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Design of Space-Frequency Codes for

MIMO-OFDM Systems

Student: C. C. Lai Advisor: C. H. Wang
Department of Communication Engineering
National Ghiao Tung-University
Abstract

A space-frequency coded.multiple-input multiple-output orthogonal fre-
quency division multiplexing (MIMO-OFDM) system on frequency-selective
fading channel is considered. By exploiting the central limit theory that the
random variables can approach Gaussian distribution, which is used when
the number of random variables is large enough, we will analyze the pairwise
error probability of space-frequency codes and provide the corresponding de-
sign criteria, which mean rank criterion and distance criterion. According
to the channel variation speed, rapid fading channel and quasi-static fading
channel are distinguished, the individual design criteria are also presented.
From the code design of these case, it is deduced that the code construction of
space-frequency codes is similar to the code construction of space-time codes
by applying the central limit theory. The simulation results are presented to
compare the various trellis code designed from various criteria in the channel

environments.
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Chapter 1

Introduction

In future wireless communication, the demand for safer and higher high data
rate is rapidly increasing. Recently there has been much interest in applying
multiple transmitter and receiver antennasrin broadband wireless commu-
nication techniques, and this'is also called multiple-input multiple-output
(MIMO) system, since the-unfavorable effects of the wireless propagation
environments can be largely, redueced by using. multiple transmitter and re-
ceiver antennas. In order to raise security of communication, numbers of
coding and modulation are adopted. One popular method of them is space-
time coding. It is a coding technique executed in space and time domains
to introduce related transmitted signals between various antennas at vari-
ous time slots. There are two kinds of design standards of space-time codes
commonly [1]. When the product of the codeword distance matrix and the
number of the receiver antennas does not exceed 4 [2], the rank and determi-

nant criteria are used. Oppositely, the rank and trace criteria will be applied.

In wireless environments, the channel is almost frequency-selective, so
intersymbol interference (ISI) would exist. Orthogonal frequency division
multiplexing (OFDM) is one of the techniques used to lower the effect of

IST and can transform the frequency-selective fading channel into the set of



correlated flat fading channels. It is clear that the correlation between the dif-
ferent subcarriers in one OFDM symbol for the same transmitter and receiver
antenna pair is connection with variances of the channel taps and the dif-
ference of the frequencies. OFDM not only provides high data transmission
rate and owns high bandwidth efficiency, but it also can effectively solves
IST by adding sufficient cyclic prefix (CP). In order to obtain the benefits
of MIMO system and OFDM modulation, MIMO-OFDM has been acquired
lots of attention, and coding for MIMO-OFDM system on frequency-selective

fading channel will be required.

Generally speaking, coding across OFDM subcarriers and multiple trans-
mitter antennas is called space-frequency coding, both space and frequency
diversity are expected in frequency-selective fading channels. [3] has not
only told us how to design the fullidiversity im the space-frequency scheme,
but it has also shown that most of spacé-time codes designed to achieve full
spatial diversity over frequency-nenseleetive channels are not validly applied
in MIMO-OFDM system, sinee these codes do not exploit the frequency
diversity. By the design criteria of [3], one construction of space-frequency
codes was presented, the codewords were generated by multiplying particular
columns of DFT-matrix with the modulated sample vectors [4]. Even though
the method can achieve the maximum diversity, it is not easy to construct
the codewords and the code rate is a little low. Later, many papers designed
to achieve maximum diversity gain and own high code rate were submitted,

such as [5]-[7].

In my thesis, I will exploit the spirit of the central limit theory presented
in [1] to gain the design criteria of space-frequency codes. The organization of
the thesis is shown below. In chapter II, the common space-frequency coded

system, it’s pairwise error probability and the corresponding design criteria



will be introduced. Chapter III describes how to get the design criteria by
using the central limit theory in great detail. In chapter IV, some simulation

results are presented. Finally, we give some conclusions.

Notation: Superscripts T and H denote transpose and conjugate trans-

pose respectly.



Chapter 2

The Space-Frequency Codes

2.1 Space-Frequency Coded Systems

In this section, the MIMO-OEDM system; the channel model and the rela-

tion between the transmittdand received signals will be introduced.

The space-frequency coded OFDM-based multi-antenna system is repre-
sented in Fig 2.1. This system consists.of M transmitter antennas and Mg
receiver antennas, and N subcarriers is considered in each OFDM scheme.
Suppose that frequency-selective fading channels have L independent delay
paths and the same power delay profile for each transmitter and receiver

antenna link. The fading gains are constant over each OFDM symbol.

