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摘要 

近年來，多重輸入多重輸出正交分頻多工空間分割多重存取技術已成為現今

寬頻無線網路系統的主要方法之一，在此論文中，我們將著重此技術在多用戶下

鏈系統中的波束設計及應用。 

過去，已有不少的文獻研究收發機共同波束設計在多重輸入多重輸出系統的

應用，然而在這些研究都考慮單一用戶系統，此外，他們也都假設在有完美的通

道估計來設計。然而，這個假設在實際通訊系統中是不存在的，故在此論文中，

我們將針對多用戶系統，在通道估計有誤差的情況下，提供一個收發機共同波束

設計方法能有效抵抗通道錯誤所造成的系統效能損失。 

收發器共同波束技術能將原本空間上互相干擾的多重輸入多重輸出系統轉
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換成一個子通道間互相獨立不干擾的等效系統。而在我們所提出的多重輸入多重

輸出正交分頻多工空間分割多重存取下鏈系統中，藉由在傳送端利用零空間技

巧，我們能將多用戶系統轉換為一個用戶間互相獨立的系統，如此便可將文獻中

的單一用戶收發機共同波束技術應用在每個獨立用戶上。此外，在有多路徑的頻

率選擇通道下，我們將採用正交分頻多工技術應用在上述系統中。 

進一步的，先前所提到的設計方法皆假設在有完美的通道估計條件下，然而

在實際系統上通道估計通常會有誤差，此誤差將造成顯著的系統效能損失，此損

失可歸咎於因為不完美零空間矩陣所造成多用戶間互相的干擾，以及因為不完美

收發機共同波束設計所造成每個用戶本身資料串之間的干擾。在此論文中，我們

將考慮多用戶多重輸入多重輸出正交分頻多工空間分割多重存取下鏈系統在通

道估計有誤差的情況下，提供一個較能抵抗因為通道錯誤所造成系統效能損失的

收發機共同波束設計。最後，我們利用電腦模擬來評估比較系統效能。 
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Abstract 

The techniques of MIMO-OFDM SDMA have recently considered one of the 

candidates for the broad-band multiple-access wireless systems. In this thesis, we 

focus on the research of beamforming in the applications of multi-user MIMO-OFDM 

SDMA downlink wireless system. 

Many researchers have used the joint Tx/Rx beamforming approach in the 

MIMO systems. However, they only considered the single user system. In addition, 

their methods are proposed under the perfect channel estimation assumption, which is 

no true in the real world. In this thesis, we will aim at multi-user MIMO SDMA 

systems to propose a MMSE beamforming algorithm, which has better immunity to 
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the channel estimation errors than the previously published methods. 

The joint Tx/Rx beamforming technique can transform a mutually cross-coupled 

MIMO transmission system into a set of independent eigen subchannels so that 

subchannel signal can be decoded without the interference from other antennas. In our 

proposed MIMO-OFDM SDMA downlink system, by using null-space technique in 

the base station (Tx side), the multi-user MIMO downlink system can be simplified 

into several independent single user MIMO subsystems. The MMSE beamforming 

algorithm is further applied to each single user MIMO subsystem achieving the spatial 

diversity gain. In addition, to combat the frequency-selective channel caused by 

multi-paths, we focus the aforementioned problems in the MIMO-OFDM systems. 

However, all the previously proposed methods are derived under the assumption 

of perfect channel estimation. But in real wireless systems, the channel estimate 

always contains estimation errors which may cause significant performance 

degradation when these methods are used. The performance loss can be imputed to 

the multi-user interference induced by the imperfect null-space matrix and the 

inter-stream interference caused by imperfect Tx/Rx beamforming. In this thesis, 

without the assumption of perfect channel estimation, we will consider the joint 

Tx/Rx beamforming design for multi-user MIMO-OFDM SDMA downlink system 

which is more robust to channel estimation error than the previous methods. Finally, 

the performance of the proposed schemes will be evaluated by computer simulations. 
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--------------------------------------------------------------------- 

Chapter 1  

Introduction 

-------------------------------------------------------- 

 In the recent years, due to the rapid increase in broadband access demand, the 

wireless system with high data rates and high link quality services has become one of 

the hot research topics. The MIMO-OFDM system is considered as one of the most 

promising technologies to provide these services. In this chapter, we will begin with 

the brief overview of MIMO systems, OFDM technology, and the MIMO-OFDM 

system. Then, we describe the motivation of the research. Finally, the organization of 

this thesis will be presented in the end of this chapter. 

 

1.1 MIMO-OFDM Based System 

To meet the requirement of high data rates and good link quality, the 

multiple-input multiple-output (MIMO) orthogonal frequency division multiplexing 

(OFDM) is considered as one of the promising technologies for broadband wireless 

communication systems, such as 802.11n and 802.16e. In the following sections, we 

will briefly introduction the basics of MIMO [1] [2] [3] and OFDM [4] technologies 

and describe how they can provide high data rate and link quality services. These two 

technologies are further combined [5] to solve the multi-path channel problem in 
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broadband wireless systems. Each subcarrier of OFDM system can be treated as a 

simple flat-fading MIMO channel. 

 

1.1.1 Overview of MIMO System 

1.1.1.1 MIMO Channel Models 

The basic signal model for a single-carrier flat-fading MIMO channel with M  

transmit and N  receive antennas is illustrated in Figure 1-1 where { }nmh=H  is the 

channel matrix with dimension MN × , ( ) ( ){ }tst m=s  is input vector and 

( ) ( ){ }tyt n=y  is output vector. The discrete-time model with matrix form can be 

wrote as 

( ) ( ) ( )kkk nHsy +=                                 (1.1.1.1-1) 

where ( ) ( ) ( ) ( )[ ]TN kykykyk ,,, 21 L=y  is the receive signal vector, 

( ) ( ) ( ) ( )[ ]TM kxkxkxk ,,, 21 L=x  is the transmit signal vector, { }nmh=H  is channel 

matrix with dimension MN ×  and ( )kn  is noise vector.  
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 Figure 1-1 A MIMO system with M transmit and N receive antennas under flat-fading channel 
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We now consider the frequency-selective fading channel. The signal model for 

such environment is shown as following Figure 1-2 
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where { }T
nmhH =  is the MIMO channel matrix with dimensions ( )1+× hLMN , and 

hL  is maximum channel order. The MIMO system can be described by the 

discrete-time model as 

∑
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Note that when 1=M , the MIMO channel reduces to a single-input multiple output 

(SIMO) channel. Similarly, when 1=N , the MIMO channel reduces to a 

multiple-input single-output (MISO) channel. When both 1=M  and 1=N , the 

MIMO channel simplifies to a simple traditional SISO channel. Following, we will 

discuss some properties of MIMO channels. 
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Figure 1-2 A MIMO system with M transmit and N receive antennas under frequency selective channel 
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1.1.1.2 Properties of The MIMO Channel 

MIMO channels have a number of advantages over traditional SISO channels 

such as the beamforming (or array) gain, the diversity gain, the interference 

suppression gain and the multiplexing gain [2] [6]. The beamforming and the 

diversity gains exist not only in MIMO channels but also in MISO or SIMO channels. 

However, the multiplexing gain is a unique feature that exists only in MIMO channels. 

Some gains can be simultaneously achieved while others compete and become a 

tradeoff [2] [6]. We briefly introduce these gains as follows [2] [6]: 

 Beamforming (or array) Gain: Multiple antennas (or array antenna) at 

transmit or receive terminal coherently combine the signal energy 

improving the signal-to-noise ratio (SNR) and suppress interference. 

Therefore, if the bit-error-ratio (BER) of a communication system is plotted 

with respect to the transmitted or received power per antenna using a 

logarithmic scale, the beamforming or array gain is easily characterized as a 

shift of the performance curve due to the gain in SNR.  

Besides, beamforming is a term traditionally associated with array 

processing or smart antennas in wireless communication systems where an 

array antenna can be arranged either at transmitter or at receiver. For 

illustration purposes, we consider a SIMO system shown in Figure 1-3 with 

the received signal given by nhy += s  where h  is the channel of the 

desired signal and n  is white noise with [ ] Inn 2σ=HE . 
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The receiver uses a beamforming vector w  to combine all the 

elements of y  in a coherent way as ywHz = . If the beamvector matches 

the channel, that is if hw = , the SNR is maximized and given by  

SNR = 2

2

σ
h                         (1.1.1.2-1) 

which clearly shows the increase of SNR with respect to using a single 

receive dimension  

SNR = 2

2

σ
h                         (1.1.1.2-2) 

 Diversity Gain: Diversity gain obtained from multiple antennas helps to 

combat channel fading and enhance the link reliability. The receiver 

receives replicas of the information signal through independently fading 

links, branches, or dimensions occurred by multiple antennas equipped at 

the transmit or the receive terminal. This type of gain is clearly related to 

the random nature of the channel and is closely connected to the statistics of 

channels. If the BER of a communication system is plotted with respect to 

the transmitted power or the received power per antenna using a logarithmic 

21 SNRSNRSNR +=

Figure 1-3 Beamforming gain obtained from a SIMO system 
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scale, the diversity gain is easily characterized as the increase of the slope 

of the performance curve in the low BER region [2]. The basic idea is that 

with high probability, at least one or more of these links will not be in a fade 

at any given instant. In other words, the use of multiple dimensions reduces 

the fluctuations of the received signal and eliminates the deep fades.  

