics of multi-layer CNN with input produce a phenomenon that is never seen in
one-layer CNN without input. The entropy of the one-layer CNN without input has a “symmetry”
about the parameters. More precisely, consider the one-dimensional CNN,

dx;

d_tl =—xi +aryi-1 +ayi +aryiy1 + 2, (1.8)
and select one of the partitions of parameter space {(a;, a,): a;,a, € R} = RZ2. The parameters a
and z thus have 25 subregions, each with the same entropy. Furthermore,

h(B(Im,nl)) = h(B([n,m])) for0<m,n<4. (1.9)

The details as in [15]. However, when considering multi-layer CNN with input, not only the
entropy and zeta function are varied, but the symmetry of the entropy is broken even for the
simplest case one-layer CNN with input. Hence, input adding for a CNN system is the main
mechanism that breaks the symmetry of entropy.

The rest of this study is organized as follows. Section 2 describes the complexity of the global
set of output patterns for one-layer CNN with input. The entropy and zeta function can be exactly
computed through the induced sofic shift space. Section 3 extends all results in Section 2 to N-
layer CNN, where N > 2. Finally, Appendix A lists the detail of the partition in Example 2.5.
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2. One-layer cellular neural networks with input

The complexity of the global set of output patterns for one-layer CNN with input is investi-
gated in this section.

2.1. Ordering matrix and transition matrix

In this section, the parameter space P"*2 as in (1.5) will be partitioned into finite subregions,
such that each region has the same mosaic patterns. Once the region of the parameter space is
chosen, the basic set of admissible local patterns B C {+, —}Z3x2 is then determined. Then, the
ordering matrix of all local patterns in {4+, —}23x2 will be defined. For a given basic set B, the
transition matrix T(3) will be obtained.

2.1.1. Partition of parameter space
This subsection explores the relationship between the parameters of templates and the admis-
sible local output patterns. The differential equation of CNN with input is of the form

dx;
d_tl =—Xx; + Z Ak Yi+k + Z beuive+z, 2.D
lkl<d lel<d

where A = [—ag,...,a,...,a4], B =[-bg,...,b,...,bg] are the feedback and controlling
templates, respectively, y = f(x) = %(|x + 1] — |x — 1]) is the output function, z is the threshold,
and a = ap, b = by.

The quantity x; represents the state of the cell at i. The stationary solution X = (X;) of (2.1)
satisfies

Xi= ) aFisk+ Y bettive+z
[kl<d lel<d

The output y = (y;) is called output pattern. A mosaic solution x satisfies |x;| > 1 and its

corresponding pattern y is called a mosaic output pattern. Consider the mosaic solution X, the
necessary and sufficient conditions for state “+ at cell C;, i.e., X; > 1, are

a—1+z> —< Z aryi+k + Z bzui+e>- (2.2)

0<|k|<d le|<d
Similarly, the necessary and sufficient conditions for state “—" at cell C;, i.e., X; < —1, are
a—1—-z> Z aryi+k + Z beujtg. (2.3)
0<|k|<d le|<d

For simplicity, denote y; by y; and rewrite the output patterns y_,---y---yg coupled with
inputu_g---u---ug as

y_d...y...yd:Y<>U’ (24)
U_g-- c U
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where Y =y_g---y---yq, U=u_g---u---uq. Let
Vi={veR" v=(vi,v2,...,v,), and |v;| = 1, 1 <i <n},

where n =4d +1, (2.2) and (2.3) can be rewritten in a compact form by introducing the following
notation.

Denote @« = (a—q,...,a-1,a1,...,aq), B = (b—gq,...,b,...,bg). Then, a can be used to
represent A’, the surrounding template of A without center, and 8 can be used to represent the
template B. The basic set of admissible local patterns with “+” state in the center is defined as

B(+,A,B,o)={voweVa—1+z>—(a-v+B-w)}, (2.5)

where - is the inner product in Euclidean space. Similarly, the basic set of admissible local pat-
terns with “—"" state in the center is defined as

B(— A, B.o)={voweV'a—1-z>a-v+8 w}. (2.6)
Furthermore, the admissible local patterns induced by (A, B, z) can be denoted by
B(A, B,z) = (B(+, A, B,2), B(—, A, B, 2)). (2.7)
Let
P2 =1(A,B,2) | A, B e Mixpa+)(R), z€R}, (2.8)
where M, ;(R) means an r x s real matrix. P"*2 can be partitioned so that each subregion
generates the same mosaic patterns, when the controlling template B = 0 is proved in [14]. The

general results for B # 0 can be obtained similarly, so the detailed proof is omitted for simplicity.

Theorem 2.1. There exists positive integer K (n) and a unique collection of open subsets { Py} ]le
of P"+2 satisfying

@) P2 =i, Pis
(i) PN Py=9 forall k # ¢, o
(iii) B(A, B,z) =B(A, B, 7) ifand only if (A, B, 2), (A, B, Z) € Py for some k.

Here P is the closure of P in P"2.

2.1.2. Ordering matrix

This subsection defines the ordering matrix X = X3,, of all possible local patterns in
{+, —}Z3x2. First, the notation of the pattern with size 3 x 1 is considered.

Let

app = ——, ap) = —+, aip=+-—, an =++, 2.9
defining

ity =9 & i # i (2.10)
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Fig. 2.1. The ordering matrix of all local patterns in Z3 7.

If iy @i iy # (, then denote it by a;,a;,a;, and it is a pattern with size 3 x 1. Define

Xn X X3 Xu Xij:11
X = Xo1 Xoo Xo3 Xy X, = | X2t
X311 X3 X33 Xz | Y Xij.31
Xy Xao Xa3 Xag Xij41
Ariry 4y}
for 1 <i, j <4 asinFig. 2.1. x;;.4; means the pattern 5,5,
i—1 Jj—1
ry = , rn=i—1-2r, ry=|—
=5 n o=
k—1 [—1
s1=|——|. so=k—1-—2s1, sh=|—
=5 . R

and [-] is the Gauss function.

