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Hyperchaos, Chaos Control, Chaotization and Synchronization

for a Quantum Cellular Neural Networks Nano System

Student : Cheng-Hsiung Yang Advisor : Zheng-Ming Ge

Department of Mechanical Engineering

National Chiao Tung University

Abstract

Chaos exists everywhere in the universe,.from interstellar space to interatomic interval. In
this thesis, coupled quantum-dot cells will be studied. They are used for Quantum-dots
Cellular Automata (QCA), to build Cellular Neural Networks (CNN). It is shown that the
connection of even only two quantum-dot cells can cause the onset of chaotic motion by
small difference of polarizations and template between cells. This study could be very
important for future ultra-small realization of CNNs and, on the other hand, for performing
quantum computation efficiently via hardware by using standard CNN. As a foresighted
study, a detailed study of this system will be developed. The main parts of our study are:

1. The study of chaotic system: By phase portraits, power spectra, parameter diagram and
Lyapunov exponents, the various chaotic behaviors of this hyperchaos system are
studied.

2. Chaos control and chaotization for the system: By addition of constant term, by GYC

control, by pragmatical adaptive control, by variable structure control, by impulsive

control and by optimal control, the chaotic motions of the system can be controlled to

il



periodic motions or to equilibrium states, as well as the regular motions of the system can
be chaotized.

3. Chaos synchronization for the system: By nonlinear control, by linear coupling, by GYC
control, by wvariable parameters linear couple pragmatical adaptive control, by
pragmatical adaptive control, by variable structure control, by impulsive control and by

optimal control, the synchronization of the chaos motions of the two systems are studied.

il



A @rEf A s F AR R R AP iy B S R b 5 R
Trhmet F i 8 LIS 21 —_Lfim%ii/it‘ B A FET R R R
zw%w%%ﬁpzﬁﬁw,srﬁ’%ﬁ%“%Wfﬁé%%§4*i“%ﬁéﬁ@ﬁﬁ@
e E ARG DE K &Am%ﬁmiﬁﬂﬁuiﬂﬁaﬁi&ﬂ &
BEVFESRA > = WALt p R I fRAAT] EAT - T A
T o FEEAN M s A d B2 RS o

P RS
Ay BRHMAS T RL R R RIS RIL e WP PN B KIS MR A SR 0
LN F IR R AKY LAY TRE-AE G ET A

A ié'qb? e Rt Ry o BrE e

—-\

briapam, ALg wﬁwuﬂwi&ﬁﬁﬂiﬁﬁuf”i'ﬁﬁﬁ‘ké
Gakenfle o FUR I S L B 203 #E A
Bora b oWEACBRFR Fich N ﬁ% ﬁﬁﬁ
FUFRAE S e DR BRI AN LFTehp S 4E s Bl Fes s R gl
S35 S A R AR RS L et
S E g R AL o

A L

\EL%

%%Et%’évfkﬂﬂ’%é‘"Mi*rﬂéw FI A2 PR
4 EREAE A FRERR GACREI A B WOREK oM - L kRy

|t
i}ﬁﬁﬂiﬁﬂﬂmﬁﬂﬁ*ﬁ’@‘W%‘Wﬁmﬁ”ﬁ?’*~¢" SEE-vRE
P00 AP uk B A E IR W s § 0 s BB R o RBHC

mﬂm\wwhw\wim%ﬁ\%%£$\WML\WMF~m%$\m%p£mﬁ

AL TR Y AR AT L IFBIR o bty R FAREIE v Aete s R T L 4]

FTRFHRM AL R AARRARERA A BERF Y QAL I L

Ao B0 AR RELEER ¢ FEMTE WO BRI RE R AL AR
sy

—

E-y

)