Clearly, this concept is suitable for wireless communications where 

fading exists due to multipath effects and it may not be useful for wireline 

communications where the fading effect does not exist.  

There are three main forms of traditional diversity used in wireless 

communication systems, temporal diversity, frequency diversity, and spatial 

diversity. The spatial diversity gain can be obtained from receive and 

transmit antenna array. 

 Interference suppression gain: Interference suppression gain is obtained 

from multiple antennas equipped at receiver where adaptively combines to 

selectively cancel or avoid interference and pass the desired signal.  

 Multiplexing Gain: Spatial multiplexing gain uses multiple antennas at both 

ends to create multiple channels and increase of rate, at no additional power 

consumption. While the beamforming and the diversity gains can be 

obtained when multiple antennas are equipped at either transmit or the 

receive side, multiplexing gain requires multiple dimensions at both ends of 

the link. The basic idea is to exploit the multiple dimensions to create 

several parallel subchannels within the MIMO channel, which lead to a 

linear increase in capacity. The multiplexing property allows the 
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transmission of several symbols simultaneously. Figure 1-4 shows the 

spatial multiplexing gain obtain from a MIMO system. 

1s 2s 3s L ns

1A

2A
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1B

2B

3B

1C

2C

3C
 

 

These types of smart antenna can be used to improve coverage, link quality, data 

rates and system capacity. We summarize the above descriptions in Figure 1-5. 

Space-time 
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Figure 1-4 Multiplexing gain obtained from a MIMO system  

Figure 1-5 Smart antennas overview 
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1.1.1.3 Tradeoffs Between Gains 

 Beamforming and Diversity Gains 

Beamforming gain is a concept that refers to combine multiple copies of the 

same signal for a specific channel realization not for the statistics of a channel. 

However, diversity gain is directly related to the statistical behavior of a channel. 

With multiple antennas at receive terminal, both array and diversity gains can be 

achieved at the same time by a coherent combination of the received signals and 

there is no tradeoff between them. With multiple antennas at transmit terminal, 

beamforming gain requires CSI (Channel State Information) at the transmitter 

while diversity gain can be achieved even when the CSI is unknown. 

 Beamforming and Multiplexing Gains  

Maximum beamforming gain on a MIMO channel implies that only the 

maximum singular value of the channel should be used. However, for 

multiplexing gain, the optimum approach is to use a set of the channel singular 

values according to a water-filling strategy. In other words, maximum 

beamforming gain requires establishing only a single substream for 

communication while maximum multiplexing gain requires establishing several 

substreams at the same time.  

 Diversity and Multiplexing Gains 

Traditionally, the design of systems has been focused on either extracting 

maximum diversity gain or maximum multiplexing gain. However, both of these 

gains can be simultaneously obtained, but there is a fundamental tradeoff 

between them. Since the diversity gain is related to the BER and the multiplexing 
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gain is related to the data rate, the tradeoff between them is essentially the 

fundamental tradeoff between the error probability and the data rate of a system. 

 

1.1.2 Introduction of OFDM Technology 

OFDM is a promising technique to achieve high data rate and combat multipath 

fading effect in wireless communications. OFDM can be thought of as a hybrid of 

multi-carrier modulation (MCM) and frequency shift keying (FSK) modulation [4]. 

MCM is the principle of transmitting data by dividing the stream into several parallel 

sub-streams and modulating each of these data sub-streams onto individual carriers; 

FSK modulation is a technique which data is transmitted on one carrier from a set of 

orthogonal carriers in each symbol duration. Orthogonality among these carriers is 

achieved by separating these carriers by an integer multiple of the inverse of symbol 

duration of the parallel bit streams. Using OFDM technique, all the orthogonal 

carriers are transmitted simultaneously. In other words, the entire allocated channel is 

occupied through the aggregated sum of the narrow orthogonal subbands. Figure 1-6 

illustrates the spectral efficiency of OFDM compared to conventional MCM. 
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(b) (a) 

BW BW 

Figure 1-6 (a) OFDM (b) Conventional MCM 
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We now briefly describe some fundamental principles of FSK modulation as they 

pertain to OFDM modulation. The input sequence determines which of the carriers is 

transmitted by its symbol duration, that is, 

( ) ( ) ( )TttfjAt ii /2exp Π= πs                         (1.1.2-1) 

 where 

,  /Tiff ci +=  1,1,0 −= Li K                          (1.1.2-2) 

( )
⎩
⎨
⎧ ≤≤

=Π
 otherwise               ,   0
22for     ,   1

/
T/t-T/

Tt   

 

L  is the total number of carriers and T  is the symbol duration. In order to avoid 

that the carriers interfere with each other during detection, the spectral peak of each 

carrier must coincide with the zero crossing of all the other carriers as depicted in 

Figure 1-6. Thus, the difference between the center lobe and the first zero crossing 

represents the minimum required spacing and is equal to T/1 . An OFDM signal is 

constructed by assigning parallel bit streams to these subcarriers with minimum 

required spacing, normalizing the signal energy, and extending the bit duration, i.e., 

( ) ( ) ( ) NiLntfjn
N
An ii ≤≤≤≤= 0 , 0for     ,2exp πxs         (1.1.2-3) 

where ( )nxi  is the n-th bit of the i-th data stream. Recall that from the Discrete 

Fourier Transform (DFT) pairs, the above equation is just the inverse DFT (IDFT) of 

( )nxi  scaled by A . The output sequence ( )ns  is transmitted one symbol at a time 

across the channel.  

Before transmission, a cyclic prefix (CP) is a copy of the last part of the OFDM 
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symbol. This makes a portion of the transmitted signal s~  periodic with period L , 

i.e.:  

( ) ( ) CPLn-mmnLsmns ≤−+=− for    ,~~                   (1.1.2-4) 

where CPL  is length of CP. Hence the received signal using vector notation is given 

by  

( ) ( ) ( ) ( )nnnn nhsy +∗= ~~                               (1.1.2-5) 

where ∗  denotes linear convolution, h  is the channel impulse response vector, and 

n  is the additive noise vector. Now if length of CP is longer than the delay spread of 

the channel, received useful part ( )ny  becomes circular convolution one  

( ) ( ) ( ) ( )nnnn L nhsy +⊗=                              (1.1.2-6) 

where L⊗  denotes L-point circular convolution. Note that the DFT transform for the 

convolution theory is based on circular convolution. Hence, the received signal at the 

k-th subcarrier after DFT results a simple scalar multiplication and can be written as 

kkkk NHSY +⋅=                                    (1.1.2-7) 

where kk SY   ,  and kH  are the k-th subcarrier of DFT of sy   ,  and h  

respectively. Figure 1-7 illustrates the classical scheme of an OFDM communication 

system. Because of the advantages of OFDM, it becomes a popular transmission 

scheme for wireless communication systems. For examples, OFDM has been adopted 

in many standards such as digital audio and video broadcasting (DAB and DVB) and 

wireless local area networks (WLAN) standards etc. 
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1.1.3 MIMO-OFDM System 

After describing the features of MIMO and OFDM techniques, we now combine 

these two techniques to form MIMO-OFDM systems [5]. Figure 1-8 and 1-9 illustrate 

the basic structure of transmitter and receiver of MIMO-OFDM system respectively.  
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Figure 1-7 Classical scheme of an OFDM communication system  

M: Space channel index 

L: Frequency channel index 

Figure 1-8 MIMO-OFDM transmit side 
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At the transmitter, the input data symbols are de-multiplexed to M  branches, 

M  means the number of transmit antennas. Thus for each branch, we perform the 

OFDM modulation and transmitted from each antenna. At the receiver, we perform 

the OFDM demodulation. After removing CP and passing the signal to DFT, we 

obtain the major feature, that is, for each subcarrier of OFDM demodulation, it can be 

treated as a simple flat-fading MIMO channel. Following equation shows the receiver 

signal property after OFDM demodulator at k-th subcarrier: 
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where kijH ,  represents the channel frequency response at k-th subcarrier from i-th 

antenna to j-th antenna. We have explored the MIMO-OFDM based system and 

obtained the flat-fading feature at each subcarrier of OFDM. We can begin to study 

Figure 1-9 MIMO-OFDM receive side 
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the joint Tx-Rx beamforming design under flat-fading MIMO channel and easily 

extend to MIMO-OFDM based system which obtains spectral efficiency and combats 

the frequency selective channel environment. It will be analyzed in chapter 2. 

