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Abstract

Based on the differential space-time coding, we use different kinds of orthogonal design

to effectively improve the communication quality. Among them, especially the 4 and 8

transmit antenna designs, we are able to lower the bit-error-rate by trading off the code

rate. Then, basing on those, we extend to the non-square orthogonal designs which achieve

3, 5, 6, and 7 transmit antenna applications. Finally, we propose a new method for the

orthogonal design to effectively reduce the bit error rate. However, when the numbers

of transmit antenna increase, the code rate will be largely lower while still let the entire

system operate most properly.
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�øı é�

1.1 û˝*�£��

A*1998� Alamouti[5]T|7híf�Öj“xX (transmit diversity) 5(, v˛){ (space-

time coding) íxXÚÚË�˜\n�, Ä7�Ö;Ù(í£>ql [3], f£ímUÊ.°íÙ(

u�ó£>í� ÄÑv˛){.cÓ‹7¦míñ¾ (capacity), 6�^íZ¾¦m¹”, ±Q˜Ï

0íêÞ� .¬'Ö·ucqä−ªJ\Äüí,¿|, FJQYÂ˛%ø−Ì(=1íä−, ªJ

�â¤’mVj|f£ímU� Ouç=1ØÏ, û_ä−‰“íØ0, .ñqÄüí,¿|Vv,

ÿ}úc_¦m¹”¨A	à� Ñ7j²¥_½æ, Ï}ü£v˛){ (differential unitary space-

time modulation) Ê2000�\T| [6], …u"ÎÊÀøÙ(f£ÀøÙ(QYíÏ}){, øO

\AbFøíu DPSK(differential phase-shift keying), ÿuÊf£«dø<){í�T, zmU

RÊóPÏ (phase difference) 2, 7.u"úóP, U)QY«ªJ'«à‡ø_v…í’m¸Û

Êv…í’mVj|mU� à¤íÏ}){j�, «àÊÖÙ(f£, $A7Ï}ü£v˛){� ß

Tuf£«¸QY«.àø−ä−í’m, Éb�O£>){íqlj�, ‡ø…¸¤…vÈQYƒ

ímUä³, ¹ªJømU´Ÿ�V� ÇÕíßTÿuQYÂ.ÛbdíØµÆ¹ªJõÛ�ÿõu

.âG|ø<Hg, b®ƒó°í˜Ï0, Ï}ü£v˛){QYÂbª°| (coherent) QYÂÖ

3dB ímUDÆmª (SNR)� ÇÕø�Ï}W¿j¶ [11], .¬¸ [6].Øó°, …6uÊf£«¸

QY«dø<TÜ, ‹7_çíôb (delay), ®ƒ7�Àí){¸j{˙å�

úkÏ}ü£v˛){í‘Dÿub?qlò^?¹”ív˛){, 1/v|QµÆ�íj|Æ

�¶� Ä¤Ju;yøQY«íµÆ��“, °šu‚àÖÙ(Ï}){íj�, à [1],[2]·uø|

×–NW¿Â (maximum likelihood detector) }jAø&í|ü�×QYÂ½æ, uÄÑUà7

.°í){ql (nongroup code), nªJ)ƒœ�ÀíQYÂ, ú©ø_mU}ÇªWW¿, ˛¤

�.ß× (decouple)� [2]T|7ø_�Àíj|j�,¯¯7ÛDQYÂœ�ÀíŸ†, /…í°|

QYÂ¸Ï}){QYÂÏ73dB ímUDÆmª� w2 [1]0§Ï}v˛){uUà Tarokh F

T|ís;, û;f£Ù(í£>){j� [3], /îuúj$í£>ql�

BbUà7.°í£>){j� [4], w2û;¸ÿ;Ù(íqlªJé˜Ï0±)yQ, Ä¤

y?_@œÏí¦m=12, Z¾ä−«Áí½æ� QO, Bb‚à¤£>){j�, ô.|Ýj$

1



(non-square) í£>ql� à¤íqlªJéc_Í$d]¾í«à, úk.°í¦m=1,®ƒ¯

Üí˜Ï0Û°J£õÛ�

1.2 É[�zp

Ê˜Ï0í}&2,Pe(x)uÓOÓœ‰bx7Z‰

Pe(x) = Q(

√

2x
Eb

N0
) = Q(

√
2xγ) γ =

Eb

N0

Eb: u©_Pj (bit) í?¾ (energy)

N0: uògëÆmíŠ0ä$ò� (power spectral density)

Q(x): ògQƒb, ì2à-

Q(x) =

∫ ∞

x

1√
2π

e−
t2

2 dt

Tr(CD) = Tr(DC) (a)

vec(CD) = (DH
⊗

I)vec(C) (b)

vecH(C)vec(D) = Tr(CHD) (c)

úø_&�uT × Míµbä³A = (atn), …í Frobenius norm ªJ\ì2A:

‖A‖2
F = Tr(AHA) = Tr(AAH) =

T∑

t=1

M∑

m=1

|atn|2

‖A‖F =
√

Tr(AHA) =
√

Tr(AAH) =

√
√
√
√

T∑

t=1

M∑

m=1

|atn|2

2



�ùı v˛){ (space-time coding)

Ê¦mí=12, JÉu§ƒÀÓÆmí	à, àó‹4íògëÆm (AWGN), 6ÿuòQ‹Ê

f£m7í(Þ, †ÊQY«QYƒm7, .ñq¨AÏ‡, FJ˜Ï0}œQ, OuöõÌ(¦m

=11Ýà¤, ÄÑmUíf£§ƒÖ˜� (multipath) í	à, U)mUF%ví=1.ydÆm

øšíÀÓ, 7uòQ
ÊmU,Þíä− (channel), ¨AmU×üøò‰�, U)QY«Ê‡�

ví˚Ø, Ä¤˜Ï0péí}TòrÖ�7øO¥�
ÊmU,Þíä−, ÄÑ…F×Ûíœ0}

0u:Ê}0, FJ�˚…Ñ:Êä−� J-ø�Ü:Ê«ÁÊ¦m=12F¨Aí	à, à [9]�

2.1 :Ê«Á^?}&

ílBb5?ø_bçä−_ (channel model), Ñ7�À–c, ø…eÑ��«Á (flat fading),

1cq…u:Ê (Rayleigh) «Á, Ä¤ªJ[ýA-�

r = hz + w (1)

hu˘kµbògCN(0, 1), õ¶¸™¶}�u i.i.d íòg}0N(0, 1/2), 6ÿuòQ
Êf£m

Uz,, Ó‹QY«Ï‡íœ0�7wuÆm, 1/6uµbòg}0CN(0, N0), w2N0uògëÆ

míŠ0ä$ò� (power spectral density)� zuf£í BPSK(binary phase-shift-keying), 6ÿ

uz = ±1� ruQYƒímU�

Ê:Ê (Rayleigh) «Áí8”-, ©ø_ä−«Áhl·u i.i.d µbòg}0 CN(0, 1), F

Jhl�õ¶6�™¶, FJ‹–V5(,u� 2L_Ö
íògÓœ‰b, à-�

||h||2 =

L∑

l=1

|hl|2 (2)

ÄÑ©ø_|hl|2·uâhlíõ¶¸™¶í�j, FJ,u�2L_Ö
íògÓœ‰bó‹� 7…í

œ0}0‰A Chi-square }0, wœ0ò�ƒb (probability density function) u

fx(x) =
1

(L − 1)!
xL−1e−x x ≥ 0 (3)

çÉ�ø;Ù(f£ø;Ù(QYv, 6ÿuÉ�ø˜ä−«Á,L=1

fx(x) = e−x

3



Bbø−, Ê BPSK í8”-, ˜Ï0ªJŸA [9]

Pe(x) = Q(

√

2x
Eb

N0
) = Q(

√
2xγ) γ =

Eb

N0

γumUDÆmªM (SNR)�Ebu©_Pj (bit) í?¾ (energy)� ÄÑxuø_Óœ‰b, û_˜

Ï06ÓOx7Z‰, FJ.âú˜Ï0¦‚�M, )ƒ�Ì˜Ï0� Ì�RûÊË“3.1�

Pe = E[Pe(x)] =

∫ ∞

0
Pe(x)fx(x)dx

=

∫ ∞

0
Q(

√

2x
Eb

N0
)e−xdx

=
1

2
− 1

2

√
γ

γ + 1
(4)

ÄÑÖ˜�í^@, û_¦m¹”‰í'Ï, .Ûb'òímUDÆmª (SNR) nªJ®ƒøìí

˜Ï0� FJÑ7)ƒßí¹”, Bbø‚àÖ;Ù(íf£, VZ¾.G=1F¨Aí	à�

2.2 Ù(Öj“ (Antenna Diversity)

ÄÑ:Ê«Áí	à, û_QY«Ó‹Ï‡œ}, FJ˜Ï0‰)œÏ, Ä¤Jb�^íj²¥<

½æ, .°í4”íÖj“ (diversity), ªJZ¾ÄÑä−¨Aí	à�7Öj“íxXªJuvÈ

Öj“ (time diversity), ä0Öj“ (frequency diversity), Ù(Öj“ (antenna diversity) C˛

ÈÖj“ (space diversity) ���¥<Öj“xX$�ÖÍ.°, O!…íh1·ó°, ÿuøx�

ó°m7ímU, }�à.°í˜�f£, 1/¥<˜�·u�óÖ
í, �Àíz, ¹uéó°m

7ímUÊ�ó.ß×íä−2f£, ç�ø_mU`§ƒø_'Ïíä−«Á (deep fade) v, Ç

ø_x�ó°m7ímUªJ�F\G, ÄÑó°ímU°v`§'Ïíä−œ0óçíQ, FJÉ

b_çíqlQY«, ZªJømU´Ÿ�V�

Ù(Öj“CÊd˛ÈÖj“ÿuøÖ;Ù([ƒf£«J£QY«, Ou©;Ù(FÖí�

×b}íDÇ, �ø_ŸÄuÊ¢Ù(ÊQYmUv�óß×, �ù_†uªJU©_mUF%v

íä−Óï�óÖ
 (independent) .óÉ, à¤n}®ƒÖj“í^‹� OuÙ(.âbó½Ö

±, ¸¶ˇí=1£FUàíä077óÉ, øOVz, ×�ó�ššÅλ
2u—Dí� JUàíä0

Ñ1GHz, ;Wλ = c
f , w2cÑm§3 × 108m/sec,fÑä0, †ø_šÅ�30t}, ššÅÿb15t
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}� 7àÖÙ(QY˚ÑQYÖj“ (receive diversity), Ê:Ê«Á (Rayleigh fading) 2, …ªJ

�^í±Q˜Ï0, .¬øO·uàÊ,�(˜ (uplink) f£, ÄÑÊ!Ë« (base station) ,, �

—Dí�×?øÙ(½Ç, .¬JuÊ-W(˜ (downlink), Ù(ó�ššÅ15t}, úGœUà

6Vz, é)Øó×, µÆ�yò� ‘.©°.°íj¶, ÿuUàÖ;Ù(f£u´?¸Ö;Ù(

QY�°šíßT, Ä¤ÿ�7f£Öj“ (transmit diversity) Ö;f£Ù(íêÛ, 6˚dv˛

){ (space-time coding), ñíÿuUf£ímU�ó£>,®ƒ�.ß×íŸ†, ¹ªJéGœ.

ÛdíØµÆ, â¤ªø, ø_ßí£>){ql, uóç½bí, ….cªJ®ƒÖ;Ù(f£Ö

j“, %¬_çíql, 6ªJÊ'Ïí=1-, �^í±Q˜Ï0�

2.3 f�Öj“ (Transmit Diversity): v˛){

Ê¤Bb‚às;Ù(Tf�, ø;Ù(QY, 1/mUyf£ív`T_çí){, ¹u Alam-

outi code[5], Êø_#ìímUv…q, mUz0 uàÙ(0f£| , mUz1†uàÙ(1f£, ç

-ø_v…ƒVv, Ù(0f£−z∗1mU, Ù(1f£z∗0mU� ¥�){j�uÊvÈ¸˛ÈT){,

FJ˚Tv˛){ (space-time coding)� BbªJz…[ýA





z0 z1

−z∗1 z∗0






w2�ø� (row) u�øv…Ff£ímU,�ù�Ñ-øv…Ff£ímU��øW (column) u

Ù(0FfímU,�ùWuÙ(1FfímU� BbªJø−, s;Ù(Ff£ímU�ó£>, F

J®ƒ7�.ß×¹ä−ÓïÖ
íŸ†� ä−ÊvÈtªJ\[ýAh0(t), …uf£Ù(0F%v

í=1, °šíh1(t)uuf£Ù(1F%ví=1� cqä−0Á[bh0(t), h1(t)Ês_©/v….