Ifar,r,a,,, =V or ags,
ar dr,a 3y
by the pattern ay, g, g, |

i.e., the upper pattern of X;; is the same as the lower pattern of x;;;, for 1 <

ag’ %83

n{+,

Xij;12
Xij:22
Xij;32
Xij;42

3
Where

Xij;13  Xij;14
Nija3 X4 | o)
Xij:33  Xij;34
Xij:43  Xij;44

:|, r3=j—1—2r§,

s3=1—1-2s5, (212

=, then x;;.;; = . Furthermore, if x;;.1; # @, then it is denoted

—}%3x2_ Hence, the self-similar property appear in X as in Fig. 2.1,

<1, j, k,l <4.0Once
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the basic set of admissible local patterns B C {+, —}Z3x2 is given, define X, 2 (B) the collection
of all patterns with size n x 2 generated by B as

):nxz(B)={Z:i§::i" € {+, -} 5’*:%’1‘1 erorall2<i<n—1}. (2.13)
n 11— [Asd )

For simplicity, rewrite L}:}z; ) Z’; as Y|ya---Vn © UlU2---U,, Where yi,u; € {+,—},
1<i<n.

To measure the complexity of the global set of output patterns, the following subshift space
in {+, —}% is considered. Define the output space Yy = Yy (B) by

v = | Coy-oy ) e —}%: there exists (---u_juou; ---) € {+, —}* (2.14)
v= such that (---y_1yoy1 -+ ¢ - u_juguy ---) € X(B) T
where X (B) C {+, —}%>2 is a subshift space generated by B C {+, —}%3x2,
2.1.3. Transition matrix
This subsection derives the transition matrix for a given basic set 5. The transition matrix T
is defined as

TB)=(T;j), 1<i,j<4, (2.15)

where T;; = (t;j.x1) € Maxa(R) and

A 1, ifx,'j;]dGB, (2.16)
PR 0, i xij € (+, =52 \ Bor xijug = 0, '
Ay Ay’
where x;;.1; = 12" catisfies (2.12). Once T(B) is constructed, it is then rewritten as T(B) =
s As15:4s)s5

(tpg) € Misx16(R), where
tpg =tijus for p=4G =1 +k ¢=4(j - D+I. 2.17)

If templates A, B and threshold z are given, then the basic set B(A, B, z) is obtained from
Theorem 2.1. Moreover, the transition matrix T is immediately derived from (2.16) and (2.17).

If a set of input patterns U = {ujusu3} € {+, —}23<1 is assigned, then the basic set of admis-
sible local patterns is denoted by

B((A, B, 2);U) = { Y23 ¢ B(A, B, 2): ujuaus eu}. (2.18)
ujuau3
The transition matrix for I/ is defined by U = (u;;) € M4y 4(R), where
1, ifujuruzel,
e 2.19
"ij {0, otherwise. ( )

If T denotes the transition matrix of 3 ((A, B, z); U), then the following theorem is obtained.
Before the theorem is stated, two products of matrices are defined as follows.
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Definition 2.2. For any two matrices M = (m;;) € Mxx(R), N = (n;/j1) € Myx¢(R), the Kro-
necker product (tensor product) M ® N of M and N is defined by

M ®N = (m;;N) € Miexre(R). (2.20)

Next, for any P = (p;;), Q = (gij) € M, x,(R), the Hadamard product P o Q of P and Q is
defined by

PoQ=(pijqij) € M;x,(R). (2.21)
Theorem 2.3. If (A, B, z) and U are given, then
T(B((A, B,2);U)) =T(B(A, B,2)) o (E4 ® U), (2.22)

where o and Q is the Hadamard product and Kronecker product in Definition 2.2, respectively,
Ey=(ejj) € Myxa(R) with ejj =1 for all i, j, is the full matrix.

Proof. Let the transition matrix T = (qu) € Miex16(R), rewriting qu =1 j:ki» Where
. (p—1 . . qg—1
=|— 1, =p—-4@1-1), k=|—— 1,
I [ 1 } + Jj=p—4G -1 [ ) } +

and/ =¢q —4(j — 1). By (2.16) and (2.18), qu = fij;kl = tjj.x1 - Uk is obtained. This completes
the proof. O

2.1.4. Patterns generation

This subsection introduces the patterns generation problem induced by (A, B, z). Some re-
sults of patterns generation problem induced by (A, z) must be recalled before stating the main
theory [18]. The basic set of admissible local patterns 3(A, z) = B is then determined once (A, z)
is given. The shift space generated by B, denoted by X'(B), is given by

Ewﬁﬁy=@md€Haﬁ%ypmeeB%mHMZ} (2.23)

The shift space X' (B) is thus a subshift of finite type for all B = B(A, z). Let X, (3) denote the
set of n-blocks (i.e., the pattern with size n x 1) in X' (B), and I;,(B8) denote the number of the
set of n-blocks. The theorem follows below [18].

Theorem 2.4. If B = B(A, z) is given, T is the transition matrix induced by B, then I,,(B) =
|T”_2|f0r alln €N, n >3, where |T| = Zlgi,,/‘gk |tij] for all T = (t;;) € Myxi(R).

Consider (A, B, z) with B #£0, let B(A, B, z) = B denote the basic set of admissible local
patterns, X, (Yy) denote the set of n-blocks in Yy, i.e.,
Zn)( . —_— . — ZYIX
y=izy € (=)0t Ju = (i € (4, =) 1}, (2.24)

X,(Yy) =
n(Yv) { such that y o u € X, (B)
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-o- -—6- -9- -6+
S - — @8+ + 8+ —B -
-9+ -6+ 46—  +o-
-8B+ +84 -—B- -84
+e+  +o+ +e+  +oO-
+B+ -84+ -B- +B+
to-  +o- -0+ —o+
-B+ —-B- +B4 —B4

Fig. 2.2. The basic set of patterns for some templates A, B, z and input U/.

and I, (Yy) denote the number of n-blocks of output patterns generated by 3. Theorem 2.4 is
invalid in general for deriving the precise value of I, (Yy) for n € N. An example is given below.
Appendix A explains the theorem in detail.

Example 2.5. Let A =[a;,a, a,;], B=[b;, b, b,] satisfy the following conditions:

(1) g > b; >a, >b>b, >0.

(i) aj+b>a,+b;+by,a;+ b, >b;+b.
(iii) by +b>a; > a, +b+b,.

Gv) a, +b>b;+b,, by >a, +b,,a, > b+ b,.

The positions of 6;’ and 6; on the (a — 1, z) plane are determined exactly as in Appendix A.