The impulse response of the channel can be represented as the tap matrix

H,;, which is given by

hoo(1) hoa(l) -+ honp—1(1)

hio(l) haa() o hoapa(l)

H, = (2.1)

| htg-10(l) harg-1a(l) - harg—1aap -1 (1)
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Figure 2.1: The space-frequency coded MIMO-OFDM system.

where h;;(l) is the value of the impulse response from the i-th transmitter
antenna to the j-th receiver antenna at time [ (I = 0,1,--- L — 1). Each
h; (1) is modeled as the circularly symmetric complex Gaussian random vari-
able with zero mean and variance one. Assume that the MIMO channel is
spatially uncorrelated, i.e., h;;({)is indepéndent for different indices 7 and
j. After defining the time=mafrix of theichannel, we can know that the

frequency response matrix of the MIMO channel H (ej 2W%> is

27 L-1 - 27
H(‘”'“) = 3 He I %M

Hoo(%) H 1(%) HO,MT—1(%)
B Hl,o(%) Hl,l(%) Hl,MT—1<%) (2:2)
I Hyrp—10(5) HMR—1,1(%) Hyra MT—1(%) |

where the element H;;(£) (k = 0,1,--- ,N — 1) denotes the frequency re-
sponse of the channel from the i-th transmitter antenna to the j-th receiver

antenna.

In the MIMO-OFDM system, the data streams are all OFDM-modulated
and OFDM-demodulated. The OFDM modulator adopts an N-point IFFT
to the consecutive source samples and then adds sufficient CP. After passing

the channel, the OFDM demodulator eliminates CP and applies an N-point

frequency [—>



FFT to recovery the consecutive source samples. Assume that the transmit-

ted codeword matrix in one OFDM symbol is

0 0 0
D,
(1) (1) 1)
C C o o o C
c — 0 1 N-1
(2.3)
_ C(()MT_l) chT_l) CE\]/W_Tfl) |
= lcoo - cn1]

where each element of the transmitted matrix cg) denotes the data trans-
mitted from the i-th antenna on the k-th tone and is taken from a finite
complex alphabet set in which the power of each alphabet is unity. In the

second equality, ¢, = [c,(co) cg) c,(CMT_l)]

T represents the k-th frequency
vector, and all of the M, samples are sent to the channel at the same time.
On the basis of the described:framework, the reconstructed data vector at

O] H3 e

the k-th tone, i.e., r, = [r, =72 T is given by

fk:\/ESH<€j2ﬁk>Qk+§ka k=01,--- ,N—-1 (24>

©) (1) (MR‘l)]T

where z,, = [z, 2z, - 2 is.an addtive complex-valued Gaussian

noise vector and satisfies
fopd | k=F
Elg z8]=4 """ (2.5)
0 k # K
with Iy, denoting the Mp-by-Mp identity matrix and o2 is the noise power.

We also assume that the noise is uncorrelated for different receiver antennas.

From (2.4), the space-frequency system is therefore equivalent to Fig2.2.

If we assume that the channel state information is only perfectly known at
the receiver, the maximum likelihood decoder of the space-frequency system

18
N—-1
N - 27
€ = arg min Y [Ire = VEH( g (2.6)
k=0

6
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Figure 2.2: The equivalent space-frequency MIMO-OFDM system.

where Fj is the energy of every transmitted signal. (2.6) tells us that the
decoder deals with that the minimization which is over all the likely code-

words.

2.2 Pairwise Error Probability and Design cri-
teria

Based on the previously mentioned system, the pairwise error probability and
the corresponding design criteria of the space-frequency system are derived

in this section.

It is assumed that the codeword C is transmitted, and E = [eye; - - - en_4]
is another legal codeword. Given that the channel state information is known
at the receiver, the pairwise error probability that the codeword E is decoded

is

P (c L E|H (ejWk>> —Q <\/£‘%d2 (C,E|H (eJNk>>> (2.7)



where () is the complementary error function and

d%amﬂeﬁﬂ)ziﬂfwawy%—%wz (2.8)

represents the squared Euclidean distance between C and E. Then using the

approximation

Q) < Seap{-Z ) > 0 (2.9

to (2.7), so the upper bound of the pairwise error probability conditioned on

the channel condition is

P (C L E|H <eJWk)) < i (cmm(F)) (2.10)