 

1.2 Motivation 

MIMO wireless communication systems have attracted a lot of interest in the 

recent years. Since they offer multiplicity of spatial channels, they provide significant 

capacity and performance increase, compared to conventional SISO communication 

systems. Space-time coding [7] [8] and spatial multiplexing [9] are two primary 

techniques of achieving high data rate over MIMO channels. Spatial multiplexing 

involves transmitting independent data streams across multiple antennas, whereas 

space-time coding appropriately maps data symbol streams across space and time for 

transmit diversity and coding gain at a given data rate. Both of these schemes do not 

require channel knowledge at the transmitter. In a number of applications, the CSI 

may be available at the transmitter by sending back the CSI from the receiver. When 

the CSI is known at both transmitter and receiver, the best performance can be 

obtained by the use of EVD (Eigen Value Decomposition) weighting combined with 

water-pouring strategy [10]. However, this approach is feasible by adaptively 

controlling the number of data streams and the modulation/coding schemes in each 

stream. The high complexity makes this approach impractical in the real wireless 

systems. A sub-optimal approach which uses a fixed number of data streams and the 

predefined identical modulation/coding schemes is proposed in [11]. The design is 

based on the joint Tx/Rx minimal mean square error (MMSE) beamformings 
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(commonly termed as the pre-filter and the post-filter). Other joint Tx/Rx designs 

with different criterions and constraints have also been presented in [6], [12], [13], 

and [14]. These joint designs commonly have the solutions which are scalable with 

respect to the number of antennas, the size of the coding block, and the power 

constraints. The solutions are shown to be able to convert the mutually cross-coupled 

MIMO transmission system into a system with a set of parallel eigen subchannels 

(also termed channel eigenmodes). 

These solutions cannot be directly applicable to Multi-user MIMO space division 

multiple access (SDMA) systems [15-17],  where a multi-antenna base station (BS) 

communicates at the same time with several multi-antenna terminals. The joint Tx-Rx 

design problem in multi-user MIMO-SDMA system can be decoupled into several 

single user design problems by using a null-space constraint [18], where each joint 

design problem only depends on his single user MIMO channel. That means the 

null-space constraint block-diagonalizes the whole MIMO channel into several single 

user MIMO channels and results zero multi-user interference (MUI) between each 

user.  

In addition, in terms of spectral efficiency, a frequency-selective MIMO channel 

can be handled by using the multi-carrier approach, such as the OFDM technology, 

which treats each sub-carrier as a flat-fading MIMO channel. In this thesis, we will 

apply the joint beamforming design to the multi-user MIMO-OFDM SDMA system. 

Furthermore, we will consider the system in which the channel estimation contains 

errors. These channel estimation errors cause significant performance degradation in 

the Tx/Rx beamforming. To cope with the channel information error in multi-user 



 26

joint design problem, we combine two methods published in [6] and [18] to improve 

the performance. We also apply the moving average approach in the design for 

slow-fading wireless channel environments. 

 

1.3 Thesis Organization 

The focus of this thesis is on the joint beamforming design of the transmitter and 

receiver for multi-user MIMO-OFDM SDMA under channel estimation error. In order 

to clearly and completely describe the whole system, we separate the system into 

three topics and then analyze these topics in following chapters step by step.  

The thesis is organized as follows. In chapter 2, we analyze the joint Tx/Rx 

MMSE beamforming design for single user MIMO channel case when the CSI is 

perfect known at both terminals and extend it to MIMO-OFDM system according to 

principles of chapter 1.1. In chapter 3, we investigate the joint beamforming design 

problem in multi-user MIMO-OFDM SDMA system with perfect CSI. Chapter 4 

considers the case that the channel estimation contains errors. We apply some robust 

methods to improve the system performance. Furthermore, we use the moving 

average approach to enhance the system performance under slow time-variant channel 

environment. In last chapter, we conclude the thesis with some respectives. 
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--------------------------------------------------------------------- 

Chapter 2 

Joint Tx/Rx MMSE Beamforming Design for 

Single User MIMO-OFDM Downlink System 

with Perfect CSI 

-------------------------------------------------------- 

 In chapter 1, we have introduced the basics of OFDM system, channel models 

and properties of MIMO systems, and the MIMO-OFDM based system. We now 

concentrate on the joint Tx/Rx beamforming design for single user MIMO downlink 

system under the flat-fading channel and perfect CSI conditions. According the 

concepts of MIMO-OFDM system described in section 1.1.3, we then extend the joint 

beamforming design problem to MIMO-OFDM based system which obtains 

spectral-efficiency and combats the frequency selective channel environment. 

 

2.1 Introduction 

For MIMO system, space-time coding and spatial multiplexing are promising 

techniques for achieving high data rates requirement. Neither of the two techniques 

require CSI at transmit side. However, in some situations, channel information could 
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be available at the transmitter because of the feedback information from the receiver.  

If the CSI is known at both of transmit and receive terminals, the optimal solution is 

provided by the eigen-value decomposition (EVD) weighting scheme combined with 

a water-pouring strategy [10]. However, instead of using the optimal solution, a 

sub-optimal solutions using a fixed number of data streams and a fixed identical 

modulation/coding scheme have been proposed [11]. Other joint designs subject to 

different constraints and criteria also have been presented [6] [12-14]. The joint Tx/Rx 

design diagonalizes the MIMO channel into eigen subchannels; achieve the symbol 

by symbol detection and the system structure can be scalable with respect to the 

number of antennas, size of the coding block, and transmit power. In this chapter, we 

focus on the joint MMSE beamforming design which minimizes the accumulative 

mean square error subject to the total transmitted power as the constraint.  

 

2.2 Joint Tx/Rx Beamforming MIMO System Models 

2.2.1 Single Carrier Flat-fading Case 

The model of joint Tx/Rx beamforming design for single user MIMO downlink 

system in flat-fading channel environment is illustrated in Figure 2-1. We consider a 

wireless communication system with M  transmit and N  receive antennas under 

the flat-fading environment. Thus, the flat-fading MIMO channel H  can be 

represented by a channel matrix with dimension MN × . The input symbol streams 

are passed through the transmit beamforming F  (pre-filter) which is optimized for a 

known channel and then the pre-filter output is transmitted into the flat-fading MIMO 
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channel. The received signal is processed by the receive beamforming G  

(post-filter). In this thesis, we will not consider coding and modulation design and 

only concentrate on transmit and receive beamforming design.  
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For a MIMO channel without any delay-spread, the joint beamforming design 

system equation can be written as 

GnGHFss +=ˆ                                 (2.2.1-1) 

where H  is the MIMO channel matrix described as above, ŝ  is the 1×B  received 

vector, and s  is the 1×B  transmitted vector. Note that  

( ) ( )NMrankB ,min≤= H                      (2.2.1-2) 

is the number of parallel transmitted data streams. F  is the BM ×  transmit 

beamforming matrix, G  is the NB×  receive beamforming matrix and n  is the 

1×N  noise vector. The transmit beamforming adds a redundancy of BM −  across 

space, because the number of input symbols is just B  but produces M  output 

symbols transmitted simultaneously through M  transmit antennas. That results the 

Figure 2-1 Joint Tx/Rx beamforming design for single user MIMO system 
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performance improvement due to the diversity gain. Besides, the receive 

beamforming removes the redundancy that be introduced by the transmit 

beamforming and results B  output data for detection. 

 To derive the beamforming, we assume the following properties: 

{ } { } { }    ;0   ;   ; === HHH EEE snRnnIss nn                (2.2.1-3) 

where the superscript H  represents the conjugate transpose (Hermitian) operation. 

For simplicity of analysis, we assume that the transmitted signals are uncorrelated and 

normalized to unit power. ( )HrankB = , the full-loaded case, the elements of MIMO 

channel matrix are uncorrelated with full rank. If ( )HrankB < , under-loaded case, 

we can also apply it to our system. However the over-loaded case ( )HrankB >  is 

not possible for any practical system that transmits independent data streams more 

than rank of the MIMO channel H  in order to have an acceptable performance. 

 

2.2.2 OFDM-based Case 

The OFDM technique which has attracted a lot of interest in the recent years as it 

can combat delay spread, easily deal with frequency selective channels and achieve 

the spectral efficiency described in section 1.2.1. Now, we apply the above MIMO 

system to the frequency selective channel with OFDM transmission, where the 

flat-fading conditions prevail on each subcarrier. The MIMO-OFDM system model in 

each subcarrier is similar to Figure 2-1. The difference is that the pro- and post-filter 

are processed at each subcarrier of OFDM. The MIMO-OFDM system equation has 

the similar form as the flat-fading case (2.2.1-1) and is shown as below where 
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subscript notation k  of denotes the subcarrier index 

kkkkkkk nGsFHGs +=ˆ                                (2.2.2-1) 
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Note that, in MIMO-OFDM based system, the transmit beamforming is 

Figure 2-2 Joint Tx/Rx beamforming processing at transmitter of a single user MIMO-OFDM system 

Figure 2-3 Joint Tx/Rx beamforming processing at receiver of a single user MIMO-OFDM system 
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performed in frequency domain, that is, before the OFDM modulation. And the 

receive beamforming should be also performed in frequency domain, that is, after 

OFDM demodulation. Figure 2-2 and Figure 2-3 illustrate the detail operations at 

transmitter (BS) and receiver (MS) respectively. 

 

2.3 Joint Tx/Rx Beamforming Design for Single User Case 

2.3.1  Problem Description 

Now we will design transmit and receive beamforming matrices F  and G  to 

minimize the accumulative MSE in the flat-fading MIMO channel environment. 