Z‰, /·uòQ
ÊmU,Þ�

h0(t) = h0(t + T ) = h0 = α0e
jθ0

h1(t) = h1(t + T ) = h1 = α1e
jθ1

TumUv…, QYƒímUªJŸA

r0 = r(t) = h0z0 + h1z1 + w0

r1 = r(t + T ) = −h0z
∗
1 + h1z

∗
0 + w1
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w2r0, r1}�uÊv…tJ£v…t + TFQYƒímU,w0, w1†uµbíÆm� øQYƒímUj

˙�ŸAä³í$�





r0

r1




 =






h0z0 + h1z1

h1z
∗
0 − h0z

∗
1




 +






w0

w1






Ñ7bW¿z0, z1 ør1 = r(t + T ) = −h0z
∗
1 + h1z

∗
0 + w1¦u	)ƒ

r∗1 = h∗
1z0 − h∗

0z1 + w∗
1

FJä³[ý�‰A





r0

r∗1




 =






h0z0 + h1z1

h∗
1z0 − h∗

0z1




 +






w0

w∗
1




 =






h0 h1

h∗
1 −h∗

0











z0

z1




 +






w0

w∗
1




 (5)

Ñ7jZ–c, BbªJŸA

r = Hz + w (6)

w2

r =






r0

r∗1




 H =






h0 h1

h∗
1 −h∗

0




 z =






z0

z1




 w =






w0

w∗
1






ruQYƒí²¾,Huä−ä³,zuFf£ímU,wuÆm²¾� çYƒmU(, J˛%ø−ä−í

¡bH, ÿªJ‚à®º˙šÂ (matched filter) í–1ømU´Ÿ�V, ÉbzHH
Jr

ẑ = HHr = HH(Hz + w) = HHHz + HHw

= (|α0|2 + |α1|2)z + HHw

w2

ẑ =






ẑ0

ẑ1






HHH =






h∗
0 h1

h∗
1 −h0











h0 h1

h∗
1 −h∗

0




 =






|h0|2 + |h1|2 h∗
0h1 − h1h

∗
0

h∗
1h0 − h0h

∗
1 |h0|2 + |h1|2






=






|h0|2 + |h1|2 0

0 |h0|2 + |h1|2




 = (|h0|2 + |h1|2)I = (|α0|2 + |α1|2)I
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HHw =






h∗
0 h1

h∗
1 −h0











w0

w∗
1




 =






h∗
0w0 + h1w

∗
1

h∗
1w0 − h0w

∗
1






FJ|(ªJ�“A-�ís_�ä

ẑ0 = (α2
0 + α2

1)z0 + h∗
0w0 + h1w

∗
1 (7)

ẑ1 = (α2
0 + α2

1)z1 + h∗
1w0 − h0w

∗
1 (8)

Bbà maximum likelihood W¿ÂV´ŸmU, 1/ªJømU}ÇW¿� çQYƒmUv, V

ªœ…¸mUrèÇí¨ø_œÔ¡, ÿ‡ìf£«FfímU� .�umUz0,z1, Ê|(‡ìív

`}
,(α2
0 + α2

1)á, 6ÿuçw2%víä−«ÁÝ�Ã½v, ÇÕø_ä−ªJzmUa�V,

ÄÑ°vs_ä−·'Ïíœ0.u'ò, FJâ�ä2ªJ'ñqíõ|ªJ�^Z¾¦m¹”�

.¬¤TucqQY«ªJøä−í’m'Äüí,¿|V, FJä−˛%˛ø, nªJdéN®º

˙šÂíj�Vj|mU�
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2.4 f�Öj“ (Transmit Diversity): v˛){^?}&

*,ø�BbªJø−, «às;Ù(í Alamouti ){ql, ªJ�^ís�ÄÑ:Ê«Áí½

æ, U˜Ï0‰)yQ,®ƒ7Ù(Öj“� QO, BbUàœ0íj�, «nÊs;f£Ù(í£>

){ql-, …í˜Ï0¸mÆªí^?}&�

°šË, Ê:Ê«Áí8”-,J©ø_«Á[bhl·uÖ
/ó°íµbògÓœ‰b, à (2) �,

wœ0ò�ƒb (probability density function) 6u Chi-square }0, à (3) �, çÉ�s;Ù(

f£ø;Ù(QYv, 6ÿu�s˜ä−«Áh0, h1,L=2, FJ (3) �‰A

fx(x) = xe−x

Bbø−, ÊøOí8”-, ˜Ï0ªJŸA [9]

Pe(x) = Q(

√

x
Eb

N0
) = Q(

√
xγ) γ =

Eb

N0

γumUDÆmªM (SNR)�Ebu©_Pj (bit) í?¾ (energy)�N0uògëÆmíŠ0ä$ò

�� °ší, .âú˜Ï0¦‚�M, )ƒ�Ì˜Ï0� Ì�RûÊË“3.2�

Pe = E[Pe(x)] =

∫ ∞

0
Pe(x)fx(x)dx

=

∫ ∞

0
Q(

√

x
Eb

N0
)xe−xdx

=

∫ ∞

0
(

∫ ∞

√
xγ

1√
2π

e−
t2

2 dt)xe−xdx

=
1

2
− 1

2

√
γ

γ + 2
− 1

2

√
γ

γ + 2

1

γ + 2
(9)

ÄÑv˛){ÊQY«í¶}Ûbä−í¡b, n?dj|í�T, Ä¤ÊQYÂí¶}‘.b�Ä

ü,¿|ä−¡bíqe, û_µÆ�¯ò, FJ�ø�.âbä−¡bíxX,˚dÏ}v˛){,

…uø�"ÎÀøÙ(í){j�, ÿuÊf£«¸QY«dø<_çíql, U)ÊW¿mUv.

àTä−,¿, QYÂÄ7ªJ�qíõÛ, BbøÊ-øı�Ü, .¬ÿõÿu}ª°|íQYÂ

(coherent receiver) Ï7×�3dB�
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�úı Ï}v˛){

f£Öj“ (transmit diversity) Z�˜í@àÊÌ(¦m,, |�Àíÿu Alamouti code[5],

…us;Ù(í£>){ql, , 6ÿuÊs_v… (time slot) 2f£s_mU,7§�íj�ub

és;Ù(ímU�ó£>, ®ƒf£Ö
, �.ß×ÑŸ†� Ö;Ù(í£>qlÊ [3]2�n��

Bbzs;Ù(í){qlj¶ [5]«àÊÏ}v˛){,, °ší, ¥�Ï}íj� [2], f£«¸

QY«·.Ûbä−í’m (channel state information), �˚ (CSI), Ä¤QY«ªJø_mUø

_mUW¿, úkõÛVz}œñq, .ÛdíØµÆ� .¬, Ï}QYÂí^?}ª°|QYÂÏ

3dB ˝¬� ‚à amicable orthogonal designs[4],[10]íj�, ªJz4,8;Ù(í£>){ql@à

, , ®ƒyßíÖj“^?�

3.1 ä−bç_� (Channel Model)

b·HmU%¬ä−¸Æmí	à, Bb5?ø_¦m©!, �M_f£Ù(¸N_QYÙ(Ê:

Ê (Rayleigh) «Áä−-íbç_�� ©ø_f£Ù(¸QYÙ(í=1·ucì$lÖ
 (sta-

tistically independent) í«Á[b, /§ƒó‹4Æmí	à, 6uÊN_QYÙ(2�óÖ
í�

BbUàµb!äí[ýj¶, çÊvÈτvBbf£µbmUzmτ m = 1 · · ·M , 7QYƒím

Urnτ n = 1 · · ·N , FJä−_ ªJ[ýA

rnτ =
M∑

m=1

hτnmzmτ + wnτ τ = 0, 1, 2, · · · n = 1, 2, · · · , N (10)

¥iíhτnmu�m_f£Ù(¸�n_QYÙ(ÊvÈτvíä−µb«Á[b, à‹cq«Á[b

úm, n·uÖ
í, …buµbòg}0 (complex Gaussian-distribution) CN(0, σ2), …í×ü

(amplitude) u:Ê}0, óP†uÌG}0 (uniform-distribution)� 7wnτuÊQYÙ(n¸v

Èτíó‹4íÆm, /©_·uÖ
/ó° (i.i.d) íµbòg}0CN(0, σ2)�ä−¡bhτmn m =

1 · · ·M n = 1 · · ·N·uf£«¸QY«F.ø−í�ø_vÈ–)ÑT , †Y£mUj˙�ªJZ

ŸA:

Rτ = HτSτ + Wτ (11)
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w2

Rτ =













r11 r12 . . . r1T

r21 r22 . . . r2T

...
...

. . .
...

rN1 rN2 . . . rNT













N×T

Hτ =













hτ11 hτ12 . . . hτ1M

hτ21 hτ22 . . . hτ2M

...
...

. . .
...

hτN1 hτN2 . . . hτNM













N×M

Sτ =













z11 z12 . . . z1T

z21 z22 . . . z2T

...
...

. . .
...

zM1 zM2 . . . zMT













M×T

Wτ =













w11 w12 . . . w1T

w21 w22 . . . w2T

...
...

. . .
...

wN1 wN2 . . . wNT













N×T

M : f£«Ù( N : QY«Ù(

Rτ : QYƒímUä³, &�uN × T

Hτ : ä−«Á[bä³, &�uN × M

Sτ : %¬Ï}){(ímUä³,&�uM × T

Wτ : ó‹4íògëÆmä³, ©ø_jÖ·uÖ
/ó°í, …í‚�MuÉ,‰æbuσ2, ¹CN(0, σ2),

&�uN × T

JBbcqT = M , †ä³í&�}‰A-�í�ä

Rτ =













r11 r12 . . . r1M

r21 r22 . . . r2M

...
...

. . .
...

rN1 rN2 . . . rNM













N×M

Hτ =













hτ11 hτ12 . . . hτ1M

hτ21 hτ22 . . . hτ2M

...
...

. . .
...

hτN1 hτN2 . . . hτNM













N×M

Sτ =













z11 z12 . . . z1M

z21 z22 . . . z2M

...
...

. . .
...

zM1 zM2 . . . zMM













M×M

Wτ =













w11 w12 . . . w1M

w21 w22 . . . w2M

...
...

. . .
...

wN1 wN2 . . . wNM













N×M

¥³Bbcìä−«Á[bä³Hτ¸ó¹íHτ−1�˛ó�, à-�

Hτ ' Hτ−1 τ = 1, 2, 3 · · ·
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3.2 Amicable orthogonal designs

{Xj}K
j=1 {Yj}K

j=1 u�2K_ä³, /&�uM × MÅ—-�íÉ[�:

XjX
H
j = I YjY

H
j = I ∀j

XjX
H
k = −XkX

H
j YjY

H
k = −YkY

H
j ∀j 6= k

XjY
H
k = YkX

H
j ∀j, k

I H[ÀPä³,H[ýu	�0, Ju{Xj}K
j=1 {Yj}K

j=1Å—,��ä, †˚Ñ Amicable orthog-

onal designs� u�K_‰b, /&�uM�

3.3 mU){ (Unitary Constellations)

ξu˘kmUírèÇ, 6ÿuzzk ε ξ1/Å—|zk|2 = 1� ü£rèÇÿu BPSK, QPSK, ¸8PSK�

à-Fý:

ξ = {e
jl2π

2b |l = 0, 1, · · · , 2b − 1} (12)

ø_–){�K_mU{zk}K
k=1, ç…ÊvÈτvf£ímUà-: ì2

Zτ =
1√
K

K∑

k=1

(Xkz
R
k + jYkz

I
k) (13)

w2zk = zR
k + jzI

k zR
k uzkíõ¶,zi

kuzkí™¶� BbªJ'ñqí[ýA

ZτZ
H
τ = ZH

τ Zτ =
1

K
(

K∑

k=1

|zk|2)IM×M = IM×M

Ä¤,Zτuø_ü£ä³�

3.4 Ï}){ (Differential modulation)

Êf£mUí–á‘KuS0 = I, f£mUä³ÊvÈτªJ[ýA

Sτ = Sτ−1Zτ (14)
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cqSτ−1S
H
τ−1 = I uü£ä³ SτS

H
τ = Sτ−1ZτZ

H
τ SH

τ−1 = I

mÍS0S
H
0 = I , BbªJ)ƒ SτS

H
τ = IFJSτ6uü£ä³�

3.5 Ï}v˛){j|j�

QYƒímUä³ÊvÈτv

Rτ = HτSτ + Wτ = HτSτ−1Zτ + Wτ (15)

BbUà Maximum likelihood(ML) V,¿mU{zk}K
k=1

{ẑk}K
k=1 = arg min

{zk},zkεξ
Tr[(Rτ − HτSτ−1Zτ )

H(Rτ − HτSτ−1Zτ )] (16)

w2Tr(.)u trace «�¯U, QYÂªJ\“�A

= arg min
{zk},zkεξ

Tr[(RH
τ − ZH

τ SH
τ−1H

H
τ )(Rτ − HτSτ−1Zτ )]

= arg min
{zk},zkεξ

Tr[RH
τ Rτ − RH

τ HτSτ−1Zτ − ZH
τ SH

τ−1H
H
τ Rτ + ZH

τ SH
τ−1H

H
τ HτSτ−1Zτ ]

= arg min
{zk},zkεξ

Tr[RH
τ Rτ + ZH

τ SH
τ−1H

H
τ HτSτ−1Zτ − RH

τ HτSτ−1Zτ − ZH
τ SH

τ−1H
H
τ Rτ ]

= arg min
{zk},zkεξ

Tr[RH
τ Rτ + Sτ−1ZτZ

H
τ SH

τ−1H
H
τ Hτ − RH

τ HτSτ−1Zτ − ZH
τ SH

τ−1H
H
τ Rτ ]

= arg min
{zk},zkεξ

{Tr[RH
τ Rτ ] + Tr[HH

τ Hτ ] − 2Real[Tr(RH
τ HτSτ−1Zτ )]}

= arg max
{zk},zkεξ

{Real[Tr(RH
τ HτSτ−1Zτ )]} (17)

øZτ = 1√
K

∑K
k=1(Xkz

R
k + jYkz

I
k) Hp, † ML QYÂø}‰A

= arg max
{zk},zkεξ

{Real[Tr[RH
τ HτSτ−1

1√
K

K∑

k=1

(Xkz
R
k + jYkz

I
k)]]}

= arg max
{zk},zkεξ

{
K∑

k=1

[Real[Tr(RH
τ HτSτ−1Xkz

R
k )] + Real[Tr(RH

τ HτSτ−1jYkz
I
k)]]}

= arg max
{zk},zkεξ

{
K∑

k=1

[Real[Tr(RH
τ HτSτ−1Xk)zR

k ] + Real[Tr(RH
τ HτSτ−1jYk)z

I
k]]} (18)