1
2
We proceed to define y, = H <6j2ﬁﬂk) (¢, —eg) for k=0,--- N — 1 and the
vector y is constituted as
T
- i =0 ry
y = [go (A yN_J ; (2.11)

From (2.11), we can gain d2 (C,EIH <ej2ﬁwk)> = |y | and (2.10) can be

rewrited as

21, I _Bsjyp2
P(C—>E]H (em )) < g wi v (2.12)

Because all the channel tap matrices H; are i.i.d. complex gaussian random
variables, all the H <ej %ﬂk) are jointly gaussian random variables. After av-
eraging all the random variables, we can get the upper bound of the pairwise
error probability is

rank(Cy)—1

rc-E)< ][] (1 +X(Cy) 4%2)_1 (2.13)

=0

in which A\;(C,) and rank(C,) respectively denote the i-th nonzero eigenvalue

and the rank of C, which represents the covariance matrix of y and is
C,=In,®R,y (2.14)

8



where ® denotes the Kronecker product and

~

-1

R, =F(C,E)F" (C,E) =

[Dl(c ~E)’(C-ED"|. (215

1

In (2.15), the matrix D and F'(C, E) respectively indicate
ap Y N—1
D = diag {e_]Wk} (2.16)
k=0

and
F(C,E)=[(C-E) D'(C-E)" --- D*(C-E)"]. (2.17)

We can easily know that at high SNR, the upper bound of the pairwise error
probability of the space-frequency coding (2.13) can be simplified as

-1

B ) —rank(Cy) rank(Cy)—1

e U <C2> . (2.18)

m04ms(

From (2.18), we can definé the performance criteria as follows.

e Rank (diversity gain) criterion: Maximize the minimum rank over

all pairs of any two different codewords as large as possible.

e Product (coding gain) criterion: The minimum value of the prod-

i=0
maximized.

rank(Cy)—1
uct < I M (Cy>> for any pairs of distinct codewords should be

Generally speaking, N > MrL is assumed, which is common in the space-
frequency coded MIMO-OFDM system. According to the property of Kro-

necker product, we can know

rank(C,) = rank(Iyy) - rank(R,)

Y (2.19)
< MzMzL.

9



So the maximum diversity gain of the method for this design is the product
of number of transmitter antennas, receiver antennas and channel taps. The
proposed rank criterion can efficiently take advantage of both the spatial
diversity and the channel diversity. The coding gain can be obtained by
means of the theorem of the Kronecker product, which is that each eigenvalue

of G, is one of the eigenvalues R, with multiplicity Mg.

10



Chapter 3

Proposed Design Criteria of
Space-Frequency Codes

3.1 System Model

In order to easily state the following content, we inust define newly the space-
frequency system, so the detailed architecture is established in this section.
Because we want to encode and‘decode during several OFDM symbols, the
channel environments and the corresponding codeword matrices will be ex-

panded in the suitable form.

It is assumed that frequency-selective fading channel is constant over
every OFDM symbol. In terms of the fading amplitude variation speed,
rapid fading channel and quasi-static fading channel are distinguished, which
are called general cases. For rapid fading channel, the channel gains change
randomly from one OFDM symbol to another. It is referred to as quasi-static
fading if the fading gains are maintained during several symbols. Specifically,
coding for one OFDM symbol is an exception, which is special case, for it has

nothing to do with the fading gain variation speed. At each OFDM symbol,

11



the L independent channel taps and the delay power profile are the same in
each link of transmitter and receiver antenna. Let h7;() be the I-th channel
tap of the link transmitted from transmitter antenna ¢ to receiver antenna
7 during the m-th OFDM symbol, so the corresponding impulse response of

the channel is modeled as

L-1

R (m) = Y R(D(T — ) (3.1)

1=0
where 77 is the [-th delay time in the real channel environment. All the fading
gain h;f;(l)’s are modeled as circularly symmetric complex Gaussian random
variables with zero mean and variance 07, i.e., E{|n7; (I)|*} = 67. In the
following contents, it is assumed that the powers of the L coefficients in each
link are equal powers and Lil 6?2 = 1. The MIMO channel is also spatially
uncorrelated as Chapter 2, ls:oo the channel taps are independent for different
transmitter antenna index i‘and receiver ‘antenna index j. After (3.1) is well

defined, the frequency response of the-channel is

L1

Hy(f) =) b (Ded/m (3.2)

where j = +/—1.