2 B PR T R AIB R L F R S o - i B iR R
FnE RN GEARER PR R e T FL T Ak b 4 o

r%@ e AES ARSI K S R A W

LM s

N ETRTA R A

v



Contents

Abstract i
3% 3 iv
Contents v
List of Figures ix
List of Tables xiii
Chapter 1 Introduction 1
Chapter 2 Bounded and Unbounded Chaos 5
2-1 Preliminary 5
2-2 Bounded Chaos 5
2-3 Unbounded Chaos 7
Chapter 3 Chaos Control and Chagtization 13
3-1 Preliminary 13
3-2 Chaos Control of the Quantum-CNN Systems 13
3-2-1 Model of Two Quantum-CNN Oscillator Systems 14
3-2-2 Controlling Quantum-CNN attractor to equilibrium O(0, 0, 0, 0) 14

3-3 Chaos Control of Quantum-CNN Oscillators Chaotic System by Variable Structure
Control 23

3-4 Chaos control of Quantum-CNN Oscillators Chaotic System by Impulse Control 25

3-5 Chaotization of Quantum-CNN Chaotic System by Optimum Control 26
Chapter 4 Generalized and Symplectic Synchronizations 28
4-1 Preliminary 28

4-2 The Generalized Synchronization of a Quantum-CNN Chaotic Oscillator with
Different Order Systems 29

4-2-1 Generalized Synchronization Scheme 29



4-2-2 Numerical Results of the Generalized Chaos Synchronization of the
Quantum-CNN Oscillator with Different Order Systems 31

4-3 The Generalized Synchronization of a Quantum-CNN Chaotic Oscillator with a
Double Duffing Chaotic System 40
4-3-1 Generalized Synchronization Scheme 40

4-3-2 Numerical Results of Generalized Chaos Synchronization of the Quantum-CNN

Oscillator with a Double Duffing Chaotic Systems 41
4-4 Symplectic Synchronization of Different Chaotic Systems 51
4-4-1 Symplectic Synchronization Scheme 51

4-4-2 Numerical Results for the Symplectic Chaos Synchronization of Quantum-CNN
Oscillator and Rossler System 52

4-5 Chaos Synchronization of Quantum-CNN Oscillators Chaotic System by Variable

Structure Control 62
Chapter 5 Linear Coupling Synchronization 67
5-1 Preliminaries 67
5-2 Synchronization of the Complex Chaotic Systems in Series Expansion Form 67

5-2-1 Synchronization Schemes of Complex Chaotic Systems in Series Expansion
Form 67

5-2-2 Numerical Results of the Synchronization of Two Quantum-CNN Oscillator
Systems by Unidirectional and by Mutual Linear Coupling 69

5-3 Chaos Synchronization of Complex Chaotic Systems in Series Form by Optimal
control 83
5-3-1 Linearly Coupled Chaos Synchronization Scheme by Optimum Control 83
5-3-2 Numerical Results of the Synchronization of Two Quantum-CNN Oscillator
Systems by Unidirectional and by Mutual Linear Coupling 85

5-4 Chaos Synchronization of Quantum-CNN Chaotic System by Impulse Control 92

vi



Chapter 6 Pragmatical Synchronization and Control 95
6-1 Preliminary 95
6-2 Pragmatical Generalized Synchronization of Chaotic Systems with Uncertain

Parameters by Adaptive Control 96
6-2-1 Pragmatical Generalized Synchronization Scheme by Adaptive Control 97

6-2-2 Numerical Results of Pragmatical Generalized Chaos Synchronization of Two

Quantum-CNN Oscillators by Adaptive Control 98

6-3 Pragmatical Adaptive Control for Different Chaotic Systems 106
6-3-1 Pragmatical Adaptive Control Scheme 106
6-3-2 Numerical Results of the Chaos Control 107

6-4 Synchronization of Chaotic System with Uncertain Variable/Chaotic Parameters by

Linear Coupling and Pragmatical Adaptive Tracking 115
6-4-1 Theoretical Analyses 115
6-4-2 Numerical Examples 119