ø5}jAK_ø&í�ä, FJ ML QYÂbW¿mUzkø}‰A

ẑk = arg max
zkεξ

{[Real[Tr(RH
τ HτSτ−1Xk)zR

k ] + Real[Tr(RH
τ HτSτ−1jYk)z

I
k]]} (19)
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¥uø_°| (coherent) íQYÂ, OuÊÏ} (differential) í8$-, QY«.øä−¡b, Ä

¤.ø−HτSτ−1, 7QY«ÊvÈτ − 1vímUÑ

Rτ−1 = HτSτ−1 + Wτ−1 (20)

Wτ−1uògëÆm,Rτ−1ªJ\õAàVW¿HτSτ−1, øHτSτ−1àRτ−1Hp)ƒ-�Ï}QY

Â:

ẑk = arg max
zkεξ

{[Real[Tr(RH
τ Rτ−1Xk)zR

k ] + Real[Tr(RH
τ Rτ−1jYk)z

I
k]]} (21)

à,�ømU´Ÿ�V� ¤ø!Z�œQíµÆ�, /… SNR }ª°|íQYÂÏ3dB�

3.6 °|v˛){^?}&

Ê°|QYÂ2, °ší, BbøšªJà (9) �V}& (19) �F_Ò|Ví!‹� Bbø−,˜Ï

0ªJŸA

Pe(x) = Q(

√

x
Eb

N0
) = Q(

√
xγ) γ =

Eb

N0

ÄÑ˜Ï0}øM‰�, .âú˜Ï0¦‚�M, )ƒ�Ì˜Ï0�

Pe = E[Pe(x)] =

∫ ∞

0
Pe(x)fx(x)dx

=

∫ ∞

0
Q(

√

x
Eb

N0
)xe−xdx

=
1

2
− 1

2

√
γ

γ + 2
− 1

2

√
γ

γ + 2

1

γ + 2

3.7 Ýj$ (Non square) £>ql

JÛb3,5,6,7;Ù(í£>){ql, †ªJ‚à-�:

φ3 =









1 0 0 0

0 1 0 0

0 0 1 0








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φM = [IM×M 0M×(8−M)] (22)

φ5 = [I5×5 05×3] φ6 = [I6×6 06×2] φ7 = [I7×7 07×1]

ÊÏ}v˛){2, BbUàÝj$í£>ql, QYä³j˙�ªJŸA

Rτ = Hφ3S
(4)
τ + Wτ (23)

= H̃S
(4)
τ + Wτ (24)

w2H̃ = Hφ3 S
(4)
τ u%¬Ï}){(ímU,&�u4 × 4�

°ší, ÊÏ}v˛){2

Rτ = HφMS
(8)
τ + Wτ M = 5, 6, 7 (25)

= H̃S
(8)
τ + Wτ (26)

w2H̃ = HφM M=5,6,7 S
(8)
τ u%¬Ï}){(ímU,&�u8 × 8�
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�ûı 0§Ï}v˛){

ÊÌ(¦mí=1-, .âÄüí,¿ä−í¡b, Ccqä−u˛øí, ÿªJàéN®º˙š

Âíj�j|mU� .¬çä−Êv‰/ò§í8”-, ÌvÌ…·ÊZ‰, /Z‰íÝ�0§, U

)QY«íõÛóçµÆ� Ñ7j²¥_½æ,[6]2T|ø_v˛){íhxX,˚TÏ}v˛){,

…ucqø_–)vÈ¸…-ø_vÈqíä−¡b.ØZ‰í8”-, Êf£«dø_){í�

T, UQY«ªJd)œ�À� ßTu…1.ÛbT¦−í,¿�7¤híf�xXuUàÖ;f£

Ù(, ø;QYÙ(, /f£«¸QY«·.ø−ä−í’m (channel state information), ¥�

j¶.}UQY«µÆ“� ¤-Zuàf$í£>){íxX‹,ø<Ï}){FZA, à¤QY

«àÝ°|íW¿j¶ÿªJømU´Ÿ�V [1]� ÿÄÑf£«¸QY«·Ûb£>){qlí’

m, Ä¤é)�Õí½b�J?_çíql, ZªJÊ=1'Ïv,±Q˜Ï0íêÞ� £>){ql

ª}Ñj$ql (square) ¸Ýj$ql (nonsquare), BbøUà.°í2,4,8;Ù(j$ql [4],

¸3,5,6,7;Ù(íÝj$ql, V®ƒ^?íZ¾�

4.1 ä−bç_� (Channel Model)

°š5?ø_¦m©!, �M_f£Ù(¸N_QYÙ(Ê:Ê (Rayleigh) «Áä−-íbç_

�� Bbø (11) �¦u	�01/T<TÜ, )ƒ

RH
τ =

√
ρSH

τ HH
τ + WH

τ (27)

w2ρu©ø;QYÙ(í�ÌmUDÆmªM (SNR)� f£ímU.âÅ—

E

T∑

τ=1

M∑

m=1

|zτm|2 = T (28)

Eu‚�M (expectation), 6ÿuz, f£mUí,Š0¸f£Ù(MÌÉ�JBbì2

R̄τ = RH
τ S̄τ = SH

τ H̄τ = HH
τ W̄τ = WH

τ

Êø_–){TívÈf£ímU, Y£ímU�äªJZŸA

R̄τ =
√

ρS̄τH̄τ + W̄τ (29)
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w2

R̄τ =













r11 r12 . . . r1N

r21 r22 . . . r2N

...
...

. . .
...

rT1 rT2 . . . rTN













T×N

S̄τ =













z11 z12 . . . z1M

z21 z22 . . . z2M

...
...

. . .
...

zT1 zT2 . . . zTM













T×M

H̄τ =













hτ11 hτ12 . . . hτ1N

hτ21 hτ22 . . . hτ2N

...
...

. . .
...

hτM1 hτM2 . . . hτMN













M×N

W̄τ =













w11 w12 . . . w1N

w21 w22 . . . w2N

...
...

. . .
...

wT1 wT2 . . . wTN













T×N

M : f£«Ù( N : QY«Ù(

R̄τ : QYƒíµbä³mUR̄τ = (rτn), /R̄τ εC
T×N

ρ: ©ø;QYÙ(ímUDÆmªM (SNR), ¸f£«íÙ(bñMÌÉ�

H̄τ : :Ê (Rayleigh) ä−«Á[bä³,H̄τ = (hmn), /H̄τ εC
M×N , cqÊø_–)q¸vÈÌ

É�

S̄τ : %¬Ï}){(íä³mU,S̄τ = (zτm), /S̄τ εC
T×M

W̄τ : ©ø_ä³íjÖuó‹4íògëÆmW̄τ = (wτn), …í‚�MuÉ,‰æbuσ2, /W̄τ εC
T×N

Ê¥_[ý�2,S̄τíM_WH[mUàM_Ù(f£, /uvÈíƒb�

Bbcìä−«Á[bä³H̄τ¸ó¹íH̄τ−1�˛ó�, à-[ý

H̄τ ' H̄τ−1 τ = 1, 2, 3 · · ·

H̄τ =













hτ11 hτ12 . . . hτ1N

hτ21 hτ22 . . . hτ2N

...
...

. . .
...

hτM1 hτM2 . . . hτMN













'













h(τ−1)11 h(τ−1)12 . . . h(τ−1)1N

h(τ−1)21 h(τ−1)22 . . . h(τ−1)2N

...
...

. . .
...

h(τ−1)M1 h(τ−1)M2 . . . h(τ−1)MN













= H̄τ−1
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4.2 Generalized Real and Complex Orthogonal Designs

J-Bb�Ü�2£>ql (generalized orthogonal designs) íÜ� [1],[4]�

õb£>qlϑuø_Õ¯, …uâøˇ&�T ×M(T ≥ M ≥ 1)íä³FZA,7¥<ä³uJõ

b‰bx1, x2, · · · , xKÊõbÍ (real field)Rí(4 ¯F[ý7A, �2õb£>qlÕ¯ϑªJ

\[ýA

ϑ = ϑ(x1, x2, · · · , xK) = x1A1 + x2A2 + · · · + xKAK (30)

w2A1, A2, · · · , AKu�õbj$ä³<T×M , 1/Å—

ϑT ϑ = (x2
1 + x2

2 + · · ·+ x2
K)IM×M (31)

w2IM×MuM ×MíÀPä³,ϑí){0 (code rate) ì2AK
T , çT = Mv, Õ¯ϑ\˚Tõb

j$£>ql�

�2µb£>qlνuø_Õ¯, …uâøˇ&�T ×M(T ≥ M ≥ 1)íä³FZA,7¥<ä³u

Jµb‰bz1, z2, · · · , zK¸z∗1 , z
∗
2 , · · · , z∗KÊµbÍ (complex field)Cí(4 ¯F[ý7A, �2

µb£>qlÕ¯νªJ\[ýA

ν = ν(z1, z2, · · · , zK) = z1A1 + z2A2 + · · ·+ zKAK + z∗1B1 + z∗2B2 + · · ·+ z∗KBK (32)

w2A1, A2, · · · , AK¸B1, B2, · · · , BKu�µbj$ä³CT×M , /Å—

νHν = (|z1|2 + |z2|2 + · · ·+ |zK |2)IM×M (33)

bU,��UbA
,A1, A2, · · · , AK¸B1, B2, · · · , BK.âbÅ—

AH
k Ak + BH

k Bk = I AH
j Ak + BH

k Bj = 0 AH
j Bk + AH

k Bj = 0 AH
k Bk = 0

AH
k Aj + BH

j Bk = 0 BH
k Aj + BH

j Ak = 0 BH
k Ak = 0 1 ≤ j 6= k ≤ K

Ì�ízpÊË“1�

νí){0 (code rate) ì2AK
T , çT = Mv,ν\˚Tµbj$£>ql�

4.3 mU){ (Unitary Constellations)
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5?ø_2b-PSK mUírèÇΨ, z1, z2, · · · , zKu PSK ímU, 7mUírèÇ [11]à-Fý:

Ψ = { 1√
K

e
jl2π

2b |l = 0, 1, · · · , 2b − 1} (34)

w2j =
√
−1� ç×)¥<mUzkεΨ for k = 1, 2, · · · , K

BbªJd_çímU){,˚T proper complex square orthogonal design,ν = ν(z1, z2, · · · , zK),

øK_mUz1, z2, · · · , zK�²A&�M × Míµbä³mUV = ν, à-��ä: cqT = M

V = z1A1 + z2A2 + · · ·+ zKAK + z∗1B1 + z∗2B2 + · · ·+ z∗KBK (35)

w2A1, A2, · · · , AK¸B1, B2, · · · , BKu�µbj$ä³CM×M� …buf£«¸QY«·ø−í

’m� BbªJ'ñqíø−,mU V uø_ü£ä³ (unitary matrix):

V HV = V V H = (|z1|2 + |z2|2 + · · ·+ |zK |2)IM×M (36)

úF�ímUzkεΨ for k = 1, 2, · · · , K

¤£>ql,A1, A2, · · · , AK¸B1, B2, · · · , BK.âÅ—

AH
k Ak + BH

k Bk = AkA
H
k + BkB

H
k = I k = 1, · · · .K

AH
k Aj + BH

j Bk = AjA
H
k + BkB

H
j = 0 1 ≤ j 6= k ≤ K

BH
k Aj + BH

j Ak = AjB
H
k + AkB

H
j = 0 1 ≤ j 6= k ≤ K

AH
k Bk = AkB

H
k = 0 1 ≤ k ≤ K

J-uúk code rate Ñ1í2,4,8;Ù(£>){ql, …b©ø��©ø�5È·u£>�

V =
1√
2






z1 −z2

z2 z1




 V =

1√
4













z1 −z2 −z3 −z4

z2 z1 z4 −z3

z3 −z4 z1 z2

z4 z3 −z2 z1












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V =
1√
8



























z1 −z2 −z3 −z4 −z5 −z6 −z7 −z8

z2 z1 −z4 z3 −z6 z5 z8 −z7

z3 z4 z1 −z2 −z7 −z8 z5 z6

z4 −z3 z2 z1 −z8 z7 −z6 z5

z5 z6 z7 z8 z1 −z2 −z3 −z4

z6 −z5 z8 −z7 z2 z1 z4 −z3

z7 −z8 −z5 z6 z3 −z4 z1 z2

z8 z7 −z6 −z5 z4 z3 −z2 z1



























4.4 Ï}){ (Differential modulation)

QO, Bbà¨|VímUTÏ}){, 1/àf�Ù(f�| � �äà-

Êf£mUí–á‘KuS̄0 = I, f£mUä³ÊvÈτªJ[ýA

S̄τ = V S̄τ−1 τ = 1, 2, · · · · · · (37)

4.5 0§Ï}v˛){j|j�

BbøQYmUj˙�Ê‡ø_v…v, ZŸA-�:

R̄τ−1 =
√

ρS̄τ−1H̄τ−1 + W̄τ−1 =
√

ρS̄τ−1H̄τ + W̄τ−1 (38)

��si°v
,mUV

V R̄τ−1 =
√

ρV S̄τ−1H̄τ + V W̄τ−1

øS̄τ = V S̄τ−1 Hp R̄τ =
√

ρS̄τH̄τ + W̄τ )ƒ

R̄τ =
√

ρV S̄τ−1H̄τ + W̄τ = V R̄τ−1 + W̄τ − V W̄τ−1 (39)