In the MIMO-OFDM system, each transmitted codeword during M sym-

bols can be defined as

C: [Q(]j ...Q}V_lgg ...Q?V_l ...QZL .Q(])W Q%—l] (33)

where ¢} denotes the Myp-by-1 vector transmitted over the k-th subcarrier
in the m-th OFDM symbol. At the receiver, the reconstructed signal vector

rp' is given by

= EH k) + 20 k=0,1,--- N—1m=1,2--- M (3.4)

12



where

HS}O(@ H(Tﬁ(k?) T H(TMT—l(k)
A H" (K H™ (k H™ k
(k) = 1,0( ) 1,1( ) 1,M7j—1( ) (3.5)
i HJ@R—LOU{?) HAWJR—1,1(]€) H]\TZR—I,MT—I(]C) |

Each element of the matrix flm(k:) is the corresponding frequency response
at the k-th subcarrier transmitted from the i-th transmitter antenna to the

J-th receiver antenna during the m-th symbol, which is expressed as
HY (k) = R (1) e d2mharm (3.6)

where Af = 1/T is the subcarrier spacing and 7" is the OFDM symbol du-

ration.

It is assumed that the channel state information is also correctly known
at the receiver but not at the tramsmitter. Therefore, when we encode the
codewords over M OFDM symbols and decode them, the ML decoder can

be described as

=

M
= arg mm Z ™ — / EH™ (k) )2 (3.7)

0

i

m=1

3.2 Proposed Design Criteria of Space-Frequency
Codes for Special Case: One OFDM Sym-
bol

In this section, coding over one OFDM symbol is discussed, and the de-
sign criteria will be presented. The time index m will be omitted in order

to make the analysis convenient, so the corresponding codeword form is (2.3).

13



The ML decoder select as its estimate an erroneous codeword E when the

codeword C is transmitted, and this holds if

N-1 N-—
e — VEH(k)e|* = ZH% H(k)ey || (3-8)
k=0 k=0
where
Ho (k) Ho (k) Ho np-1(k)
N Hyo(k Hi(k H k
H(k) _ 10( ) 17?( ) 1,Mrp 1( ) (3 9>
| Hoip-10(k) Hygaa(k) o Hygoap—1(k)

Then (3.8) is rewrited to

N—

[y

2Re { v/Es (2)" HL(k) (e il fpz ZM_H ¢ — &) | (3.10)

k=0
where Re{-} represents the-real part|of a complex value. So the pairwise

error probability conditioned on the channel state information is

N—

Z (o —ex) |2 |- (3.11)

T k=0

P(C— Bl A(k) <Q

Then using the property (2.9), the conditional pairwise error probability

becomes

-5 5 (o))
P 2m 402 h J
P(C—EBH (FH)) < je ™50 =0 5 (3.12)
Let us adapt H;;(k) for
L-1
Hi(k) =) hj()e ™7 = bl G(k) (3.13)
=0
where
hyi = [h;(0) hys(1) - hyo(L = 1)) (3.14)

14



and

G(k) = [e—pwmm p—d2mkAfTL 6—j27rkAfTL,1]T
o 3.15
_ [wkm wkm ... wm_l]T w = e 2mAS ( )
It is apparent that
Mp—1 . . Mp—1 . .
X Hi) (6 =) = |2 G (o) — o) P
= Mpo1l (3.16)
= | X Gk o)
i=0
where
Gk, i) = G(k) <c§;> - 4;’) , (3.17)
SO

where
h; = [nT, Wil )" (3.19)
and
G(k) = |Gk, 07 Gk 1) - GOk My — )] (3.20)

are two Mp-by-1 vectors. Therefore, the pairwise error probability condi-

tioned on the channel is

P(C — Elall h;;) < (3.21)

In order to use Gaussian approximation easily, we must modify the exponent

of (3.21) as

i {Nzléw)é(k)ff] (5)"
P (C — Elall h;;) < e o e (3.22)



- - N-1 -
Because G(k)G(k)? is Hermitian, so Y. G(k)G(k)H is also Hermitian and
k=0
nonegative definite [8]. Hence, there exists a unitary matrix V that diag-
N-1 _
onalizes > G(k)G(k)¥, which is also called Spectral Theorem [9], and we
k=0

can gain
N—-1 ~ ~ MrL—-1
G(k)G(k 2{: An,, (3.23)

k=0

where A\, n =0,..., MpL—1 are the eigenvalues of the matrix Z G(k)G (k)X
and assumed that \g > Ay > -+ > A\jp-1 > 0. The correspondmg eigenvec-
tors {QO, Vst U L—l} develop an orthonormal basis of My L-dimensional

vector space, i.e.,

1, forn=n’
U, - Uy = . (3.24)
0, form,# n’

Then, the pairwise error probability ean be replaced by
M A Mi-L—1 }
1 _f% .% Ej|: TZ )\nvnvfj| (ﬁ?)H
P(C —Efallh;) < fe = =0
Mp =1 MpL=1

S M) vt (B]) " (3.25)

mn=

Mp-1 MpL—1

o aiDY z AnlBjn?

