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Chapter 1

Introduction and Preliminaries

This thesis is devoted to a study of topics in graph theory: Near Automorphisms
and Chaotic Mappings. We start with an introduction of terminologies in graph

theory.

1.1 Basic Notions of:Graphs

A graph G is a triple consisting of a wveitex-set V(G), an edge set E(G), and a
relation that associates with each edgestworvertices (not necessarily distinct) called
its endpoints. A loop is an edge whose endpoints are equal. Multiple edges are edges
having the same pair of endpoints.

A simple graph is a graph having no loops or multiple edges. We specify a simple
graph by its vertex set and edge set, treating the edge set as a set of unordered pairs
of vertices and writing e = uv (or e = vu) for an edge e with endpoints u and v.
When u and v are the endpoints of an edge e, they are adjacent and are neighbors,
and we say they are incident to e. We write u «<» v for "u is adjacent to v”.

The degree of vertex v (in a loopless graph) is the number of incident edges. In
many important applications, loops and multiple edges do not arise, and we restrict
our attention to simple graphs. Thus in a simple graph we view an edge as an

unordered pair of vertices and can ignore the formality of the relation associating



endpoints to edges. This study emphasizes simple graphs.

A graph is finite if its vertex set and edge set are finite. We adopt the convention
that every graph mentioned in this study is finite, unless explicitly constructed oth-
erwise. An independent set (or stable set) in a graph is a set of pairwise nonadjacent
vertices. A graph G is bipartite if V(G) is the union of two disjoint independent
sets called partite sets of G. A graph G is k-partite if V(G) can be expressed as the
union of £ independent sets. A path is a simple graph whose vertices can be ordered
so that two vertices are adjacent if and only if they are consecutive in the list. A
cycle is a graph with an equal number of vertices and edges whose vertices can be
placed around a circle so that two vertices are adjacent if and only if they appear
consecutively along the circle.

A subgraph of a graph G is a graphH suclithat V(H) C V(G) and E(H) C E(G)
and the assignment of endpoints to edges-in H is‘the same as in G. We then write
H C G and say that "G contains H”. A graph G is connected if each pair of vertices
in G belongs to a path; otherwise; Gis disconnected. An isomorphism from a simple
graph G to a simple graph H is a bijection (one to one correspondence) f : V(G) —
V(H) such that uwv € E(G) if and only if f(u)f(v) € E(H). We say "G is isomorphic
to H”, written G = H, if there is an isomorphism from G to H. The (unlabeled)
path and cycle with n vertices are denoted P, and C),, respectively; an n-cycle is a
cycle with n vertices. A complete graph is a simple graph whose vertices are pairwise
adjacent, the (unlabeled) complete graph with n vertices is denoted K,,. A complete
bipartite graph (or biclique) is a simple bipartite graph such that two vertices are
adjacent if and only if they are in different partite sets. When the sets have sizes r
and s, the (unlabeled) complete bipartite graph is denoted K, ;.

The structural properties of a graph are determined by its adjacency relation and



hence are preserved by isomorphism. An automorphism of G is an isomorphism from
G to G. A graph G is vertez-transitive if for every pair u,v € V(G) there is an
automorphism that maps u to v. The components of a graph G are its maximal
connected subgraphs of G. A component (or graph) is trivial if it has no edges;
otherwise it is nontrivial. An isolated vertex is a vertex of degree 0. A cut-edge
or cut-vertex of a graph is an edge or vertex whose deletion increase the number of
components. We write G — e or G — M for the subgraph of G obtained by deleting
an edge e or set of edges M. We write G — v or G — S for the subgraph obtained by
deleting a vertex v or set of vertices .S, and its or their incident edges.

A directed graph or digraph G is a triple consisting of a vertex set V(G), an arc
set A(G), and a function assigning each direct-edge an ordered pair of vertices. The
first vertex of the ordered is the tadl of the direct-edge, and the second is the head;
together, they are the endpoints.” We say that.an direct-edge is an direct-edge from
its tail to its head. The terms ”head” and "tail” come from the arrows used to draw
digraphs. As with graphs, we assign ‘6ach vertex a point in the plane and each edge
a curve joining its endpoints. When drawing a digraph, we give the curve a direction
from the tail to the head. In a digraph, a loop is an edge whose endpoints are equal.
Multiple direct-edges are direct-edges having the same ordered pair of endpoints. A
digraph is simple if each ordered pair is the head and tail of at most one direct-edge;
one loop may be present at each vertex.

A digraph is a path if it is a simple digraph whose vertices can be linearly ordered
so that there is an direct-edge with tail v and head v if and only if v immediately
follows u in the vertex ordering. A cycle is defined similarly using of the vertices on
the circle. A graph with no cycle is acyclic. A forest is an acyclic graph. A tree is

a connected acyclic graph. A leaf (or pendent vertex) is a vertex of degree 1. Paths



are trees. A tree is a path if and only if its maximum degree is 2. A star is a tree
consisting of one vertex adjacent to all the others. The n-vertex star is the biclique
Ky -1 (or S,—1). If G has u,v-path, then the distance from u to v, written dg(u,v)
or simply d(u,v), is the least length of a w,v-path. If G has no such path, then
d(u,v) = oco. The diameter (diam G) is max,cv(q) d(u,v). The eccentricity of a
vertex u, written €(u). The radius of a graph G, written rad G, is min,cy () €(u).
The diameter equals the maximum of the vertex eccentricities. A caterpillar is a tree

in which a single path (the spine) is incident to (or contains) every edges.

1.2 Motivation

To determine whether two graphs are isomorphic or not is one of the most impor-
tant and difficult problems in graph:.theory. It is known that solving the problem by
using an algorithm is an NP-hard problem:. Similarly, given a graph G, to determine
the set of automorphisms of G-is not easy at all. Practically, we may have to check
all permutations of V(G) in order to find Aut(G)r Therefore, some permutations are
indeed automorphisms, but there are permutations which are not automorphisms.
Among all the permutations of V(G), we are interested in knowing a way to measure
how close (or how far) a permutation is from being an automorphism.

From the definition of an automorphism f of G, it is not difficult to see that
dg(u,v) = dg(f(u), f(v)), i.e., the permutation f is an isometric mapping (keeping
distance fixed). So, if a permutation g of V(G) fails to do the job, it is not an
automorphism. This phenomenon motivates us to observe how much can a permu-
tation ¢ affect the distance of u and v to the distance of ¢(u) and ¢(v) for each

pair of vertices u and v in V(G). So, we define the total relative displacement of G,

i (G) = Z |de(u,v) — da(f(u), f(v))|. Clearly, 6;(G) = 0 if and only if f is
u,veV(G)



an automorphism of GG. Furthermore, if a permutation f which gives the smallest
positive value in {d,(G) : ¢ is a permutation of V(G)}, f is very close to being an
automorphism. Such a permutation is now known as a near automorphism of G. On
the other (opposite) direction, we may also try to find a permutation f such that
d¢(G) attains the largest value of {,(G) : ¢ is a permutation of V(G)}, f is then
called a chaotic mapping of GG. The later part of this research is also motivated by
the sorting problem in computer science.

Due to practical reasons, in order to study the disorderedness of input data, they
only consider the situation in which data are arranged on a path or a cycle. For
convenience, we use a path to explain the notion. Now, let P, =1,2,--- ,n be a path
with n vertices 1,2,--- ,n arranged as < 1,2,--- ,n >. Clearly, fori =1,2,--- n—1,
(i, + 1) is an edge of P, and thusydp (4,44:1) = 1. Moreover, d,, (i,j) = |i — j|.
So, if the sorting data are distributed randomly to another path with the same set
of vertices of Z =< 21,29, =, z, >, then dp, (iyi + 1) may not be the same as

dp, (2i, ziv1)- It is natural to define the oscillation Z of P, by

n—1
Ou(2) = (|21 = zina| = 1).
=1

Then, finding maxzcg, Os.(Z) reveals the maximum disorderedness of the input data

arranged on a path. See [4,10] for references.

1.3 Total Relative Displacement

Let G = (V, E) be a connected graph of order n and f be a permutation of V.
The relative displacement of two distinct vertices u and v in G is then denoted by
d(u,v) = |d(u,v) — d(f(u), f(v))|. In addition, let d(u) = Zch(u,v), and then

the total relative displacements of permutation f in G is the sum of d¢(u,v) over



all the (5) unordered pairs {u,v} of distinct vertices of G' denoted by d¢(G), i.e.,

55(C) = 3 b5, 0) = 5 37650,

It is CTZZI" that a permuiation f is an automorphism of G if and only if §¢(G) = 0.
Let 7(G) and 7*(G) denote the smallest nonzero total relative displacement and the
largest total relative displacement in GG, respectively. The permutations which realize
7(G) and 7*(G) are called the near automorphism and the chaotic mapping of G,

respectively.

For clearness, we give an example here.

Example 1.3.1. Let f; = (1,2), fo = (1,3) and f3 = (1,2,3), then

Gy
1 4
2 3
ﬁ
2 4 5f1(Gl):8
1 3
ﬁ
I A R
2 1
f3 : '
2 4 5f3(G1):8
3 1
6



By checking all permutations of the six vertices, we are able to see that 7(G) = 8
and 7*(G) = 8. From this example, it is not difficult to realize that finding 7(G) and

(@) for a general graph is going to be very challenging.

In what follows, we explore some properties of total relative displacements

Lemma 1.3.2. Let G be a graph and let f be a permutation of V(G). Then §;(G)

is even. Moreover, m(G) and 7*(G) are even.