Given region R = [23, 18], i.e., R is bounded by E;S, Z;, £¢ and £, and the set of input patterns
is given by U = {— + —, — + 4+, + — +}. Thus, Fig. 2.2 illustrates the basic set of admissible
local patterns B = B((A, B, z); ).

According to Theorem 2.3, the transition matrix of B((A, B, z); U) is

Tw T, 0 0
0 0 0 T
757 0 o0 o |
0 0 Ty Ty

T=T(B((A, B,2);U)) =

where
0 0 0O 00 00
- - A - 0 0 1 1 A 0 0 1 1
mi=Te=T=Tu=|, | 0), i=lg 00 0ol
0 0 0O 00 0O
0 0 0O
A 0 0 01
Da=lo 1 0 of
0 0 0O
From the transition matrix, the output patterns {— + +, + + —, + — —} exist. By the concept
of subshift of finite type, the output pattern — 4+ + — — is admissible. However, there exists
no ujuauzuaus € Xs(U) such that — + + — — o ujuru3U4Us € 25(151). This finding shows that

the inner structure needs to be considered. More precisely, since T>4743731 = 0, no input could
possibly produce the output pattern — + + — —.
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So far, this work has shown that I, (Yy) # |'i‘”_2| in general, since different input patterns
might have the same output pattern. To overcome this difficulty, the next subsection introduces
the concept of sofic shift in the symbolic dynamical system.

2.2. Definition and background of sofic shifts

This subsection recalls some definitions and main results of sofic shifts. Lind and Marcus has
described sofic shifts in detail [18].

Definition 2.6. A labeled graph G = (G, £) consists of an underlying graph G with edge set £,
and the labeling £ : £ — A assigns to each edge a label from the finite alphabet A. A sofic shift
is defined by X = X for some labeled graph G.

Definition 2.7. A labeled graph G = (G, £) is right-resolving if, for each vertex of I of G, the
edges starting from [ carry different labels. In other words, G is right-resolving if, for each I, the
restriction of £ to £; is one-to-one, where &£; consists of those edges starting from 7.

The following theorem shows that every sofic shift has a right-resolving presentation. The
method for finding an explicit right-resolving presentation is called the subset construction
method.

Subset construction method. Let X be a sofic shift over the alphabet A having a presentation
G = (G, £) so that X = Xg. If G is not right-resolving, then a new labeled graph H = (H, L) is
constructed as follows.

The vertices I of H are the nonempty subsets of the vertex set V(G) of G. If I € V(H) and
a € A, let J denote the set of terminal vertices of edges in G starting at some vertices in I and
labeled a, i.e., J is the set of vertices reachable from / using the edges labeled a. There are two
cases.

1. If J =0, do nothing.
2. If J#0,J € V(H) and draw an edge in H from [ to J labeled a.

Carrying this out for each I € V(H) and each a € A produces the labeled graph H. Then, each
vertex I in H has at most one edge with a given label starting at /. This implies that H is
right-resolving.

Theorem 2.8. Let G = (G, L) be a labeled graph which is not right-resolving, H = (H, L') be a
right-resolving labeled graph constructed under the subset construction method. Then Xg = X4y,
i.e., G and 'H present the same shift space.

2.3. Entropy and zeta function

This subsection investigates the entropy and zeta function for the global set of output patterns
using the concepts of sofic shifts.
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Fig. 2.3. The labeled graph of CNN with input.
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2.3.1. Sofic shift

This subsection shows that the output space of one-layer CNN with input is a sofic shift.
For a given basic set 3, the transition matrix T is defined as (2.15)—(2.17). Let the alphabet

S= {Sij}lgi,jgm where
Sij = AriryArrs

Qryrey, 18 defined in (2.9), and

 — 1 -1
rlz[l ], rp=1i—1-2r, ré_l:—] ], r3=j—1-=2r}.

2
By (2.10), s;j =@ if ro # ré. The symbolic transition matrix is defined as
S = (si;Tij<i,j<a = Gijlijin) € Misx16(R),
where s;jt;j..0 =0 if s;; =0 or t;j.;; = 0. Rewrite S = (5,4), Where 5,y = s;t;j.41 for
p=4G -1 +k, g=4G —D+L
Let Gt be the underlying graph induced by T with edge set

E={epg: tpg =1, 1< p,g <16},

(2.25)

(2.26)

(2.27)

and the labeling £ : £ — &S defined by L(epq) =sij. Gs = (G, £) is thus a labeled graph as in
Fig. 2.3. By (2.25), a word s;,;,Si,i; in SZ can be defined by $i,i,Siyiy = @r ry@ryrsdrsr,- The edge
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shift with alphabet S is defined by

X, = { (- -+ Si_yigSigiy Siyin -+ *) € SZ: there exists (- - -k_1koky - - ) } (2.28)

such that 4, \:kk; .y 70 forall j € Z

The following theorem is thus obtained.
Theorem 2.9. X = X, is a sofic shift.

The relationship between output space Yy and induced sofic shift Xg, is then investigated.

Definition 2.10. Let A, U be finite alphabets, X be a shift space over A, Bx(X) denote the
set of k-blocks that occur in points in X, @ : By, 4,+1(X) — U be a block map. Then the map
¢ : X — U” defined by y = ¢ (x) with

Vi=DPXjmm X 1XiXit1 " Xign) = P(X[i—m,i+n])
is called the sliding block code with memory m and anticipate n induced by @.

Let X3(Yy) be the set of 3-blocks in Yy as in (2.24). A block map @ : X3(Yy) — S is thus
defined by

P (Vi Vit 1Yi+2) = SW (i yis )W Gig13is2)» (2.29)

where ¥ (y;yi+1) = 1 +@(yit+1) + 2¢(y;) and ¢ is defined by ¢(+) = 1 and ¢(—) = 0. Then the
map ¢ : Yy — S% defined by

¢( S Y—1Yoy1 - ) = ( *S8i_qioSigiy Siyip * ) (230)
with i, = P (Vi Vig,1 Vi) 18 a sliding block code from Yy to Xg.

Definition 2.11. Let ¢ : X — Y be a sliding block code, then ¢ is a conjugacy if ¢ is invertible.
It is also called X is conjugate to Y.

Theorem 2.12. (See [18].) If a sliding code is one-to-one and onto, then it is a conjugacy.