However, as explained before, the flat-fading characteristic is preserved at each 

subcarrier of OFDM. Thus, we modify the above MIMO system and directly design 

kF  and kG  for the MIMO-OFDM system. The MSE matrix at each subcarrier of 

MIMO-OFDM system is defined as the covariance matrix of the error vector and 

showed as below: 

( ) ( ) { }Hkkkkkkk EMSE eeG,FG,FE ==                     (2.3.1-1) 

where ke  is the symbol estimation errors and defined as ( )kkk sse −= ˆ . Replacing 

the system equation (2.2.2-1) into (2.3.1-1), we obtain the MSE matrix as below: 

( ) { } ( )( ){ }
( )[ ] ( )[ ]{ }
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    (2.3.1-2) 

We now use the assumptions in equation (2.2.1-3) and assume the channel matrix H  
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is fixed and known at the transmitter and the receiver The MSE matrix in equation 

(2.3.1-2) can be simplified as: 

( ) ( )( )
( ) ( )Hkkkkkk

H
kkk

H
kkkkkkkkk

FHGFHG

IGRGFHGFHGG,FE nn

−−

++=

                 
,         (2.3.1-3) 

Thus, the minimize MSE problem can be stated as follows: 

{ } ( )( )

( ) kT
H
kk

kkkk

p

traceE
kk

,

2

 tracesubject to

  min

=

=

FF

G,FEe
,GF                        (2.3.1-4) 

where kTp ,  is the transmitted power constraint at k-th subcarrier. Note that the above 

equation (2.3.1-4) is based on the Frobenius norm: 

{ } ( ){ } ( ){ }( )H
kk

H
kkk EtracetraceEE eeeee ==2                (2.2.1-5) 

After formulating the problem of the joint beamforming design for transmitter and 

receiver over flat-fading channel and frequency-selective channel (OFDM-based). In 

the next section, we will continue to derive two other methods which have the same 

solution as the above transmit and receive beamformer. 

 

2.3.2  Optimum Transmit and Receive Beamformings 

2.3.2.1 Lagrange Multiplier Method 

First, we use the method of Lagrange duality and Karush-Kuhn-Tucker (KKT) 

conditions to solve the joint design problem in equation (2.3.1-8). We add the 

Lagrange multiplier kμ  to form the Lagrangian shown as below: 

( ) { }( ) ( )[ ]kT
H
kkk

H
kkkkk PtraceEtraceL ,,, −+= FFeeGF μμ     (2.3.2.1-1) 

Replacing the equation (2.3.1-3) into above equation, we obtain 
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( ) ( )( )[
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The following KKT conditions are necessary and sufficient to solving the optimal 

transmit and receive beamforming kF  and kG . kF  and kG  are optimal solutions 

if and only if there is a kμ  that together with kF  and kG  satisfy the conditions: 

( ) 0,, =∇ kkkL
k

GFF μ            (2.3.2.1-3) 

( ) 0,, =∇ kkkL
k

GFG μ                               (2.3.2.1-4) 

( ) 0,, =∇ kkkL
k

GFμμ                               (2.3.2.1-5) 

From the equation (2.3.2.1-3) and (2.3.2.1-2), we can obtain 

0, =+− H
kkkk

H
k

H
k

H
kkk GRFHGHFFH nn                 (2.3.2.1-6) 

and from the equation (2.3.2.1-4) and (2.3.2.1-2), we can obtain 

0=+− H
kkkkkk
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H
kkk FHGHGGHFFH μ              (2.3.2.1-7) 

To obtain above two equations, we have to use the fact: 

( )( ) ( ) BAXAXB =∂∂ / trace                          (2.3.2.1-8) 

( )( ) ( ) 0XBAX =∂∂ / Htrace           (2.3.2.1-9) 

Now we are going to solve the two equations (2.3.2.1-6) and (2.3.2.1-7) to obtain 

the optimal transmit and receive beamformer. First of all, we define the SVD of 

following equation: 
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where kU  and kV  are orthogonal matrices which form a basis of  kk
H
k HRH nn

1
,

−  
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and S  is a diagonal matrix with B  nonzero singular values with decreasing order. 

kS~  is a diagonal matrix with zero singular values; kU~  and kV~  are orthogonal 

matrices with dimensions ( )BMM −×  which form a basis of the null space of 

kk
H
k HRH nn

1
,

− . Note that we have assume that the rank of kH  is B  for simplicity.  

 Applying the similar approaches used in [7], we can obtain the transmit and 

receive beamforming matrices with structures as follows: 

kkk FΦVF =                                      (2.3.2.1-11) 

1
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−= k
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H
kk nnG RHUΦG

k
                            (2.3.2.1-12) 

Where 
kFΦ  and 

kGΦ  are diagonal matrices with nonnegative values and with 

dimension BB× . Thus, the transmit and receive beamforming matrices diagonalize 

the MIMO channel matrix into a set of eigen subchannels. We will explain the results 

in section 2.3.3. The diagonal matrices 
kFΦ and 

kGΦ  in above two equations are 

given by: 
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The subscript notation +  denoted that the negative elements of the diagonal matrices 

are replaced by zero and kμ  in the above two equations is chosen to satisfy the 

transmit power constraint and given by: 
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Up to now, we have showed the Lagrange multiplier approach to derive transmit 

and receive beamforming matrices. In next section, we show another method to derive 

these beamforming matrices. These approaches are different, but the results are 

identity since both of them are looking for the optimal solutions. 

 

2.3.2.2 Two Step Method 

Recall that the minimized accumulative MSE problem is stated in (2.3.1-4) and 

the accumulative MSE matrix is given in equation (2.3.1-3). We now use the two-step 

derivation approach to design the system. In first step, we derive the optimal receive 

beamforming matrix kG  by assuming that the transmit beamforming matrix is fixed 

and then leave the difficult part which is to derive the transmit beamforming matrix 

kF  to next step.  

The optimal receive beamforming solution optk ,G  that minimizes the MSE 

matrix is the same as the Wiener solution which is known to minimize the 

( )( )kkMSEtrace GF ,  and is given by the following equation 

( )( ) 0GG =∇ kMSEtrace
k
                  (2.3.2.2-1) 

And then the optimal solution optk ,G  can be obtained as below: 

( ) 1
,,

−
+=

k
H
k

H
kkkkkoptk nnRHFFHHFG                   (2.3.2.2-2) 

The optimal receive beamforming is exactly the Wiener filter solution. Replacing the 

optimal receive matrix optk ,G  into the MSE matrix, we obtain the following 

concentrated error matrix: 
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Thus, the joint beamforming design problem is simplified to the design of the 

transmit beamforming with the receive beamforming matrix given by Wiener solution 

(2.3.2.2-2). Note that, without any constraint, the minimization of (2.3.2.2-3) will lead 

to the trivial solution of increasing to infinity of the norm of kF . Thus, the solution of 

the optimization problem with transmit power as a constraint: 
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is given by 
kkk FΦVF = , where 

kFΦ  is a BB×  diagonal matrix with the following 

elements 
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where kλ  denotes the singular values of the matrix kS . The above equation is 

actually equivalent to the elements of equation (2.3.2.1-13) which is the matrix form. 

If we replace the transmit beamforming into the optimal receive beamforming matrix 

derived in first step, we can obtain the same optimal receive solution given in section 

2.3.2.1. 

 

2.3.3  Equivalent Decomposition of MIMO-OFDM system 

The major characteristic of the joint beamforming design is to convert the 
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mutually cross-coupled MIMO transmission system into a set of parallel eigen 

subchannels (also termed channel eigenmodes) system. From the results of previous 

section, the matrix model of MIMO-OFDM system at k-th subcarrier similar to 

flat-fading case can be illustrated in Figure 2-4. 

k,fΦ kHkV 1
nnRHU −
k

H
k

H
k , gΦ+

Downlink

kF kGkn

kŝks

 

 

Mathematically, the product of optimal beamforming matrices optk ,F  and optk ,G  

in equation (2.3.2.1-11) and (2.3.2.1-12) and the channel matrix kH  becomes: 

kkkk
H
k

H
koptkkoptk FnnG ΦVHRHUΦFHG

k

1
,,,

−=                 (2.3.3-1) 

Using the SVD in equation (2.3.2.1-10), it can be rewritten as: 

   
kk kk

H
kkk

H
koptkkoptk FGFG ΦSΦΦVVSUUΦFHG

kk
==,,         (2.3.3-2) 

Since 
kGΦ , kS  and 

kFΦ  are all diagonal matrices, the MIMO channel are 

decoupled into parallel eigen subcarriers. Figure 2-5 illustrates the equivalent 

MIMO-OFDM system at k-th subcarrier. 

Figure 2-4 The matrix model of a single user MIMO-OFDM system at k-th subcarrier  



 39

M

kf,Φ ,1

kf,Φ ,2

kf,NΦ ,

k,fΦ kHkV 1
nnRHU −
k

H
k

H
k , gΦ+

kF kGkn

kŝks
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The major interest of the diagonalized structure is that all the matrix equations 

can be substituted with scalar ones with the consequent great simplification and only 

the symbol by symbol detection need to be performed. 

 

2.4 Conclusions 

In this chapter, we have shown the system model for flat-fading channel 

environment and extend to OFDM-based system which can combat the frequency 

selective channel and achieve the spectral efficiency. Each subcarrier of 

MIMO-OFDM based system can be treated as flat-fading case and solved by the same 

ways. We have also developed two forms of joint MMSE transmitter-receiver 

beamforming: the Lagrangian and the two-step methods. Both approaches result in the 

same close-form solution.  