Proof. Let f be a permutation of V(G) and k be a positive integer. Then

[{{z,y} - dz,y) = K} = {{z, 4} - d(f(2), f(y)) = K}

which implies that

dey Zd Y)).

z#yeV(G) z#yeV (G

0 if d(z ) > difC), fy))
Lot 0@ 1) = {1 gty T el ) T e

01(G) = > ldlw,y) —d(f(x), f(y))]
z,yeV(G)
= > (@ Vd(z,y) = Y (—D)°EVd(f(x), f())-
z,yeV(G) z,y€V(G)
Since Z d(z,y) = Z (=1)°@9d(z,y) (mod 2) and
x er(G) z,y€V(G)
> d )= > (=1)°@Vd(f(x), f(y) (mod 2),
z,yeV (G z,yeV(G)
> (— VeV d(,y) = > (1) Vd(f (@), f(y) (mod 2).
z,yeV(QG)

z,ye€V(G)
So, 0;(G) =0 (mod 2) and 7(G) and 7*(G) are even.

Lemma 1.3.3. If f is a permutation of V(G) and h is an automorphism of a graph
G, then 5h0f<G) = (Sf(G) = (Sfoh(G).



Proof. Since h is an automorphism, each vertex pair of V(G) preserves their dis-
tance by h. Thus d(h(f(z)),h(f(y))) = d(f(z), f(y)) for each vertex pair {z,y}.

Then the equality follows.

Onof(G) = Y ld(w,y) = d(h(f(x)), h(f(1)))]

= x7y§0) |d(z,y) — d(f(z), f(y)] = 0¢(G)

= %SIH%M tx,y € V(G), d(x,y) = i,d(f(x), f(y)) = 7} - |i = Jl

ijllizl;lH{h(w), h(y)} : h(z), hy) € V(G),d(h(z), h(y)) = i,
d(f(h(x)), f(h(y))) = 7} - |i = ]

=05on(G)

Lemma 1.3.4. Let f be a permutation of V(G) and f(v) = v for some v € V(G).

Then §¢(v) is even.

Proof. Since 6¢(v) = gﬁ:v&f(u,v) = > rld(ugv) = d(f(u),v)|, 0;(v) = > (d(u,v) —

uFv uFv
d(f(u),v)) = > du,v)= > d(f(u);0)=(med 2). By the fact that f is a permutation,
uFv u#v
> d(u,v) =Y d(f(u),v)). Hence, d;(v) =0 (mod 2). ]
uFv uFv

If the graph we consider is vertex-transitive, for example C),, then we have better

properties.

Lemma 1.3.5. If G is a vertex-transitive graph and f is a near automorphism of G,

then d¢(v) is even for each v € V(G).

Proof. Let h be an automorphism of G. Then, for each v € V(G), Opor(v) =

> d(v,u) =d((ho f)(v), (he )] = > [dv,u) =d(f(v), f(u))] =
ueV(G)\{v} ueV(G)\{v}
dr(v). Now, consider f. If there exists an v € V(G) such that f(v) = v, then

by Lemma 1.3.4, we have the proof. Otherwise, since G is vertex-transitive, there

8



exists an automorphism h of G such that h(u) = v where u = f(v). Therefore,
(ho f)(v) = h(f(v)) = h(u) = v. This implies that dj.r(v) is even. By Lemma 1.3.3,

dnof(v) = d¢(v). Hence d¢(v) is even. ]
Lemma 1.3.6. Let v € V(G), f(v) =v and 6;(v) # 0. Then there exist at least two
distinct vertices u and w such that 0;(u,v) and d;(w,v) are positive.

Proof. Suppose there exists a unique v € V(G) such that d¢(v) = dp(v,u) #

0. Then > |d(v,w) — d(f(v), f(w))| = 0. This implies that for each w €

weV(G)\{v,u}
V(G)\{v,u},d(v,w) = d(f(v), f(w)) = d(v, f(w)). Now, since f(u) # v and f(u) #
u,d(v, f(u)) =d(v, f2(u)) = d(v, f3(u)) = - --. By the fact that f is a permutation of

finite order, there exists a t < |V(G)| such that f*is an identity and thus d(v, f(u)) =

d(v,u). This contradicts d¢(v,u) # 0,sandswe, have the proof. ]

For convenience, we need a motion called the ‘displacement graph of graph G.

Definition 1.3.7. Suppose G is a graph and f s a permutation of V(G). The
displacement graph of G with réspect to f is the directed multigraph G[f] whose
vertex set V(G[f]) = {a1, as,-- - ,a;}, where t = diam(G), and the arc set A(G[f]) =

{(ai,a;) : i # j, there is a pair of vertices u and v such that d(u,v) = ¢ and d(f(u),
f(v)) =7}

It is not difficult to see that for each displacement graph of G with respect to a
non-automorphism, deg™(a;) = deg™(ay) # 0.

Note that if there are exactly s pairs of vertices u and v such that d(u,v) = i
and d(f(u), f(v)) = 7, then (a;, a;) occurs in G[f] exactly s times, i.e., (a;, a;) is of
multiplicity s. For each unordered pair {u,v} of distinct vertices of G, let a(u,v)
denote (a;, a;), where d(u,v) =i and d(f(u), f(v)) = j.

We now have a couple of conclusions about the structure of G[f].

9



Lemma 1.3.8. For each vertex a; € V(G[f]), 1 <i < diam(G), deg™ (a;) = deg™ (a;).

Proof. Thisis a direct consequence of the fact that [{{u,v} : u,v € V(G), d(u,v) =

it ={{z w}:z,we V(G),d(f(2), f(w)) =i}| where 1 < i < diam(G). ]
Lemma 1.3.9. 6,;(G)= > |i—j|.

(as,a7) EA(G[f])
Proof. The lemma follows from Definition 1.3.7 easily. ]

Lemma 1.3.10. Let G be a graph and f be a permutation of G but not an automor-

phism, then there is an edge uv of G such that 0;(u,v) > 1

Proof. If §¢(u,v) = 0 for each edge uv € E(G), then f(u)f(v) is still an edge in G,

i.e., f is an automorphism.
Lemma 1.3.11. If f is a permutdtion of V(G)s then 6;(G) = 0;-1(G).

Proof. Obviously, G[f] and=G|f '] have’the saine vertex set, but their arc sets

have the inverse direction. Thus, by Lemma-1:3.9,-we have 6;(G) = d;-1(G). ]

Lemma 1.3.12. Let G be a connected graph which is not complete. Then 2 < 7(G) <

2lV(G)| — 4.

Proof. Note that there exist no near automorphisms for a complete graph. There-
fore, we only consider those graphs which are not complete. Since G is not a com-
plete graph, there exist three vertices x,y and z such that zy,zz € E(G) and
yz ¢ E(G). Then, let f be the transposition (zy). Clearly, f is not an auto-
morphism, since z is adjacent to z but y is not adjacent to z. As for 7(G), since
3r(G) = Y {df(u,v) | Hu,v} Nn{z,y}| = 1} < 2|V(G)| — 4, we conclude that
m(G) < 2|V(G)| — 4. By the fact that n(G) is even and 7(G) # 0, 2 < 7(G)

follows. i

10



1.4 Known Results

The notion of near automorphism was first introduced by Chartrand et al. in
[5] and they conjectured that 7(G) = 2n — 4 where G is a path with n vertices.
Later, Aitken [1] proved this conjecture and among other things, characterized those
permutations f for which 7(G) = 6;(G) = 2n — 4 when G is a path with n vertices.
He also proved that, if n > 25, then the only values of §¢(G) less than 4n are 2n — 4,

4n — 12, and 4n — 10, and he classified the permutation f that give these values.
Theorem 1.4.1. [1] n(P,) = 2n — 4.

Theorem 1.4.2. [1] Let G be a path with n vertices where n > 25, and let f be a
permutation of V(G). If 0 < §;(G) < 4n then 6¢(G) is one of the following: 2n — 4,
dn—12, or 4n—10. Let h: V(G) =WAG) be ithe function which sends i ton —i+ 1.
Then either f or ho f is of the following-form : (i) a transposition switching i and
i+ 1 for some 1 < i <n—1zhere §p(G) = 2n —4, (ii) a transposition switching i
and i+ 2 for some 1 <i <n—2 here ;(G) =4n — 12, (iil) a three cycle permuting
i, i+1, and i+ 2 for some 1 <i <n—=2"here 0;(G) = 4n — 10, or (iv) a product of
a transposition switching i and i + 1 with a transposition switching j and j + 1 where

1<i<i4+1l<j<n-—1, here 6;(G) =4n —12.

In 1999, Chartrand, Gavlas and Vander Jagt [5] claimed that 7(K,,,) = 2(m +
n — 2), for all integers 2 < m < n, but, as a special case of a more general treatment,
Reid [12] proved Theorem 1.4.3. He also determined 7 (K, n, ... n,) and described the
permutations f of K, pn,. ... n, for which 0;(Ky, ny e n) = T(Kny g, ne)-

Let K, n,.. n, be a complete t-partite graph with partite sets X;, X5, -, X; and

| X;| = n;. Let f be a permutation of V (K, n,... n,). For each 1 <1i,j <t, define

a;; = |Aij(f)] = {z : xz € X; andf(z) € X;}|.

11



Then,
t
(1.1) 0 (Kpymgemd) = > _mi— > al).
i=1 1<i,j<t

Reid then transformed the problem into the combinatorial optimization problem
of maximizing the sums of the squares of the entries in certain ¢ by ¢ matrices with
non-negative integer entries in which the sum of the entries in the ith row and the
sum of the entries in the ¢th column were each equal to n;, 1 < i < t. Following this
effort, he obtained the following two results.