Chapter 7 Chaos Control;: Chaotization' and Synchronization by GYC

Partial Region Stability Theory 143

7-1 Preliminary 143
7-2 Chaos Control and Chaotization of Chaotic System to Different Systems 143
7-2-1 Chaos Control and Chaotization Scheme 143
7-2-2 Numerical Results of the Chaos Control 144

7-3 The Chaos Generalized Synchronization of a Quantum-CNN Chaotic Oscillator with a

Double Duffing Chaotic System 149

7-3-1 Chaos Generalized Synchronization Strategy 149

7-3-2 Numerical Simulations 150
Chapter 8 Conclusions 159

Appendix A GYC Pragmatical Asymptotical Stability Theorem 163

vii



Appendix B GYC Partial Region Stability Theory 166
References 172

Paper List 182

viii



List of Figures

Fig. 1. Schema of the dissertation. 4

Fig. 2-1. Phase portraits of Quantum-CNN with @;=0.11, a,=0.13, ©;=0.11 and ®,=0.08.
6

Fig. 2-2. Power spectrum of x; for Quantum-CNN with @,=0.11, a,=0.13, ®;=0.11 and

@,=0.08. 6
Fig. 2-3. Lyapunov exponents of Quantum-CNN with ¢;=0.11, a,=0.13 and @,=0.11. 6
Fig. 2-4. Lyapunov exponents diagram with a;=3x10~, @,=2.3x10 "> and ,=21x10"". 8
Fig. 2-5. Power spectrum for a;=3x10"", 2;=2.3x10", ©;=21x10"> and w,=10x10"". 8

Fig. 2-6. Time histories of x, x», x3 and x4 with parameters a=3x10", a,=2.3x107°, w1=21x
10~ and w,=10x10". 9
Fig. 2-7. Phase portrait of x;, x3 and x4 for a=3%107°, a,=2.3x107°, ©,=21x107> and w>,=10x
107, 9
Fig. 2-8. Power spectrum for a;=3x10i%@=2.3%10 7, -« =21x10 " and w,=40x10". 10
Fig. 2-9. Time histories of xj, x», x5 and x4 with’ parameters a=3x10"° , a,=2.3x107° , w1=21x
107 and ,=40x10". 10

Fig. 2-10. Phase portrait of x1, x3 for a1=3x10", a,=2.3x10 >, 1=21x10 > and w,=40x10". 11

Fig. 3-1. Phase portraits of the Quantum-CNN System. 19
Fig. 3-2. Power Spectrum Density diagram of the Quantum-CNN System. 20
Fig. 3-3. Time histories of the states of the Quantum-CNN System (3-3-2). 20
Fig. 3-4. Time histories of the states of the Quantum-CNN System (3-2-6). 21
Fig. 3-5. Time histories of the states of the Quantum-CNN System (10). 21

Fig. 3-6. Performances of states of the system with linear, sine, or state cross cosine function

feedback control. 22
Fig. 3-7. Phase portraits of Quantum-CNN by variable structure control. 24
Fig. 3-8. Time histories of states by impulse control. 25

X



Fig.

Fig.

Fig.

Fig.

Fig.

Fig.
Fig.
Fig.

Fig.

Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.

Fig.

3-9. Lyapunov exponent of Quantum-CNN system. 27
4-1. Time histories of the master states, of the slave states, and of the synchronization
errors for the Quantum-CNN system and the Lorenz system. 36

4-2. Time histories of the master states, of the slave states, and of the sine function
synchronization errors for the Quantum-CNN system and the Lorenz system, where
e~x—y+Fsinwt, i=1, 2, 3. 37

4-3. Time histories of the master states, of the slave states, and of the Chen system state
synchronization errors for the Quantum-CNN system and the Lorenz system, where
e=x—yitzi, i=1, 2, 3. 38

4-4. Time histories of the master states, of the slave states, and of the Chen system states
synchronization errors for the Quantum-CNN system and the Lorenz system, where
e=x—yitz;, i=1, 2, 3. 39

