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Miniaturized Dual-Band Hybrid Couplers
With Arbitrary Power Division Ratios

Ching-Luh Hsu, Jen-Tsai Kuo, Senior Member, IEEE, and Chin-Wei Chang

Abstract—Branch-line and rat-race couplers are designed to
have dual-band operation with arbitrary power division ratios.
An elementary two-port is proposed to imitate the 90 section
at the two designated frequencies with different characteristic
impedances. The two-port consists of a stepped-impedance section
with open stubs attached to its two ends, and its circuit parameters
are determined by the transmission line theory. The use of the
stepped-impedance sections also leads to circuit miniaturization.
By the standard microstrip technology, investigated also includes
the realizable power division ratios and circuit bandwidths in
the two bands, the upper limit of the ratio of the two designated
frequencies and the miniaturization factor of the proposed circuit.
Hybrid couplers operating at 2.45/5.2 GHz with various power
division ratios are designed, fabricated and tested. Experiment
results are compared with the theory and simulation.

Index Terms—Branch-line coupler, dual band, miniaturization,
rat-race coupler, stepped impedance.

I. INTRODUCTION

D ESIGN OF multiband RF circuits has become an impor-
tant research topic due to recent rapid development of mo-

bile and wireless communications. Existing examples of dual-
band systems include the GSM 900/1800 cellular phone and the
802.11a/b wireless local area network (WLAN). For saving cost,
multiband components are usually required in the RF parts of
these systems. Obviously, a single circuit operating at multiple
bands is of particular interest since it uses a smaller circuit area
and possibly possesses lower insertion loss.

Hybrid couplers are one of the most important passive mi-
crowave devices. In the past, several approaches have been pro-
posed for design of dual-band hybrid couplers [1]–[8]. In [1]
and [2], the quarter-wave sections of the conventional
coupler are replaced by composite right/left-handed transmis-
sion lines. In their realization, however, significant losses are
caused by the lumped elements and via-holes in the assembly
of left-handed transmission lines. In [3] and [4], a straight line
section loaded with a shunt element is proposed to play the role
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of a section in a conventional hybrid for dual-band purpose.
The design is based on the equivalence of the matrices
of the two elementary two-ports at the two designated frequen-
cies. The cross-coupled [5] and the three structures in [6] can
also be used to implement dual-band quadrature couplers. In [7],
a hybrid-ring loaded with two identical short-circuited stubs is
proposed to realize the dual-band performance. In [8], a rat-race
coupler operating at two widely separated frequencies is devised
with a compact size and low insertion loss.

It has been shown in [9]–[12] that hybrid couplers may have
arbitrary output power division by controlling the characteristic
impedances of the sections. The purpose of this paper is
to extend their formulations to develop dual-band branch-line
and rat-race couplers with arbitrary power divisions at the two
designated bands. These couplers will be useful for dual-band
mixers and antenna arrays.

For rat-race and branch-line couplers, miniaturization is of
particular interest since the conventional circuits has a circum-
ference of or . Multifolded traces [13] and fractal-line
sections [14] and patterned ground structures [15] are possible
ways to miniaturize the circuits. In [16], the area reduction is
achieved by line sections loaded with several equally separated
open stubs. In [17], a periodic stepped-impedance ring is de-
signed to shrink the size of a rat-race coupler by more than 75%.
In [18], the dual-band 2.45/5.2 GHz rat-race coupler with equal
power division uses only 21% of the area of a conventional cir-
cuit at the first band. The circuits proposed here also provide
good size reduction factors, and this will be discussed latter.

This paper is organized as follows. In Section II, design equa-
tions for single-band hybrid couplers with arbitrary power di-
vision are briefly reviewed. These equations are extended in
Section III to perform the dual-band operation. Design graphs
for such dual-band branch-line and rat-race couplers are demon-
strated in Sections IV and V, respectively. The constraint of the
design imposed by the line width resolution in microstrip real-
ization is also investigated. Measurement and simulation results
of some experimental circuits are presented in Sections VI, and
a conclusion is drawn in VII.