The joint design problem shows that the optimal beamforming matrices optk ,F  

Figure 2-5 Equivalent decomposition of MIMO-OFDM system at k-th subcarrier 
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and optk ,G  in equation (2.3.2.1-11) and (2.3.2.1-12) cascaded with the channel matrix 

kH  in between will result in a diagonal matrix. That is, the original mutually 

cross-coupled MIMO transmission system is decoupled into a set of parallel eigen 

subchannels system. It means that the matrix equations can be simplified to scalar 

ones so that we can perform symbol by symbol detection similar to a set of parallel 

SISO systems. This joint design approach makes the number of antennas, the size of 

the coding block, and the transmit power become scalable. 
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--------------------------------------------------------------------- 

Chapter 3 

Joint Tx/Rx MMSE Beamforming Design for 

Multi-user MIMO-OFDM SDMA Downlink 

System with Perfect CSI 

-------------------------------------------------------- 

 In this chapter, we extend the single user joint Tx/Rx beamforming design to the 

multi-user case so that we can achieve the multiple access via the space domain the so 

called spatial-division multiple access (SDMA) [15] [18]. Compare to the 

conventional frequency-division multiple access (FDMA) and time-division multiple 

access (TDMA), the SDMA can conduct multi-user transmission at the same time and 

frequency. That is, we can reuse the frequency bandwidth. However, the multi-user 

interference (MUI) can potentially cause performance degradation. The technique of 

null-spacing [18] is proposed to handle the MUI problem.  

 

3.1 Introduction 

Different from most of the SDMA systems which assume a single antenna 

equipped at mobiles, the MIMO system we consider is the system with multiple 
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antennas used at both transmitter and receiver. We will further extend the MIMO 

SDMA system to MIMO-OFDM SDMA system by the concepts mentioned in chapter 

2. In the multiple access system, the MUI is a major problem which causes significant 

performance loss. A way of solving this problem is to use the null-space constraint to 

decouple the multi-user MIMO SDMA joint design problem into several single user 

problems which have been described in previous section, where each problem only 

depends on each single user MIMO channel. In other words, the product of the MIMO 

channel and the null-space matrix at transmit side results in a block-diagonal matrix, 

which means the MUI between each user is completely removed. Thus, each user 

terminal only has to deal with its own inter-stream interference. 

In this chapter, we first model the single carrier flat-fading MIMO SDMA system 

which combines the joint Tx/Rx beamforming design with the null-space technique. 

Then we extend such system to MIMO-OFDM SDMA case which preserves the 

flat-fading property at each subcarrier. Thus, the beamforming and null-space 

matrices have to be designed based at each subcarrier. That is, we have to perform the 

pre-filter with the null-space constraint before OFDM modulation at the transmitter 

and at the receiver. The post-filter is also performed after OFDM demodulation. The 

null-space matrix design technique will be introduced in section 3.3.1. Thereafter, we 

will introduce the combination of the joint Tx/Rx beamforming and the null-space 

constraint to deal with the multi-user MIMO-OFDM SDMA downlink system. 
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3.2 Joint Tx/Rx Beamforming MIMO SDMA System Models 

3.2.1 MIMO SDMA under Single Carrier Flat-fading Channel 

Figure 3-1 illustrates a multi-user MIMO SDMA downlink system under single 

carrier flat-fading channel. We consider the transmit side (BS) equipped with M  

antennas simultaneously communicates with U  user terminals (mobile station or 

MS). Each user terminal has uN  receiver antennas. The BS transmits several data 

symbol streams towards the U  user terminals simultaneously. 1C  data streams are 

transmitted towards user terminal 1, 2C  data streams are transmitted towards user 

terminal 2, and so on.  

H BS

… … C1

CU…
…1

M

2

s1(k)

sU(k)

t(k)

…
MS-1

MS-U

…
… 1

N1

1

NU

r1(k)

rU(k)
…

…

C1

CU

s1(k)

sU(k)

Downlink  

 

If we do nothing at BS, each user terminal will receive the mixture of all data 

streams and needs to recover its own streams. Note that the receiver antennas uN  of 

each user terminal is greater or equal to the number of data streams uC  in order to 

make sure an acceptable performance.  

 The joint Tx/Rx beamforming design combined with null-space matrix can be 

Figure 3-1 Joint Tx/Rx beamforming design for a multi-user MIMO SDMA downlink system 
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depicted in Figure 3-2.  
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3.2.2 MIMO-OFDM SDMA 

By using the OFDM technology, the transmit beamforming and null-space 

matrix is designed based on each subcarrier and performed before OFDM modulation 

at the transmit side. At each user terminal, the receive beamforming is also designed 

based on each subcarrier and performed after OFDM demodulation. And at each 

subcarrier, the flat-fading conditions prevail and can be treated as above single carrier 

flat-fading MIMO system shown in Figure 3-2. 

 

3.3 Joint Tx/Rx Beamforming Design for Multi-user Case 

3.3.1 Null-space Constraint Design 

Now we introduce the design of the null-space matrix which block-diagonalizes 

Figure 3-2 Joint Tx/Rx beamforming design for a multi-user MIMO downlink system with null-space matrix 
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the MIMO channel. The following design is based on MIMO-OFDM system where 

the subscript notation k  denotes the subcarrier index. In order to remove the MUI 

between each user, a null-space matrix denoted by kW  is designed that the product 

of the MIMO channel matrix and the null-space matrix kkWH  at k-th subcarrier 

results a block-diagonal matrix with u-th block in the diagonal which is u-th user’s 

data streams. That is the MUI is completely eliminated and leaves only each user’s 

inter-stream interference which can be deal with by each user’s processing. 

)( TRH u
×∑

…

)( 22 MNH ×

)( 11 MNH ×

)( MNH UU ×

)( MNH u ×∑

 

 

First of all, the multi-user MIMO channel matrix kH  at k-th subcarrier can be 

viewed as a vertical concatenation of U  MIMO subchannels matrix u
kH  which 

means the BS to u-th user’s MIMO subchannel at k-th subcarrier and with dimension 

MNu × . We illustrate the whole multi-user MIMO channel by Figure 3-3.  

In order to block-diagonalize the whole MIMO channel matrix kH , we have to 

design the null-space matrix kW  with horizontal concatenation of U  sub-matrices 

Figure 3-3 The vertical concatenation representation of a multi-user MIMO channel matrix  
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u
kW  depicted in Figure 3-4. The MIMO channel matrix and null-space matrix at k-th 

subcarrier can be represented in mathematic form as follows (where the superscript 

T  denotes the transport operation): 

[ ]TTU
k

T
k

T
kk HHHH L21=                          (3.3.1-1) 

[ ]121 U
kkkk WWWW L=                            (3.3.1-2) 

1W 2W UWL

 

 

We can see that the block-diagonal condition is fulfilled if each column of u
kW  

lies in the null-space of u
Ck ,H  where u

Ck ,H  is obtained by removing uN  rows from 

kH  and has dimension MN
U

uii

u ×∑
≠= ,1

. We can represent it by the following mathematic 

equation: 

{ } 0WHHW =⋅⇔∈ u
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u
Ck

u
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u
k null ,,                           (3.3.1-3) 

For example, 1
kW , the first columns of kW , is a set of orthogonal basis of the null 

space of 1
,CkH ; 2

kW  is built by the orthogonal basis of the null space of  2
,CkH , and 

so on. It is easy to see that each u
kW  has u

kD  columns where u
kD  is given by the 

dimension theorem and is given by: 
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Figure 3-4 The horizontal concatenation representation of a multi-user null-space matrix  
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The null-space matrix u
kW  which block-diagonalizes the channel matrix kH  

can be illustrated by Figure 3-5. The block-diagonalized matrix means that the MUI is 

completely eliminated and each user terminal receives only its own data streams. 
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3.3.2 Joint Tx/Rx Design with Null-space Constraint 

We have introduced how to design the null-space matrix in previous section. 

Now we combine the joint Tx/Rx beamforming design with null-space constraint to 

deal with multi-user MIMO-OFDM SDMA system. The multi-user MIMO-OFDM 

SDMA system on k-th subcarrier can be modeled as shown in Figure 3-6 which is 

similar to the flat-fading case as shown in Figure 3-2. The difference between the two 

systems is that we process these operations in time or frequency domain. For 

MIMO-OFDM based system, these operations are performed in frequency domain 

while for MIMO system they are processed in time domain. Thanks to the null-space 

constraint that the transmit beamforming matrix can be calculated independently for 

each user and each user terminal only needs to know its part of the multi-user MIMO 

channel to calculate the receive beamforming matrix. It is reasonable for practical 

systems. Figure 3-7 and Figure 3-8 illustrate the details of joint Tx/Rx beamforming 

design for multi-user MIMO-OFDM SDMA downlink system at transmitter and 

Figure 3-5 The product of the MIMO channel and the null-space matrix  
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receiver respectively. 
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Figure 3-6 Joint Tx/Rx beamforming for multi-user MIMO-OFDM downlink system with null-space matrix 

Figure 3-7 Joint Tx/Rx beamforming for multi-user MIMO-OFDM downlink system at transmitter  
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3.3.3 Derivation of The Joint Tx/Rx Design with Null-space Constraint 

We now describe the idea by using mathematic equations and explain the joint 

Tx/Rx MMSE beamforming design with the null-space constraint for multi-user 

MIMO-OFDM SDMA downlink system as follows. The superscript notation u  

denotes user index, and for each user the joint beamforming design is performed over 

the equivalent channel u
k

u
kWH  which means we have taken the block-diagonalization 

constraint into account and results MUI free. 