16 40” Jj=0 n=0

~T _ .
where (3, = h;v, are independent zero mean complex Gaussian random
variables with variance % per dimension. Let r denote the rank of the matrix

ZG() (k). A = B3>

and d = > > \u|Bjal? are also considered.
If T’M R is large enough to use Gaussian approximation, d can be close to

7=0 n=0

Gaussian random variable with mean
Mpr—1r—1 )
po= 3 2 ME (8l
n—=
Mpr—1r—1 1
= Z Z )‘nf
7=0 n=0
M r—1
AR
n=0
2 Mg

L 11

(3.26)

16



and variance

Mpr—1r-—1

op = 2 2 Avar(|Bal’]

7=0 n=0
MR—I r—1

g;) n;o " (3.27)

r—1
_ Mg 2
- L2 Z )\n
n=0

M
Lng'

Using the equation

oo 2
/ efAdp(d>d<d) _ 65142002{714#‘1@ <M) ) (328)
=0

04

the whole pairwise error probability can be upper-bound by

2
PC—B) < foo l e - (&) o)
E M ME$1
Q (402) V ik \/7JL\/IR
2 U2
For reasonably high SNR, whichssatisfies

E.\ [Mpg M ) E, _ 1
— >0= —=>=-L 3.30
(40%) 2" /Mg, 4o2 ~ xg (3:30)
Iz Y2

we use the inequality (2.9) to gain

(3.29)

802 L

r—1

_ l _ Es MR

= 4exp{ ol 230)\“}.
n=

P(C—E) < %exp{— ES %1’1}
(3.31)

Assume that p (C, E) is the set of frequency indices such taht |c, — ¢,]* # 0
and ¢ is the corresponding number of the frequency indices in which the two

codewords differ, it can be easily known that

r £ min {MyL,5} . (3.32)

17



Further, the sum of the eigenvalues x; is expressed as

T = {Nz GGk

- o fewen
e

=) ® G (e — ) G (3.33)

o

._\
H/—/H,_/

tr {(Qk —e) (¢ — @k)H} “tr {Q(k>g(k)H}

= Llc, — ex]*.

The upper bound of the pairwise error probability can be finally approxi-

mated by

1 E N-1
P(C—E) < exp {—8;2 cr — ng} . (3.34)
J3 k=0

From (3.34), the Euclidean distance dominatesthe pairwise error probability

at high SNR, so the code design are listed below

e Rank criterion: Maximize'the minimum rank r over all pairs of any
two different codewords as large as possible for Gaussian approxima-

tion.

e Distance criterion: The minimum value of the Euclidean distance

for any pairs of distinct codewords should be maximized.

From the design criteria, we can recognize that the method of encoding
and decoding one OFDM symbol is similar to the codeword design for space-
time codes when the channel distribution can approach a Gaussian random

variable.

18



3.3 Proposed Design Criteria of Space-Frequency
Codes for General Cases: Rapid Fading
Channel and Quasi-Static Fading Chan-

nel

3.3.1 Rapid Fading Channel

In this section, the code design of space-frequency codes over several OFDM
symbols will be derived on rapid fading channel, which means that the fading
gains are different during the various OFDM symbols. The system model of

this case is organized in section 3.1 without any correction.