The conjugacy between Yy and X can be proved now.
Theorem 2.13. Given a basic set B, the transition matrix T and the output space Yy are then
obtained. Let Gs = (G, L) be the labeled graph induced by B, then Yy is conjugate to Xg
under the sliding block code ¢ defined in (2.30).
Proof. It suffices to prove that ¢ is one-to-one and onto. If there exist x # y € Yy such that
¢ (x) = ¢(y), without loss of generality, assuming that there is a number n such that x,, # y, and

x; = y; for all i < n. This means that at state x,—1 = y,—1 and x,— = y,—2,

Y (xp—1%0) =1+ @xn—1) + 20(xn) # 1+ @(Yn—1) + 20(yn) =¥ (Yn—1Yn)-
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Therefore,

P (Xp—2Xn—1Xn) = SW (x, 220 D¥ (tn1%2) 7 S Gu23n-D¥ Gn1yn) = P Yn—2Yn—1Yn)-

This contradicts to ¢ (x) = ¢ (y). Thus, ¢ is one-to-one.
For every s = (---Si_yipSipi1Sirin - --) € Xgg» by (2.28) there exists a sequence
(-+-k_1koky---) such that Tijij aikik # 0 for all j € Z. By (2.16), the related pattern

.'.arflaroarl R . .
ey agdy - is admissible. By the def-

inition of output space (2.14), the pattern - --a,_,ara,, --- € Yy. Moreover, by the relation in
(2.12),

Jj+1

e Xi_yigik_ykoXioi1skoky Xiqin:ki ko - - 1S admissible, i.e.,

1, ifa,=+,

lk:1+rk+1+2rk, and }"k:{o7 ifam:—,

Hence, there exists - --a,_,ayya;, --- € Yy such that ¢(---a,_,ar,a,, ---) = s. This shows that ¢
is onto, and the proof is completed. O

2.3.2. Entropy
Let X,(Yy) C {+, —}2»<1 denote the set of n-blocks in Yy as in (2.24). The spatial entropy
of Yy is defined by

log I (Yy)

n

h(Yy) = lim (2.31)
n—oo

where I,(Yy) is the cardinal number of X, (Yy). Example 2.5 demonstrates that Theorem 2.4

is invalid in computing the spatial entropy of Y. However, Theorem 2.13 shows that the output

space Yy is conjugate to the sofic shift X . The entropy of Yy can be computed by the following

theorems show in [18].

Theorem 2.14. (See [18].) If two shift spaces X and Y are conjugate, then h(X) = h(Y).

Theorem 2.15. (See [18].) Let G = (G, L) be a labeled graph. If G is right-resolving, then
h(Xg) = h(Xc).

Theorem 2.16. For Yy is given, Gs is the sofic shift induced by Yy. If Gs is right-resolving, then
h(Yy) =log p(T), where p(T) denotes the maximal eigenvalue of T.

Proof. Since Yy is conjugate to Xg, and Gs is right-resolving, by Theorems 2.14, 2.15, and
Perron—Frobenius theorem,

h(Yy) =h(Xgg) = h(Xt) =1log p(T). (2.32)
This completes the proof. O

In general, Gg induced by Yy () might not be right-resolving. However, a sofic shift
‘H = (H, L") which is right-resolving can be constructed and still conjugate to Yy (B) via the
subset construction method stated in Section 2.2. Thus Theorem 2.16 can be extended to the
general case.
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a — {3} b
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c\ N— ;,ﬁ,}::::’:;:; {15,16}
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Fig. 2.4. A right-resolving labeled graph via subset construction.

Theorem 2.17. For a given B C {—, +}23<2, let Yy = Yy (B) be the shift space induced by B.
Then there exists a labeled graph representation H = (H, L') such that

h(Yy) = h(X3) =log p(H). (2.33)

Proof. For the admissible local patterns B given, let T and the labeled graph representation
Gs be defined as above. If Gg is already right-resolving, then it is done. If not, using subset
construction method, there is a labeled graph representation H such that X¢g, = X4 and is right-
resolving. Note that the underlying graph and transition matrix of 7{, H and H, are also derived.
Moreover, by Theorems 2.8 and 2.13, Yy, is conjugate to X7,. Thus, by Theorem 2.16, h(Yy) =
hXy)=logpH). O

Example 2.18 (Continued). Let (A, B, z) be the same as in Example 2.5, § = {s11, 512, 524, 531,
$43, 544}, by (2.27), the symbolic transition matrix is

suTn  s127Ti2 0 0
0 0 0 52414
S= . 2.34
s31 131 0 0 0 ( )
0 0 543143 S44Ty4

Then, the labeled graph representation of B, Gg = (G, £), is not right-resolving. For simplic-
ity, denote the vertex set of Gt by V = {1,2,...,16}. Use the subset construction method
to construct another labeled graph H = (H,L£’) as in Fig. 2.4. Theorem 2.8 shows that
ng =Xxy.
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The transition matrix of X4, is obtained as below:

001 0O01O0O0O0OGO0OTO0OO
1 001 00O0O0O0OO0OTO0ODO
1 001 00O0O0OO0OO0OTO0ODO
000O0O0OO0OO0OO0OO0OO0OTIO
000O0OOO0OO0OT1TGO0OO0OO0
000O0OO0OO0OO0OO0OT1TO0TO0OOPO
H= 001 00O0O0OO0OO0OTO0OT OO (2.35)
0 000OO0OO0OO0OO0OTO0ODTUO0OTO OO
00 0O0OO0OO0OT1TTUO0OTO0OOQO0'1
000O0O0OO0OT1TO0OT1TO0TO0ODO0
000O0OOOOO0OTO0OTO0OTO 0O
0 000OO0OO0OT1TO0T1TTO0OTO0ODO0

Thus, h((A, B,z);U) = logA > 0, where A = 1.324718 is the root of f(r) =% — 2r* +
2
2 —1.

In the next subsection, the zeta function of Yy will be discussed.

2.3.3. Zeta function

Given a sofic shift Yy with shift map o, invariant values and invariant functions of the shift
space (Yy, o) are interested. In the last subsection, the entropy /(B) is studied. This subsection
examines the zeta function ¢, (¢) with respect to the shift map o.