II. HYBRID COUPLERS WITH ARBITRARY POWER

DIVISION FOR SINGLE-BAND OPERATION

Fig. 1 shows the circuit schematics of the two hybrid cou-
plers with arbitrary power division. For a branch-line hybrid
with and , the charac-
teristic impedances and are given as [10], [11]

(1)
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Fig. 1. Circuit schematics of: (a) branch-line coupler and (b) rat-race coupler
with arbitrary power division for single-band operation.

(2)

where is the system impedance. The rat-race ring in Fig. 1(b)
has six sections with alternative characteristic impedances

and to achieve an arbitrary power division [12]. The
power division ratio is dB
and is related to and by

(3)

In synthesis, when the power division is given,
and can be expressed as

(4)

(5)

(6)

One can see from (1) and (2) for the branch-line coupler and (4)–
(6) for the rat-race coupler, that once (or ) is given, there is
no degree of freedom in choosing the design parameters for the
circuits in Fig. 1.

III. ELEMENTARY TWO-PORT FOR DUAL-BAND OPERATION

Both the hybrids in Fig. 1 consist of several sections at
the design frequency. The admittance matrix of such a section
with characteristic impedance can be written as

(7)

The elementary two-port in Fig. 2 is proposed to imitate the
sections to our purpose. It consists of two identical high-

segments on both sides and a low- segment in the middle.
In addition, two shunt elements are attached to the ends of the
two-port. This two-port has to imitate an electric length of 90
and different equivalent characteristic impedances at the two
designated frequencies (denoted as , , and ) to
perform the dual-band operation. The design is as follows. Let

be the impedance ratio of the section. To

Fig. 2. Elementary two-port for design of dual-band hybrids.

facilitate the derivation of the -matrix of the two-port in Fig. 2,
one can utilize the symmetry of the network [18]. If the imitated
characteristic impedances at and are, respectively,

and , one can validate that

(8a)

(8b)

where

(8c)

(8d)

and and are evaluated at . The functions and
are directly related to the input admittances of the net-

work in Fig. 2 when its symmetric plane is open and short cir-
cuited, respectively. Enforcing the diagonal terms of the -ma-
trix of the two-port to zero, we have the shunt susceptance

(9)

Since both the hybrids in Fig. 1 are closed structures, the two
shunt susceptances at each impedance junction can be merged
together and implemented by a single open stub. Let be the
length at and be the characteristic impedance of the stub.
Then the susceptances of the stub at and are
and . For branch-line couplers, the length can be
obtained by [18]

(10)

where the subscripts and denote the shunt susceptances for
imitating the sections with and in Fig. 1(a), respec-
tively. The characteristic impedance of the stub can then be
calculated by

(11)

For the dual-band rat-race coupler, the characteristic imped-
ances and and the shunt susceptance can be determined
in a similar fashion. Given and the power division (in deci-
bels) at and at , values of and can be known.
Define

(12)
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Fig. 3. (a) Branch length and (b)� �� against the frequency ratio� � � ��
for various values of � and �.

If is chosen, (12) can be reduced to

(13)

which can be used to solve the total length .
Fig. 3(a) plots the values of against the frequency ratio 1.8

2.8 for various and values with , which is
an approximate solution for minimizing [17]. Since
for all the case studies, sections with can be used for size
reduction. Furthermore, the larger the value is, the smaller
the lengths of the branches are. Obviously, the branch lengths
can also be saved due to the shunt elements [19]. It can
be validated that such dual-band coupler has an area reduction
factor of for operation at . Note that when ,
i.e., the power divisions in the two designated bands are iden-
tical, it can be derived that [18] and the area
reduction factor is , in comparison with the con-
ventional circuit at . Fig. 3(b) plots ratios for all case
studies in Fig. 3(a). It indicates that the characteristic imped-
ances of the branch lines of the dual-band hybrid are higher than
those of a single-band counterpart. Note that by the standard
microstrip process, the value has an upper realizable limit,
and so do and . Thus, the degree of miniaturization and
the power division of our proposed circuits cannot be arbitrary.
This point will be investigated below.