4-5. Time histories of the master states, of the slave states, and of the errors for Case 1. 47
4-6. Time histories of the master states, of the ‘slave states, and of the errors for Case 11.48
4-7. The master state, the slave state, the error, />, and F4 time histories for Case III. 49

4-8. The master state, the slave state, the error, Fi, F,, F3 and F4 time histories for Case IV.
50

4-9. Time histories of states, state errors, I, F> F3 Fa, Hi H>, H3 and Hy for Case I. 59
4-10. Time histories of states, state errors, I F», F3 Fa, Hi H>, H3and H, for Case II. 60
4-11. Time histories of states, state errors, I, F>, F3 Fa, H) H>, H3 and Hy for Case III. 61
4-12. Time histories of states, state errors. 66
5-1. Phase portraits of master system (5-2-10). 78
5-2. Time histories of By1, Bi2, Ba1, Bao, B33, Bza, Bsz and By for Case 1. 79
5-3. Time histories of states and state errors for Case 1. 80
5-4. Time histories of By1, Bi2, Ba1, B, B33, Bza, Bsz and By for Case 11. 81
5-5. Time histories of states and state errors for Case II. 82



Fig.
Fig.
Fig.
Fig.

Fig.

Fig.

Fig.
Fig.
Fig.
Fig.
Fig.
Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

5-6. Time histories of states, state errors for uni-direction linear coupling. 90
5-7. Time histories of states, state errors for mutaul linear coupling. 91
5-8. Time histories of states, state errors for uni-direction linear couple. 93
5-9. Time histories of states, state errors for mutual linear couple. 94
6-1. Time histories of states, state errors, zi, z2, z3, z4, di, d2, @, and @, for Case I with
a1=4.9, a,=4.9, ©,=3.03 and w,=1.83. 104

6-2. Time histories of states, state errors, zi 2>, z3 z4, di,d», @, and @, for Case II with
a1=4.9, a,=4.9, ©,=3.03 and w,=1.83. 105

6-3. Phase portraits of modified nonlinear damped Mathieu system. 112
6-4. Phase portraits and Poincaré map of a double harmonic system. 113
6-5.Time histories of state errors, w,1, @, S1, $2, 53, 4, 55 and s¢ for Case 1. 113
6-6. Phase portraits of Quantum-ENN system, 114
6-7.Time histories of state errors, ai, @z, W1, W2, §i, 2, $3, S4, S5 and s for Case 11. 114
6-8. Phase portrait for Lorenz with a=10, y = 28; b = 8/3. 134
6-9. Phase portrait for Eq. (6-4-30) with 4 (f)=o(1+d sin@, t), A>(H)=y(1+d>sinw, f) and
A3(t)y=b(1+dssinwm, ¢). 134
6-10. Time histories of states, state errors, 4, 4>, A3, A1, A», A3 and estimated Lipschitz
constant G for Case I. 134

6-11. Phase portraits for chaotic system (6-4-42). 135
6-12. Phase portraits for chaotic system (6-4-43). 135
6-13. Time histories of states, state errors, Ay, A, Az, As, d1, dr, Wi, Wy and estimated
Lipschitz constant G for Case I1. 136

6-14. Phase portraits for chaotic system (6-4-54). 137
6-15. Time histories of states, state errors, Ay, A, 43, dy, d2, W1 and estimated Lipschitz
constant G for Case III. 138
6-16. Phase portrait for Lorenz system (6-4-67). 139

X1



Fig.

Fig.

Fig.

Fig.
Fig.

Fig.

Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.

Fig.

Fig.

Fig.

Fig.