Theorem 1.4.3. [12] For all positive integers m and n, where max(m,n) > 2. Then

[ 2m ifn=m+1,
W(Km,n) - { 2(m +n — 2) otherwise.

Theorem 1.4.4. [12]

( 2111 =2 if=ni = =n, <npp <o <y,
and t > (h+ 1), for some h > 2;
2ng, if L=ny< ny orn, > 2 and

N1 =0 + 1 for some k,1 <k <t—1,
and 2+ ny, < ny + ng, where ky
1s the smallest index for which
Nko+1 = N + 1;
2(ny +ng —2)  otherwise.

W(Knhnz,...,nt) =

\

where Ky, n, ... n, denotes the complete t-partite graph with t-partite sets of cardinality

ng <ng < - <y

In the other direction, Fu et al. [9] studied the maximum value of the total
relative displacements of permutations in a graph G. They transformed the problem
of finding 7* (K, n,.. m,) Into a quadratic integer programming problem, equation
(1.1), and developed a characterization of the optimal solution. A polynomial time

algorithm running in O(n’logn) time was then developed to solve the problem, where

12



n was the number of vertices in the multipartite graph. Moreover, in [7], they studied
the total relative displacement of the permutations in complete bipartite graphs and
complete tripartite graphs with an approach different from that in [9]. They also
developed an algorithm running in O(ni) time for finding the chaotic numbers of
complete tripartite graphs, where ns is the number of vertices of the largest partite
set.

In this thesis, we shall mainly study the near automorphisms of certain graphs
such as cycles and trees. For cycles C,,, we prove that 7(C,,) = 4|5 ] —4 for n > 4, and
for the trees, we characterize the trees T where 7(T') = 2 or 4 or 2n — 4 respectively.
As to m(G), we obtain a better lower bound for G = P, than that achieved earlier

by Chiang et al. in [6].

13



Chapter 2

Graphs G with 7(G) =2 and
m(G) =4

We start this chapter with a review. It was shown in Lemma 1.3.12 that if G is
a connected graph which is not complete, then 2 < 7(G) < 2n — 4. Aitken showed
that 7(P,) = 2n — 4 in [1], therefore, it is interesting to know the oppositive case for
which graphs G, 7(G) = 2.

In this chapter, we shall first ‘consider the graphs G such that 7(G) = 2. Then,

for the rest of this chapter, the'trees I with w(77).= 2 or 4 are characterized.
2.1 7(G)=2

The following lemma plays an important role in determining the graphs G' with
m(G) =2.

Lemma 2.1.1. If there are two vertices w and v of graph G such that |N[u|| =

IN[v]| + 1, N(u) \ N[v] = {w}, d(v,w) =2 and d(z,w) > d(xz,v) — 1 for all x # w,

then 7(G) = 2.

Proof. Let f be a transposition (uv). Then §;(G) = |d(u,w) — d(f(u), f(w))| +

|d(v, w) = d(f(v), f(w))] = 2. .
The lemma is not the sufficient condition, for example, see Figure 2.1

14



4

Figure 2.1: f = (34)(56) and 6;(G) = 2.

Proposition 2.1.2. If 7(G) = 2 and the near automorphism is a transposition (uv),
then |N[u]| = [N[v]| + 1, N(u) \ N[v] = {w}, d(v,w) = 2 and d(z,w) > d(xz,v) — 1

for all z # w. (see Figure 2.2.)

Figure 2.2: f = (uv) and 0;(G) = 2.

Unfortunately, we are not able to characterize all graphs G with 7(G) = 2 at this
moment. But, if G is a bipartite graph, then we are able to do so. In fact, we prove

a more general case.

Theorem 2.1.3. Suppose G is a connected graph without 3-cycles and 5-cycles, and

|V(G)| > 3. Then, m(G) = 2 if and only if G ~ Ps.

Proof. It is clear that w(P;) = 2. On the other hand, suppose n(G) = 2 but
G 2 P;. In this case, |V(G)| > 4. Choose a near automorphism f of G such that

d¢(G) = 2. By Lemma 1.3.10, there exists an edge uv € E(G) such that ds(u,v) > 1

15



Also, by Lemma 1.3.8 and Lemma 1.3.10 deg™ (a;) = deg (a;) > 1 and so in fact
A(GIf]) = {{ar, az), (az, a1) } as (G) = 2.

Let a(u,v) = (a1, az). Therefore, d(f(u), f(v)) = 2. Let w be the vertex in G
such that (f(u), f(w), f(v)) is a path in G. Clearly, d(f(u), f(w)) = d(f(w), f(v)) =
1. Thus, d(u,w) < 2 and d(w,v) < 2, and at most one of them is equal to 2.
Furthermore, w is not adjacent to both u and v, for otherwise there is a C5, which is
not possible. By symmetry we may assume that d(w,v) =1 and d(u,w) = 2, and so
(u,v,w) is a path in G.

Since |V(G)| > 4 and G is connected, there exists a vertex z adjacent to some
vertex of {u,v,w}. If z is adjacent to u, then z is not adjacent to v and so d(z,v) =
d(f(2), f(w)) = 2 implying that d(z,w) = 2 and so there is a Cj, a contradiction.
The case z is adjacent to w can bé treated similarly. If z is adjacent to v, then
d(z,u) = d(z,w) = 2 implies that d(f(z),f(u)) =d(f(z), f(w)) = 2, and so there is

a (5, again a contradiction. Hence the theorem is true. [

2.2 Trees T with n(T)=4

By Theorem 2.1.3, if T'is a tree with m(T") = 2, then T is a path with three vertices.
Therefore, the smallest total relative displacement left to consider is 7(T) = 4. In

what follows, we obtain a characterization of such trees T'. First, we need a lemma.

Lemma 2.2.1. If u,v and w are three vertices in a tree T, then d(u,v) = d(w,u) +

d(w,v) (mod 2).

Theorem 2.2.2. If T is a tree of order at least 4. Then w(T') = 4 if and only if there
exists a vertex x such that T — x contains an isolated vertexr and a component Ko,

with the only exception that m(S3) = 4.
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Proof. By Theorem 2.1.3, we have w(T) > 4 if |V(T)| > 4. Hence the trees with
order 4 are Py and Ss, and 7(P;) = 4 and 7(S3) = 4. Assume that u is an isolated
vertex in T" — x, and v belongs to the component K, of T'— x and is adjacent to z.
Let the transposition f = (uv). Then 6;(T) = dp(w,u) + dp(w,v) = 2+ 2 = 4, see

Figure 2.3. Thus, 7n(T) = 4.

Figure 2.3: f = (uy) and 6;(G) = 4.

Conversely, suppose that m{T") =4.=Then A(T[f]) is equal to {({a1,as), (as,a),
(aj,ai41), (@iy1,a;) @ for somed, 1 <4< t}, {(d1,a2),(as,as),(as, a1)}, {{ai,as),
(a2, a1), (as, a2)} or {{a1, as), (as/am)}.

Case 1. A(T[f]) = {{(a1, az), (a2, a1), (@i, ai+1), (ait1,a;) : for some i,1 < i < t}.
When ¢ = 1, we claim that T' ~ S3. By the same argument as in Theorem 2.1.3, there
are three vertices u,v,w of V(T') such that (u,v,w) and (f(u), f(w), f(v)) are two
paths in 7', and |V (T)| > 4. Since d(u,w) = 2, d(f(u), f(w)) = d(f(v), f(w)) = 1 and
(a;,a;) ¢ A(T[f]) for i > 3 or j > 3. Hence, none of the vertices of V(T') \ {u, v, w} is
adjacent to u or w in T'. With the same argument, since d(f(u), f(v)) = 2, d(u,v) =
d(v,w) =1 and (a;,a;) ¢ A(T|[f]) for i > 3 or j > 3, we get that for each vertex y of
V(T)\{u,v,w}, f(y) must be adjacent to f(w). Then each vertex of V(T')\ {u, v, w}
contributes 2 to m(T"). Hence 6;(G) = 2(|V(T)| — 2) = 4 implies that |V (T)| = 4,

and T ~ Ss.
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Otherwise, for i > 2, we have |V(T')| > 5. Let a(xg,z;) = (a;,a;+1) and the path
from z to x; in T be (xg, x1,...,7;) and y be a vertex of V(7T') such that f(y) lies on
the path from f(x¢) to f(z;) . Without loss of generality, we let d(xo,y) > d(z;,y).
Since d(xo, ;) # d(f(xo), f(xi)), we have d(xo, 1) # d(f(xo), f(x1)) or d(zy, ;) #
d(f(z1), f(x:)), Le. alxo, z1) or a(zy,2;) € A(T[f]).

If a(zg, 1) € A(T[f]), then a(zg,x1) = (a1,as). Furthermore, if i > 3, then
a(xg, z2) = (az,a1) or a(xe,x;) = (ag,ar). But, when a(xg,x2) = (as,a1), d(f(zo),
f(x) < d(f(xo), f(x2)) + d(f(z2), f(z;)) = 1+ (1 —2) = i — 1, a contradiction.
On the other hand, if a(xq,x;) = (as,a1), i = 4, d(f(xo), f(z4)) < d(f(xo), f(22)) +
d(f(xq), f(x4)) = 2+ 1 = 3, also a contradiction. Thus the only possible case left
is i = 2. Then, a(xg,x1) = (a1, a2) and 0;(z1,z2) = 0 imply that d(f(zo), f(z2)) =
d(f(xg), f(x1)) + d(f(x1), f(z2)), f(Zy)is‘omthe path from f(zg) to f(x2) and the

path is (f(zo), F(), f(o1), f(2)). [Siiide|dlahg) e d(zs,9), alzo,y) € ATIF), in
fact a(zo,y) = (az,a;). The induced subgraph of {x¢, z1, 25, y} in T is a star with
center z1. Since |V (T)| > 5, thére exists another vertex z which is adjacent to one of
{z0, 21, z2,y}, and no matter which one is adjacent to z, d;(z) > 2, a contradiction.