IV. DUAL-BAND BRANCH-LINE COUPLER WITH

ARBITRARY POWER DIVISIONS

Let and be, respectively, the power division ratios at
and in decibels. For a dual-band branch-line coupler, the

Fig. 4. Circuit layout of a dual-band branch-line coupler with arbitrary power
division ratios.

required values of and at the two frequencies can be
calculated by (1) and (2). By choosing and merging the
adjacent shunt open stubs, the final circuit layout is shown in
Fig. 4. In this study, let GHz and GHz.

For and and , , and
dB , Fig. 5(a) plots the normalized characteristic impedances

of the branches and Fig. 5(b) plots that of the shunt open stub
against the power division ratio in decibels. First consider the
design with and

. The characteristic impedances of the section in Fig. 2 for
imitating the and sections can be simply expressed as

(14)

(15)

From (10), , and from (11),

(16)

In our microstrip fabrication process, the characteristic
impedance of the minimal line width is about 150 for a
substrate with and thickness mm. Thus, the
normalized impedances , , and must
be no more than 3.0 when . As shown in Fig. 5(a),
the upper limit of is decreased approximately linearly from
8.6 to 6.4 dB when is increased from 1.8 to 2.8. In Fig. 5(b),

can be obtained when for dB.
If , (12) can be invoked as the first step to calcu-

late the circuit parameters. For example, dB at
GHz and dB at GHz. From (1) and (2), it

can be validated that and and and
at and , respectively. The value of in (12) are

then set to and for im-
itating the and sections, respectively. As indicted
in Fig. 5(a), the values of and are 50 and 100 ,
and from (13), their lengths at are 54.84 and 44.84 , re-
spectively. Based on (10), the parameters for the shunt stubs are

and . When , Fig. 5(a) shows
that the upper limits for realizable power division ratios for
are 7.5, 6.4, and 5.8 dB when , , and

, respectively.

V. DUAL-BAND RAT-RACE COUPLER WITH

ARBITRARY POWER DIVISIONS

Fig. 6 shows the layout of the dual-band rat-race coupler
with . Each of the six interlaced quarter-wave or

sections in Fig. 1(b) will be replaced by the elementary
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Fig. 5. Normalized characteristic impedances against power division ratio for
the dual-band branch-line coupler with � � � for various �. (a) � and �
sections. (b) � �� .

two-port in Fig. 2. The realizable power division ratio limit of
the rat-race coupler is investigated as follows. Let and

, respectively, denote the characteristic impedances of the
stepped-impedance section in Fig. 2 for the and sections
in Fig. 1(b). The value of can be determined by (8a) once

and are known. Fig. 7(a) plots and
and Fig. 7(b) plots of the shunt stub against

for various when the stepped-impedance section has .
When , it can be seen that the upper limit of is 11 dB,
and that when for , ,
and .

For investigating the size reduction factor with ,
Fig. 8(a) and (b), respectively, plot and against

for various values when (e.g., GHz
and GHz) and . When ,

, as shown via the horizontal dashed line in
Fig. 8(a). When , each curve has a minimum
and it decreases as is increased. When , it is found
that the condition of the minimum can be approximated by

. Fig. 8(b) indicates that for .
For the circuit with dB and , the characteristic

Fig. 6. Circuit layout of the dual-band rat-race coupler with arbitrary power
division ratios.

Fig. 7. Normalized characteristic impedance against power division ratio for
the rat-race coupler for various �. (a) � �� and � �� . (b) � �� .

impedance . From (19) and
(20), when dB, , and , then

and . In Fig. 8(b), it is noted
that each curve increases monotonically when either
or is increased if .