Let pp(o) ={y = (i)iez € Yu | " (y) = y} be the collection of all periodic patterns of
period n. The zeta function of o is defined as

Lo (1) =exp ( > @t") : (2.36)

n=1
where exp(x) = Z?,o:o fl—': is the classical exponential function.
If a shift space X is a shift of finite type, then there is an edge shift X4 conjugate to X. The
following theorem computes the zeta function of any shift of finite type.

Theorem 2.19. (See [18].) Let A be a k x k nonnegative integer matrix, o the associated shift
map. Then

8oy (1) = ; (2.37)

det(ly — tA)

where I is the k X k identity matrix. Thus the zeta function of a shift of finite type is the reciprocal
of a polynomial.

The following notations are needed to investigate the zeta function of sofic shift. Let
F ={f1, f,..., fm} be a finite set. A permutation w of F is given below as an impression
(fiys oo fin)ie,m(fo) = fi, for 1 <L < m.
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Definition 2.20. A permutation 7 is said to be even (odd, resp.) if the number of interchanges
(or transpositions) needed to generate the permutation is even (odd, resp.) Moreover, the sign of
7 is defined as

1, 7T 1S even,

—1, misodd.

Let H = (H, £') be a labeled graph which is right-resolving with r many vertices, assuming
that V ={1,2,...,r}. Let Hg denote the symbolic transition matrix of H and H the transition
matrix of the underlying graph H.

For 1 <k < r, construct a labeled graph . with alphabet {£s;;: 5;; € S} as follows.

1. The vertex set of Hy is the set Vj of all subsets of V having k elements, i.e., |Vi| = (,:)
Moreover, the ordering on the states in each element of Vy is fixed.

2. For each s;; € S, we denote s;;(/) the terminal state of s;; starts at /. For 7 =
{h,....It}, T ={J1,..., Jk} € Vg, there is an edge from Z to J provided there exists
sij € S such that s;;(11), ..., s;j({x) are well defined and (s;;(11), ..., s;j({x)) is a permuta-
tion of J. More than this, the edge is labeled as s;; (—s;;, resp.) if the permutation is even
(odd, resp.) Otherwise, there is no edge with label +s;; from 7 to J.

Definition 2.21. Let Hg, denote the symbolic transition matrix of Hy, Hy be obtained from Hg,
by setting all the symbols in S equal to 1. We call Hy the kth signed subset matrix of H.

Theorem 2.22. (See [18].) Let H = (H, L') be a right-resolving labeled graph with r many
vertices, and Hy, be its kth signed subset matrix. Then

Loy (1) = [ [ det(7 — tHY Y, (2.39)
k=1

where I is the identity matrix.
Theorem 2.23. (See [18].) If two shift spaces X and Y are conjugate, then oy (1) = Loy (1).
Therefore, the zeta function of the sofic shift Xgg can be derived using the following theorem.

Theorem 2.24. For a given B C {—, +}23<2, let Yy = Yy (B) be the shift space induced by B
with shift map o. Then there exists a labeled graph representation 'H such that

£ (1) = [ [ det(7 — tHY V', (2.40)
k=1

where Hy, is the kth signed subset matrix of H, and n is the cardinal number of the underlying
graph H.
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Proof. Let Ggs be the labeled graph representation of Yy, and Xg be the sofic shift induced by
Gs with shift map ogg. By Theorem 2.13, X is conjugate to Y. Thus, we have

Lo (1) :gags (). 241

If Gg is right-resolving, then it is done by Theorem 2.22. Otherwise, construct a labeled graph
‘H which is right-resolving and represents the same shift space as Gg via subset construction
method. This completes the proof. O

Example 2.25 (Continued). Continuing with Examples 2.5 and 2.18, for the investigation of
zeta function, all the kth signed subset matrix Hy of H are needed to be constructed. Therefore,
H; =H as in (2.35),

O -1 -1 0 0 0 O 0
O -1 -1 0 0 0 O 0
0 0 0O 0 -1 0 O 0

H, — 0 0 0O 0 -1 0 O 0
0 0 0O 0 0 0 o0 (O I
0 0 o 0 0 0 -1 -1
0 O o 0 0 0 -1 -1
0 0 O 0 0 0 o0 0

and H3 =Hy = --- = Hy» = 0, the zero matrix. Hence, by Theorem 2.22, {,(t) = %

3. Multi-layer cellular neural networks

In this section, all results in one-layer CNN with input will be extended to multi-layer CNN.
3.1. Partition of parameter space

Asin (1.1), an N-layer CNN system with input is of the form

dx™
_ (n) (n)  (n) (n) (n)
dlt ="+ 3 @y D0 n e+, 3.1
[kl <d |k|<d
forsomed e N, 1<n <N e€N,ieZ, where
u}”) = yl.(n_l) for2<n <N, u}l) =u;, x;(0) = x?. (3.2)

The feedback and controlling templates of each layer are

ny _ (,m) _(n) (n) (n) _ () 1) (n)
AV _(afd,a_dH,...,ad ) and BY —(bfd’b—d+1"“’bd )
where 1 < n < N. The parameter space and the admissible local patterns of each layer can
be represented by P = {(A®™, B™ (M)} and B™W(AM™ B ™) where 1 <n < N.
Let A= (AD, A . AN B =(BD B . BM) z=(W0, 2 . W) pr=
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PO, PO PM) wherem=NQ2d +1) — 1, Y® =y™y™ ...y where 1 <n <N,
and U =u_qu_g41---ug, then

YV o yW-Do...ovyDoy:

., (33
Y™ oy®@=D e BM for2 <n <N, andY<1><>UeB<1>} (33

B(A, B, 2) ={

where ¢ is defined in (2.4). The generalized partition theorem of N-layer CNN then follows.

Theorem 3.1. There exist K (m) € N and unique collection of open subsets { P}, _, K (m) of P™ such
that

(i) P = P
(i) PN P; =0 fork#j;
(iii) B(A, B,z) =B(A, B,%) < (A, B,2), (A, B, %) € P for some k.

Proof. For simplicity, the case N = 2 is proved. The general case can be done analogously, the
details are omitted here. '

By Theorem 2.1, there exist K; € N and a unique collection of open subsets {Pk(’) },f;l of P®
such that

4d+3 Ki p().
M P =Uel P

@ PONPY =pfork#¢;
(3) BOAD, BD 70y =BOAD BO D) if and only if

(AD, BO ;D) (AD B :0) e D for some £,

wherei =1, 2.

