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DANIEL TEAGUE AND HELEN COMPTON

PROBLEM STATEMENT

he school board has just decided that every mathematics classroom in your school will be able

to purchase a computer for classroom demonstrations. Your teacher has asked you to help

determine which computer to buy. The class investigates and finds a “Consumer’s Tips"”

column that rates the different computers from

which the teacher can choose.

The consumer guide rates the computers from 0 to 10 on
Performance and Affordability. A score of (0, D) is terrible
performance and unaffordable, while a score of (10, 10) is a
perfect computer. The computer ratings are shown in Table 1.

Which do you think is the best computer?

Table 1. Consumer’s Tips Ratings.

COMFUTER PERFORMANCE AFFORDABILITY
A 6.4 8.5
B 7.3 7.5
C 9.3 3.8
D 8.8 6.0
E 7.3 6.0
F 5.5 9.7

SAMPLE SOLUTIONS

here are several ways to determine criteria for establishing which
computer is the “best” one. For all methods, the first step is to graph

Table 2. Greatest Sum Comparisons

the data. A long list of numbers rarely tells you what you need to

know and often makes comparisons difficult. It easier to see the data if COMPUTER PERFORMANCE AFFORDABILITY Sum
they are plotted on a coordinate plane. The farther to the right a point is
located, the greater the performance of the computer it represents. The higher A a4 8.5 149
on the plot a point is located, the greater the affordability of the computer the 5 =
point represents. Thus, we want computers that are represented by points B 73 7.5 14.8
which are far to the right and also high up. If there were a computer that was -
prich ass far o e C 93 338 13.1
vight and highest up, D 8.8 6.0 148
we would certainly pick . i . . i -
that one. However, E 73 6.0 13.3
high-performing
computers ate gererally |, "t F - F 5.5 9.7 152
the most expensive and, f £
therefore, least 2 B
S é £ F Table 3. Greatest Product Comparisons
From the plot in Figure b . P
1itis clear that # 9r )
Computer C has the 1{ e COMPUTER PERFORMANCE AFFORDABILITY ProoucT
best performance, as ¥
rated by Consumer’s A 6.4 8.5 54.40
Tips, while Computer F B =3
Sips, while Computer N I B 73 7.5 54.75
Computers A, B, D, and |: C 03 38 35.34
E all hawve good F ‘ > _ >
performance and are FIGURE 1. AFFORDVARILITY PLOTTED AGAINST PERFORMANCE. D 8.8 6.0 52.80
reasonably affordable. E 73 60 13.80
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GREATEST SUM AND GREATEST PRODUCT SOLUTIONS o EE Wi 5335
The most common student solution involves the largest “total” measure.
Computer A, with a score of 6.4 for Performance and 8.5 for Affordability,

produces a total score of 6.4 + 8.5 =149, Students rank the computers
according to total scores. If this method is used, the rankings will look like
those in Table 2.

With this criterion, we see that Computers F and A finish first and second,
respectively, while Computers B and D tie for third. Some students use the
product rather than the sum to determine the “total” score. Table 3 shows the
ranking using product as the criterion. Using this criterion, we find that
Computers B, A, and F finish first, second, and third, respectively.
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Why choose a product over a sum, or vice versa? Which is the more natural
measure? One way to think about this is to consider the geometric aspects of
the problem in conjunction with the analytic measures.

Imagine two rectangles, each with cne corner at the origin and anocther corner
diagonally opposite at (6, &) and (4, 8), respectively (Figure 2). Which rectangle
is the larger? If you consider perimeters, then the larger rectangle is the one
with the larger perimeter. This is the sum model. In this case, both rectangles
have the same perimeter and so we would consider them to be equally large,
and the computers they represent would be equally good.
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FIGURE 2. LARGEST RECTANGLE FORMULATION OF THE PROBLEM.

However, if you consider areas, then the larger rectangle is the one with the
larger area. This is the product model. The rectangle with coordinate (6, &)
woiild be larger since it has the larger area. Consequently, the computer
represented by the point (6, 6) would be the better computer.

THe TV MEASURE “ 4.8

This discussion may bring up a third &1 i, €7
measure, which students typically call the ir N
“TWV" measure. The size of a TV screen is L

given as the length of the diagonal across

the screen. Students familiar with TV 1
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FIGURE 48. DETERMINING THE
“BEST"USING THE GREATEST SUM MEASURE.

FIGURE 44. GECMETRIC VIEW OF THE
GREATEST SUM MEASURE.

[ B

P

with corners at (1, 0) and (4, 8) is larger
than the rectangle with corners (0, 0) and
(6, 6) because it has the larger diagonal

FIGURE 3. TV or DiaconaL MEASURE.

measre, 42 + 82 = /&0 compared to /6% +6% = 472 . (See Figure 3.)
Using the TV measure, we find that Computer F is the best, followed by
Computers D and A (Table 4).