From (3.7), when the codeword €sis-transmitted, another codeword E is

mistaken for the correct codeword by the: ML decoder if

M N-1 M N-1
[y = VEH" (B =25y — VEH™ (k)| (3.35)
m=1 k=0 m=1.k=0

Then, the pairwise error probability is

\/2%2 (C,EHallﬂm(k)>) (3.36)

P (C — Elall ﬂm(k)> ) (

where

2 (Cma () = S A - (337

m=1 k=0
Substituting (2.9) into (3.36), we obtain the upper bound of the pairwise

error probability on rapid fading channel as

55 ) (ep -2
P(C— Bl A" (k) < %e E R ¢
M N-1Mp—1 Mp—1 (338)

: X1 X HE (=)
I 16 UTL m=1 k=0 j=0 =0

2

19



m mo__ m,(0)
where ¢ —¢e}' = [ck

Similar to (3.13), HJ:(k) is modified to

m,(0) m,(1) m
— € Cx, — €

WL M=) em,<MT1)]T_

L-1
m m —j2r T) m\7T
Hj,i<k) = Zhj,i<l)e kA — (ﬁj,i) G(k) (3.39)
=0
where
m m m m T

Mp—1

So we can consequently rewriten | > HJ%(k) (CZL’(i) - eZL’(i)) 2 as follows,
i=0

Mrp 1 m, (4 m,(4 Mrp 1 m\ T m, (4 m, (4
[ Hp k) (GO =) = Y () Gk (o = )
=0 =0 (3.41)
Mrp_1 T A
= | ;) (h7)" G(k,m, i)
where
thnzgwmﬁw ﬁwﬁ. (3.42)

As a result, we can get

Mr—1 , ) My
IR HOICEET ) [ B>
_ {(hj
- (&)
where
~m mA\T /7 mA\T
h; = [(ﬁm) (Bjh)" -
and

mew:[gwﬂmmTQmﬂmmT.

are all MpL-by-1 vectors. So the pairwise

the channel is

P (C — Efall b7}) <

()] (3.44)

- Gk, m, My — 1)T]T (3.45)

error probability conditioned on



and G(k, m)G(k,m)" can be expressed as

Glk,m)G(k,m) = [(cf — &) ® G(k)] (e — i) @ G(k)]"
(059

M Mp-1 —m T H
RS SR O (% {z<xmmcwmw} i
P (C — EJall pT}) < 3¢ ok iz =0 (&) k=0 &) (3.48)
N-1 _ .
As > G(k,m)G(k,m)! is Hermitian and nonegative definite, it can be equal
k=0
to
N-1 MyL—1
GlhmGthom)” = 5= g " .49

i

0

where A" and v]"* are the n-th eigenvalue and the corresponding eigenvector

of the m-th OFDM symbol:respectively.1t is also assumed that A\’ > \]* >
-2 A1 = 0 and all the eigenvectors of the m-th transmitted symbol

satifies

1, forn =n'

0, forn #n’

(3.50)

IS
3
<

Afterwards, substituting (3.49) into (3.48), so (3.48) becomes

M Mp—1MpL—1 o o
-2 > >ooam @T" Emy;”]H ﬁm
P(C—ERllA%) < Le ©at 5 i (B5") ()]
3 M Mp—1MpL-1 (3.51)
PRED DD DI A c b

n m=1 j5=0 n=0

319

_E
40,

v

|

= 1
—26

m

where 57,

T
~m . . .
= (Q) v are ii.d. zero mean complex Gaussian random

variables with variance 1. If 7, is the rank of Z G(k,m)G(k,m)" and
k=0
M Mp—1r.—1

= > Z Z A1 BT 12, d, can be approximated by a Gaussian random

m=1 j=0 n=
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variable with mean pg.

M Mp—1r.—1

pa, = >0 3 X ATE{IBLIPY

m=1 j=0 n=0

m=1 j=0 n=0 (3.52)

and variance o3
5 M rr—1 9 5
o, = X > > (A var {[a7 %)

0 (3.53)

Using the equation similar to (3.28), the pairwisSe error probability on rapid

fading channel is

2
s M s \ M
P(C—E) < jexp {% ()., - (&) TRxlﬂ“}'

At high SNR, which means

E, Mp Moy, E, _ z1,
./ L s >y 3.55
(407%) L? 2, [ Mg - 402 T x9, ( )
72 Lor ’

n

the pairwise error probability can be further gained by (2.9)

P(C—E) < lexp {—8%2 %xlyr}
: E" i M (3.56)
= Zexp{—ﬁTE > AZ“}.

m=1 n=0
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The sum of the eigenvalues is farther equal to

> = tr{ 5 Nfé(lam)Q(k,m)H}

S { Gk, m)G (e, m)" |
g
= 2 X o {lie — ) © G (e - o) @GR Y357
= m%: Z_O trd e = ) (e — ey - i {GGR) "}
— Y -

Assume that p, (C,E) is the set of all symbol and frequency indices such
taht |cf" — e|> # 0 and 4§, is the corresponding number of the set p, (C, E)

in which the two codewords differ, it can be easily known that
ry 2 b MF LG, . (3.58)

Finally, the pairwise error probability is.upper-bound by

1 ol M N-—1
P(C > E)< Zexp{—8a%MRZ |g$—§?|2}. (3.59)

Similar to (3.34), the pairwise error probability is dominated by the Eucldean

distance and the analogous code design are

e Rank criterion: The minimum rank r, over all pairs of any two dif-

ferent codewords is maximized as large as possible.

e Distance criterion: Maximize the minimum value of the FEuclidean

distance for any pairs of distinct codewords.