Now, suppose that «(z1,z;) € A(T[f]) and d¢(x, z1) = 0. Then a(x;,x;) is equal
to (a1, as) or (as,a1), i = 2 or i = 3. First, for i = 3, we have d(f (o), f(z3)) <
d(f(zo), f(z1)) + d(f(x1), f(x3)) = 1 + 1 = 2, a contradiction. Hence, i = 2 and
the path from f(zo) to f(22) is (f(zo), f(z1), f(y), f(22)). Since d(f(y), f(z1)) =
d(f(y), f(z2)) = 1 and d(z1,x2) = 1, by Lemma 2.2.1, we have a(y,z1) = (as,a;) or
a(y, x2) = (ag, ar) in the tree T'. If a(y, z1) = (a2, a1), then we have §¢(y, z2) = 0 and
the induced subgraph of {z¢,x1, 22,9y} is a path (xq, z1, 29, y); if a(y, z2) = (as, a1),
then we have d(y,z1) = 0 and the induced subgraph of {x¢, 1,22, y} is a star with

the center x1. Since |V (T')| > 5, there exists a vertex 2z’ which is adjacent to one of
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the vertices in {xg, z1, 22, y}. Clearly, no matter which one is adjacent to 2/, we also
have d¢(2') > 2. Thus, this case is not possible.

Case 2. A(T[f]) = {{a1,a2), {as,a3), {az,a1)}. Let a(u,v) = {(ai,az) and (f(u),
f(w), f(v)) be the path in T" for some vertex w. Then d(f(w), f(u)) = d(f(w), f(v)) =
1 implies that one of the elements in {d(w,u),d(w,v)} is 1 and the other one is 3.
By Lemma 2.2.1, this case is impossible.

Case 3. A(T[f]) = {{(a1,a3),(az,a1),{as,as)}. By Lemma 1.3.11, if f is a
near automorphism, then f~! is also a near automorphism. Moreover, A(T[f!]) =
{{a1, as), (as, as), (as,a;)}. Thus, by Case 2, Case 3 is also not possible.

Case 4. A(T[f]) = {(a1,as),(as,a1)}. Let a(u,v) = (a1,a3) and {z,y} be
a pair of vertices of T such that (f(u), f(z), f(y), f(v)) is a path in 7. Then,
A (), 1)) = d(f(2), F(v) = 2 iugpliediind(u, y) = d(z, v) = 2, and d(f(u), ()
= d(f(z), f(y)) = d(f(y), f(v)) = 1 implies that one of the elements in {d(u,z),
d(x,y), d(y,v)} is 3 and the other two are 1 in tree: 7.

If a(z,y) = (as,a1), then in T’ the graph induced by the vertex set {u,v,z,y}
is the path (z,u,v,y). If |V(T)| = 4, then T' ~ P,. If |V(T)| > 5, then there is a
vertex w which is adjacent to one vertex in {u,v,z,y} and keeps the condition that
dr(w) = 0. This is impossible, since d¢(w) > d7(w, z) + d¢(w,y) > 0.

In addition, since a(u, ) = {(az,a;) and a(y,v) = (a3, a;) are similar cases, we con-
sider the case a(u,z) = (as,a;). Then the graph induced by {u,v,x,y} is (u,v,y, ),
and it’s obviously an exchange of x and v. If |V/(T')| > 5, then for each vertex w
in V(T)\ {w,v,z,y}, df(w) = 0. Moreover, in order to maintain d;(w) = 0, all the
paths which combine each vertex in {u,v,x,y} to each vertex in V(T) \ {u,v,z,y}
must pass through y. This implies that 7" — y contains an isolated vertex x and Ky

induced by {u,v}. Furthermore, the near automorphism is the transposition (vz).
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This concludes the proof. [

So, we have obtained the trees T' of order n such that 7(7T) = 4. But, for larger
values ¢, 4 < t < 2n—4, to determine the trees 7" with 7(7') = ¢ seems quite difficult.

We shall make an effort in Chapter 4 to find those trees T' with 7(T") = 2n — 4.

20



Chapter 3

Near Automorphisms of Cycles

As mentioned earlier in Theorem 1.4.1, the near automorphisms have been charac-
terized by Aitken and he also proved that m(P,) = 2n — 4. Therefore, it is natural to
ask what are the set of near automorphisms of C,,, the cycle of order n, and we shall
answer this question in this chapter. Furthermore, by using the idea we obtained in

showing 7(C,) = 4[5 ] — 4, we obtain an,alternative proof of w(P,) = 2n — 4.
3.1 m(C,) = 4|2] <4

For convenience, the n-cycle ', we consider throughout this chapter is denoted
by (U,\_%J, Cee U1, V0, Vg, ,U\_%J) (for n even we let V_|n| = UL%J) and the vertices
are distributed on the cycle evenly. Now, clearly the permutations g(v;) = v_; and
h(v;) = viy; for some j, 1 < j < ¢, and for all 4, 1 < i < ¢, are automorphisms of
(. The permutations g and h are the mirror reflection and the rotation respectively

( geometrically speaking).
Theorem 3.1.1. 7n(C,) = 4|5 — 4.

Proof. Let the permutation be the transposition (vgvy). Then, by direct counting,
we have 7(C,) < 6;(C,) = 4|5] —4. For n < 3, all permutations of C;, are auto-

morphisms. Therefore, we start our proof by showing that for each positive integer
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n >4, 0y(C,) > 4|5 — 4 for any non-automorphism f.

Since C), is a vertex-transitive graph, by Lemma 1.3.5, we may assume that f is a
non-automorphism of C,, such that f(vy) = vy and d(vp) = min{ds(v) : v € V(C,)}.

Clearly, if 6¢(vg) > 4, then 6;(C,,) > 2n and the proof follows. Hence we assume
that min{d;(v) : v € V(C,)} is equal to 0 or 2. Note that, by Lemma 1.3.4, d¢(vg) is
even.

Case 1. d¢(vp) = 0.

This implies that for each v; € V(C,), i # 0, f(v;) € {vi,v—;}. Let A = {k :
fop) = v,k =1,2,--- [ [5] =1} and B = {h: f(vp) =v_p,h =1,2,--- [ [§] = 1}.
Since f is not an automorphism, then |A| # 0 and |B| # 0. Thus in this case, n > 5.
Then, for each k € A and h € B, |dc, (v, vn) — de, (f(vk), f(vp))| = 1 whenever
n is odd and |de, (vg,vn) — de, (fil@r), Fon))|, > 2 whenever n is even. Now, let
A- ={-k:k € A} and B~ ={—h:lh € B} The above inequalities also hold for
ke A-and h € Bork € Aand h €&B ork € A~ and h € B~ depending on
whether n is odd and even, respectively. Thus; we conclude that 6¢(C,) > 4|A||B|
or 8|A||B| depending on whether n is odd or even, respectively. Nevertheless, by the
fact that |A| 4 |B| = [§] — 1, we have 6;(C,) > 4-1-([5] —2) or 8-1-([5] —2)
with respect to whether n is odd or even, respectively and the equality holds only if
|h| = [4] — 1 for all odd n and special for n = 6 since 8- ([§] —2)= 4[] — 4.
Case 2. d7(vg) = 2.

By Lemma 1.3.6, there exist two distinct vertices v, and vy such that §¢(vy) =
df(vo,vp) + 0f(vo, vx), where b,k € {—=[5],---,0,---, 5]} (again, for n even we let
v | = vjn|) and |h| = |k[ 4+ 1. Hence, the near automorphism f satisfies one of
the following four conditions: (a) f(vn) = v, and f(vx) = wvs, (b) f(vn) = v and

f(or) =v_p, (c) f(vn) = v and f(vg) = vp, (d) f(vp) = v_p and f(vx) = v_s. Since
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df(vo) = 2, for each v, i # h,k, f(v;) = v; or f(v;) = v_;. Obviously, if we compose
an automorphism ¢ to all the possible permutations in (a), then we can get all the
possible permutations in (d), where g is a mirror reflection such that g(vy) = vy and
g(v;) = v_; for all 4, and so do (b) and (c). Thus, it suffices to find §;(C,,) for the f’s
satisfying (a) and (b) respectively. By considering the displacement of vj, and vy, we

have

6p(Ca) = Y {85 (vnvs) + (g, v3)}

i#h,k
= Z {Id(vn, vi) — d(f(vn), f(vi))| + [d(vr, vi) — d(f (vi), f(vi))[}
i#h,k
Let C = {i : f(v;)) = v;,i # h,k} and D = {j : f(v;) = v_j,7 # h,k}. Since

vo € C, |C| # 0, and |C| + |D| = n — 2. Then, for the f satisfying (a), we have

0f(Cn) = 22 {ld(vn, vi) = d(vg, v)| + [d(v, v:) — d(vn, vi)| 1+
(3. gkﬂd(vh, 85) — d(mguay) [ £ld(vr, v;) — d(va, v_i)|}.