The system equation for user u  and subcarrier k  is 

u
k

u
k

u
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u
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u
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And the problem is formulated as 
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Figure 3-8 Joint Tx/Rx beamforming for multi-user MIMO-OFDM downlink system at u-th user receiver 



 50

where u
ke  is error vector and equal to u

k
u
k ss ˆ−  and u

kTp ,  denotes the transmit power 

constraint of user u  at subcarrier k . Combining the system equation (3.3.3-1) and 

above equations, we have 
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In the same way, we use the Frobenius norm and then the minimization problem can 

be rewritten as minimizing accumulative MSE matrix 
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The MSE matrix ( )uku
kMSE GF ,  can be derived as below 
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And we have the same assumptions similar to (2.2.1-3), that is 
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So the MSE matrix ( )uku
kMSE GF ,  can be simplified as 
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Furthermore, we can solve the optimization problem by Lagrangian or two-step 

approaches. Following show the Lagrange duality method which transforms the 
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constrained optimization problem into an unconstrained one. 
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where u
kμ  is the Lagrange multiplier and the KKT conditions are 
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We obtain the similar results in chapter 2. 
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where u
kV , u

kU  and u
kS  are obtained from the SVD of  
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The meanings of above parameters are equivalent to the description in chapter 2. 

Particularly, u
kμ  is chosen to satisfy the transmit power constraint and given in 

following equation: 
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We can expect that the same results can be obtained from the two-step approach 

where we use the equivalent MIMO channel u
k

u
kWH  instead of u

kH . 

 

3.4 Simulation Results and Comments 

We will show the performance of above joint Tx/Rx beamforming design for 

multi-user MIMO-OFDM SDMA downlink system by computer simulations. In this 

set-up, we first assume that the channel estimations are perfect known at both transmit 

and receive terminals; the elements of the MIMO channel are 

independent-identically-distribution (i.i.d) complex Gaussian distribution with zero 

mean and variance 1 and the channel length is CL . 

At BS which is equipped with M  transmit antennas, each user’s data are QPSK 

modulated and de-multiplexed into B  parallel paths and each user is equipped with 

N  receive antennas. Each path is processed by OFDM modulation. Before passing to 

OFDM, we have to perform the transmit beamforming for each subcarrier of each 

user and then process the null-space matrix for each subcarrier of all user. We can see 

procedures in Figure 3-7. In OFDM, we assume the length of FFT is L  and the 

length of CP is CPL  which is larger or equal than the channel length CL  in order to 

keep the orthogonality between each subcarrier. And then launch the OFDM packets 

via M  transmit antennas. At each receive terminal, thanks to the null-space matrix, 

each user only receives it own data. After performing OFDM demodulation, the 



 53

output signal is processing to the receive beamforming for each subcarrier and then 

passes to an appropriate interleaver to obtain correct data streams. 

Figure 3-9 shows the bit error rate (BER) curves of typical multi-user 

MIMO-OFDM SDMA systems where the BS equipped with 6 to 8 transmit antennas 

communicates simultaneously with 3 users. Each user is equipped with 2 receive 

antennas. The FFT length L  is 64. Each OFDM packet contains 640 data symbols 

and 100 MIMO channel realizations described above are simulated and generated 

independently for each packet. The total transmit power per symbol period across all 

antennas is normalized to 1. The SNR is defined as the total transmitted power 

normalized with the noise variance at each subcarrier. 
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Figure 3-9 Joint Tx/Rx MMSE beamforming design for MIMO-OFDM system under perfect CSI 
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We call the MIMO system “fully loaded” when the number of parallel streams is 

equal to the number of BS antennas. When the number of BS antennas is greater than 

the number of parallel streams, the system is called ”under-loaded”. In this case, the 

diversity gain can be expected. However, it is impossible to simultaneously transmit 

more parallel streams (over-loaded case) without inducing irreducible MUI.  

In Figure3-9, we also show the single user case which has 6 receive antennas. 

From the simulation results, we can summarize the following observations.  

 Since the single user case with the same number of receive antennas has 

more degrees of freedom for spatial processing at the receiver, it has a better 

performance than the multi-user case.  

 When the number of BS antennas increases, we can have of course a better 

performance because of the diversity gain obtained from the transmit 

beamforming. 

 In multi-user case, adding one antenna at the BS provides a diversity gain of 

1 to all users. 

 The performance difference between the single user and the multi-user case 

becomes negligible when the number of BS antennas increases. 

 

3.5 Conclusions 

In this chapter, we consider the joint design Tx/Rx beamforming for multi-user 

MIMO-OFDM downlink communications using SDMA under perfect channel 

estimation. In multi-user system, the MUI is the major problem which needs to be 
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handled. We use a null-space technique to decouple the multi-user MIMO SDMA 

joint design problem into several single user problems, In other words, the product of 

the MIMO channel and the null-space matrix results a block-diagonal matrix which 

means the MUI between each user is completely removed. Thus, each user terminal 

only has to handle its own inter-stream interference. Furthermore, we extend this 

flat-fading channel case to frequency selective channel environment by using the 

MIMO-OFDM based system. Using the null-space constraint, the several decoupled 

single user designs also have the properties that the system structure can be scalable 

with respect to the number of antennas, size of the coding block, and transmit power.
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--------------------------------------------------------------------- 

Chapter 4 

Robust Design of Joint Tx/Rx MMSE Beamforming 

with Excellent Channel Estimation Error immunity 

for Multi-user MIMO-OFDM SDMA Downlink 

System  

--------------------------------------------------------------------- 

We have discussed the joint Tx/Rx MMSE beamforming design for the 

multi-user MIMO-OFDM SDMA system in chapter 3. The channel information is 

assumed to be perfectly known at both transmit and receive terminals. However, the 

channel estimation always contains errors in real communication systems and only 

imperfect CSI can be obtained. In a practical wireless environment, channel 

information has to be estimated periodically because of the time-varying characteristic 

of channel, especially in the mobile environment. The imperfect CSI has a significant 

impact on the performance. In this chapter, we will focus the robust beamforming 

design to enhance the system performance. 

 

4.1 Introduction 

If the channel estimation is perfect, we can design the optimal solutions of 
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transmit and receive beamforming matrices in single user MIMO-OFDM case. 

Furthermore, for a multi-user MIMO-OFDM SDMA system, a perfect null-space 

matrix that removes the MUI between each user also can be obtained. However, if the 

channel estimation contains errors, the null-space and Tx/Rx beamforming matrices 

will be designed imperfectly in multi-user joint design system (see Figure 4-1). 
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The imperfect null-space design will induce MUI between each user and the 

imperfect transmit and receive beamforming designs will cause the inter-stream 

interference at each user terminal. That is why the imperfect CSI will cause 

significant performance degradation. This is an unavoidable problem in realistic 

wireless communication systems that the channel estimation always contains errors 

and only the imperfect CSI can be obtained. 

The CSI at receiver can be obtained via the training sequence or pilot symbols 

that allows to estimate the channel. The CSI at transmitter can be obtained by using 

feedback channels from the receiver to the transmitter. In many cases, a sufficiently 

Figure 4-1 Joint Tx/Rx beamforming design for multi-user MIMO downlink system under imperfect CSI 
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accurate channel information at receiver can be assumed, however, the CSI at 

transmitter is always far from sufficient accuracy. Hence one can assume that the 

receiver has perfect CSI to design receive beamforming and the transmitter has 

imperfect CSI to design transmit beamforming and null-space matrices. But in this 

chapter, we will consider more general case that both CSI at transmit and receive 

sides are imperfect to design null-space and Tx/Rx beamforming matrices in 

multi-user joint design MIMO-OFDM SDMA system. 

We are going to apply two robust approaches to our multi-user joint design 

problem to against the performance degradation caused by MUI and inter-stream 

interference [6] [18]. Both of these robust methods have the similar performance over 

fast time-variant and slow time-variant environments. Therefore, we apply the moving 

average approach that has better performance over slow time-variant environment. 

Note that all the robust methods need the statistic properties of the estimation errors. 

In the end, we will show the simulation results and give some comments. 