We can conclude that the design criteria on rapid fading channel is iden-

tical to the design criteria for one OFDM symbol.
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3.3.2 Quasi-Static Fading Channel

Quasi-static fading, which means that the fading gains are the same during
the various OFDM symbols, will be discussed. The system model of this
channel environment is analogous to section 3.1, but all channel matrices

H" (k) must be replaced by (3.9).

When M OFDM symbols are encoded and transmitted on quasi-static
fading channel, the ML decoder can be described as

M N-1
C=argmin) > |Irf' — VEHK)’ (3.60)
m=1 k=0

The wrong codeword E is decided by the decoder when the correct codeword
is C if

N—

M M
YOS ey = VEREGFEDI D ey — VEHME)|. (3.61)

m=1 k=0 m=1 0

=

B
Il

Therefore, the specific pairwise érror-prebability conditioned on quasi-static

fading channel is

P (c — Elall ﬂ(k)) ~Q <\/2b;2 (C,E|ﬂ(k)>) (3.62)

where
M
@ (C,Efall (k) = > 3 (k) (¢ — i) [ (3.63)
We also use (2.9) to get

P (C — E]ﬂ(k)) < %e_é{ffr%#(C,Eﬂ(k))}

24



M1 .
So we can rewriten | Y H,;(k) <C?’(Z) — e (Z)>| as follows,

=0
MTfl . . MT 1 . .
X Hi ) (0 =) = 1S ()" G (0 - )
= Wl (3.65)
= 1 X ()" Glkom )
Then
MTfl

S W (- O = (i) Grm)] [(@)Tgk,m)f
~ (&) ckmcem | (i)'

Therefore, the pairwise error probability can be amended to

N—1Mp-—1 - H

P (C — E|all h ) < —e m=1 k=0 j=0 (Ej)TQ(k’m)Q(k’m)H[(EJ)T}
i) =

—
Dj
3nof*

WS
™7
=

. (3.67)

In order to simplify the complexity 6f-computation and easily design, assume

that A\, and v,, are the n-th-eigenvalue-and the corresponding eigenvector of
M N-1 _ -
the matrix Y. >° G(k, m)G(k, m)* s Noterthat these eigenvectors also form
m=1 k=0
M N-1 _ 5
an orthonormal set. Accordingly, we ¢andecompose > > G(k,m)G(k,m)?
m=1 k=0
as

=z

-1 MrL-1

DD Glkm)Gk,m)T = Y A, [v,]” (3.68)

m=1 0

>
Il

Hence, the pairwise error probability can be further expressed as

s, Mp—1MpL— 1)\ K3 .
P(C— Eall,;) < le ** I %, Ma(R) vl [(B)]

H

. MR=1MTL-1 (369)
1 _40.52 Z An'ﬁjan|2
_ 1 n j=0 n=0
\T
where 3;, = (hj) v, and all 3;, are ii.d. complex Gaussian random

variables with zero mean and variance % per dimension. If r, is the rank

M N—1 Mp—1 MpL—1
of the matrix > > G(k‘ m)G(k’ m) and d, = > Y. NIBinl* =
~ =

m=1 k=0
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Mgp—17¢—1

S > AulBinl?, when r,Mp is large enough to approach to Gaussian dis-
j=0 n=0
tribution, d, owns mean g,

MR—qu*]-
Hdy = Z Z )‘nE{|6j,n‘2}

rq—l

MR
L

L1

and variance Jﬁq

Mp—17g—1 9
%4, = Z 2 () var {[3; [}

Tq—l

_ Z ) (3.71)

>

J\I/J[_Q‘TQ»Q'
We also use (3.28) to compute thepairwiseserror probability, and the pairwise

error probability becomes
-
PE~B) < jo (SENAPE (&) o

Mp
Q E; Mg Mp .. 7 Tlg
f02.) \/ L2 "2.9. \/—7&%2@ .