As indicated in Fig. 8(a), more circuit miniaturization can be
achieved by using . It is found however, that also
increases at the same time when is increased. It means that
the size reduction factor has an upper limit. For the section,
Fig. 8(b) shows that its ratio must be no more than 2.12,
2.455, and 2.698 when dB ,
3 dB , and 6 dB , respectively, as



HSU et al.: MINIATURIZED DUAL-BAND HYBRID COUPLERS WITH ARBITRARY POWER DIVISION RATIOS 153

Fig. 8. Solutions for the circuit with � � � and � � ����. (a) � � � .
(b) � �� .

indicated by the three horizontal dashed lines. If
dB and , it can be found that is about 8.4 to achieve

the minimal length, as shown by point . Point in Fig. 8(b),
however, indicates that such value of is forbidden since

. We can increase from 16.8
to 17.5 for reducing . When , there are
two possible solutions as indicated by points and . Only
the design with the smaller (point or ) is feasible since
the value at point (or ) is not realizable. Detailed
data show that the section (point ) length is 60% of that for

. The size reduction of the section in Fig. 6 can be
done in a similar fashion.

When the coupler has dB and dB, it is nec-
essary to solve (12) with and for the and

section, respectively. It can be validated that
and and and at and ,
respectively. Fig. 9(a) and (b) plot the results for and

against for and . Note that the solu-
tion is decreased when increases for a given . In Fig. 9(b),
the horizontal dashed lines show the borderlines of forbidden re-
gions for miniaturizing the and section of the coupler with

dB and dB. For the section, it is possible
to realize the following parameters: , ,

, and (point ). Thus, the length of the
section is reduced by a factor of (point

). For the section, however, is not adequate for
a substrate with and 0.508-mm thickness because the

Fig. 9. Solutions for the circuit with � � ����,� � � dB, and � � � dB.
(a) � � � . (b) � �� .

TABLE I
CIRCUIT PARAMETERS OF THE TWO EXPERIMENTAL

DUAL-BAND BRANCH-LINE COUPLERS

solution of is only 3 when (point ) since it
is not practical to implement such a short section with a large
width. In Fig. 9(b), point indicates the realizable for

section when and . In this way, however,
the total length of section can be reduced by only 17%. For-
tunately, for the coupler with , the section tends to
have a shorter length than the section for the same value.
On the contrary, the section will be longer than the sec-
tion when the coupler has for the same value.

VI. SIMULATION AND MEASUREMENT

In the following, the two operation frequencies of all experi-
mental hybrids are 2.45 and 5.2 GHz. Two branch-line and three
rat-race couplers are fabricated and measured. The circuit pa-
rameters and the circuit bandwidths are listed in Tables I and II,
respectively. The bandwidths are measured by the frequencies
where dB, dB,

dB, and . The counterparts of
the three rat races are in Tables III and IV. For simplicity, only
one circuit is chosen from each type of the coupler to compare
the measured data with simulation. All simulations are carried
out by the full-wave software package IE3D [20].

The first branch-line coupler (Coupler ) is designed to have
dB and dB using . Fig. 10(a) com-
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TABLE II
BANDWIDTHS (%) OF THE TWO EXPERIMENTAL

DUAL-BAND BRANCH-LINE COUPLERS

TABLE III
CIRCUIT PARAMETERS OF THE THREE EXPERIMENTAL DUAL-BAND RAT RACES

TABLE IV
BANDWIDTHS (%) OF THE THREE EXPERIMENTAL DUAL-BAND RAT RACES

pares the measured responses of , , , , and
with the simulation data. The measurement shows

that at GHz, dB, dB,
dB dB , and dB,

and at GHz, dB, dB,
dB dB , and dB. The

error of dB could be caused by the discontinuities. The
measured relative phase deviations at and

are only 2.2 and 3.1 , respectively. Fig. 10(c) shows the pho-
tograph of the experimental circuit. Note that is chosen
for this coupler. The shunt stubs are folded to accommodate the
room inside the ring. It is simply due to that the stubs already oc-
cupy almost all the space inside the coupler. If is used, the
space inside the circuit will not be sufficient for the stubs, since
the stepped-impedance design will shrink the coupler area. On
the other hand, if it is designed at a lower frequency, the space
can be larger, then the use of , and hence, a better size
reduction factor, becomes possible.