Let K' = K - K5, define P = (P, ), where k = (ki — DKz + k2, 1 < ki < K1, 1<
ky < Kjp. Let

Py =P/, wherei= min{k | there exist Y@ o YD € BP and YD o U € B(l)}, (3.4)

1

and

Pr =P/, wherei= min {k|there exist YPoryWDeB?PandyPVoveBV}), (35)
>kg—1

for £ > 2 and k; € N such that P,gj = P;. Then there exists a positive integer K < K’ such that
{P}K_| satisfies (i)—(iii), then the proof is completed. O
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The ordering matrix X34y of all possible local patterns in {+, —}Z3xN i3 defined recursively

as
X3><N=
where
Xiyji:nl
]
Xi1j1=
Xi1j1;31
]
Xi1j1§i2j2§«--§i1<jk
Xivjisinjossivicl Xiyjisinja..
] ]
Xi|j|:i2j2:--<;ikjk:31 Xi|j|:i2jz;.-
] ]

for1 <k<N—2,and

Xiyjisinjosesin-1in-1

Xiyjis-sinotjn—1;11

@ %

Xipjiz.sino1jn-1:31

X11
0 ?
X3
] ]

X2

X3

Xil.i1;12
?
Xiyji;32
?

Sikjes12

ik k32

Xijis-sin—1jN-1512

Xiyjisesin_1in—1:32

Y/ %

] ]
X3 Xo4 3.6)
] g |’ ’
Xy Xy
] ]
Xijji;23 Xiyji4 3.7)
] ] ’ '
Xi1j1;43 Xi1j1;44
] ]
i1 j1i2j2s ik k23 Xiljl;iz,/z:---;ik,/k;24
] ] ’
Xiyjrzizjoresivicdd  Xipjuinjaicje:d4
(3.8)
] ]
Xigjissino1jn—=1523  Xiyjis.cino1jn—1;24
] ] ’
Xiyjisesin_1in—1:43  Xipjis.ivo1jv—1:44
3.9)

where 1 < ik, jr <4, and 1 < k < N. The construction contains a self-similarity property in
X3xn. Asin Section 2.1.2, Xj, ji:i ja:..iv—1 jn—1:in jy MEANS the pattern

(amrlzarizrlg) < (ar21r22aré2r23) DAY (aererar}verg)

in {+, =}"<N, where ay,,,dy ., is defined in (2.10), and

2

2

ir—1 . Jk—1 .
rk1=|: :|, rkzzlk—l—zrkl, V]/CZZI: :|» rk3=]k_l_2rl/c2'
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The pattern is @ if a,,, s = @ for some 1 < k < N. Otherwise, it is denoted by the pattern

(arllarl2arl3) < (arzlarzzar23) DAY (aeraerarm)

in {4, —}Zaxee,

As long as the basic set of the admissible local patterns B C {+, — 123+ s given, X, (B)
denotes the collection of all m-blocks generated by B. The subshift space of {4+, —}” is then
defined by

N . _
YU={Y(N)=(yi( Niez: thereexist U, YD, Y@ . yN-D }’ (3.10)

suchthat Y M o YV -"Do...o YD 6 U € X (B)
where X' (B) C {+, —}ZW(N“) is generated by B C {+, —}ZMN“).
3.3. Transition matrix

The basic set of admissible local patterns 5 = B(A, B, z) can be determined from the N-layer
CNN parameters (A, B, z). Denote by T}, the transition matrix induced by B™ C {+, —}L3x2,
where B™ is the basic set of admissible local patterns in the nth layer, and 1 <n < N. Let
Ty = T(B;U) be the transition matrix induced by B with the set of input patterns ¢/. The fol-
lowing theorem is then obtained.

Theorem 3.2.
Ty =Ty @ Egv-1) 0 (E4 ® Ty_1) € Mynit gnii (R), (3.11)
where
T,=(T, ®Ep1)0(E4®@Ty 1) € Myt gt (R) for2<n<N—-1, (3.12)
and
T =T 0 (E4®U) € Migx16(R), (3.13)

U is the transition matrix of U. Hence Ty is the transition matrix given in Theorem 2.3.
In particular, if N =2,

T, = (T2 ® E4) 0 (E4® (T1 0 (E4 ® 1))). (3.14)

Proof. For simplicity, the case N = 2 is proved. For N > 2, it can be done by mathematical
induction, thus is omitted.

Denote T, = (Tj,j)1<iy, ji<4 and Tr = (T; ) 1<iy, ji<s» Where T; ;€ Miex16(R) and
Ti, j, € Maxa(R) for 1 < iy, j1 <4. The case iy = ji =1 is proved, the others can be treated
analogously.

Denote T11 = (T11;i5 ) 1<, jo<d» Where Ti1:i, 5, = ((11:injnziz j3) 1<is, 3 <4 € Maxa(R), for
fixed 1 < iz, jo <4, and T11 = (t11:i,) 1<in, <4 € Maxa(R). Since the output patterns of the
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first layer will be treated as the input patterns of the second layer, let I/, be the output patterns of
the first layer coupled with input /. By Theorem 2.3, the transition matrix of i is

Ti =Ti o (E4®U) € Migx15(R). (3.15)
Denote
Ti=Tijp)i<inn<ts Tinjy = Fiyjniinja)1<ia, jy<d € Maxa(R). (3.16)
Then
fll;izjz:i3j3 =1 & tuipp=1 and iizjz;i3j3 =1, (3.17)

for 1 <i2, jo, i3, j3 < 4. Thatis,

Ti =(T11 ® E4) o (T1 o (E4 @ U)). (3.18)
The proof is completed. O
3.4. Entropy and zeta function

This subsection introduces the formula for calculating entropy and zeta function of N-layer

CNN. Let S® = {sl.(;‘)}lg,-’ j<4 be the alphabets, and let S, and S be the symbolic transition

matrices of 7, over S™ and ’i‘N for 1 <n < N. By Theorem 2.9, ngn is a sofic shift induced
by B™, where G, is the labeled graph representation of the nth layer. Furthermore, Yy is the

output space induced by the N-layer CNN as defined in (3.10). The following theorem can be
obtained by the same method in Theorem 2.13, so the details are omitted.
Theorem 3.3. Yy is conjugate to Xg;.