L2

(3.72)

It is assumed that the space-frequency codes are operated in a somewhat

high SNR case, which means

Mp
| M T Tig E T1q
—=L. 3.73
<402 ) L2 /M Lf Ta, T Ty, (3.73)

By using (2.9) again, the bound can be approximated as

P(C—E) < Zlexp {—8]:37% %xlyq}
v Ml (3.74)
penf £ 5]

If p, (C, E) and 4, represent the set of the indices fulfilling |¢* —e"|* # 0 and
the number of this set elements respectively, the possible maximum value of

Tq 18
ry 2 min {MrL,6,} . (3.75)
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Using the trace property, we can turn the sum of the eigenvalues into

rq—1

> A =
n=0

1k

mﬁz X Gtk m)(k, m) }

M=

tr{Qk: m)G(k, m) }

=0

il
e

I
(]

— ) @GR [ — ) © G} (376)

e
i et - gmH} 1 {GHGH)*}

i
Ly

I
iy
o

~

I
Ms

L|Ck — & |27

m=1 k=0

and in consequence the pairwise error probability would be built into

1 E M N-1
P(C—E)< ZeXp{_SO_}LMRZ \Q?—sz}- (3.77)

Finally, the corresponding designcriteria’on quasi-static fading channels are

arranged to

e Rank criterion: Achieve thelargest rankir, between two unlike code-

words as possible.

e Distance criterion: The minimum value of the Euclidean distance

for any sets of any two distinct codewords should be maximized.

We can easily know that all the discussed channel environments have the

same methods to design codewords when the central limit theory is exploited.
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Chapter 4

Simulation

In this section, the arguments will be evidenced by way of the simulation
results. We apadt an MIMO-OFDM system with two transmitter antennas
and three receiver antenna, and'we assume.that the OFDM bandwidth is
800kHz and divided into 128 subcarriers. +So the corresponding subcarrier
spacing is 6.25kH z and the symbol duration is 160us. A CP of 40us is ap-
pended to each OFDM symbol. ‘A two equal-power tap fading channel with
the delay spread of 5us is used, ‘and the sum‘of two tap powers is normalized
to 1. QPSK modulation is used, and the adapted generator sequences for

simulation is listed in table 4.1.

Table 4.1: The simulated generator sequences.

code My generator sequences rank distance
BBH[11] 2 g¢'=1[(2,2),(1,0)], ¢*=1(0,2),(3,0)] 2 6
TSC[10] 2 ¢'=[(0,2),(2,0)], ¢*=[(0,1),(1,0)] 2 4
YT[2] 2 ¢ =[21),(20)], ¢ =10,2),(32)] 2 10
VY] 2 ¢'=10,2),(1,2), ¢*=1((2,3),(2,0)] 2 10
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The simulation results of designing for one OFDM symbol in Figure 4.1.
Figure 4.2 and Figure 4.3 are the simulation results of the various design
criteria for two OFDM symbols on rapid fading channel and quasi-static
fading channel, respectively. The performance of VY is the same to YT
in all simulation environment, and both methods are better than BBH and

TSC.

—+—BBH

SNR (dB)
Figure 4.1: Simulation results of the various design criteria for one OFDM

symbol.
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T
—+—BEBH

10'3 I I I I 1 I I
1 2 3 4 5 sl 7 g 9

SMR (B

Figure 4.2: Simulation results of the various design criteria for several OFDM

symbols on rapid fading channel.

T
—+—BEBH

10'3 I I I I 1 I I
1 2 3 4 5 sl 7 g 9

SMR (B

Figure 4.3: Simulation results of the various design criteria for several OFDM

symbols on rapid fading channel.
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Chapter 5

Conclusion

By making use of the central limit theory, the pairwise error probability and
the corresponding design criteria of space-frequency coded MIMO-OFDM
system are presented in this thesis. It is easily known that the method for
codeword construction of space-frequency codes is similar to the method of
space-time codes by way of-the same analysis, ‘and the corresponding trellis
codes are taken to compare with the other trellis codes designed from various
methods. Most space-frequency trellis. codes are designed for one OFDM
symbol, and therefore we discuss how to encode and decode during several
OFDM symbols. Based on the channel variation speed, rapid fading channel
and quasi-static fading channel are recognized, and it is proved that the
specific design criteria of two distinct channel environments are also similar
to the way designed for one OFDM symbol by applying the central limit

theory. Simulation results are presented to support the arguments.
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