R̄τ = V R̄τ−1 +
√

2W
′

τ (40)
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Bbì2

W
′

τ =
1√
2
(W̄τ − V W̄τ−1) (41)

w2,�u&�ÑT × Níó‹4Ö
ògä³�

(40) �˚Ñ!…Ï}QYj˙� [6]�

QOBbUà maximum-likelihood Ï}v˛){j|j�, %¬ø<bçíRû, �‰A|ü

�×W¿Â, 6ÿuçQYƒmUv, ¸˛øímUrèÇóªœ, ¸¨ø_mUœQ¡ÿ‡ìf£

«uvmU, ¹�^íø%¬ä−ímU´Ÿ�V�

â!…Ï}j˙� (40) ø, QYƒíµbä³mUR̄τεC
T×N ,%¬Ï}){(íä³mUV εCT×T ,

ó‹4íògëÆmW̄τεC
T×N , ä³³íjÖ‚�MuÉ,‰æbuσ2� Bbàvec(.)øä³‰A²

¾í$�à-:

vec(R̄τ ): QYƒíµbä³²¾, /vec(R̄τ )εC(TN)×1

vec(V ): %¬Ï}){(ímU²¾, /vec(V )εC(TT )×1

vec(W̄τ ): ©ø_²¾³íjÖuó‹4íògëÆm, …bí‚�MuÉ,‰æbuσ2, /vec(W̄τ )εC
(TN)×1

ÄÑÆmvec(W
′

τ)uø_Óœí²¾,vec(V )Ñ9lqlßí£>mU,vec(R̄τ−1)u‡ø_v…

FQYƒím7, QY«6˛ø, FJ¤…QYƒímUvec(R̄τ)uÓœí, êru§ƒògÓœ²

¾vec(W
′

τ )í	à, Ä¤b·Hvec(R̄τ)í‘Kò�ƒb (conditional density function), ÿ.âl

ø−vec(W
′

τ)íœ0}0� ÄÑvec(W̄τ ), vec(W̄τ−1)·uòg}0Óœ²¾, FJvec(W
′

τ )6uòg,

/uø_&�ÑTN×1íÓœ²¾, FJÉbvƒ…í‚�M (expectation) ¸‰æb (variance)Γ,

ÿªJ²ìwœ0ò�ƒb,ª7×)vec(R̄τ)í‘Kò�ƒb� úvec(W
′

τ )¦‚�M

E[vec(W
′

τ )] =
1√
2
E[vec(W̄τ ) − vec(V W̄τ−1)] = 0

7…í‰æbà-

E[vec(W
′

τ )vecH(W
′

τ )] = E
{

1√
2

[
vec(W̄τ ) − vec(V W̄τ−1)

]
1√
2

[
vec(W̄τ ) − vec(V W̄τ−1)

]H
}

= E
{

1
2

[
vec(W̄τ ) − vec(V W̄τ−1)

][
vecH(W̄τ ) − vecH(V W̄τ−1)

]}

= E
{

1
2

[
vec(W̄τ )vecH(W̄τ ) − vec(W̄τ )vecH(V W̄τ−1)

− vec(V W̄τ−1)vecH(W̄τ ) + vec(V W̄τ−1)vecH(V W̄τ−1)
]}
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= E
{

1
2

[
vec(W̄τ )vecH(W̄τ ) + vec(V W̄τ−1)vecH(V W̄τ−1)

]}

= E{1
2

[
vec(W̄τ )vecH(W̄τ ) + (W̄H

τ−1

⊗
I)vec(V )vecH(V )(W̄H

τ−1

⊗
I)H

]}

= E
{

1
2

[
vec(W̄τ )vecH(W̄τ ) + vec(W̄τ−1)vecH(W̄τ−1)

]}

= 1
2(σ2I + σ2I) = σ2I

w2vec(V )vecH(V ) = I /àƒÉ[� (b)�

â,ªø,vec(W
′

τ)í‚�Mu0,‰æbuσ2I, Ä¤ÿªJ)ƒ…íœ0}0�7µbògÓœ‰b

(complex Gaussian)wí}0uCN(0, Γ), /ΓuªL (invertible) íä³, †wíœ0ò�ƒbª

JŸA

p(w) =
1

πn
√

det (Γ)
exp

[
−(wHΓ−1w)

]
wεCn

�n_Ö
/ó°í (i.i.d) µbògÓœ‰bCN(0, 1) AògÓœ²¾w, ªJ\[ýACN(0, I),

øΓàIHp, †…íœ0ò�ƒb (probability density function) à-

p(w) =
1

πn
exp(−||w||2) wεCn

Ä¤, Æmíœ0}0à-:

p
(
vec(W

′

τ )
)

=
1

πTN
√

det (σ2I)
exp

[
−vecH(W

′

τ )(σ2I)−1vec(W
′

τ )
]

vec(W
′

τ )εC
TN (42)

mÍ˛%ªJ)øÆmvec(W
′

τ)íœ0}0, ;W!…Ï}QYj˙�,vec(V ), vec(R̄τ−1)Ñ˛ø,

QY²¾vec(R̄τ)uòg/‘Kò�ƒbp
(
vec(R̄τ )|vec(V ), vec(R̄τ−1)

)

p
(
vec(R̄τ )|vec(V ), vec(R̄τ−1)

)

= p
(
vec(W

′

τ )
)
∣
∣
∣
∣
∣

d
[
vec(W

′

τ )
]

d
[
vec(R̄τ )

]

∣
∣
∣
∣
∣
vec(W ′

τ )=
vec(R̄τ−V R̄τ−1)

√
2

=

√
2

πTN
√

det(σ2I)
exp

{

−
[
vecH(W

′

τ )(σ2I)−1vec(W
′

τ )
]}

|
vec(W ′

τ )=
vec(R̄τ−V R̄τ−1)

√
2

=

√
2

πTN
√

det(σ2I)
exp

{

−
[vecH(R̄τ − V R̄τ−1)√

2
(σ2I)−1 vec(R̄τ − V R̄τ−1)√

2

]}

=

√
2

πTN
√

det(σ2I)
exp

{

−
[vecH(R̄τ − V R̄τ−1)vec(R̄τ − V R̄τ−1)

2σ2

]}
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ø‘Kò�ƒbp
(
vec(R̄τ )|vec(V ), vec(R̄τ−1)

)
¦AÍúb ln )ƒ

ln p
(
vec(R̄τ )|vec(V ), vec(R̄τ−1)

)
= ln

( √
2

πTN
√

det(σ2I)

)
−

[
vecH(R̄τ − V R̄τ−1)vec(R̄τ − V R̄τ−1)

]

2σ2

cqf£ímU·u�œ0í, |×–NW¿Â (maximum likelihood detector)(ML) †u²Ï|

×í‘Kò�ƒb, à-Fý

{ẑk}K
k=1 = arg max

{zk},zkεΨ
ln p

(
vec(R̄τ )|vec(V ), vec(R̄τ−1)

)
(43)

FJ‰A

arg min
{zk},zkεΨ

[
vecH(R̄τ − V R̄τ−1)vec(R̄τ − V R̄τ−1)

]

¢ÄÑÉ[� (c), FJ

vecH(R̄τ − V R̄τ−1)vec(R̄τ − V R̄τ−1) = Tr
[
(R̄τ − V R̄τ−1)

H(R̄τ − V R̄τ−1)
]

à¤,(ML) W¿Â†ªJ‰A|ü�×W¿Â (minimum distance detector) VømU´Ÿ�V�

{ẑk}K
k=1 = arg min

{zk},zkεΨ
‖R̄τ − V R̄τ−1‖2

F (44)

⇒ {ẑk}K
k=1 = arg min

{zk},zkεΨ
‖R̄τ − V R̄τ−1‖F (45)

w2‖.‖FuFrobenius norm�

â,ÞíRûªø,maximum-likelihood W¿Â�‰A|ü�×W¿Â�

{ẑk}K
k=1 = arg min

{zk},zkεΨ
‖R̄τ − V R̄τ−1‖F = arg min

{zk},zkεΨ
Tr[(R̄τ − V R̄τ−1)

H(R̄τ − V R̄τ−1)]

= arg min
{zk},zkεΨ

K∑

k=1

(−zkλ
∗
k − z∗kλk) (46)

w2 λk = Tr(AH
k R̄τ R̄

H
τ−1 + BkR̄τ−1R̄

H
τ ) for k = 1, 2, · · · , K

λ∗
k = Tr(AkR̄τ−1R̄

H
τ + BH

k R̄τ R̄
H
τ−1)

,�2íAk, Bku%¬9lqlí, 7R̄τ¸R̄τ−1u¤øvÈQYƒímU¸‡ø…QYƒímU�

Ì�íRûÊ [1]¸Ë“32� Bbø−, Uà maximum-likelihood Vj|, ªJz…�²AK_&
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�í|ü“½æ�

Bb�s_µbu	íÉ[�à-:

[Tr(AkR̄τ−1R̄
H
τ )]∗ = Tr[(AkR̄τ−1R̄

H
τ )H ] = Tr[R̄τ R̄

H
τ−1A

H
k ] = Tr[AH

k R̄τ R̄
H
τ−1]

[Tr(BH
k R̄τ R̄

H
τ−1)]

∗ = Tr[(BH
k R̄τ R̄

H
τ−1)

H ] = Tr[R̄τ−1R̄
H
τ Bk] = Tr[BkR̄τ−1R̄

H
τ ]

Bbø (46) �}jAK_ø&í|ü“½æ

ẑk = arg min
zkεΨ

(−zkλ
∗
k − z∗kλk) k = 1, 2, · · · , K (47)

ÄÑ PSK Ôyí!Z, ,�ªJ“�A

ẑk = arg min
zkεΨ

(−zkλ
∗
k − z∗kλk)

= arg min
zkεΨ

(|zk|2 − zkλ
∗
k − z∗kλk)

= arg min
zkεΨ

|zk − λk|2 k = 1, 2, · · · , K (48)

•j|Æ�¶:

J-BbBbøú¤j|íÆ�¶dø_†bízp:

ÊQY«2, çQYƒ�τ_–) (block) íRτmU¸‡ø_τ − 1–)íRτ−1mUä³, ¸9lq

líä³

A1, A2, · · · , AK

B1, B2, · · · , BK

…buµbj$£>qlÕ¯ν2íä³, /&�uT × T � çÊτv…QYƒmUä³(, Bbà-

�s_¥	Vj|mU�

¥	 (1): BbªJl�|

λk = Tr(AH
k R̄τ R̄

H
τ−1 + BkR̄τ−1R̄

H
τ ) k = 1, 2, · · · , K

¥	 (2): yà-�l�|ẑk, õ¨ø_mU¸λk|Q¡, Ju/_mU|Q¡, †‡if£íuv

mU�

ẑk = arg min
zkεΨ

(−zkλ
∗
k − z∗kλk) = arg min

zkεΨ
|zk − λk|2 k = 1, 2, · · · , K
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FJW¿íj¶¸λk77óÉ, FJÉb_çíql£>){, f£«¸QY«íAk, Bk·}Z‰,

YƒíR̄τ , R̄τ−16}.°, |(yà,�¥	V´ŸmU�

4.6 .°í£>){ql

ÄÑÌ(¦mí=1'ª?‰)'Ï, 1/°v¢Ûbyßí^?, FJ£>){qlÿé)�Õ

í½b, ÄÑÊÏ}v˛){2, £>){qluf£«¸QY«·Ûbø−í’m,Ju?_çí

ql, ªJU)˜Ï0‰íyQ� FJBbø@à Wolfe’s slide lemma[4]VßÞ£>){ql, ¤

){ql.°k [1]¸ [3], àË“2Fý:

Wolfe’s slide lemma:

cqæÊ�nsúä³{Xi}ns

i=1 {Yi}ns

i=1, …bí×üuM × M , 1/Å— Amicable orthogonal de-

signs, †øæÊ�ns + 1ú2M × 2Míä³6Å—¤�

ì2

Vi = XiX
H
1 i = 2 · · ·ns Wk = YkX

H
1 k = 1 · · ·ns

J =






0 1

−1 0




 P =






0 1

1 0




 R =






1 0

0 −1






5?�ns + 1ú2M × 2Míä³à-Fý:

X̄1 = I2M Ȳk = P
⊗

Wk k = 1 · · ·ns

X̄i = P
⊗

Vi i = 2 · · ·ns Ȳns+1 = R
⊗

IM

X̄ns+1 = J
⊗

IM

w2,
⊗

u Kronecker product�íl¹uçBb�7|!…í Alamouti{, )ƒ7X
(2)
1 , X

(2)
2 , Y

(2)
1 , Y

(2)
2

){, y‚à Wolfe’s slide lemma ßÞ4;Ù(í£>){qlX̄1
(4)

, X̄2
(4)

, X̄3
(4)

, Ȳ1
(4)

, Ȳ2
(4)

, Ȳ3
(4)

�

|(yßÞ8;Ù(£>ql X̄1
(8)

, X̄2
(8)

, X̄3
(8)

, X̄4
(8)

, Ȳ1
(8)

, Ȳ2
(8)

, Ȳ3
(8)

, Ȳ4
(8)

� �7¥<£>q

l5(, â [7]£Ë“1í£>){�²É[�:

Ak =
Xk + Yk

2
Bk =

Xk − Yk

2
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×)7BbÛbíAk£Bk, Ä¤, BbÿªJà,ø�íj|j¶V´Ÿf£ímU�7à¤í)

{ql, «àÊ0§Ï}v˛){,, ˜Ï0ø}ª [3]íqlbVíQ, Ä¤Ju=1Ý�Ïív

`, ªJ�^íZ¾¦m¹”�

BbT|Çø�.°í){ql, …u�â2× 2í){ql, �²|Xb;Ù(íql, à-�,

w2qu1, 2, · · ·ícb,IquÀPä³,Φ2q†u¤){íql�

Φ2q = Iq

⊗






z1 z2

−z∗2 z∗1




 q = 1, 2, · · · (49)

4.7 Ýj$ (Non square) £>ql

øOí£>qlj�·uj$í (square), 6ÿuf£«í){j�, .Õ˛u2,4,8;Ù(íql,

JÛb3,5,6,7;f£Ù(í£>){ql, †ªJ‚à [4]íj¶×):