The definition of convolution is given below.
Definition 3.4. Let X,Y be two shift spaces with graph representation Gx = (Vx, £x),
Gy = (Vy, &), resp., then the convolution of X, Y, denoted by X % Y, is the shift space with
underlying graph Gx.y = (Vx«v, £XxY), Where

Vxay = { f(x) €&y | x € Vx} (3.19)

for some f: Vx — &y.

The convolution theorem for an N-many sofic shift is then obtained.

Theorem 3.5. Let X¢ be the sofic shift induced by B, then

Xgs = ngN ERE S ngz * ngl (3.20)
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is the convolution ofXgSl s XgSN’
Sy =Sy ® Eqv-1) 0 (E4 ®Sn_1), (3.21)
where
S =u @ Ep1)0(E4®S,_1) € Mynsi gt (R) for2<n<N—1, (3.22)
and
S1=S10(E4®U) € Mis(R). (3.23)

Proof. This can be done using the same method used in the proof of Theorem 3.2, the details are
omitted. O

Thus, the theorems for entropy and zeta function can be found via the same methods as de-
scribed in the last section.

Theorem 3.6. For a given B C {+, —}23xw+1 | let Yy = Yy (B) be the shift space induced by B.
Then there exists a labeled graph representation H = (H, L') such that

h(Yy) = h(X3) =log p(H), (3.24)
and
& (1) = [ [ det(7 — tHY V', (3.25)
k=1

where Hy, is the kth signed subset matrix of H, and r is the cardinal number of the underlying
graph H.

An example for 2-layer CNN is illustrated here.

Example 3.7. Consider (A, B,z) with AV =A@ =4, BO =B@ =B, ;) =7;@ =7 and
A, B and 7 satisfy the same condition described in Example 2.5. Moreover, the set of input
patterns is given by U = {— + —, — + +, + — +}. Then BD =BAD, B D14y consists of
the following patterns:

-0 - -0 - —O— -9+
-8 — B+ + 8+ — B —
-o+ —o+ +o - +o -
-8B+ +8+ -8 - — B4+
+O+ +o+ +o+ +0 -
+8+ — B8+ — 8- +8+
+0-— +&— —®+ - @&+
—HBH+ — 8- +B8+ — 8+
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Denote U, the output patterns of BD je.,
w={-----++-—+++++-—++5

Then B® = B(A(2), B® @, U») consists of the following patterns:

+ &+ + &+ + O+ + & —
+ 8 + + B8 — + 8- + 8+
+ @ — + &+ + & — — @+
+ 8- — B+ +8-— + B+
+ &+ — &+ + &+ + & —
- B+ + 8 — -8 - — B+
— &+ — @ — + & — — @ —
+ 8 — + 8 + — B+ + B8 —
+ @ — - @+ -O - -0 -
— 8- — @+ -8 - -8B+
-0 - -—O+ -0+ —0O-
— B + — B — — B8+ + B8 -
-o+ + O - —-O— + 66—
— B+ —B8 - + 8 — — B8+
= —o+ +o—

+ 8+ + B8 - — B+

The transition matrix T = T((A, B, z); U) is then

T=| - , (3.26)

where
n 1 0 0 Tn T; 0 O
s A~ o 0 0o m - o o 01
Ti1 =Ty =Ty = n oo 0 0] T = n o o0 0]
0 0 T4 T 0 0 0 0
00 0 0 00 0 0 T, T, 0 0
- oo o o - o o 0o m - o 0o 0o mn
T23_OOOO’T24_T2000’T31_0000’
00T T, 0 0T T 0 0 0 0
and
00 00 0000 0000
00 1 1 00 1 1 00 0 1
i=lo 100" 2=looool B=|o1 00
00 00 0000 00 00
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Table 3.1

Some maximal eigenvalues produced in one-layer CNN with input

Maximal eigenvalue Characteristic polynomial
A =2 t—2

hp =1.9479 R YANIPL B, P P |
A3 =1.8832 =28 42 -2 +1
hg=1.8393 B2 —r+1

X5 =1.7549 P22 411
re=1.7417 B =27 15— 41+ —23 442 -1
A7 =1.6992 P2t 32+ 1
rg=g=1618 2—r—1

Ao =1.5618 -2 44— 24 —1
Aio=1.5289 P -2t 43 -1

Let S = {s11, 512, 523, 524, $31, 543, S44}, the symbolic transition matrix is

suTi s 0 0
0 0 T T
S— ) 523T23  $24T24 ’ (3.27)
531 T31 0 0 0
0 0 543Ta3  544Tas

which is not right-resolving. Using subset construction method, the spatial entropy then can be
found, h((A, B, z); U) = log A, where A = 1.49676 is a root of f(r) =18 — 210 +¢* —3r> — 1.
Moreover, the zeta function is

; (t)_(1+t+t3)(1+t—t3)
TN T L =22 44— 316 — 487

3.5. The broken of symmetry

The basic set of admissible local patterns B can be determined from (A, B, z). The entropy
of each partition is symmetrical in one-dimensional CNN without input, i.e., where B =0 [15].
For example, if (A, z) is picked such that a; > a, > 0, then parameters a and z have 25 regions.
Clearly,

h(B([m,nl)) = h(B([n,m])) for1<m,n<4. (3.28)

The symmetry is broken for the one-layer CNN with input, as shown below with an example.
Consider

dx;
d—tl =—x; +@yi—1+ay; +aryi+1 +buui—1 +bu; +bruit1 + z, (3.29)

where b; = 0, then the symmetry of entropy is broken, as revealed in Fig. 3.1.
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Fig. 3.1. The effect of input patterns. The parameters a;, a,, b, b, are considered as follows. (i) @; > a > b > by > 0,
(i) a; < b+by, (iii) a; + b, < ar +b. Subfigure (a) lists regions that produce positive entropy. Those regions with positive
entropy are symmetric, i.e., h([m, n]) = h([n, m]). However, such property would be destroyed when input patterns are
given. Subfigure (b) lists the same regions as in (a) but the input patterns &/ = {——, —+, +—} are considered. It is seen
that the symmetry is no longer hold. Herein, k; =logA; for 1 <i < 10 are listed in Table 3.1.
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Appendix A

This appendix introduces in detail the relationship between the admissible local patterns and
the partition of parameter space in Example 2.5. A one-dimensional CNN with input is of the
form

dx;
d—tl =—x; +ayi—1 +ay; +aryit1 +bui_1 +bu; +bruir1 +z, (A.D)

where A = [a;, a, a,], B =[b;, b, b,] represent the feedback and controlling templates, respec-
tively; y = f(x) = %(lx + 1] — |x — 1)) is the output function, and z is the threshold.