6-17. Phase portrait for Lorenz system (6-4-69) with ¢=8, y=27 and 5=3.2. 139
6-18. Time histories of states, state errors, A, A», A3, A 1 A>, A3 and estimated Lipschitz
constant G for Case IV. 139

6-19. Time histories of states, state errors, 41, 4>, A 1y A, and estimated Lipschitz constant
G for Case V. 140

6-20. Phase portraits for chaotic system (6-4-93). 141
6-21. Phase portraits for chaotic system (6-4-95). 141
6-22. Time histories of states, state errors, A1, 4,, A3, As, dl, a2, wl, w, and estimated
Lipschitz constant G for Case VI. 142

7-1. Phase portraits of modified nonlinear damped Mathieu system. 147
7-2. Phase portraits and Poincaré map of a double harmonic system. 147
7-3. Phase portraits of error dynamic system.for Case 1. 148
7-4.Time histories of state errors for Case 1. 148
7-5. Phase portraits of Quantum-CNN system. 148
7-6. Phase portraits of error dynamic system for Case I. 148
7-7.Time histories of state errors for Case Il. 148
7-8. Time histories of the master states, of the slave states and of the errors for Case 1. 155
7-9. Time histories of the master states, of the slave states and of the errors for Case II.
156

7-10. The master state, the slave state, the error, F, and F, time histories for Case III. 157
7-11. Time histories of the master states, of the slave states and of the errors for Case II.
158

B-1. Partial Region Q and Q;. 171

Xii



List of Tables

Table 2-1. Sensitivity to initial conditions. One unbounded state x,. Time passage 1.2x10's.11
Table 2-2. Sensitivity to initial conditions. Two unbounded states x; and x4. Time passage 1.2x

10%%, 12

xiii



Chapter 1

Introduction

In nature, most of dynamic systems are nonlinear and can be described by the nonlinear
equations of motion. If the nonlinear term can be ignored, it is possible to be linearized and easily
be solved by the already known methods. For many nonlineared systems, the linearization
process is reasonable, whereas for some nonlinear systems linearization is unevailable. Hence the
researches of nonlinear systems spread quickly today. For the nonlinear system, the study of the
types of periodic solutions, the effects to the solutions caused by different parameters and initial
conditions, the stability analysis of the solutions, consist of the major tasks. Besides, a substantial
understanding of the complicated phenomena raised from nonlinearity is also what we are
interested in. The central characteristics are thata process like randomization happens in the
deterministic system and small differences in the initial conditions produce very great ones in the
final phenomena. The irregular and unpredictable motions of many nonlinear systems have been
labeled ““chaotic”. In the end of ninmeteen century Poncaré first pointed out some important
concepts of chaos theory like homoclinic, bifurcation, etc. Lorenz researched the strange changes
in the atmosphere that is the first example to study chaos in 1963. Chaotic phenomena is quite
useful in many applications such as fluid mixing [15], human brain study [16], and heart beat
regulation [17], etc. Since Ott, Grebogi, and Yorke proposed the OGY method [78], a method of
controlling chaos, “controlling of chaos™ is receiving increasing attention within the area of
non-linear dynamics. Chaos has many applications in various systems while it is unfavorable in
many other cases due to its irregular behavior. Therefore, both chaos control and chaotization are
important depending on the specific applications. They are effective method for both chaos
elimination and utilization and have been thoroughly studied in various fields of science.

Chaotic systems exhibit sensitive dependence on initial conditions. Because of this property,

chaotic systems are thought difficult to be synchronized or controlled. From the earlier works

1



[1-3], especially after Pecora and Carroll [3], the researchers have realized that synchronization
of chaotic motions is possible. From then on, synchronization of chaos was of great interest in
these years [4-14]. In particular, it was pointed out that chaos synchronization has the potential in
secure communication [18, 19], chemical and biological systems [20, 22], etc. Many engineers
and scientists were attracted to this discipline [23-36].