{X(4)
i }¸{Y (4)

i }}�uÅ— Amicable orthogonal designs í4× 4í){ql, BbªJ‚à-Þ

íä³φ3V®ƒ3; Ù(í){ql�

φ3 =









1 0 0 0

0 1 0 0

0 0 1 0









(φ3X
(4)
i )(φ3X

(4)
i )H = φ3X

(4)
i X

(4)H
i φH

3 = φ3φ
H
3 = I3

(φ3Y
(4)
i )(φ3Y

(4)
i )H = φ3Y

(4)
i Y

(4)H
i φH

3 = φ3φ
H
3 = I3

(φ3X
(4)
i )(φ3X

(4)
j )H = φ3X

(4)
i X

(4)H
j φH

3 = −φ3X
(4)
j X

(4)H
i φH

3 = −(φ3X
(4)
j )(φ3X

(4)
i )H

(φ3Y
(4)
i )(φ3Y

(4)
j )H = φ3Y

(4)
i Y

(4)H
j φH

3 = −φ3Y
(4)
j Y

(4)H
i φH

3 = −(φ3Y
(4)
j )(φ3Y

(4)
i )H

(φ3X
(4)
i )(φ3Y

(4)
j )H = φ3X

(4)
i Y

(4)H
j φH

3 = φ3Y
(4)
j X

(4)H
i φH

3 = (φ3Y
(4)
j )(φ3X

(4)
i )H

JÛb5,6,7;Ù(í){ql, ªJ‚àä³-��äVßÞφ5 φ6 φ7×)�

φM = [IM×M 0M×(8−M)] (50)
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φ5 = [I5×5 05×3] φ6 = [I6×6 06×2] φ7 = [I7×7 07×1]

{X(8)
i }¸{Y (8)

i }}�uÅ— Amicable orthogonal designs í8× 8í){ql�

(φMX
(8)
i )(φMX

(8)
i )H = φMX

(8)
i X

(8)H
i φH

M = φMφH
M = IM

(φMY
(8)
i )(φMY

(8)
i )H = φMY

(8)
i Y

(8)H
i φH

M = φMφH
M = IM

(φMX
(8)
i )(φMX

(8)
j )H = φMX

(8)
i X

(8)H
j φH

M = −φMX
(8)
j X

(8)H
i φH

M = −(φMX
(8)
j )(φMX

(8)
i )H

(φMY
(8)
i )(φMY

(8)
j )H = φMY

(8)
i Y

(8)H
j φH

M = −φMY
(8)
j Y

(8)H
i φH

M = −(φMY
(8)
j )(φMY

(8)
i )H

(φMX
(8)
i )(φMY

(8)
j )H = φMX

(8)
i Y

(8)H
j φH

M = φMY
(8)
j X

(8)H
i φH

M = (φMY
(8)
j )(φMX

(8)
i )H

Ê0§Ï}v˛){2, QYä³j˙�ªJŸA

R̄τ = S̄
(4)
τ φH

3 H̄ + W̄τ (51)

= S̄
(4)
τ H̆ + W̄τ (52)

w2H̆ = φH
3 H̄

R̄τ = S̄
(8)
τ φH

MH̄ + W̄τ M = 5, 6, 7 (53)

= S̄
(8)
τ H̆ + W̄τ (54)

w2H̆ = φH
M H̄ M=5,6,7

7ÊQY«íQYÂí!ZbZ‰A

λk = Tr(R̄τ R̄
H
τ−1A

H
k + BkR̄τ−1R̄

H
τ ) k = 1, 2, · · · , K

y dW¿í�T

ẑk = arg min
zkεΨ

(−zkλ
∗
k − z∗kλk) k = 1, 2, · · · , K

Bbô.|Ýj$ (non-square) í£>ql, U)c_Í$ªJ®ƒ¯Üí˜Ï0Û°J£õÛ�
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�üı _ÒDªœ

5.1 v˛){ {0 (Code rate)

F‚í (code rate) uÊø_–) (block)TívÈ, f£�_mUK� ªJŸAK
T

� çBbUà-

�í£>){, ©ø_){í (code rate) ·u1�

V =
1√
2






z1 −z2

z2 z1






V =
1√
4













z1 −z2 −z3 −z4

z2 z1 z4 −z3

z3 −z4 z1 z2

z4 z3 −z2 z1













V =
1√
8



























z1 −z2 −z3 −z4 −z5 −z6 −z7 −z8

z2 z1 −z4 z3 −z6 z5 z8 −z7

z3 z4 z1 −z2 −z7 −z8 z5 z6

z4 −z3 z2 z1 −z8 z7 −z6 z5

z5 z6 z7 z8 z1 −z2 −z3 −z4

z6 −z5 z8 −z7 z2 z1 z4 −z3

z7 −z8 −z5 z6 z3 −z4 z1 z2

z8 z7 −z6 −z5 z4 z3 −z2 z1



























5.2 v˛){_ÒD^?}&

¤�øú�ùıF�Üídø<}&D_Ò, §ƒÖ˜�í	à, ä−òQ
ÊmU,Þ, ¨Am
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UÊ‡ií˚Ø, j˙� (4) uàV}&:Ê«ÁúÍ$F¨Aí	à, Ç1ZuÊ:Ê«Á8”

-˜Ï0 (BER) ¸mUDÆmªM (SNR) íÇ, BbªJõƒç (SNR) *Qƒòv, _ÒÇá

�Aò(]Á, ˜Ï0øò±.Ø-V� ç SNR Ñ10dB v,BER ×�u2 × 10−2� Ñ7j²¥_

½æ, «àÙ(Öj“, UàÖ;Ù(f£ív˛){, |�ÀíÿuAlamouti í2;Ù(){q

l, ¤){íj|j�.âcqä−˛%\Ü;í,¿|V, Ç2Zu¤2;Ù(°|QYÂí_Ò

D}&Ç, j˙� (7)(8) uQYÂí_Òj˙�, …uémU
,(α2
0 + α2

1), çw2ø_ä−«Á

Ã½v, Çø_ä−6'Ïíœ0.u'ò, FJªœªJs�:Ê«Á, �^í±Q BER� 7«à

Alamouti F_Òí�(àÇ2Fý, ç SNR Ê10dB v,BER ˛%±)ª0.01´bQ�7 (9) �†

u˜Ï0í}&j˙�, …uàV}&_Ò|Ví!‹� *Ç2ªJõ|â (7)(8) �F_Òí�(

¸àœ0}&í˜Ï0�(˙� (9) Ý�íÔ¡� *,Þí!‹Bbø−, Uàs;f£Ù(,ø;

QYÙ(Vs�:Ê«Áí½æ, ªJ®ƒÖj“ (diversity) í^‹� Ç3uj˙� (4) ¸ (9) í

É[, Ó‹Ù(üõé¹”×)Z¾�

0 1 2 3 4 5 6 7 8 9 10
10−2

10−1

100

E
b
/N

0
 (dB)

B
it 

E
rr

or
 R

at
e

Rayleigh fading channel

analysis

Ç 1: :Ê«Á˜Ï0(BER) DmUÆmª (SNR) Ç

28



0 1 2 3 4 5 6 7 8 9 10
10−3

10−2

10−1

100

E
b
/N

0
 (dB)

B
E

R

2Tx Alamouti (simulation)
2Tx Alamouti (analysis)

Ç 2: 2;Ù( Alamouti íQYÂí_ÒD}&Ç

0 1 2 3 4 5 6 7 8 9 10
10−3

10−2

10−1

100

E
b
/N

0
 (dB)

B
E

R

2Tx Alamouti (analysis)
Rayleigh fading (analysis)

Ç 3: 2;f£Ù(1;QYÙ(˜Ï0}&ªœÇ
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5.3 Ï}v˛){_Ò

¤�Bbøú�úıíÏ}){QYÂdø<_ÒD}&, çUàÏ}){íQYÂv, óúk°

|QYÂ, ¤QYÂ.Ûbúä−ªW,¿, FJµÆ�}ªœQ, ªJdíªœ�À, .¬…í¹

”}œÏ, 6ÿub®ƒøìí˜Ï0v, Ï}íQYÂbª°|QYÂÖG|3dB ímUDÆm

ª (SNR)� Ç4uj˙� (19) ¸j˙� (21) íªœÇ� âkä−_�Rτ−1 = HτSτ−1 + Wτ−1í

É[, Ï}j|Â (21) �ª (19) �Ö|7Æmä³Wτ , Ä¤j|í^‹}œÏ, Ó‹QY«Ï‡

íœ0, �Àíz, ÿuçÛb®ƒó°˜Ï0v, UàÏ}j|Â.âÖG|ø<çÕí?¾, 6

ÿuÓ‹UàíŠ0 (power), U)mUDÆmªM (SNR) D×, s�Æmä³F¨Aí	à� J

,u‡ús;Ù(í){qlFTí_ÒÇ�

Ju;ªø¥Ó‹Ù(Öj“ (transmit diversity), ø˜Ï0±íyQ, BbªJUà4,8;Ù

(í){ql, øª2;Ù(í^?yß� Ç5uà2,4,8;Ù(.°£>){j�F_Òí˜Ï0

(BER) ¸mUDÆmªM (SNR)� BbªJõ|,4;Ù(˜Ï0ªJ±)ªs;Ù(´Q, ç SNR

Ê10dB v,BER ˛%ª10−2´Q7� 78;Ù(íql†ªJ±ƒ10−4í��, â¤ªø, Ó‹�

Ö;f£Ù(, ˜Ï0ªJ±)yQ, ¦m¹”)JZ¾, «wuUà8;Ù(íql� Ç52, ÊQ

SNR v, Ó‹f£Ù(üõªJÓ‹Öj“, .¬˜Ï0±í.u'Ö, çÊò SNR v, «wu

6dB 5(,BER ªJ±íyQ�

QOBbUàÝj$í£>ql, .°k,Híj$£>ql, àÇ6uÝj$í£>ql, úk

3,5,6,7;Ù(F_Òí˜Ï0 (BER) ¸mUDÆmªM (SNR)� BbªJõ|, ©Ó‹ø;f£

Ù(, ·ªJÓ‹Öj“, �^íø˜Ï0±)yQ, ç SNR âQ‰òv, }y‹ípé�

çBbÓ‹QYÙ(v, ªJÓ‹QYÖj“ (receive diversity), 6}Z¾¦m¹”� Ç7u2

;Ù(f£2;Ù(QY (2 × 2) í_ÒÇ, …péËª2;Ù(f£1;Ù(QY (2 × 1) í^?

bß� ç SNR Ê10dB v,BER ˛%±ƒ10−3í��, ª4;Ù(f£1;Ù(QY (4 × 1) í´

bQ, FJªJ_çíT]¾í@à, .¬Ó‹7QYÙ(, ø}¨AQY«íµÆ“, Ì¶�Àí

õÛ, Ä¤ñ‡øO@à´uÕ2Êf£Öj“í¶}�
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Differential STBC

Ç 4: °|QYÂDÏ}QYÂ˜Ï0(BER) DmUÆmª (SNR) Ç
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10−1

100
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B
it 
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e

BPSK

2Tx Differential STBC
4Tx Differential STBC
8Tx Differential STBC

Ç 5: Ï}v˛){-2,4,8;Ù(˜Ï0 (BER) DmUÆmª (SNR) Ç
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0 1 2 3 4 5 6 7 8 9 10
10−4

10−3

10−2

10−1

100

SNR

B
it 
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ro
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at

e

BPSK

3Tx Differential STBC
5Tx Differential STBC
6Tx Differential STBC
7Tx Differential STBC

Ç 6: Ï}v˛){-Ýj$£>ql˜Ï0(BER) DmUÆmª (SNR) Ç

0 1 2 3 4 5 6 7 8 9 10
10−3

10−2

10−1

100

SNR

B
it 

er
ro

r r
at

e

BPSK

2 Tx 2 Rx Differential STBC
2 Tx 1 Rx Differential STBC

Ç 7: 2;f£Ù(2;QYÙ(˜Ï0 (BER) DmUÆmª (SNR) Ç
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0 1 2 3 4 5 6 7 8 9 10
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10−2

10−1

100
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0
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B
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R

Coherent (simulation)
Coherent (analysis)

Ç 8: 2;Ù(°|íQYÂí_ÒD}&Ç

Ê°|QYÂ2, cqHτSτ−1˛%˛ø, FJªJUà (19) �Vj|mU, ó°Ë, Bb6ªJ

à˜Ï0í}&j˙� (9) V}&_Ò!‹, …uJ2;f£Ù(1;QYÙ(, àÇ8�
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5.4 0§Ï}v˛){_Ò

…�Bbøú�ûıí0§Ï}v˛){íj|Âdø<}&D_Ò, 1/‚à Wolfe’s slide lemma

FßÞí£>){ql, ®ƒÖ;Ù(Öj“, ¤ql.°k [1]¸ [3], /ªJ�^í±Q˜Ï0,

Ä¤ç¦m=1'Ï, «Á'Ã½ív`, ‚à¤){ql, VZ¾¦m¹”� íl, BbUà{0

(code rate) Ñ1í){j� [3], _Ò|˜Ï0 (BER) ¸mUDÆmªM (SNR), à-Ç9Fý:

*Ç2ªø, Ó‹f£Ù(íbñíü±Q7˜Ï0, .¬ÓOÙ(×IbÓ‹, 1³�Z¾ØÖí

BER� ÊQ SNR í8”-,2;Ù(ô.ƒ4;Ù(v, �<�íZ¾, .¬ç*4;Ù(Ó‹ƒ8;

v, BER±í¢yý,�Àíz, Q SNR v,BER �˛³Ö×í‰“�7Êò SNR v,˜Ï0�œp

éíZ¾, 2ƒ4;Ù( BER±)œÖ, .¬8;Ù(6uZ¾œý� QO, øUà.°í£>){q

0 1 2 3 4 5 6 7 8 9 10
10−3

10−2

10−1

100

SNR

B
it 

er
ro

r r
at

e

BPSK

2Tx Paper Fast Differential STBC
4Tx Paper Fast Differential STBC
8Tx Paper Fast Differential STBC