By the fact that |d(vp,v;) = d(vi, o)l = 1 and [|d(vp, v;) — d(vg, v_;)| > 1 for each
i # h,k in the case n is even, we have 0;(C),) 2 2(|C| + |D]) = 2(n — 2), as desired.
On the other hand, if n is odd, there is exactly one vertex v;, j # h,k in V(C,,) that
satisfies d(vy, v;) = d(vg,v;). Thus, 6;(C,) > 2(n—3) = 4| 5] —4 in the case when n is

odd, since |C| # 0, 05(Cy,) = 4|5 | =4 if |d(vp, v;) —d(vk, v;)| = 1. In fact, d(vs, vx) = 1

n

5], and we have |d(vp, v;) — d(vg, v;)| = 1; if

for all ¢ and for all n but ¢ = |5] or —|
d(vp,vg) # 1, then there are four and two vertices such that |d(vy, v;) — d(vg,v;)| =1
and the other vertices |d(vy,v;) — d(vg,v;)] > 3 and 2 in all n even and odd case,
respectively.

Next, for the f satisfying (b), we have

0f(Cn) = > {ld(vn, vi) = d(vg, vi)| + [d(v, vi) — d(v_p, vi) [ }+
@ 2 Ald(on, vi) = d(vg, vi)| + [d(or, v:) = d(vp, v-4)]}-
z;ée%k
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By observation, we are able to see that at least one of the summands is larger
than 2. Therefore, we conclude that d;(C,) > 4|%5] — 4 in this case. In conclusion

that we have the lower bound 04(C,,) > 4|5 — 4. ]

By the way, in the above argument, we also have the near automorphisms of C),
are fog and go f where f = (vov1) and ¢ is an automorphism of C,, (since C,
is a vertex-transitive graph, we prefer (vgv;) to any transposition of two adjacent
vertices), and special for n = 5, f = (vov1) or (vove) and for n = 6, f = (vov1), (Vov2)

or (vovz). This concludes the following theorem.

Theorem 3.1.2. The near automorphisms of C,, are fog and go f where f = (vovy)
and g is an automorphism of C,, and special forn =5, f = (vgv1) or (vovy) and for

n =06, f = (vov1), (vov2) or (vovs).
3.2 An Alternative Proof of #(P,) = 2n — 4

In this section, we would like to poifit@utithat: the study of near automorphisms
of paths and cycles does have some: similarity. With the following proposition, we

provide a short proof of w(P,) = 2n — 4 which was obtained by Aitken [1].
Proposition 3.2.1. 7(P,) > 7(C,,), the equality holds only when n is even.

Proof. Let P, =< wvy,v9, -+, v, >and C,, = (v1,v9,- -+ ,v,). Now, it is easy to see
that dp, (v;,v;) = |j — 4| and d¢, (v;, v;) = min{|j —i|,n — |j —4|}. In order to prove
the proposition, we will first show that for each permutation f of V(P,) = V(C,,) and
for each pair of distinct vertices {z,y}, |dp, (z,y) — dp,(f(2), f())| > |dc, (z,y) —
de, (f(z), f(y))|. Clearly, if both dp,(x,y) and dp,(f(x), f(y)) are not larger than
| 5], neither are d¢, (z,y) and d¢, (f(), f(y)), and thus the proof follows. On the

other hand if both dp, (z,y) and dp, (f(x), f(y)) are larger than ||, then |d¢, (z,y) —

24



de, (f(x), f(y))| = [n—dp,(z,y) =n+dp,(f(x), f(y)| = |dp, (x,y) = dp,(f(x), f(y))]-

Therefore, it is left to consider the case that one of them is larger and the other
is smaller than [%] or equivalently dp, (z,y) > [5] and dp,(f(z), f(y)) < [5] (by

symmetry). Now, we have two subcases to consider.

(i) dp,(z,y) +dp,(f(2), f(y)) = n.
\de, (z,y) — de, (f(z), f(y)| = |n—dp,(z,y) — dp,(f(z), f(¥))| = dp,(z,y) +
dp,(f(x), f(y)) —n < dp,(v,y) —dp,(f(2), f(y)) = |dp,(x,y) — dp,(f(x), f(y))].

(ii) dp,(z,y) +dp,(f(z), f(y)) <n.
lde,, (z,y) —de, (f(x), fW)] = [n—dp, (2, y) —dp,(f(x), f(y))| = n—dp,(z,y) -
dp, (f(2), f(y)) < dp,(2,y) = dp,(f(x), f(y)) = |dp,(x,y) — dp,(f(2), f(y))]-

Note that the equalities in (i) and (ii)-hold whetim = 2dp, (x,y) and n = 2dp, (f(z), f(v))
respectively. Therefore, n must-be even. “Thus, for each non-automorphism f, we have
d¢(P,) > 07(C,). Hence, we left with the case that when f is an automorphism of
C,, but not an automorphism of ‘B, 07(F,) > 2n— 4.

Clearly, g(v;) = vy—i+1 and h(v;) = v;4; (mod n) are a mirror reflection and
rotation of C,, here, respectively, and they can create all the automorphisms of C,.
Obviously, if {f(v1), f(v,)}= {v1,v,} for some automorphism f of C,, then f is
also an automorphism of P,. Otherwise, if {f(v1), f(v,)}= {v;,vj41} for 1 < j <
. then {(0;), f(oys1)}= {010} oF {f(Wng). f(0nyor)}= {or, v}, and 6;(P,) >
dp(v1,0n)+ 0p(v), vj41)+ Op(Vn—j, Un—jr1)= (n — 2) + (n — 2)= 2n — 4. Thus this

concludes the proof. 1

Hence, by Theorem 3.1.1 and Proposition 3.2.1, we can get 7(FP,) > 2n—4. Then,

7(P,) = 2n — 4 [1] follows by the fact that 7(P,) < 2n — 4 (Lemma 1.3.12).
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Chapter 4

Trees T with ©(T) =2n —4

4.1 Necessary Conditions

It should be recalled that if G is a graph of order n, then 7(G) < 2n—4. Therefore,
it is interesting to know for which graphs G, 7(G) = 2n—4. By Theorem 1.4.1 [1], it is
known that if P, is a path with n vexrticés)then 7(P,) = 2n — 4 for each n > 3. Since
P, is a special tree, we intend tg-find more trees T of order n such that =(7) = 2n—4
and finally find all trees T' of order m with @(7T") = 2n — 4.

First, we obtain the necessary conditionsfor the trees 7" having 7(T") = 2n — 4.

Lemma 4.1.1. Let T be a tree of order n such that w(T) = 2n — 4. Then, the

following conditions hold:

(a) If there exists a vertex x with degr(x) > 3 and T — x has an isolated vertex, then

T — x has at most one non-trivial component.

(b) Foreachy € V(T), if T—y contains only non-trivial components, then degr(y) <

3.

Proof. We verify (a) first. Assume that x is a vertex in T with degp(x) >3, T —x
has an isolated vertex xy and T'— x contains at least two non-trivial components. Let

H be one of the non-trivial components which has the minimum number of vertices,
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and let |V (H)| = s. Clearly, s > 2 and s < §. Let z € V(H) and zz € E(T). Now,
by letting f = (xz), the transposition of xy and z, we have §¢(7") = 4(s — 1). Since
m(T) = 2n — 4, 4(s — 1) > 2n — 4 which implies s > %, a contradiction. Hence, (a) is
verified.

Now, we verify (b). Observe that if y is a pendent vertex of T', then the assertion
follows. So, let y be a cut vertex of T'. Let H; and Hy be two non-trivial components
in T — y which have minimum number of vertices ¢ and r, respectively (¢ < r). Let
y; € V(H;), i = 1,2, such that yy; € E(T). By a similar argument, let f = (y192),
then §7(1") = 4(t +7—2) > 2n —4. Hence t +r > 4 + 1. This implies that T — y has

at most three non-trivial components, and thus degg(z) < 3. [

By Lemma 4.1.1, it is not difficult to see that if 7(T") = 2n — 4 where T is a tree of
order n, then T must be a graph ix'the following two classes of graphs, see Figure 4.1
and Figure 4.2. For convenience, the class of gtaphs in Figure 4.1 is denoted by T
(double broom) and the other ‘class of graphs.in Figure 4.2 is denoted by T®) (triple
broom). Since T' € T® is a star{(path) whenever t = 1 (s = 2) and 7(T) = 2n — 4,
we consider this case a special one and assume that t > 2 (s > 2) throughout of the

rest of this chapter.

7@ .
X1 %
) 22
: Y1 Y2 Tt Yi—1 :
:L‘S
Zr

Figure 4.1: Double Broom (s > 7).
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Figure 4.2:- Triple Broom.

4.2 Double Broom I *with #(T) = 2n — 4

In this section, we shall focus on the trees T'in T with constraints on the number
of pendent vertices. By observation, both transpositions oo = (yo25) and § = (y;—12,)
are not automorphisms. It is not difficult to see that 6,(7) = 4(r + ¢ — 2) and
03(T) = 4(s +t —2). This implies that m(T) < min{d(r + ¢t — 2),4(s +t — 2)}.
Therefore, if 7(T') = 2n — 4, then r +¢ > § + 1 and s+t > § + 1. That is to say,
without these two extra constraints, 7(7) < 2n — 4 for the trees in T®. Therefore,

we have

Lemma 4.2.1. IfT € T® is a tree of order n and 7(T) = 2n—4, thenr+t > 2 +1

where s > r.
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In what follows, we shall prove that all the trees T € T® with s > r and r +t >
5 + 1 attain 7(7T) = 2n — 4.

It is worth of noting again that if T is a path of order n > 3, then 7' € T® and
also T satisfies the constraints mentioned above. Therefore, the result obtained in
what follows implies that 7(P,) = 2n — 4.