Synchronization means that the states of slave system approach eventually to the ones of
master system. Two kinds of chaos synchronization are discussed the most often. (1) Duplication:
the first kind introduced by Pecora and Carroll [3] consists of a master system and a slave system.
The former one evolves chaotic orbits and the latter is identical to the master system except some
partial states replaced by that of the master one. (2) Coupling: the second kind consists of two
identical chaotic systems except coupling term. Coupled systems can be unidirectional or mutual.
Under certain conditions (appropriatescoupling functions and/or system parameters with enough
evolution time) the slave system will behave the same orbit with the master system.

There are many control methods tosynchronize chaotic systems such as observer-based
design methods [37-44], adaptive.control [45-54],:sliding mode control (or variable structure
control) [41, 43, 44, 55-58], impulsive control [59-65] and other control methods [66-72]. A
another kind of more general synchronism called generalized synchronization (GS) is studied in
[73-77], this means that there is a functional relation between state variables of master and slave
systems as time evolves. This function needs not to be defined on the whole phase space but on
the attractor only. Three methods were proposed to detect GS in [73-75] respectively while
another method measuring the smooth degree of this function in [77].

As numerical examples, recently developed Quantum Cellular Neural Networks
(Quantum-CNN) model, based on Schrédinger equation in which cells composed of interacting
quantum dots are employed in CNN architecture. One of their peculiarities lies in the further
degree of freedom possessed by each cell due to the quantum interaction between dots (quantum

mechanical phase difference). This fact allows obtaining complex dynamics even in a network



with only two cells. Our aim is therefore to investigate their dynamical behavior by suitable

variation of coupling parameters and initial conditions. The study could be very important for

future ultra-small realization of CNNs and, on the other hand, for performing quantum

computation efficiently via hardware by using standard CNN as in literature [23].

In Fig. 1 shows the organization of this dissertation with the following eight chapters:

1. Chapter 1 is an introduction to this dissertation including the backgrounds, motivation and
objectives, and the organization of this work.

2. In Chapter 2, hyper chaotic Quantum-CNN oscillator system is studied.

3. In Chapter 3, chaos control and chaotization for the Quantum-CNN oscillator system are
studied. By addition of constant term, by variable structure control, by impulsive control and
by optimal control, the chaotic motions of the system can be controlled to periodic motions as
well as to equilibrium states or the regular motions of the system can be chaotized.

4. In Chapter 4, chaos synchromzation for .the Quantum-CNN oscillator system is studied by
nonlinear control, and by variable structure control.

5. In Chapter 5, chaos synchronization for the Quantum-CNN oscillator system is studied by
linear coupling, by impulsive control and by optimal control.

6. In Chapter 6, a pragmatical adaptive control method is applied to the chaos control and chaos
synchronization.

7. In Chapter 7, a GYC partial region stability theorem is applied to the chaos control and chaos
synchronization.

8. In Chapter 8, conclusions are drawn.
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Chapter 2
Bounded and Unbounded Chaos

2-1 Preliminary

In order for a system to exhibit hyperchaos, the minimum dimension of its state space is four.
This is because one Lyapunov exponent is always zero and the sum of the exponents must be
negative in order for an attractor to form. A hyperchaotic system is characterized by the presence
of two or more PLEs in its Lyapunov spectrum, indicating that it is unstable in more than one
direction. Besides the theoretical interest in the dynamics of such nonlinear systems, there has
been a practical interest in chaos and hyperchaos as means for secure communication.
Hyperchaos was first reported from,computer simulations of hypothetical ordinary differential

equations in [106].

2-2 Bounded Chaos

For a two-cell Quantum-CNN, the following differential equations are obtained [23]:

X, = —2a,+/1—x] sin x,
. X,
X, =—o,(x,—x;)+2a, o COoS X,

- X

! (2-1-1)

X, = —2a,+/1—x] sin x,
. X,
X, =—0,(x,-x)+2a, ———=200sX,

where x; and x3 are polarizations, x, and x4 are quantum phase displacements, a; and a, are
proportional to the inter-dot energy inside each cell and ®; and ®, are parameters that weigh
effects on the cell of the difference of the polarization of neighboring cells, like the cloning
templates in traditional CNNs.