 

4.2 Robust Design of Joint Tx/Rx MMSE Beamforming 

4.2.1 Problem Description 

We now consider interferences induced by the imperfect null-space matrix and 

Tx/Rx beamforming due to the channel information error. Recall that for each 

subcarrier of OFDM system the product of MIMO channel and null-space matrix 

results a block-diagonalized matrix which means MUI is perfect removed. That is  

uiu
k

i
k ≠=  if   ;0WH                                  (4.2.1-1) 
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where the subscript notation denotes subcarrier index and the superscript notation 

represents the user terminal index. And each user’s Tx/Rx beamforming is also 

designed due to the exact channel information i
kH . Figure 4-2 illustrates again the 

major block-diagonalized operation at each subcarrier. 
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Moreover, we explain the operation by another point of view in order to derive 

the robust null-space matrix against MUI. Assume that kt  is the total transmitted 

signal at subcarrier k  and it can be formulated as 

∑
=

=
U

i

i
k

i
k

i
kk

1
t sFW                                      (4.2.1-2) 

Thus the received signal of user u  at subcarrier k  for a multi-user joint 

beamforming design MIMO-OFDM SDMA system becomes  

u
k

U

i

i
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i
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u
k

u
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u
k

u
k nsFWHnHy +⎟

⎠

⎞
⎜
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=+= ∑

=1
t                    (4.2.1-3) 

By the equation (4.2.1-1), the above equation can be rewritten as 

Figure 4-2 Joint Tx/Rx beamforming for multi-user MIMO-OFDM downlink system with null-space matrix 



 60

u
k

u
k

u
k

u
k

u
k

u
k

U

i

i
k

i
k

i
k

u
k

u
k nsFWHnsFWHy +=+⎟

⎠

⎞
⎜
⎝

⎛
= ∑

=1
              (4.2.1-4) 

In (4.2.1-4), it is easy to see that the mutual interferences between co-channel users 

are removed and leaves only each user’s joint design problem to cope with its own 

inter-stream interference. 

 Now we assume that the MIMO channel information contains errors and can be 

represented as 

kkk HHH Δ+=ˆ                                      (4.2.1-5) 

where kHΔ  is channel information error and its elements are independent random 

variables with zero mean and variance 2
kHΔσ . Since the BS has the imperfect CSI 

kĤ , not the exact CSI kH , the null-space matrix is obtained under the condition 

uiu
k

i
k ≠=  if   ;ˆˆ 0WH                                  (4.2.1-6) 

And we also obtain the imperfect transmit beamforming u
kF̂  that is designed from the 

equivalent channel ˆ ˆi u
k kH W . Thus, the total transmitted signal at each subcarrier 

becomes 

∑
=

=
U

i

i
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i
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i
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And the received signal of user u  becomes 
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Since the second term i
k

u
kWH ˆ  in (4.2.1-8) is no longer zeros for iu ≠ , user u  will 

be affected by MUI. Furthermore, at user u ’s terminal, since the first term of 
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(4.2.1-8), both of transmit and receive beamforming will be designed imperfectly 

which leads to the inter-stream interference. In the following section, we will first 

consider the MUI caused by imperfect null-space matrix (the second term effect), 

and then consider the inter-stream interference caused by imperfectly designed 

beamformings (the first term effect). 

 

4.2.2 Robust Designs 

4.2.2.1 Robust Design Against MUI 

In this section, we derive the robust null-space matrix which minimizes the 

expected power of MUI by using the statistics of the channel estimation error. Before 

deriving it, we first consider the statistical dependence among the exact channel kH , 

the estimated channel kĤ  and the estimated channel error kHΔ . In general, kHΔ  

is independent of kH  but dependent on kĤ . However, if kHΔ  is much smaller 

than kH , it can be assumed that kHΔ  is approximately independent of kĤ . Thus, 

in order to derive the robust null-space matrix, we will assume that 

kkkk HHHH Δ⊥⊥ ˆ   ;ˆ                               (4.2.2.1-1) 

We now investigate the effect that when user u ’s signal is transmitted, how it 

will induce interference to affect other users. The received signal at subcarrier k  and 

all user terminals when user u ’s signal is transmitted is 

u
kk

u
k

u
k

u
kk

all
k tHsFWHy == ˆˆ                             (4.2.2.1-2) 

Obviously, if the null-space is perfect designed, that is, if we know the exact CSI, 
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there is no MUI occurred induced by user u ’s signal and all elements of all
ky  will be 

zeros except the elements at user u ’s terminal. We now assume that the transmitted 

signal of user u  at subcarrier k  which minimizes the expected power of MUI is  

u
k

u
k

u
k

u
k

u
k asFWt += ˆˆ                                   (4.2.2.1-3) 

And then (4.2.2.1-2) becomes 
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In above equation, the first term u
k

u
k

u
kk sFWH ˆˆˆ  has non-zero only in user u ’s 

received signal, and other elements are all zero values, therefore it does not induce 

any interference to other users. But the other terms in (4.2.2.1-4) can be consider as 

the MUI induced by user u ’s signal. In order to minimize the MUI, we would like to 

find u
ka  to minimize the expected power of these terms 

( )ukk
u
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u
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u
kk

u
kk aHsFWHaH Δ−Δ− ˆˆˆ  in (4.2.1.1-8). In other words, we are going to find an 

u
ka  that satisfies 
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Under the assumptions described in (4.2.2.1-1) and the statistic properties of kHΔ , 
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that is, its elements are independent random variables with zero mean and variance 

2
kHΔσ . Thus the expectation of equation (4.2.2.1-6) can be rewritten as 
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To find an u
ka  to satisfy (4.2.2.1-5), we take derivative of (4.2.2.1-7) with respect to 

u
ka  and set the result to zero. We can obtain 
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From above equation, we get the solution as 
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And the transmitted signal of user u  in (4.2.2.1-3) becomes 
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Thus, we can obtain the robust null-space matrix u
kW~  which minimizes the expected 

power of MUI between all users from the equation (4.2.2.1-10) 
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4.2.2.2 Robust Design Against Imperfect Beamforming 

After considering the MUI caused by imperfect null-space matrix, we now 

consider the inter-stream interference induced from imperfect Tx/Rx beamforming at 
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each user terminal. Recall that for user u  at subcarrier k  the transmit and receive 

beamforming are designed from minimizing the instantaneous MSE matrix  
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By the robust null-space matrix, we decouple the multi-user joint design problem with 

worse MUI into a set of parallel single user joint design with minimized MUI. The 

per-user joint beamforming design with robust null-space matrix can be represented as 
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In order to enhance the performance, we now consider the minimization of the 

averaged MSE matrix. 
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In the same way, using equations (4.2.1-5), (4.2.2.1-1) and the statistics of u
kHΔ , we 

can have following equation 
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Using properties (4.2.2.2-4) and (4.2.2.2-4), the equation (4.2.2.2-3) becomes 
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where ( )HukHu
k

u
k

u
ktrace WFFW ~~  is equal to transmit power constraint u

kTP , .  

Therefore, using the two-step approach, the optimal receive beamforming that 

minimizes the averaged MSE matrix can be obtained as the Wiener solution 
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And we can obtain the transmit beamforming which has the similar form 
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But we should note that the u
kV , and u

kS  in (4.2.2.2-8) are obtained from the SVD of  

( ) u
k

u
k

u
kT

u
k

Hu
k

Hu
k Pu

k
HWRWH

Hnn
ˆ~~ˆ

,
2

, Δ
+σ                         (4.2.2.2-9) 

Combining these two robust methods, we can obtain a better performance than 

the naive design which designs the null-space matrix and Tx/Rx beamforming by the 

imperfect channel information u
kĤ . By the way, for single user joint design problem 

under channel estimation error, the null-space matrix becomes an identity matrix and 

we just need to apply the robust Tx/Rx beamforming to improve the performance.  

 

4.2.2.3 Robust Design Using Moving Average Method 

We have introduced the approach that combines robust null-space matrix which 

minimizes the MUI between each user and robust Tx/Rx beamforming which copes 

with the inter-stream interference of each user terminal. However, the combination of 
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these two robust methods uses the instantaneous estimated channel information u
kĤ  

to calculus the robust null-space matrix and Tx/Rx beamforming. In other words, once 

we receive an OFDM packet and estimate the channel by the long preamble of the 

packet, we use the instantaneous estimated channel information to apply to our 

combined robust approach to improve the performance. Thus, we can expect that the 

similar performance can be obtained under fast- and slow-fading channel caused by 

the Doppler effect of moving user terminals. 

 However, under the slow time-variant environment we can apply the moving 

average approach (the same throughput) to improve the channel estimation error 

instead of using the instantaneous estimated channel information. Using the moving 

average approach in such multi-user joint design system, we calculus the null-space 

matrix and Tx/Rx beamforming by the same approach described in chapter 2 and 

chapter 3. The only difference is that we replace the instantaneous estimated channel 

information by the moving average of the estimated channel. These robust approaches 

to improve the system performance are simulated by computer and shown as next 

section. We also give some comments to these simulation results. 