The second branch-line coupler (Coupler ) is designed with
dB, dB, and . Its circuit parameters

are listed in Table I. In comparison with Coupler , the char-
acteristic impedances of the branches and stubs are slightly in-
creased, but the electric lengths have relatively large changes.
The simulated and measured fractional bandwidths of couplers

and are in Table II. For Coupler , the bandwidths at and
are of the same order, but for Coupler , the relative band-

widths at are much larger than those at . The measured data
have good agreement with the simulation.

The first experimental rat-race coupler (Coupler ) is de-
signed to have dB and dB. The shunt open stub

Fig. 10. Performances of 2.45/5.2-GHz branch-line coupler (Coupler �) with
� � � dB and� � � dB. (a) �� �, �� �, �� �, �� �, and � � � .
(b) Photograph of the fabricated circuit.

has and . Fig. 11(a) plots the simu-
lation and measured responses of , , , and .
The measurement shows that at , dB,

dB, dB dB , and
dB, and at , dB, dB,

dB dB , and dB. Note
that and have been accurately implemented. Fig. 11(b)
plots the phase differences and , re-
spectively. The measured data show that the relative phase devi-
ations are 1.3 and 2.4 and
are 1.8 and 2.1 at and , respectively. The simulation and
experiment results have good agreement all over the band of in-
terest. Fig. 11(c) shows a photograph of the measured rat race.

The second dual-band rat-race coupler (Coupler ) has
dB and dB, and the third one (Coupler ) has

dB. The characteristic impedances and electric lengths
at of the arms and shunt stubs are summarized in Table III.
Note that the parameters of Coupler can also be referred to
points and in Fig. 9. There is one degree of freedom in
solving (8a) and (8b) when . We enforce
in design of Couplers and . However, in design of Coupler

, we enforce . The total circumference of Couplers
, , and are only 267.1 , 243.9 , and 248.8 so that the

circuits use only 24.5%, 20.4% and 21.2%, respectively, of the
area of a conventional circuit at .

The simulation and measured bandwidths of the three exper-
imental rat races are listed in Table IV. Obviously, the band-
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Fig. 11. Performances of the 2.45/5.2-GHz rat-race coupler (Coupler �).
(a) �� �, �� �, �� � and �� �. (b) � � � , and � � � .
(c) Photograph of the fabricated circuit.

widths of the circuit at the two operating frequencies are much
smaller than those of the conventional single-band circuit. In
general, the bandwidths measured by relative phase deviation 5
are smaller than those by dB and dB,
and the bandwidths of the couplers at are wider than those
at , except for coupler of which the bandwidth of the am-
plitude unbalance at 5.2 GHz is slightly wider than
that at 2.45 GHz. All measured data have good agreement with
the simulation results.

VII. CONCLUSION

Design technique for dual-band branch-line and rat-race
couplers with arbitrary output power division ratios has been
presented. An elementary two-port consisting of a stepped-
impedance section with two shunt open stubs is used to imitate

the section at two designated frequencies. The parameters
of the two-port are determined by formulating the equivalence
between the two-port and the imitated section at the designated
frequencies. Design graphs are provided for determining circuit
parameters. In planar realization, the power division ratio is
mainly limited by line width of the high- segment of the
stepped-impedance section while the frequency ratio is limited
by that of the attached open stub. It has been shown that a good
miniaturization factor for rat-race couplers can be achieved if
a large impedance ratio is chosen. The agreement between the
measured data and the simulation results of the experimental
circuits validates the theory.
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