Consider that ay, a,, b;, b, b, satisfies the inequality in Example 2.5, i.e., the partition for the
parameter space {(ay, ar, by, b, b,)} is chosen. For a given mosaic solution X, the state at cell C;
is +,i.e., X; > 1, if and only if

a—1+z>—(ayi—1 +aryit1 +bu; +bruiiy). (A.2)
Similarly, the state at cell C; is —, i.e., Xx; < —1, if and only if

a—1—z>ayi—1+ayi+1+bu; +brujy. (A.3)

Let o = (a7,a), B = (b1, b,b,), V' ={v=(v;) e R": |v;| =1 forall 1 <i < n}, the basic set
of admissible local patterns with “+” state in the center is defined as

B(+,A,B,2)={vowia—14+z>—(a-v+B w} (A.4)

where v € V? and w € V3. Similarly, the basic set of admissible local patterns with “— state in
the center is defined as

B(— A B, )= ow:a—1—z>a-vV+8 -0} (A.5)
Furthermore, the basic set of admissible local patterns derived from (A, B, z) is denoted by
B(A,B,7) = (B(+, A,B,z),B(—, A, B, z)). (A.6)
Let K?, EJT denote the linear maps

+

a—l—{—z:ci and a—l—z:c;

for some c;r , c;, 1 <1, j <32, respectively. By the conditions (i)—(iv) in Example 2.5, the fol-

lowing relation can be obtained:
cf <y < <cg<0<cy<cg<-<cy, (A7)

and ¢, = —c3+3_k, 1 <k <32, where
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[010] f;_
o
Fig. A.1. The (a — 1, z) bifurcation diagram.

¢f =—aj—a,—b—b—b,, cy=a—a —b+b—b,,
¢; =—aj—ar—b —b+b,, Clg=a—ar —b +b+b,
¢ =—aj—ar—b+b—b,, cg=a+a,—b —b—b,,
¢g =—a—a,—b +b+b, Cyo=—a1 +ar +b;+b— by,
s =—aj+a,—b—b—b,, ¢ =a+a —b—b+b,,
g =—a+a,—b—b+b,, c2_2=—a1+ar+b1+b+br,
¢; =—aj—a+b —b—b,, ¢y =a; —a, +b —b—by,
cg =—a—a, +b —b+b, cyy=a;—ar+b —b+by,
cg =—aj+ar—b+b—b,, c=a+a,—b+b—b,
o =—a+ar—b+b+b,, c=a+a—b+b+b,,
¢ =ar—ar—by—b—b,, Cyy=a;—ar +b +b—by,
1 =—a—a, +b;+b—b,, C%=a1—0r+bl+b+br7
¢y =ai—a, — by — b+ by, Cy9g=a;+ar+by—b—by,
¢y =—ai—ar +b+b+b, cyg=ar+ar+b —b+by,
cs =—ai+ar+b —b—b, 3y =a+ar+b +b—b,
Cig =—a+ar+b —b+b, cyp=a+ar+b+b+b.

Fig. A.1 depicts a bifurcation diagram of the (a — 1, z) parameter space. The basic set of admissi-
ble local patterns is then determined once the parameters a and z are chosen, i.e., some specified
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1:+06+ 2: 406+ 3:4606+ 4:40+
+ 8+ + 8- + 8+ + 8-
5: 40— 6: 40— T:+d+ 8:4+d+
+8+ +8-— -8+ —B—
9:+9— 10:4+®— 11:—D+ 12:4+D+
+B8+ +8- + 8B+ B4
13: -+ 14: 406+ 15:+&— 16: 4+ —
+8— - 8- — B+ Ay
17: -+ 18:—d+ 19:—d— 20:+D —
+ 8+ + 8- + 8+ — B84+
21: —®— 22:4+®— 23:—D+ 24:—D+
- - —-B— — B4 =
25:—®— 26:—6p— 27:—B+ 28:—6p+
+8+ +8- -8+ -B-
29:—-—- 30:—-— 31:—— 32:—D—
— B+ —B— — B+ =

Fig. A.2. The order of the appearance of the patterns with state “4” in the center.

1:—6-— 2:—6— 3:—6—- 4.:.-6-—

= - B+ — B - — B+
5:—6+4+ 6:—6+4+ T:—6-—- 8:—6-
— 8- - B+ + 8- + 8+
9:—6+ 10:—6+4+ 11:46- 12: -0 -
— B - — B4+ = + 8-
13:46—- 14:—6- 15:—6+ 16:—c+
-8B+ + 8+ +8-— +8+
17:4+6—- 18:+6—- 19:4+46+ 20:—cS+
— B8 - — B+ = + 8 —
21:4+6+ 22: -6+ 23:+6— 24:4+0-—
-8+ + B+ +B8- +8+
25:+0+ 26:4+04+ 27:+0—- 28:4+0—
-8 -8+ +8— +8+
29:+0+ 30:+0+ 3l:+0+ 32:+0+
+8- +B8+ +8— +8+
Fig. A.3. The order of the appearance of the patterns with state “—" in the center.

region in the bifurcation diagram is selected. More precisely, if a region [m, n] in the bifurcation
diagram has been chosen, then for y o u € B(+, A, B, z), the admissible local pattern with state
“4” in the center, y ¢ u satisfies the following inequalities:

a—1+z>—(a-y+B-u, (A.8)
oh<a—l+z<ch . (A9)

Similarly, for y’ o u’ € B(—, A, B, z), y' ¢ u’ satisfies the following inequalities:

a—1—z>a-y +8-u, (A.10)
(A.11)

¢, <a—l—z<c, .
In other words, m patterns have the center state “+”, and n patterns have the center state “—".
The chosen partition uniquely determines the order of those patterns. Fig. A.2 lists the order of
the patterns with “+” in the center. Fig. A.3 lists the order of the patterns with “—" in the center.
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