In order to evaluate 7(7'), we introduce a notion which is interesting in itself. Let
A= (ay,a9, -+ ,ay)and B = (b1, by, -+, by,) be two ordered m-tuples of real numbers
where a1 < as < -+ < a,,. Define ||A — B|| to be i|ai —b;|. So, ||[A— BJ is a
non-negative value. Also, let ¢(B) = (bg), bg(2), - - - ,I;Z(;)) where ¢ is a permutation
of {1,2,--- ,m}, ie., ¢ €S, (the symmetric group of order m). Now, it is interesting

to find mingeg,, [|A — @(B)]|-

Lemma 4.2.2. Let ¢ € S, such that b¢(1) < b¢(2) < ... < b¢(m). Then HA — ¢(B)H

attains mingeg,, ||A — ¢(B)]|.

Proof. It suffices to prove that if.b;> b, for some i < j, then |A — B'|| < ||A —
B|| where B" = (b1, ba, -+ ,bi_1, b5 ubjsa, - - - ;bjo1,bi, bjgq, -+, by,). The proof is then
obtained by sorting the sequence B step by step.

We now claim that |a; — bj| +|a; — b;| < |a; —b;| +]a; —b;|. Since for all the orders
the other differences are the same , the proof follows.

By checking all six cases of the distributions of b; and b; compared with a; and
aj, we have (1) b; < b <a; <aj, (2) b; <a; <b <aj, (3)b; <a; <a; <b;, (4
a; <b; <b; <aj, (5) a; <b; <a; <b, (6) a; <a; <b; <b;. Then, the proof follows
by calculating the values |a; — b;|, |a; — b;|, |a; — b;] and |a; — b;| in each respective

case. |

We are now ready to evaluate the total relative displacements. First, we consider

two distinct vertices v and v in G. Since A, = {d¢(u,w) : v # w} and A, =
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{dc(v,w) : v # w} are two sets of positive integers, we let A, = (a1, a9, ,ap_1)
and A, = (b1,b9,-++ ,b,_1) where n is the order of G, A, and A, are two non-
decreasing sequences obtained from A, and A,, respectively, by sorting their orders.

n—1

For convenience, we define P(u,v) = |4, — A,|| = Z |a; — b;|. Obviously, P(u,v) =
=1
P(v,u). Moreover, we have the following property, which holds for all graphs, not

only trees.

Lemma 4.2.3. For each verter v € V(G) and each permutation f of V(G) =
{U17U27 e 7Un}7 (5f(l') Z P(xvf(x))

Proof. dj(z) = Y dw,w) = Y |d@,w) — d(f(z), f(w)| > A, — Ape| =
wHT wH#T

P(z, f(x)). ]

Observe that Lemma 4.2.3 provides a way to estimate the lower bound of d;(G).
In order to find 0;(T) where T & T¥ e.also ficed the following results. Without
mentioning otherwise, all trees T we consider in ‘what follows are of order n and

TeT® , furthermore, s > r and r +t2>1% +1

Lemma 4.2.4. Let T be the tree wn ‘Figure 4.1. Then,

(1) D dl,w) = [+ 2r+ 1)t + (2r + 45 — 4)]/2,
weV(T)

2) > dzw + (254 1)t + (25 + 4r — 4)]/2, and
weV (T)

3) Y dyw z'2—(1—s—|—r+t)z'+(t—|—1)(r+%).

weV(T)
Proof. Since (1) and (2) are easy to see, we check (3) here.

Y dlynw) = si+(i—1)+ (=24 FIp I (E—i)Fr(t—i+1)
weV (T)

= i+ 50 4 D (g4 1)

2 i 2 C2 ot -
= Sl—i-;—§+5—t2+5+5—§+r7§—m+r
= ?—(1—s+r+t)i+{t+1)(r+1i).
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Lemma 4.2.5. Let T € T® with s > r and r +t > 5 + 1. Then, we have the

following sorting values.
(1) P(z4,2;) = (s—r)t.

(2) P(zi,y;) >n—2, for1<j<t—(s—r); and
P(x;,y;) =2, forj=tands=r+1=2.

(3) P(z,y;) >n—2, forall j.

(0, i=4, ori+j=t+1 fors=r;

1, i=tj==Lt+1fors—r=1;

DO
-~
Il
-

1 thd _ _ .
J ==+ 1 =2;

|
.

. t+1 t
i =481 = Blfors=y 41 = 2;

. t . t i .
i =3, =5 tiLfors=r+2;

—1,j:%f07"3:7'+1:2;

IS

(4) Plyiy;) = i:%’j:%fm’s:rq%:?);

~

S R | 9.
=5, = fors=r=2;

S il 143 .
i =) =" fors=r=2;

~

i=i+lj=%i+2fors=r+1=2

[\

—lj=Lt+2fors=r+1;

NI

—lj=%54+1fors=r+1=2;

DO o+

i=tj==%t+1fors=r+3; and

\
P(y;,y;) > 4, otherwise.

Proof.
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A

(1) Clearly, A,, = (1,2,---,2,3,4,--- ,t,t+1,--- ,t+ 1) and
——

9

N

A, = (1,2, ,2,3,4, - Lt + 1, t+1).
N——

g
S

<

Therefore, P(x;, z;) = HAxi—Asz = (1424 -+(s—7r))-2+(s—71)-(n—25—1) =

(s=r)(s—r+1)+(s—r)n—2s—1)=(s—r)(n—s—1)=(s—r)t.

(2) Since P(xi,y;) = Yla; — bl > (e — b)) = Ya; = by = Y dlwi,w) —
weV(T)
Z d(yj, w), thus we have P(x;,y;) >n—2for 1 <j<t—(s—r).
weV(T)
Also, we have

N

Ay =(1,2,-+-,2,3,4,-- t,t+1,--- ,t+1), and
N—— s

g
T

A, =(,---,1,2,--- ;t—1,t,--- ,t). This implies that
1
s+ r
Pzi,y,) = n—2, if s =r;
AR T (s =r = L)(#=2), if-ts —r > 1. Hence, the claim follows.

(3) P(ziyy) = Y dlz,w)= "> digiw) > n— 2, for all j.
weV(T)

weVA(T)
(4) The proof follows by considéring the following cases: 1 <i < j < 51, 1 <i<
S+ Sl _ 1 _ - 1 _ s
3—7,1§2<T<j§t,T—Z<]§t,and7<z<j§t.

Since they can be obtained by a routine calculation, we omit the details here.

We now are ready to find w(7"). Recall that if f is a permutation of V(G) such

that f(u) = u for some vertex u € V(G), then 0;(u) is even.

Lemma 4.2.6. Let f be a permutation which is not an automorphism of T with

f(u) =u and §¢(u) =0 or 2 for some uw € V(T'). Then, §;(T) > 2n — 4.

Proof. First, let 6¢(u) = 0. If u = z; for some 4, then f maps a vertex of

{x1, 29, ,2i_1,Ti11, + ,Xs, Y2} into a vertex of the same set (maintaining adja-
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cency). Since f is not an automorphism, f(y2) = x; for some j € {1,2,--- i —1,i+
1,---,s}. Moreover, f(yx) = yr for k = 1,3,4,--- ,t and f(zy) = 2 where i',7"
are elements in {1,2,--- ,7}. So, d;(y2) = 2(t — 2) + 2r and §;(T) = 4(r +t — 2).
By assuming that » +¢ > % + 1, we conclude that §;(T") > 2n — 4. Similarly, if
u = z; for some j, then 6;(T) > 2n — 4. So, we are left to consider u = y;, for some
ke {1,2,--- ,t}. Again, since d;(y;) = 0, the set S; = {z € V(T) : d(yx,z) = [}
maps onto Sy, [ = 1,2,---. For convenience, we depict T" by Figure 4.3, in which the
vertices to the left (right) of the dot line are called left vertices (right vertices). Now,
let the set of vertices w € V(T) \ {yx} such that f(w) stays on the same side be A,
and the set of vertices which move to the other side be B = V(T') \ (AU {yx}). This
implies that 0;(7) > 2|A||B| = 2|A|(n — 1 — | 4]).

Since |A] # n — 1,|A| # 0 andJA|" > 2:(f is not an automorphism), we have
3¢(T) > 4(n—3) > 2n — 4 for @ > 4. This concludes the proof of the case d¢(u) = 0.

Next, if 0(u) = 2, then by Lemma 1:3.6, there exist two vertices v and w such
that d¢(u,v) = dp(u,w) = 1. “Therefore, for each x € V(T') \ {u,v,w}, we have
df(u,z) = 0. This implies that §¢(v,z) > 1 and ép(w,x) > 1. Hence, 6;(T) >

dr(v) +05(w) >2(n—2) =2n —4. ]

Figure 4.3: The graph with respect to y.
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Lemma 4.2.7. If f(x;) = x; and (T —x;) = 2|V(T — ;)| —4 for somei € {1,2,---,

s}, then 0;(T) > 2n — 4.

Proof. Since 0;(T) = 07(z;) +04(T — ), 64(T) = d¢(x;) + (2n— 6) by assumption.
Now, if é7(x;) > 2, then 6;(7) > 2n — 4. On the other hand, if d;(z;) = 0, then
the possible near automorphisms are the composition of an automorphism and a

transposition (yaz;) for some j # i. This implies that 6¢(T") > 2n — 4. ]

Now, we prove the main result.
Theorem 4.2.8. LetT € T(Q), s>randr+t> % + 1. Then n(T) = 2n — 4.