 

4.3 Simulation Results and Comments 

we consider a multi-user MIMO-OFDM SDMA where the BS equipped with 6 to 

7 transmit antennas communicates simultaneously with 3 users. Each user is equipped 

with 2 receive antennas. The other parameters are set up in the same way as that in 

section 3-4. 
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Joint Tx−Rx MMSE Beamforming Design for MIMO−OFDM SDMA System Under CSI Error 0.075

M=6;N=2;U=3; Naive design
M=6;N=2;U=3; Robust null−space matrix only
M=6;N=2;U=3; Robust null−space matrix and Robust beamforming
M=7;N=2;U=3; Naive design
M=7;N=2;U=3; Robust null−space matrix only
M=7;N=2;U=3; Robust null−space matrix and Robust beamforming
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Joint Tx−Rx MMSE Beamforming Design for MIMO−OFDM SDMA System Under CSI Error 0.05

M=6;N=2;U=3; Naive design
M=6;N=2;U=3; Robust null−space matrix only
M=6;N=2;U=3; Robust null−space matrix and Robust beamforming
M=7;N=2;U=3; Naive design
M=7;N=2;U=3; Robust null−space matrix only
M=7;N=2;U=3; Robust null−space matrix and Robust beamforming

 

Figure 4-3 Joint Tx/Rx MMSE beamforming design for MIMO-OFDM SDMA system under CSI error 0.075 

Figure 4-4 Joint Tx/Rx MMSE beamforming design for MIMO-OFDM SDMA system under CSI error 0.05 
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Joint Tx−Rx MMSE Beamforming Design for MIMO−OFDM SDMA System Under CSI Error 0.025

M=6;N=2;U=3; Naive design
M=6;N=2;U=3; Modified null−space matrix only
M=6;N=2;U=3; Robust null−sapce matrix and Robust beamforming
M=7;N=2;U=3; Naive design
M=7;N=2;U=3; Modified null−space matrix only
M=7;N=2;U=3; Robust null−sapce matrix and Robust beamforming

 

 

Figure 4-3, Figure 4-4 and Figure 4-5 are the simulation results of joint Tx/Rx 

beamforming design for multi-user MIMO-ODFM SDMA downlink system when the 

variances of channel estimation error are 0.075, 0.05 and 0.025 respectively. 

Comparing these simulation results, we give the following comments: 

 The naive design of course has worst performance due to the imperfect 

design of null-space matrix and beamforming which induces the MUI and 

inter-stream interference respectively. However, using the robust null-space 

matrix to resist the MUI, we can obtain the performance improvement.  

 Furthermore, combining the robust null-space matrix with the robust Tx/Rx 

beamforming to simultaneously resist the MUI and inter-stream interference, 

Figure 4-5 Joint Tx/Rx MMSE beamforming design for MIMO-OFDM SDMA system under CSI error 0.025 
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we certainly obtain a better performance than above two designs. 

 When the variance of channel estimation error increases, the performance 

becomes worse. The improvement of the combined robust approach is 

observable. 

 The effect of improvement of the robust null-space matrix is larger than the 

robust beamforming design since the MUI will cause the more performance 

loss than the inter-stream interference. 

 For the under-loaded case, we can see the performance improvement caused 

by the increase of diversity gain. 
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Joint Tx−Rx MMSE Beamforming Design for MIMO−OFDM SDMA System Under CSI Error 0.05

M=6;N=2;U=3; Naive design
M=6;N=2;U=3; Robust null−space matrix only
M=6;N=2;U=3; Robust null−space matrix and Robust beamforming
M=7;N=2;U=3; Naive design
M=7;N=2;U=3; Robust null−space matrix only
M=7;N=2;U=3; Robust null−space matrix and Robust beamforming
M=6;N=2;U=3; Moving average approach for 10 times
M=7;N=2;U=3; Moving average approach for 10 times

 

 

In the sequel, we are going to apply the moving average approach to the 

Figure 4-6 Joint Tx/Rx MMSE beamforming design for MIMO-OFDM SDMA system under CSI error 0.05 
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slow-fading environment. Total 100 MIMO channel realizations are simulated and, 

we apply the moving average approach 10 times to each channel realization. We can 

see that the moving average approach is superior to the original robust methods in 

Figure 4-6. But this approach is only suitable for the slow-fading channel. That means 

only the slight Doppler Effect caused by slow-moving user terminals exists. 

We also consider the single user case (Figure 4.7, 4.8 and 4.9), where the 

null-space matrix is an identity matrix and only the robust beamforming matrix is 

used. 
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Joint Tx−Rx MMSE Beamforming Design for Single−user MIMO−OFDM System Under CSI Error 0.1

M=6;N=6;U=1; Naive design
M=6;N=6;U=1; Bobust beamforming
M=7;N=6;U=1; Naive design
M=7;N=6;U=1; Bobust beamforming

 
Figure 4-7 Joint Tx/Rx MMSE beamforming design for single user MIMO-OFDM system under CSI error 0.1 
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Joint Tx−Rx MMSE Beamforming Design for Single−user MIMO−OFDM System Under CSI Error 0.075

M=6;N=6;U=1; Naive design
M=6;N=6;U=1; Bobust beamforming
M=7;N=6;U=1; Naive design
M=7;N=6;U=1; Bobust beamforming
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Joint Tx−Rx MMSE Beamforming Design for Single−user MIMO−OFDM System Under CSI Error 0.05

M=6;N=6;U=1; Naive design
M=6;N=6;U=1; Bobust beamforming
M=7;N=6;U=1; Naive design
M=7;N=6;U=1; Bobust beamforming

 

Figure 4-8 Joint Tx/Rx MMSE beamforming design for single user MIMO-OFDM system under CSI error 0.075 

Figure 4-9 Joint Tx/Rx MMSE beamforming design for single user MIMO-OFDM system under CSI error 0.05 
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Joint Tx−Rx MMSE Beamforming Design for Single−user MIMO−OFDM System Under CSI Error 0.05

M=6;N=6;U=1; Naive design
M=6;N=6;U=1; Bobust beamforming
M=7;N=6;U=1; Naive design
M=7;N=6;U=1; Bobust beamforming
M=6;N=6;U=1; Moving average approach for 10 times
M=7;N=6;U=1; Moving average approach for 10 times

 

 

 Figure 4-10 shows that the moving average approach enhances the performance 

when the channel error variance is 0.05. We can see that the moving average approach 

is also superior to the original robust methods. However this approach is only suitable 

for the slow-fading channel. 

 

4.4 Conclusions 

In this chapter, we address the problem of joint Tx/Rx beamforming design for 

multi-user MIMO-OFDM SDMA downlink system with channel estimation errors. 

Imperfect CSI will cause significant performance degradation. The performance 

degradation is caused by the erroneous null-space matrix and Tx/Rx beamforming 

Figure 4-10 Joint Tx/Rx MMSE beamforming design for single user MIMO-OFDM system under CSI error 0.05 
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which will induce the MUI among users and the inter-stream interference of each user 

respectively. To handle these two kinds of interference, we combine two robust 

approaches to improve the performance. The combination of these two robust 

methods utilizes the instantaneous estimated channel information. The similar 

performance can be obtained under both the fast time-variant and the slow 

time-variant environments.  

Under the slow time-variant environment, we also apply the moving average 

method to calculus the null-space matrix and transmit and receive beamforming. 

Using the average approach, we obtain a better performance than the method using 

the instantaneous channel estimate under slow time-variant environment. But the 

performance improvement is not obvious for the fast time-variant environment.
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--------------------------------------------------------------------- 

Chapter 5 

Conclusions and Perspective 

-------------------------------------------------------- 

 In this thesis, we have considered the MIMO wireless communication systems 

which adopt multiple antennas at both the transmit and the receive sides. Such MIMO 

systems are thought as the promising structure to provide a significant capacity. 

Furthermore, the OFDM is a popular technique for achieving high data rate, spectral 

efficiency, and combating multi-path fading effects in wireless communications. Thus, 

the MIMO-OFDM based systems become a trend for future wireless communications. 

All joint design problems discussed in this thesis were based on the MIMO-OFDM 

system. 

 

5.1 Conclusions 

We have clearly introduced the conventional joint Tx/Rx MMSE beamforming 

design for single user MIMO-OFDM system in chapter 2 and then extend it to 

multi-user MIMO-OFDM SDMA system in chapter 3. Both of them assume that exact 

channel information is known at transmitter and receiver. In this thesis, we 

furthermore consider the practical case in which the channel estimate contains errors 

may cause significant performance loss.  
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For a multi-user joint beamforming design system, the performance loss is 

caused by the multi-user interference induced by the erroneous null-space matrix and 

the inter-stream interference caused by imperfect CSI. Consequently, we address the 

problem of designing joint Tx/Rx beamforming for multi-user MIMO-OFDM SDMA 

downlink system with imperfect channel information at both terminals.  

We then combined two robust approaches to suppress these two interferences and 

obtained performance improvement. The original robust design utilizes the 

instantaneous estimated channel. It can be applied to fast time-variant and slow 

time-variant environments and has similar performances. Furthermore, we apply the 

moving average approach to the slow fading channel environment and obtain 

performance improvement. 

 

5.2 Perspective 

Future wireless applications are requested to provide higher data rate and good 

link quality wireless access. Owing to the advantages of MIMO and OFDM 

techniques, some standards such as 802.11n and 802.16e adopt MIMO-OFDM based 

system to increase capacity, reliability and range etc. Space-time coding and spatial 

multiplexing are promising techniques for achieving high data rates over MIMO 

systems. However, the joint Tx/Rx beamforming design scheme can also applied to 

some applications where the CSI can be available at both transmitter and receiver. 

This scheme makes that the number of antennas, size of the coding block, and 

transmit power can be scalable and the solutions are shown to convert the mutually 
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cross-coupled MIMO transmission system into a set of parallel eigen subchannels 

system. Thus, this scheme may also become a popular solution for future wireless 

communications.
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