Ç 9: 0§Ï}v˛){-{0Ñ1í2,4,8;Ù(˜Ï0 (BER) DmUÆmª (SNR) Ç

l, Bb«à Wolfe’s slide lemma FßÞí4;Ù(£>){ql X̄1
(4)

, X̄2
(4)

, X̄3
(4)

, Ȳ1
(4)

, Ȳ2
(4)

, Ȳ3
(4)

,

%¬_çí§�,X̄i
(4)

,i = 1, 2, 3¸mUíõb¶}ó
,Ȳi
(4)

,i = 1, 2, 3¸mUí™¶ó
, |(y

ó‹–V, à- (54) �Fý, ÿAÑø hí){Z
(4)
τ �
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Z
(4)
τ =

1√
3

[ 3∑

i=1

X̄i
(4)

zR
i + j

3∑

i=1

Ȳi
(4)

zI
i

]
(55)

w2X̄i
(4)

, Ȳi
(4)

, i = 1, 2, 3˛%\ql, ¤4;Ù(í){qlí code rate= K
T

= 3
4� ½ í){

qlmUà-

Z
(4)
τ =

1√
3













z1 0 z2 −z∗3

0 z1 z3 z∗2

−z∗2 −z∗3 z∗1 0

z3 −z2 0 z∗1













QY«ÊTj|	Tv, .âø−(Ak, Bk)C6(Xk, Yk)í’m, ¥¸f£«Fqlí£>mU){

�É� FJBbªJÊf£«_çíqlv˛){, ZªJ)ƒœQí˜Ï0� .¬º6 �7 code

rate� Bbø Wolfe’s slide lemma FßÞí(Xk, Yk){, y«à Ak = Xk+Yk

2 Bk = Xk−Yk

2 ×

)(Ak, Bk)íql,ª7 Tj|í	TzmU´Ÿ�V� -Ç10us�.°{0í4;Ù(£>)

{ªœÇ, ªJõ|Bbí code rate ÖÍªœQ, Ou˜Ï0péªJª [1]9í´Q� ÊQ SNR

v,BER ÿ�<�íÏ�, 7ò SNR }MMËÓ×Ï��
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Ç 10: 0§Ï}v˛){-4;Ù(˜Ï0 (BER) DmUÆmª (SNR) Ç
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�74;Ù(íql5(,Jy«àøŸ Wolfe’s slide lemma, †ªJ)ƒ8;Ù(íql, à-

Z
(8)
τ =

1√
4

[ 4∑

i=1

X̄i
(8)

zR
i + j

4∑

i=1

Ȳi
(8)

zI
i

]
(56)

w2X̄i
(8)

, Ȳi
(8)

, i = 1, 2, 3, 4˛%\ql, ¤8;Ù(í){ql code rate= K
T

= 4
8 = 1

2�

Z
(8)
τ =

1√
4



























z1 0 0 0 z4 0 z2 −z∗3

0 z1 0 0 0 z4 z3 z∗2

0 0 z1 0 −z∗2 −z∗3 z∗4 0

0 0 0 z1 z3 −z2 0 z∗4

−z∗4 0 z2 −z∗3 z∗1 0 0 0

0 −z∗4 z3 z∗2 0 z∗1 0 0

−z∗2 −z∗3 −z4 0 0 0 z∗1 0

z3 −z2 0 −z4 0 0 0 z∗1



























-Ç11us�.°8;Ù(£>){íªœÇ, ªJõ| code rate ÖÍœQ, O˜Ï0ªJ9í

Q� ÊQ SNR v, ˜Ï0ÿ�péíZ¾, ˛%�ø¨Ï�, ç SNR MMÓ×, Z¾í�Ö, ˜Ï

0±í�Q�
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Ç 11: 0§Ï}v˛){-8;Ù(˜Ï0 (BER) DmUÆmª (SNR) Ç

-Ç12uà2,4,8;Ù(.°£>){j�F_Òí˜Ï0 (BER) ¸mUDÆmªM (SNR)�
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Ç 12: 0§Ï}v˛){-2,4,8;Ù(˜Ï0 (BER) DmUÆmª (SNR) Ç
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à.°k [1]í£>v˛){j�, �^í±Q˜Ï0íêÞ, .¬ºU){0š�í±Q, 4;

Ù(íql{0u3/4, 78;Ù(íql{0u1/2, �Àíz, à‹¦m=1í«Á8$Ã½, B

bªJš�±Qøõ{0, ²)œQí˜Ï0, ¦m¹”)JZ¾� *Ç122ªø, Ó‹f£Ù(í

°v, ×)7Ù(Öj“í^‹, ÊQ SNR í8”-ÿ˛%�FZ¾, ƒ7ò SNR v, ˜Ï0±)

yQ7, Ê SNR Ñ10dB v,4;Ù(íql±ƒ710−3í��, 8;Ù(†˛%ƒ710−4í���

Ç13uÝj$ (non-square) í£>ql, úk3,5,6,7;Ù(F_Òí˜Ï0 (BER) ¸mUD

ÆmªM (SNR)� 7ÊQY«íQYÂí!ZbZ‰A

λk = Tr(R̄τ R̄
H
τ−1A

H
k + BkR̄τ−1R̄

H
τ ) for k = 1, 2, · · · , K

y dW¿í�T ẑk = arg minzkεΨ (−zkλ
∗
k − z∗kλk) k = 1, 2, · · · , K

âÇ2, BbªJÀUíõƒ, çÓ‹f£Ù(v, ˜Ï0øò×)Z¾, Ä¤ªJéc_Í$d|

]¾í@à, ®ƒ¯Üí˜Ï0Û°�

Ó‹f£Ù(ªJÓ‹f£Öj“ (Transmit diversity), °šíà‹QYÙ(6Ó‹ (Receive

diversity), 6}Z¾¦m¹”� Ç14u2;f£Ù(2;QYÙ((2 × 2)¸2;f£Ù(É�1;

QYÙ((2 × 1), à-Fý: BbªJõ|�'péËZ¾, Ê SNR Ñ10dB v,BER ªJ±ƒ

010−3˝¬� Í7, Ó‹QYÙ(ÖÍªJZ¾^?, .¬ºÓ‹7QY«íµÆ�, Ä¤.¯¯õ

ÒíÛ°� Ç15u‚à (49) �VßÞí4;Ù(í){qlí_ÒÇ, *Ç2ªJõ|…í˜Ï0
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Ç 14: 2;f£Ù(2;QYÙ(˜Ï0 (BER) DmUÆmª (SNR) Ç
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}ª Wolfe’s slide lemma F¨|VíqlVíQ, .¬{0ºuªœü, É�1/2� Ç16†u6;Ù

(í_ÒÇ, ø¤ql¸Ýj$ (non-square) Tªœ, êÛ˜Ï06ªJ±)ªœQ, Ou{0º

yü, É�1/3� Ju«à¤híql, çÙ(bñÓÖv, {0ø}�V�ü, FJÎÝ˜00íÛ

°.b, ´†�‡Uàw…í){ql�
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�ýı !�

ÊÌ(¦mí=12, b?�^ís�ä−«Áí½æ, ±Q˜Ï0íêÞ, ¢.ÛéQYÂql

Ø¬µÆ, Ï}){íj|j�øu_.˜í²Ï, .¬ÿõu.âG|ªÜ;°| (coherent) Q

YÂÖG|3dB íHg, n?®ƒó°˜Ï0� �úı2, Bbú°|QYÂd7˜Ï0í^?}

&� 7�ûıí0§Ï}){2, âkf£«¸QY«·.âø−ø<’mn?dj|, Bbþt

Uà.°k [1],[3]í£>){ql, VZ¾¹”� w2û;¸ÿ;Ù(í£>){ql, ˜Ï0±ª

[1]Q, .¬{0 (code rate) š�-±, Ä¤Ê=1'Ï, ä−«ÁÃ½í8”-, «à¤£>){

ql,  �øõ{0, øªJ®ƒœßí¦m¹”� QO, ‚à.°í£>){ql, ô.|Ýj$

(non-square) í£>ql, U)BbªJúú,ü, ý, þ;Ù(d]¾í«à� |(, BbT|ø_

hí£>){ql, ÖÍªJ�^±Q˜Ï0, .¬çÙ(bñÓÖv, {0}×Ùí-±, FJJ

Ý˜Ï0Û°.b, ´†.�‡Uà¤£>){ql�
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Ë“1 s�£>qlíÉ[

1.1 s�£>qlí�²É[

.�u�2£>qlíA1, · · · , AK , B1, · · · , BK , Cu Amicable orthogonal designs íX1, · · · , XK ,

Y1, · · · , YK , æÊOø<É[,[7]2�«n, à-Fý:

V = z1A1 + z2A2 + · · ·+ zKAK + z∗1B1 + z∗2B2 + · · ·+ z∗KBK

= (z1A1 + z∗1B1) + (z2A2 + z∗2B2) + · · · + (zKAK + z∗KBK)

= [(zR
1 + jzI

1)A1 + (zR
1 − jzI

1)B1] + [(zR
2 + jzI

2)A2 + (zR
2 − jzI

2)B2] + · · ·

+ [(zR
K + jzI

K)AK + (zR
K − jzI

K)BK ]

w2zR
k , zI

k}�uzkíõ¶¸™¶,zk = zR
k + jzI

k k = 1, 2, · · · , K

= [(zR
1 A1 + zR

1 B1 + zR
2 A2 + zR

2 B2 + · · · · · · + zR
KAK + zR

KBK)]

+j[(zI
1A1 − zI

1B1 + zI
2A2 − zI

2B2 + · · · · · · + zI
KAK − zI

KBK)]

= [zR
1 (A1 + B1) + zR

2 (A2 + B2) + · · · + zR
K(AK + BK)]

+j[zI
1(A1 − B1) + zI

2(A2 − B2) + · · ·+ zI
K(AK − BK)]

=
∑K

k=1 zR
k (Ak + Bk) + j

∑K
k=1 zI

k(Ak − Bk)

=
∑K

k=1 zR
k Xk + j

∑K
k=1 zI

kYk

w2 Xk = Ak + Bk Yk = Ak − Bk

Ak = Xk+Yk

2 Bk = Xk−Yk

2

1.2 s�£>qlFbÅ—íÉ[�

1.2.1 Xk, YkÉ[�

{Xj}K
j=1 {Yj}K

j=1 u�2K_ä³, /&�uM × M

XkX
H
k = I YkY

H
k = I ∀j

XjX
H
k = −XkX

H
j YjY

H
k = −YkY

H
j ∀j 6= k

XjY
H
k = YkX

H
j ∀j, k
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Zτ = 1√
K

∑K
k=1(Xkz

R
k + jYkz

I
k)

cqÉ�s_mUf£K=2

ZτZ
H
τ = [ 1√

2

∑2
k=1(Xkz

R
k + jYkz

I
k)][ 1√

2

∑2
k=1(Xkz

R
k + jYkz

I
k)]H

= 1
2(X1z

R
1 + jY1z

I
1 + X2z

R
2 + jY2z

I
2)(X1z

R
1 + jY1z

I
1 + X2z

R
2 + jY2z

I
2)H

= 1
2(X1z

R
1 + jY1z

I
1 + X2z

R
2 + jY2z

I
2)(XH

1 zR
1 − jY H

1 zI
1 + XH

2 zR
2 − jY H

2 zI
2)

= 1
2(X1X

H
1 zR

1 zR
1 − jX1Y

H
1 zR

1 zI
1 + X1X

H
2 zR

1 zR
2 − jX1Y

H
2 zR

1 zI
2

+jY1X
H
1 zR

1 zI
1 − j2Y1Y

H
1 zI

1zI
1 + jY1X

H
2 zI

1zR
2 − j2Y1Y

H
2 zI

1zI
2

+X2X
H
1 zR

1 zR
2 − jX2Y

H
1 zI

1zR
2 + X2X

H
2 zR

2 zR
2 − jX2Y

H
2 zR

2 zI
2

+jY2X
H
1 zR

1 zI
2 − j2Y2Y

H
1 zI

1zI
2 + jY2X

H
2 zR

2 zI
2 − j2Y2Y

H
2 zI

2zI
2)

JbÅ— Amicable orthogonal designs, É�úi(ímUG-V, wìí¶}·}¾ , AÑ-

�:

= 1
2(X1X

H
1 zR

1 zR
1 + Y1Y

H
1 zI

1zI
1 + X2X

H
2 zR

2 zR
2 + Y2Y

H
2 zI

2zI
2)

= 1
2(zR

1 zR
1 + zI

1zI
1 + zR

2 zR
2 + zI

2zI
2)I

= 1
2(|z1|2 + |z2|2)I Zτuü£ä³

1.2.2 Ak, BkÉ[�

JbÅ— Amicable orthogonal designs, †Ak, BkbÅ—S�É[�, à [3]

XkX
H
k = (Ak +Bk)(Ak +Bk)

H = (Ak +Bk)(A
H
k +BH

k ) = AkA
H
k +AkB

H
k +BkA

H
k +BkB

H
k = I

YkY
H
k = (Ak−Bk)(Ak−Bk)H = (Ak−Bk)(AH

k −BH
k ) = AkA

H
k −AkB

H
k −BkA

H
k +BkB

H
k = I

(bÅ—AkA
H
k + BkB

H
k = I AkB

H
k = 0 BkA

H
k = 0)

XjX
H
k = (Aj + Bj)(Ak + Bk)H = (Aj + Bj)(A

H
k + BH

k ) = AjA
H
k + AjB

H
k + BjA

H
k + BjB

H
k

−XkX
H
j = −(Ak+Bk)(Aj+Bj)