Proof. When s =1 (ort = 1), then T"is a path (star) and thus 7(7") = 2n — 4. So,
in what follows, we assume that s > 2 and ¢t > 2, i.e., n > 6.

For convenience, the proof is split into three cases.

Case 1. s = r. By definition, we have.0p(T) = 1 Z d¢(v). Therefore,
if 07(v) > 4 for each vertex v in @' then-the assertion isvi;g In what follows,
we find those vertices u in T such that dg(w) < 3. Since d;(u) > P(u, f(u)), we
evaluate P(u, f(u)) first. Recall that P(u, f(u)) = ||A, — /Alf(u)H. Therefore, by
direct counting in Lemma 4.2.5, P(u, f(u)) < 3 if (u, f(u)) € AU B, where A =
{(i, 7). (w3, 25), (2, 25), (20 25), (Wi, Yi), (Y Yea—n) } and B = {(ye=1, yesr ), (yesa, yes
) (Yes1, yesa), (yusa, yesa )} Note that for (u, f(u)) € B, P(u, f(u)) = 3. If the per-
mutation f gives a pair (u, f(u)) € A, then there exists an automorphism g of T, such
that (g o f)(u) = u. Since f is not an automorphism, g o f is not an automorphism
either. Furthermore, by Lemma 4.2.6, 0;(T) = d407(T") > 2n — 4. Otherwise, the
permutation f does not provide any pairs (u, f(u)) € A satisfying d;(u) < 3 but

in B we have a pair (u, f(u)) such that §¢(u) < 3. This implies that for each pair

(u, f(u)) € A, §¢(u) > 4. Since B has four pairs and P(u, f(u)) = 3 for each pair,
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d¢(T) > 2n — 2 > 2n — 4. This concludes the proof of Case 1.

Case 2. s=r+1.

Assume that f(z;) # x; for all j, and there is no fixed vertex u (f(u) = u) with
dr(u) < 3. For convenience, we let {f(u) =4 — d;(u). It suffices to show that if f is
a near automorphism of T', >~ v ) &s(u) < 8. By the fact that 6¢(u) > P(u, f(u)),
€r(u) < 4 — P(u, f(u)). Therefore, the pairs (u, f(u)) such that P(u, f(u)) < 4
are what we are concerned with. First, assume that ¢ > 4 and r > 2. Then, the
permutation (near automorphism) f gives d;(u) < 4 for vertex pairs (u, f(u)) €{
e yeia)s Weanve), (W yes), (yas, yes), (e 1Yt ye), (Weie,ye 1)} Since a
permutation f can be represented by disjoint union of cycles (Algebra), for each
vertex y;, y; is in exactly one cycle (y;, f(vi), f*(vi),- -+ ,y:). Then, by direct counting,
we have Y &r(u) < 8. Hence, 07(T)s> 2n =4

Consider ¢t > 4 and r = Lk Then the near automorphism f gives dp(u) < 4

for vertices (u, f(u)) € {(y:_gye), Welg1), (Yer, yenr), (Y, yer), (Yoo, yus),
ez, Y ), (W1, Vera)s Warar Yasa )t (e Ve i) (We 1,0, (yss, yess), (Yese, yesa),
(y%—lvy%—ﬂ)? (y%—i-%y%—l)v (3/%—17 y%+1)7 (3/§+1a y%—l)}u{@i:?/t)a (Y1, zi) }. Again, since
f has a cycle (v, f(vi), f2(vi), - ,y:) or (z,y:), but not both, we conclude that
> &¢(u) < 8 by direct counting.

Finally, we have special cases left to check, namely t = 3 and » > 2; and ¢t = 3,
s =2 and r = 1. Since they are easy to obtain, we omit the details. This concludes
the proof of Case 2.

Case 3. s>r+2.

The proof follows by a similar argument as in Case 1 and Case 2. Since the

permutation (near automorphism) f gives d¢(u) < 4 for vertices u € V(T') satistying

(u, f(u)) € {(yesr,yep) s =Tand s =3} U{(ye, ye 1) o s =+ 23 U{(ye 1, y214) -
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s = r+ 3}, the conclusion can be obtained easily by direct counting. Hence, 0,(7") >

2n — 4 and we have the proof of the theorem. [

To conclude this chapter, we would like to mention one more result which can be

obtained from the main theorem.

Corollary 4.2.9. Let T be a caterpillar of order n. Then w(T) = 2n — 4 if and only

fTeT®, s>randr+t>2+1.
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Chapter 5

Chaotic Mappings

As mentioned earlier in the introduction, motivated by the study of total disor-
deredness via permutations, we investigate the maximum value of the total relative
displacements of graphs. This chapter is devoted to introducing several known results

and presenting recent progress in finding 7*(F,).
5.1 Basic Notions

Recall that the maximum value of thetotalrelative displacements of permutations
in a graph G is denoted by 7*(G) and galled the chaotic number of G. In [9], the prob-
lem of finding 7* (K, ny,. m,) Was transformed into a quadratic integer programming
problem (QIP), and a characterization of the optimal solution was given. Further-
more, they gave a polynomial time algorithm to solve the problem. For completeness,
we describe their work here. Mainly, we should minimize > afj of A= (ay;).

Let A = (a;;) be a t x t non-negative matrix. We call

C= (ai1j17 Qi1j9y Aiggay Aigjsy Aigjay " * 5 Digjes aisjl)

a cycle of length 2s, s > 2, in A. A cycle C of length 2s is said to be overweight if

either a;,;, > 1for 1 <k < s and

Qirjr = Qiyjy + Qigjy — Qigjg T Qigjy — =+ F Qigjy — Qigjy > S,
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or dyyj.,, = 1 for 1 <k <s, where js1; = j1 and

—Qiyjy t Qiygy — Qigjy T Qigjs = Qiggy + 0 — Qi + Qi > 8.

Below, we show a matrix with an overweight cycle of length 4:

3 — 1 1

7 !
A=|1 « 2 1

1 1 0

It is not difficult to see that, since A = (a;;) has an overweight cycle, Y a?; = 19 is
not of minimum value under the constraints that the row sums and column sums are

fixed. The next matrix A’ = (a};) reaches a smaller value Y a;2 = 17,

2 21
A =sinfaad. 1
1 170
Theorem 5.1.1. A = (a;;) is-an-optimal solution- of the problem (QIP) ,i.e. Za?j
is minimum, if and only if no ‘overweight _cycle exists in A.

Proof. Necessity. Suppose that A hasan overweight cycle C' = (a;,j,, @ijo, -+ Gigjss

a;,j, ). Without loss of generality, assume that a;,;, > 1 for 1 <k <s and
Qiyjy — Qiyjy T Qigjy — Qigjg T Qigjy =+ + Qigj, — Qigjy > 8-

Define A’ = (a;;), where
a;; — 1, if (¢,7) = (i, ji) for some 1 < k <'s,
a,, =< ai;+1, if (¢,7) = (ix, jr+1) for some 1 < k < s,
Qjj, otherwise.

Now,
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2 2 2 2 2 g g
E :az‘j - E :%’ = Q4 Gy, T T A T A T G, Q;j,
= 2(ai1j1 + Qigjp + -0+ aisjs)
—2(aiyjy + Qiggy + -+ + i) — 25

> 0.

Therefore, > a?j is not the minimum. Note that the row sums and column sums
of A and A" are equal, respectively. Hence, we have the proof for necessity.

Sufficiency. For contradiction, assume that all cycles of A are not overweight and
> az; is not the minimum. Let A* = (aj;) denote an optimal solution.

Let

Aij:aij—af 1§’l,j§t

Define a directed bipartite multigraph G'with bipartition (X,Y"), where

X = {1’1,$2,"' 7xt}7 Y= {ylay27"' 7yt}7

x; joins to y; with A;; edges if AA;; > 0, and x; joins from y; with A;; edges if A;; < 0.
Since

t
Y A;=0, for1<i<t,
j=1

and

t
Y Ay=0, forl1<j<t,
i=1

the outdegree and indegree of each vertex in GG are equal. Thus, each component of G
has a directed Eulerian circuit, and hence G can be decomposed into directed cycles

C1,Cs, -+, C,,. For each cycle (), define

w(C)) = Z a;; — Z aij-

(wi,y;)€Cy (y5,2:)€Cy
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Note that,

Aij > 0, for (xi,yj) e (],

and that A;; > 0 implies a;; > 1, since aj; 2 0. Thus,
a'ij Z 1, fOI' (.fl?i,yj) € Cl-

This means that, if w(C;) > |E(C))|/2, where |E(C})| is the number of edges in cycle
(7, then C) introduces an overweight cycle in A. Since A has no overweight cycle, we

have

w(C)) < |E(C)]/2, for 1 <1 < m.

Therefore,

1<4,j<t 1<i,j<t 1<i,5<t 1<4,j<t
2w ) N
1<z',j<t 1<4,5<t
i) - 3 o
1<i4,j<t
< 22|EC, 12— ) A
1<2,5<t
= [B@)= > 4
1<4,5<t
= 2 18l= 2 8%
1<4,5<t
< 0,

where |E(G)| denotes the number of edges in G. This contradicts the fact that

A* = (aj;) is an optimal solution, while A = (a;;) is not. ]

The following algorithm is the algorithm to compute 7 (K ny. 1y )-
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Algorithm Start from an initial matrix (a;;),

m, iti=,
GWTV 0, ifit

Carry out the following steps in each iteration.