GEOMETRIC INTERPRETATIONS

There is another geometric interpretation to the sum, product, and TV
measuires. First, consider the greatest sum measure. If two computers have the
same sum, they are considered equally good. For example, a Computer 3, with
a Performance measure (P) of 8 and an Affordability measure (4) of &, and
Computer R, with a Performance measure of 4 and an Affordability measure of
10, would be equally valued. Any two computers for which P+ A = 14would be
valued equally with these two. If the sum is greater than 14, thenit is
considered a better computer. Since the equation P + A = 14 is the equation of a
line in the plane, a geometricinterpretation of this measure argues that any

Table 4. TV Measure Comparisons

COMPUTER PERFORMANCE AFFORDABILITY TV MEASURE
A 6.4 8.5 10.64
B 7.3 7.5 10.47
C 9.3 3.8 10.05
D 8.8 6.0 10.65
E 73 6.0 945
F 55 97 11.15

Table 5. Closest Distance Comparisons

COMPUTER PERFORMAMCE AFFORDABILITY DISTANCE
A 6.4 8.5 3.90
B 7.3 7.5 3.68
C 9.3 3.8 6.24
D 5.8 6.0 4.18
E 73 6.0 4.83
F 55 9.7 451

point in the half-plane above the line is considered better than any computer in
the half-plane below the line (Figure 4a).

The best computer, then, will be the last point lying abowve the line P +A =k for
the largest possible value of k. From our chart, the largest sum is 15.2, so the line
P+ A=15should separate this computer (Computer F) from all others (Figure 4b).

The product model works similarly, although the boundary is different. If the
product P« A =k is the same for two computers, then the computers are valued
equally. The equation P+ A =k is not a line in the plane, but a hyperbola. Figure
5a shows the graph of P+ A = 54. Notice that the curve now handicaps

FIGURE 54. GEOMETRIC VIEW OF THE FIGURE 5. (GECMETRIC VIEW OF THE
GREATEST PRODUCT MEASURE. TV MEAsURE.

computers that are very large in one attribute but small in the other. This
measure gives the advantage to computers that have a substantial value for
both measures.

The TV measure is simply the distance from the origin. The plane is being
carved up into concentric circles centered at the origin. The point farthest out is
on the circle with greatest radius, shown in Figure Sb.

D1SsTANCE DEFINITION OF BEST

A perfect computer would be one that had a score of (10, 10). One way to define
the best is to determine which computer comes “closest” to being a perfect (10,
10) computer. We can see which computer is closest by measuring the Euclidean
distance between their evaluation scores and the best score (10, 10). The distance
is given by the value of the expression \-'[10 - Performance)? + (10— Affordability)? .

For this measure, we want the smallest value. From Table 5 we see that
Computer B is the “best buy” according to the criterion of being the closest to
the perfect computer. Computers A and E are second and third on this list.

The distance definition also hasa
geometric interpretation. Any two
points thatare the same distance ]y a
from the point representing our
perfect computer (10, 10) are
equally valued. The set of points a
given distance from a fived pointis| [ i
a circle. 5o the distance definition
divides the plane into concentric
circular regions centered at (10, 10).
The point in the circle with the f ,
smallest radius represents the [ S 1
“best” computer. (See Figure 6.)

10, 10
(*

FIGURE 6. GECMETRIC VIEW OF THE CLOSEST
DETANCE MEASURE.

REFLECTIONS ON THE SOLUTIONS

The different solutions presented here are all reasonable and valid ways to
compare items, and all can be generalized for situations in which more than two
attributes are considered. Complications can arise if the scales for each attribute
are different, so all individual measures should be normalized before beginning.
In this example, both scores ranged from 0 to 10, The sum, product, and TV
measures have difficulty when high values of one attribute are “good,” but low
values of another attribute are “good.” The consumer’s guide solved this
problem by using an Affordability scale rather than price. The distance measure
can handle this complication easily. We can measure the distance from our
given values to the coordinates of our “Ideal” object. The shortest distance is the
one we want and indicates the object that is most like the ideal. For example,
new-model running shoes are constantly being added to every manufacturer's
line while older models are eliminated. Ten years ago one of us found the
“perfect” shoe. Unfortunately, that shoe is no longer manufactured. So now we
purchase the shoe whose ratings for cushioning, flexibility, stability, and weight
come “closest” to the old shoes. O
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MEP: Demonstration Project Unit 16: Inequalities

ACTIVITY 16.4 Linear Programming

Linear Programming was developed during the Second World War to solve complicated
optimisation problems.

Sample Problem

To find the best (cheapest) way to organise coaches
for a school trip for 560 people (pupils and staff).

The coach firm contacted has two types of coaches:

Coach type Capacity  Cost per hour  Neo. available
Double decker 60 £50
Single decker 40 £40 15

Method

Let x = no. of double deckers and y = number of single deckers.

1.  The firm has only 6 double deckers, so 0<x <6.
Write down a similar constraint for y.

2. (a) What is the total number of passengers who can be carried in x double deckers
and y single deckers?

(b)  Write down the appropriate inequality to be satisfied. 4
3. On an appropriate set of axes, similar to those opposite, e

illustrate all three inequalities on a graph by first .

drawing x =0, x =6, etc. L

12

4. The boundaries of these lines define the feasible region .

in which all the inequalities are satisfied.
Show this region by shading.

5. The cost, Cis given by the formula C = 50x + 40y.
Lines given by C = constant are straight, parallel lines.

i

0 2 4 5 8 W 12 14

(a) Draw C=1000, C=900, C=800, etc. on your graph.

(b) At what point will C reach its minimum value inside, or on, the boundary of the
feasible region?

(¢) What is the optimum (best) solution to the problem?

© CIMT, University of Exeter
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