H = −(Ak+Bk)(A
H
j +BH

j ) = −AkA
H
j −AkB

H
j −BkA

H
j −BkB

H
j

(bÅ—AjA
H
k + BkB

H
j = 0 AjB

H
k + AkB

H
j = 0 AkA

H
j + BjB

H
k = 0 BjA

H
k + BkA

H
j = 0)

YjY
H
k = (Aj − Bj)(Ak − Bk)

H = (Aj − Bj)(A
H
k − BH

k ) = AjA
H
k − AjB

H
k − BjA

H
k + BjB

H
k
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−YkY
H
j = −(Ak−Bk)(Aj−Bj)

H = −(Ak−Bk)(AH
j −BH

j ) = −AkA
H
j +AkB

H
j +BkA

H
j −BkB

H
j

(bÅ—AjA
H
k + BkB

H
j = 0 AjB

H
k + AkB

H
j = 0 AkA

H
j + BjB

H
k = 0 BjA

H
k + BkA

H
j = 0)

XjY
H
k = (Aj + Bj)(Ak − Bk)

H = (Aj + Bj)(A
H
k − BH

k ) = AjA
H
k − AjB

H
k + BjA

H
k − BjB

H
k

YkX
H
j = (Ak − Bk)(Aj + Bj)

H = (Ak − Bk)(A
H
j + BH

j ) = AkA
H
j + AkB

H
j − BkA

H
j − BkB

H
j

(bÅ—AjA
H
k + BkB

H
j = 0 AjB

H
k + AkB

H
j = 0 AkA

H
j + BjB

H
k = 0 BjA

H
k + BkA

H
j = 0)

Ä¤,Ak, BkbÅ—-�É[:

AkA
H
k + BkB

H
k = I AkB

H
k = 0 BkA

H
k = 0

AjA
H
k + BkB

H
j = 0 AjB

H
k + AkB

H
j = 0 AkA

H
j + BjB

H
k = 0 BjA

H
k + BkA

H
j = 0

V V H = (z1A1 + z2A2 + · · ·+ zKAK + z∗1B1 + z∗2B2 + · · ·+ z∗KBK)

(z∗1A
H
1 + z∗2A

H
2 + · · · + z∗KAH

K + z1B
H
1 + z2B

H
2 + · · ·+ zKBH

K )

= |z1|2A1A
H
1 + z1z

∗
2A1A

H
2 + · · · + z1z

∗
KA1A

H
K + z1z1A1B

H
1 + z1z2A1B

H
2 + · · · + z1zKA1B

H
K

+z2z
∗
1A2A

H
1 + |z2|2A2A

H
2 + · · ·+ z2z

∗
KA2A

H
K + z2z1A2B

H
1 + z2z2A2B

H
2 + · · ·+ z2zKA2B

H
K

+. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .+

+zKz∗1AKAH
1 +zKz∗2AKAH

2 +· · ·+|zK |2AKAH
K +zKz1AKBH

1 +zKz2AKBH
2 +· · ·+zKzKAKBH

K

+z∗1z
∗
1B1A

H
1 + z∗1z

∗
2B1A

H
2 + · · ·+ z∗1z

∗
KB1A

H
K + |z1|2B1B

H
1 + z∗1z2B1B

H
2 + · · ·+ z∗1zKB1B

H
K

+z∗2z
∗
1B2A

H
1 + z∗2z

∗
2B2A

H
2 + · · ·+ z∗2z

∗
KB2A

H
K + z∗2z1B2B

H
1 + |z2|2B2B

H
2 + · · ·+ z∗2zKB2B

H
K

+. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .+

+z∗Kz∗1BKAH
1 +z∗Kz∗2BKAH

2 +· · ·+z∗Kz∗KBKAH
K +z∗Kz1BKBH

1 +z∗Kz2BKBH
2 +· · ·+|zK |2BKBH

K

= (|z1|2 + |z2|2 + |z3|2 + · · ·+ |zK |2)I �UÅ—í‘Kbu

AkA
H
k + BkB

H
k = I AjA

H
k + BkB

H
j = 0 AjB

H
k + AkB

H
j = 0 AkB

H
k = 0

AkA
H
j + BjB

H
k = 0 BkA

H
j + BjA

H
k = 0 BkA

H
k = 0

{Xj}K
j=1 {Yj}K

j=1 u�2K_ä³, /&�uM × M , JuXj, YkÅ—-�íÉ[�, 6ÿuzu

	�0
Ê‡Þ�

XH
k Xk = I Y H

k Yk = I ∀j

XH
j Xk = −XH

k Xj Y H
j Yk = −Y H

k Yj ∀j 6= k
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XH
j Yk = Y H

k Xj ∀j, k

FJbÅ—,�É[,Ak, BkbÅ—S�É[�:

XH
k Xk = (Ak +Bk)

H(Ak +Bk) = (AH
k +BH

k )(Ak +Bk) = AH
k Ak +AH

k Bk +BH
k Ak +BH

k Bk = I

Y H
k Yk = (Ak−Bk)H(Ak −Bk) = (AH

k −BH
k )(Ak −Bk) = AH

k Ak −AH
k Bk −BH

k Ak +BH
k Bk = I

(bÅ—AH
k Ak + BH

k Bk = I AH
k Bk = 0 BH

k Ak = 0)

XH
j Xk = (Aj + Bj)

H(Ak + Bk) = (AH
j + BH

j )(Ak + Bk) = AH
j Ak + AH

j Bk + BH
j Ak + BH

j Bk

−XH
k Xj = −(Ak+Bk)

H(Aj+Bj) = −(AH
k +BH

k )(Aj+Bj) = −AH
k Aj−AH

k Bj−BH
k Aj−BH

k Bj

(bÅ—AH
j Ak + BH

k Bj = 0 AH
j Bk + AH

k Bj = 0 AH
k Aj + BH

j Bk = 0 BH
j Ak + BH

k Aj = 0)

Y H
j Yk = (Aj − Bj)

H(Ak − Bk) = (AH
j − BH

j )(Ak − Bk) = AH
j Ak − AH

j Bk − BH
j Ak + BH

j Bk

−Y H
k Yj = −(Ak−Bk)H(Aj−Bj) = −(AH

k −BH
k )(Aj−Bj) = −AH

k Aj +AH
k Bj +BH

k Aj−BH
k Bj

(bÅ—AH
j Ak + BH

k Bj = 0 AH
j Bk + AH

k Bj = 0 AH
k Aj + BH

j Bk = 0 BH
j Ak + BH

k Aj = 0)

XH
j Yk = (Aj + Bj)

H(Ak − Bk) = (AH
j + BH

j )(Ak − Bk) = AH
j Ak − AH

j Bk + BH
j Ak − BH

j Bk

Y H
k Xj = (Ak − Bk)

H(Aj + Bj) = (AH
k − BH

k )(Aj + Bj) = AH
k Aj + AH

k Bj − BH
k Aj − BH

k Bj

(bÅ—AH
j Ak + BH

k Bj = 0 AH
j Bk + AH

k Bj = 0 AH
k Aj + BH

j Bk = 0 BH
j Ak + BH

k Aj = 0)

Ä¤,Ak, BkbÅ—-�É[:

AH
k Ak + BH

k Bk = I AH
k Bk = 0 BH

k Ak = 0

AH
j Ak + BH

k Bj = 0 AH
j Bk + AH

k Bj = 0 AH
k Aj + BH

j Bk = 0 BH
j Ak + BH

k Aj = 0

V HV = (z∗1A
H
1 + z∗2A

H
2 + · · ·+ z∗KAH

K + z1B
H
1 + z2B

H
2 + · · · + zKBH

K )

(z1A1 + z2A2 + · · · + zKAK + z∗1B1 + z∗2B2 + · · · + z∗KBK)

= |z1|2AH
1 A1 + z∗1z2A

H
1 A2 + · · · + z∗1zKAH

1 AK + z∗1z∗1A
H
1 B1 + z∗1z∗2A

H
1 B2 + · · ·+ z∗1z

∗
KAH

1 BK

+z∗2z1A
H
2 A1 + |z2|2AH

2 A2 + · · ·+ z∗2zKAH
2 AK + z∗2z

∗
1A

H
2 B1 + z∗2z

∗
2A

H
2 B2 + · · ·+ z∗2z∗KAH

2 BK

+. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .+

+z∗Kz1A
H
KA1 + z∗Kz2A

H
KA2 + · · ·+ |zK |2AH

KAK + z∗Kz∗1AH
KB1 + z∗Kz∗2AH

KB2 + · · ·+ z∗Kz∗KAH
KBK
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+z1z1B
H
1 A1 + z1z2B

H
1 A2 + · · ·+ z1zKBH

1 AK + |z1|2BH
1 B1 + z1z

∗
2B

H
1 B2 + · · ·+ z1z

∗
KBH

1 BK

+z2z1B
H
2 A1 + z2z2B

H
2 A2 + · · ·+ z2zKBH

2 AK + z2z
∗
1B

H
2 B1 + |z2|2BH

2 B2 + · · ·+ z2z
∗
KBH

2 BK

+. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .+

+zKz1B
H
KA1 + zKz2B

H
KA2 + · · ·+ zKzKBH

KAK + zKz∗1B
H
KB1 + zKz∗2B

H
KB2 + · · ·+ |zK |2BH

KBK

= (|z1|2 + |z2|2 + |z3|2 + · · ·+ |zK |2)I �UÅ—í‘Kbu

AH
k Ak + BH

k Bk = I AH
j Ak + BH

k Bj = 0 AH
j Bk + AH

k Bj = 0 AH
k Bk = 0

AH
k Aj + BH

j Bk = 0 BH
k Aj + BH

j Ak = 0 BH
k Ak = 0
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Ë“2 Wolfe’s slide lemma

cqæÊ�nsúä³{Xi}ns

i=1 {Yi}ns

i=1, …bí×üuM × M , 1/Å— Amicable orthogonal de-

signs, †øæÊ�ns + 1ú2M × 2Míä³6Å—¤� à [4]Fý�

ì2Vi = XiX
H
1 i = 2 · · ·ns Wk = YkX

H
1 k = 1 · · ·ns

J =






0 1

−1 0




 P =






0 1

1 0




 R =






1 0

0 −1






5?�ns + 1ú2M × 2Míä³à-Fý:

X̄1 = I2M Ȳk = P
⊗

Wk k = 1 · · ·ns

X̄i = P
⊗

Vi i = 2 · · ·ns Ȳns+1 = R
⊗

IM

X̄ns+1 = J
⊗

IM

w2,
⊗

u Kronecker product, çBb�72;Ù(í£>){ql(, ¹ªJ‚à Wolfe’s slide

lemma VßÞ4;Ù(í£>{, 6ªJ y‚à¤ßÞ8;Ù(íql� 6ÿuz, Bb�7 Alam-

outi {, †ªJ«à Wolfe’s slide lemma ßÞ4,8;Ù(íql�

V =
1√
2






z1 −z∗2

z2 z∗1






Bbà¤ßÞX
(2)
1 , X

(2)
2 , Y

(2)
1 , Y

(2)
2 à-:

X
(2)
1 =






1 0

0 −1




 X

(2)
2 =






0 1

1 0




 Y

(2)
1 =






1 0

0 1




 Y

(2)
2 =






0 −1

1 0






«à Wolfe’s slide lemma ßÞ4;Ù(í£>ql, ×)X̄1
(4)

, X̄2
(4)

, X̄3
(4)

, Ȳ1
(4)

, Ȳ2
(4)

, Ȳ3
(4)

X̄1
(4)

= I4 Ȳk
(4)

= P
⊗

W
(2)
k k = 1, 2

X̄i
(4)

= P
⊗

V
(2)
i i = 2 Ȳ

(4)
3 = R

⊗
I2

X̄
(4)
3 = J

⊗
I2
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V
(2)
2 = X

(2)
2 X

(2)H
1 =






0 −1

1 0




 X̄1

(4)
= I4 =













1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1













X̄2
(4)

= P
⊗

V
(2)
2 =













0 0 0 −1

0 0 1 0

0 −1 0 0

1 0 0 0













X̄3
(4)

= J
⊗

I2 =













0 0 1 0

0 0 0 1

−1 0 0 0

0 −1 0 0













W
(2)
1 = Y

(2)
1 X

(2)H
1 =






1 0

0 −1




 Ȳ1

(4)
= P

⊗
W

(2)
1 =













0 0 1 0

0 0 0 −1

1 0 0 0

0 −1 0 0













W
(2)
2 = Y

(2)
2 X

(2)H
1 =






0 1

1 0




 Ȳ2

(4)
= P

⊗
W

(2)
2 =













0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0













Ȳ3
(4)

= R
⊗

I2 =













1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1













à¤£ªJ)ƒ4;Ù(íql,JyàøŸ Wolfe’s slide lemma ªJ)ƒ8;Ù(íql,8_8×

8íä³à-:

X̄1
(8)

, X̄2
(8)

, X̄3
(8)

, X̄4
(8)

, Ȳ1
(8)

, Ȳ2
(8)

, Ȳ3
(8)

, Ȳ4
(8)
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X̄1
(8)

= I8 Ȳk
(8)

= P
⊗

W
(4)
k k = 1, 2, 3

X̄i
(8)

= P
⊗

V
(4)
i i = 2, 3 Ȳ

(8)
4 = R

⊗
I4

X̄
(8)
4 = J

⊗
I4

X̄1
(8)

= I8

V
(4)
2 = X

(4)
2 X

(4)H
1 = X

(4)
2 I4 =













0 0 0 −1

0 0 1 0

0 −1 0 0

1 0 0 0













V
(4)
3 = X

(4)
3 X

(4)H
1 = X

(4)
3 I4 =













0 0 1 0

0 0 0 1

−1 0 0 0

0 −1 0 0













X̄2
(8)