Step 1. Check whether the matrix (a;;) has an overweight cycle. If not, then stop;

we obtain
¢
* o 2 2
™ (Km,mw“,nt) - E n; — E : aij‘
i=1 1<i,j<t

Step 2. Suppose that (a;,j,, @i jy, Ginjy, -+ 5 Qinjs, Gigsy) 1S an overweight cycle, with

Qi > 1forl < k <s and Qjy 4, —aile—i—amg —ainS—l-aisjs—' : '—F&Z’Sjs — Qg > S.

Then, set

Qiyjy T Qigjy — 1,
Qi jo < @iy gy + 17

Qiggs < Qigly 7= 17

aisjs — a”isjs - 17
Qigjy ¢ igjy + 1.

Go to the next iteration.

Later, in order to find a better upper bound of 7*(G), Chiang and Tzeng [§]
studied total self-variations of sequences as follows.

Let X = (x1,z9, -+ ,x) be a sequence, and Y = (y1, 42, -+ ,yx) be a sequence
obtained by permuting all the terms of X. The total self-variation of sequence X

with respect to Y is
k

CY(X) = Z |37z - yi"

i=1
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Define n*(X) = max{(y(X) : Y is a sequence that permutes all the terms of X}.

Chiang and Tzeng proved the following property.

Theorem 5.1.2. [8] Let X = (21,2, , k) be a non-decreasing sequence. If Y =

(Tr, Tp—1, -+, 1), then n*(X) = (v (X).

The following lemma is an easy consequence of the definitions of 7*(G) and n*(X).

The result is very useful in finding the upper bound of 7*(G).

Lemma 5.1.3. [8] Let G = (V, E) be a graph of order n and X be a sequence con-
sisting of all the distances of the (§) unordered pairs of distinct vertices of G. Then

3r(G) < (G) < n*(X) for any permutation f of V.

In [6], they studied the total relative displacement of permutations in a path and
a cycle, they got the upper andlower bound for 7*(F,) and 7*(C,,). We list their

results in what follows.

Theorem 5.1.4. [6] Let t = L—"%(n;ml_lj Then

T (Py) < 3t(t+1)(t+2) =5n(n — 1)(2n — 4 — 31).

Corollary 5.1.5. [6] 7*(P,) < 3(n+1)*.

Let f be the permutation of V(P,) defined by
n_il L if1<i<

f(i) =
3;"—2'—!—1 yif g +1<i<n; or
neZEL il <6 < gy
f)y=4 % ifd = 25

Btl) i 41 <<,

for whether n is even or odd, respectively. Then the lower bound follows.

Theorem 5.1.6. [6] Suppose that n is even. Then 7*(P,) > ’{”—; —

w3
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Theorem 5.1.7. [6] Suppose that n is odd. Then

(n;21)3 4 (n—41)2 — ol if %51 is even;
T™(P,) >
(n;21)3 + (n+1¥n—3) — o f nd s odd.

Theorem 5.1.8. [6]
nd—in*+in ,ifn=1 (mod 4);

™(Cy) < n?—2n ,ifn=3 (mod 4);
%Ln ,if nis even.

Let f be the permutation of V(C,,) defined by
2i—1 ,if1<i<y

fi) =
2i—n it 5 +1<i<n;or
4 ifdis odd ;

fl)=9
cntl o if § is even,

2

where n is even or odd, respectively. Thén the lower bound follows.

|3

N[ w

Theorem 5.1.9. [6] Let C,, be an evenicyele. Then w*(C,,) >

w|3

1

Theorem 5.1.10. [6] Let C,, be an odd cycle.. Then 7 (C,,) > ’f—; —gforn=1orb

(mod 6); and 7*(C,,) > % — 3 forn =3 (mod 6).
In order to see how close these bounds are, we present a couple of tables (Table

5.1 and 5.2) for P, and C,, respectively where n is not too large.

n 2134156 7]38
Thm. 5.1.4 0[2[8]16[30[52]80
(P,) 02816284468
Thm. 5.1.6 and Thm. 5.1.7 | 0] 0 |4 | 8 | 16 | 24 | 40
n 9 [ 10 | 11 ] 12 | 13 | 14
Thm. 5.1.4 116 | 164 | 224 | 292 | 376 | 478
(P,) 96 | 134 | 180 | 234 | 298 | 374
Thm. 5.1.6 and Thm. 5.1.7 | 56 | 80 | 104 | 140 | 176 | 224

Table 5.1: 7*(P,) and its upper and lower bounds
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n 45678910
Thm. 5.1.8 410 [ 18|28 48|72 100
(Ch) 41016 |28 |40 |58 80
Thm. 5.1.9 and Thm. 5.1.10 | 4 | 10 | 16 | 28 | 40 | 54 | 80
n 11 |12 [ 13 | 14| 15 | 16 | 17
Thm. 5.1.8 132 | 180 | 234 | 294 | 360 | 448 | 544
(C,) 110 | 140 | 182 | 224 | 278 | 336 | 408
Thm. 5.1.9 and Thm. 5.1.10 | 110 | 140 | 182 | 224 | 270 | 336 | 408

Table 5.2: 7*(C,,) and its upper and lower bounds

Note that 7*(P,) and 7*(C,,) in the tables are obtained by computer , and they

are the correct values.

5.2 Improved Bounds

In this section, we mainly improve the upper bound for 7*(FP,). First, we consider

two examples:

In the following we list all the displacements of (%) order pairs of Py and P,
respectively.
By direct counting, we have that 7*(Py) > 84 and 7*(Pyo) > 128, respectively,

from Tables 5.3 and 5.4.
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Table 5.3: d;(,7) in Py
Table 5.4: d4(i, j) in Pig

Now, compare these two values to the values obtained earlier by [6] 7*(FPy) > 56
and 7*(Pyp) > 80, respectively, and the ones we found are indeed larger.

follows, we obtain larger lower bounds for 7*(FP,).



[ 2n® + in® — an, n =0 (mod 6);

108 3
1.3 7., 2 _ .
T n=1 (mod 6);

18,3, 1,2 5. 8 o _ :
g1+ gn? — gn — 5=, n =2 (mod 6);

Theorem 5.2.1. 7*(P,) >

13,3 _ 5 _ :
o5 — 157, n =3 (mod 6);
13,3, 1,2 1, 4 _ :
s’ +gn° —3n— 5, n=4 (mod 6); and
A3 3 Ty 2 =

L 105™° — 367 — 59 n=>5 (mod 6).

Proof. The results are obtained by six congruent classes and the following permu-

tations defined for odd n and even n, respectively. For odd n, let

£(i) = n+2—-2 ifl1<i< ™
T 2n+1—0) iR <i<n.

We partition the set of all relative displacements into 4 parts, see Table 5.3 for

reference. The first part (left-upper corner) is equal to

;{1—1—2—1—34—“-—#2}:%(n—l)(n—i-l)(n—i-fﬂ).

The other part can be obtained by direet-calculation and they are equal to

1nd — ln? Tl nsfebrrrme 1{mod 6);

16 432 432 432
43,3 1.2 10 ‘i e :

1 1" — " Fagsr iw =3 (mod 6);

433 1,2 25 5 . _ :
51— 67 — 1" — 133» " =95 (mod 6), respectively.

n+l-2 L ifl<i<®
20n+1—1) ,if 5 +1<4i<n,

then the proof follows by the same technique as in the case "n is odd”. [

when n is even,

Similarly, we define f(i) = {

In the following, we compare the results of Theorem 5.2.1 and the results of The-
orem 5.1.6 and Theorem 5.1.7. Clearly, this result is a better lower bound. The
differences of these bounds are listed in the following, but we still can’t accomplish

the goal of finding 7*(F,).
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y in3—|—ln2, n=>0 (mod 6);

27 9
Lpd 2 n=1 (mod 12);
2_17n3_$n2_%n_2§7, n=2 (mod 6);
Ind+in+1, n=3 (mod 12);
R n=4 (mod 6);
77— n— & n=5 (mod12);
botsFab o n=7 (o 12)
Lpd_3p_1 n=9 (mod 12);

| 0+ - &, n=1l {mod 12);

From the partial results obtained in this chapter, it is not difficult to see that
finding the chaotic number of a graph seems to, be a much harder task. We believe
that no polynomial time algorithms ean be found. for finding 7*(G) where G is an

arbitrarily given graph. However, we aré not able to prove this at the moment.
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Chapter 6

Conclusion

From the results we obtained in Chapter 4, we have seen a chance of finding the
trees T of order n where (1) = 2n—4. To prove that for each T € T®), 7(T) = 2n—4
deserves to be considered in our further research, even it can be foreseen that more
details are involved in estimating d;(v) for each v € V(T'). Fortunately, we do now
have a tool to find its lower bound by using.the sorting values. This idea should work
for other graphs too.

On the other hand, the study of ehaoticrmappings has a long way to go. As can be
seen in Chapter 5, to determine 7" (By).ora™(C,,) is still very far from being settled.
Between the results obtained so far and expected values, there are gaps. A smarter
idea is in need, and hopefully we can also find these two values in the near future.

To conclude this thesis, we would like to mention one more result which we have
worked on. Let )5 denote the k-dimensional hypercube. It is well-known that Qo =
Kso and @ = Qp—1 X Ky for £ > 3. Since @)y is vertex-transitive, there exists
a permutation f such that m(Qy) can be achieved by f in which d¢(v) is even for
each v € V(Qy). In fact, 0;(v) = 0 (mod 4) by Lemma 1.3.4. Thus, 7(Q;) = 0
(mod 4). This is what we can do so far, by the fact that 7(Q3) = 8, we believe that

m(Qr) =2-2F — 8 = 2k — 8 is true.
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