= P
⊗

V
(4)
2 =






0 1

1 0






⊗













0 0 0 −1

0 0 1 0

0 −1 0 0

1 0 0 0













=



























0 0 0 0 0 0 0 −1

0 0 0 0 0 0 1 0

0 0 0 0 0 −1 0 0

0 0 0 0 1 0 0 0

0 0 0 −1 0 0 0 0

0 0 1 0 0 0 0 0

0 −1 0 0 0 0 0 0

1 0 0 0 0 0 0 0



























X̄3
(8)

= P
⊗

V
(4)
3 =






0 1

1 0






⊗













0 0 1 0

0 0 0 1

−1 0 0 0

0 −1 0 0













=



























0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

0 0 0 0 −1 0 0 0

0 0 0 0 0 −1 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

−1 0 0 0 0 0 0 0

0 −1 0 0 0 0 0 0


























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X̄4
(8)

= J
⊗

I4 =






0 1

−1 0






⊗













1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1













=



























0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

−1 0 0 0 0 0 0 0

0 −1 0 0 0 0 0 0

0 0 −1 0 0 0 0 0

0 0 0 −1 0 0 0 0



























W
(4)
1 = Y

(4)
1 X

(4)H
1 = Y

(4)
1 I4 =













0 0 1 0

0 0 0 −1

1 0 0 0

0 −1 0 0













W
(4)
2 = Y

(4)
2 X

(4)H
1 = Y

(4)
2 I4 =













0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0













W
(4)
3 = Y

(4)
3 X

(4)H
1 = Y

(4)
3 I4 =













1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1













Ȳ1
(8)

= P
⊗

W
(4)
1 =






0 1

1 0






⊗













0 0 1 0

0 0 0 −1

1 0 0 0

0 −1 0 0













=



























0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 −1

0 0 0 0 1 0 0 0

0 0 0 0 0 −1 0 0

0 0 1 0 0 0 0 0

0 0 0 −1 0 0 0 0

1 0 0 0 0 0 0 0

0 −1 0 0 0 0 0 0



























52



Ȳ2
(8)

= P
⊗

W
(4)
2 =






0 1

1 0






⊗













0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0













=



























0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0

0 0 0 0 0 1 0 0

0 0 0 0 1 0 0 0

0 0 0 1 0 0 0 0

0 0 1 0 0 0 0 0

0 1 0 0 0 0 0 0

1 0 0 0 0 0 0 0



























Ȳ3
(8)

= P
⊗

W
(4)
3 =






0 1

1 0






⊗













1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1













=



























0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 −1 0

0 0 0 0 0 0 0 −1

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 −1 0 0 0 0 0

0 0 0 −1 0 0 0 0



























Ȳ4
(8)

= R
⊗

I4 =






1 0

0 −1






⊗













1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1













=



























1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 −1 0 0 0

0 0 0 0 0 −1 0 0

0 0 0 0 0 0 −1 0

0 0 0 0 0 0 0 −1



























BbªJ*2;Ù(í£>ql, ‚à Wolfe’s slide lemma ª7ßÞ4;,8;í£>ql�
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Ë“3 Rû

3.1 :Ê«Á^?}&Rû

Bbø−, Ê BPSK í8”-, ˜Ï0ªJŸA

Pe(x) = Q(

√

2x
Eb

N0
) = Q(

√
2xγ) γ =

Eb

N0

γumUDÆmªM (SNR)� ÄÑxuø_Óœ‰b, û_˜Ï06ÓOx7Z‰, FJ.âú˜Ï0

¦‚�M, )ƒ�Ì˜Ï0�

Pe = E[Pe(x)] =

∫ ∞

0
Pe(x)fx(x)dx

=

∫ ∞

0
Q(

√

2x
Eb

N0
)e−xdx

=

∫ ∞

0
(

∫ ∞

√
2xγ

1√
2π

e−
t2

2 dt)e−xdx

=

∫ ∞

0
(

∫ t2

2γ

0
e−xdx)

1√
2π

e−
t2

2 dt

=

∫ ∞

0
[−e−x]|

t2

2γ

0

1√
2π

e−
t2

2 dt

=

∫ ∞

0
[−e−

t2

2γ + 1]
1√
2π

e−
t2

2 dt

=

∫ ∞

0
[1 − e

− t2

2γ ]
1√
2π

e−
t2

2 dt

=

∫ ∞

0

1√
2π

e−
t2

2 dt −
∫ ∞

0
e
− t2

2γ
1√
2π

e−
t2

2 dt

=

∫ ∞

0

1√
2π

e−
t2

2 dt −
∫ ∞

0

1√
2π

e−(1+ 1

γ
) t2

2 dt

=

∫ ∞

0

1√
2π

e−
t2

2 dt −
∫ ∞

0

1√
2π

e
− t2

2
(1+ 1

γ
)
dt

=

∫ ∞

0

1√
2π

e−
t2

2 dt −
∫ ∞

0

1√
2π

e
− t2

2
( γ+1

γ
)
dt

=

∫ ∞

0

1√
2π

e−
t2

2 dt −
√

γ

γ + 1

∫ ∞

0

1
√

2π
√

γ
γ+1

e
− t2

2(
γ

γ+1
) dt

=
1

2
−

√
γ

γ + 1

∫ ∞

0

1√
2πσ

e−
t2

2σ2 dt

=
1

2
− 1

2

√
γ

γ + 1
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3.2 v˛){^?}&Rû

Bbø−, ÊøOí8”-, ˜Ï0ªJŸA

Pe(x) = Q(

√

x
Eb

N0
) = Q(

√
xγ) γ =

Eb

N0

°ší, .âú˜Ï0¦‚�M, )ƒ�Ì˜Ï0�

Pe = E[Pe(x)] =

∫ ∞

0
Pe(x)fx(x)dx

=

∫ ∞

0
Q(

√

x
Eb

N0
)xe−xdx

=

∫ ∞

0
(

∫ ∞

√
xγ

1√
2π

e−
t2

2 dt)xe−xdx

=

∫ ∞

0
(

∫ t2

γ

0
xe−xdx)

1√
2π

e−
t2

2 dt

=

∫ ∞

0
[−xe−x − e−x]|

t2

γ

0

1√
2π

e−
t2

2 dt

=

∫ ∞

0
[(−t2

γ
e
− t2

γ − e
− t2

γ ) − (0 − 1)]
1√
2π

e−
t2

2 dt

=

∫ ∞

0
[1 − t2

γ
e
− t2

γ − e
− t2

γ ]
1√
2π

e−
t2

2 dt

=

∫ ∞

0
[1 − (

t2

γ
+ 1)e−

t2

γ ]
1√
2π

e−
t2

2 dt

=

∫ ∞

0

1√
2π

e−
t2

2 dt −
∫ ∞

0
(
t2

γ
+ 1)e−

t2

γ
1√
2π

e−
t2

2 dt

=

∫ ∞

0

1√
2π

e−
t2

2 dt −
∫ ∞

0
(1 +

t2

γ
)

1√
2π

e−( 1

γ
+ 1

2
)t2dt

=

∫ ∞

0

1√
2π

e−
t2

2 dt −
∫ ∞

0
(1 +

t2

γ
)

1√
2π

e
− t2

2
(1+ 2

γ
)
dt

=

∫ ∞

0

1√
2π

e−
t2

2 dt −
∫ ∞

0
(1 +

t2

γ
)

1√
2π

e
− t2

2
( γ+2

γ
)
dt

=

∫ ∞

0

1√
2π

e−
t2

2 dt −
√

γ

γ + 2

∫ ∞

0
(1 +

t2

γ
)

1
√

2π
√

γ
γ+2

e
− t2

2(
γ

γ+2
) dt

=
1

2
−

√
γ

γ + 2

∫ ∞

0

1
√

2π
√

γ
γ+2

e
− t2

2(
γ

γ+2
) dt −

√
γ

γ + 2

∫ ∞

0

t2

γ

1
√

2π
√

γ
γ+2

e
− t2

2(
γ

γ+2
) dt
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=
1

2
−

√
γ

γ + 2

∫ ∞

0

1√
2πσ

e−
t2

2σ2 dt −
√

γ

γ + 2

1

γ

∫ ∞

0
t2

1√
2πσ

e−
t2

2σ2 dt

=
1

2
− 1

2

√
γ

γ + 2
−

√
γ

γ + 2

1

γ

σ2

2

=
1

2
− 1

2

√
γ

γ + 2
−

√
γ

γ + 2

1

γ

γ
γ+2

2

=
1

2
− 1

2

√
γ

γ + 2
− 1

2

√
γ

γ + 2

1

γ + 2

w2σ2 = γ
γ+2� 7

∫ ∞
0 t2 1√

2πσ
e−

t2

2σ2 dtóçkσ2‰æb (variance) íøš�

3.3 0§Ï}v˛){j|j�Rû

!…Ï}QYj˙� [6]

R̄τ = V R̄τ−1 +
√

2W
′

τ

W
′

τ =
1√
2
(W̄τ − V W̄τ−1)

w2,�u&�ÑT × Níó‹4Ö
ògä³�

QOBbUà maximum-likelihood Ï}v˛){j|j�, ø%¬ä−ímU´Ÿ�V�

arg min
{zk},zkεΨ

‖R̄τ − V R̄τ−1‖F

= arg min
{zk},zkεΨ

Tr[(R̄τ − V R̄τ−1)
H(R̄τ − V R̄τ−1)]

= arg min
{zk},zkεΨ

Tr[(R̄H
τ − R̄H

τ−1V
H)(R̄τ − V R̄τ−1)]

= arg min
{zk},zkεΨ

Tr[R̄H
τ R̄τ − R̄H

τ V R̄τ−1 − R̄H
τ−1V

HR̄τ + R̄H
τ−1V

HV R̄τ−1]

= arg min
{zk},zkεΨ

Tr[R̄H
τ R̄τ − V R̄τ−1R̄

H
τ − V HR̄τ R̄

H
τ−1 + V HV R̄τ−1R̄

H
τ−1]

= arg min
{zk},zkεΨ

Tr[−V R̄τ−1R̄
H
τ − V HR̄τ R̄

H
τ−1]

ømU V = z1A1 + z2A2 + · · ·+ zkAk + z∗1B1 + z∗2B2 + · · · + z∗KBKHp

= arg min{zk},zkεΨ Tr[(−z1A1 − z2A2 − · · · − zkAk − z∗1B1 − z∗2B2 − · · · − z∗kBk)R̄τ−1R̄
H
τ

+(−z∗1AH
1 − z∗2AH

2 − · · · − z∗kAH
k − z1B

H
1 − z2B

H
2 − · · · − zkB

H
k )R̄τ R̄

H
τ−1]

= arg min{zk},zkεΨ Tr[(−z1A1 − z2A2 − · · · − zkAk)R̄τ−1R̄
H
τ ) + (−z1B

H
1 − z2B

H
2 − · · · − zkB

H
k )R̄τ R̄

H
τ−1

+(−z∗1B1 − z∗2B2 − · · · − z∗kBk)R̄τ−1R̄
H
τ + (−z∗1AH

1 − z∗2A
H
2 − · · · − z∗kA

H
k )R̄τ R̄

H
τ−1]
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= arg min{zk},zkεΨ Tr[(
∑K

k=1(−zkAk))R̄τ−1R̄
H
τ + (

∑K
k=1(−zkB

H
k ))R̄τ R̄

H
τ−1

+(
∑K

k=1(−z∗kBk))R̄τ−1R̄
H
τ + (

∑K
k=1(−z∗kA

H
k ))R̄τ R̄

H
τ−1]

= arg min
{zk},zkεΨ

K∑

k=1

[−zkTr(AkR̄τ−1R̄
H
τ + BH

k R̄τ R̄
H
τ−1) − z∗kTr(AH

k R̄τ R̄
H
τ−1 + BkR̄τ−1R̄

H
τ )]

= arg min
{zk},zkεΨ

K∑

k=1

(−zkλ
∗
k − z∗kλk)

w2 λk = Tr(AH
k R̄τ R̄

H
τ−1 + BkR̄τ−1R̄

H
τ ) for k = 1, 2, · · · , K

λ∗
k = Tr(AkR̄τ−1R̄

H
τ + BH

k R̄τ R̄
H
τ−1)

,�2íAk, Bku%¬9lqlí, 7R̄τ¸R̄τ−1u¤øvÈQYƒímU¸‡ø…QYƒímU�

Bbø−, Uà maximum-likelihood Vj|, ªJz…�²AK_ø&�í|ü“½æ�

Bb�s_µbu	íÉ[�à-:

[Tr(AkR̄τ−1R̄
H
τ )]∗ = Tr[(AkR̄τ−1R̄

H
τ )H ] = Tr[R̄τ R̄

H
τ−1A

H
k ] = Tr[AH

k R̄τ R̄
H
τ−1]

[Tr(BH
k R̄τ R̄

H
τ−1)]

∗ = Tr[(BH
k R̄τ R̄

H
τ−1)

H ] = Tr[R̄τ−1R̄
H
τ Bk] = Tr[BkR̄τ−1R̄

H
τ ]

= arg min
{zk},zkεΨ

K∑

k=1

(−zkλ
∗
k − z∗kλk)

Bbø,�}jAK_ø&í|ü“½æ

ẑk = arg min
zkεΨ

(−zkλ
∗
k − z∗kλk) k = 1, 2, · · · , K

ÄÑ PSK Ôyí!Z, ,�ªJ“�A

ẑk = arg min
zkεΨ

(−zkλ
∗
k − z∗kλk) = arg min

zkεΨ
(|zk|2 − zkλ

∗
k − z∗kλk)

= arg min
zkεΨ

|zk − λk|2 k = 1, 2, · · · , K
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