The evolution of a set of trajectories emanating from various initial conditions is presented
in the phase space. When the solution becomes stable, the asymptotic behaviors of the phase
trajectories are particularly interested and the transient behaviors in the system are neglected. The

phase portraits of the Quantum-CNN system, equation (2-1-1), are plotted in Fig. 2-1.
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Fig. 2-1. Phase portraits of Quantum-CNN with ¢;=0.11, a,=0.13, @;=0.11 and »,=0.08.

If the states are not periodic, their spectrum must be in terms of oscillations with a
continuum of frequencies. Such a representation of the spectrum is called Fourier integral. The
power spectrum analysis of the nonlinear dynamical system, equation (2-1-1) is shown in Fig. 2-2.
Apparently, the spectrum of the periodic motion only consists of discrete frequencies. The

noise-like spectrum is the characteristics of chaotic dynamical system.
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Fig. 2-2. Power spectrum of x; for Quantum-CNN with @¢,=0.11, a,=0.13, ©;=0.11 and »,=0.08.
The Lyapunov exponents of the solutions of the nonlinear dynamical system, equation

(2-1-1), is plotted in Fig. 2-3. Since there exist two positive Lyapunov exponents, hyperchaos is

obtained.

Fig. 2-3. Lyapunov exponents of Quantum-CNN with ¢;=0.11, @,=0.13 and ®;=0.11.



2-3 Unbounded Chaos

In[101], Ac R" is a compact set invariant under flow ¢(z, x). Then the definition is:
Definition (Chaotic Invariant Set) A is said to be chaotic if

1. The flow ¢(z, x) generated by vector field x = f(x) has sensitive dependence on initial

conditions on A.

2. ¢(t, x) is topologically transitive on A.

The compact invariant set A is bounded [102]. Other definitions are, for instance: (a) Chaos
is defined as the phenomenon of occurrence of hounded nonperiodic evolution in completely
deterministic nonlinear dynamical system with high sensitive dependence on initial conditions
[103]. (b) Chaos is recurrent motion in simple systems or low-dimensional behavior that has
some random aspect as well as a certain order. Exponential divergence from adjacent starts while
remaining in a bounded region of phase space 1s'a signature of chaotic motion [104]. (c) Chaos is
the aperiodic, long-term behavior.of a bounded,. deterministic system that exhibits sensitive
dependence on initial conditions {105]:

Unbounded chaos is found for aitwe-cell Quantum-CNN oscillator chaotic system [23]:

. _ 2 .
X, =—2a,4/1-x; sinx,

: x
X, = —,(x,—x;)+2a, ——cos x,

2
VI=x (2-2-1)
X, = —2a,+/1-x] sin x,
3

. x
X, =—0,(x,—x,)+2a, —=—=00sX,
1-x;

where x; and x3 are polarizations, x, and x4 are quantum phase displacements, a; and a, are
proportional to the inter-dot energy inside each cell and w; and w, are parameters that weigh
effects on the cell of the difference of the polarization of neighboring cells, like the cloning
templates in traditional CNNss.

We choose w, as abscissa, a;=3x10", a,=2.3x10> and ®;=21x10". Lyapunov exponent

diagram is shown in Fig. 2-4 with two positive Lyapunov exponents (L. E.). The Lyapunov



exponents are smooth curves on unbounded chaos states and they are uneven curves on bouned

chaos. They are shown in Fig. 2-3 and Fig. 2-4.
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Fig. 2-4. Lyapunov exponents diagram with a1=3x107, 2,=2.3x10"> and w,=21x10".

Then choose a;=3x107°, a,=2.3x107°, ®;=21x10"> and w,=10x10">, the power spectrum is
shown in Fig. 2-5.
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Fig. 2-5. Power spectrum for a;=3x10", a,=2.3x10">, @1=21x10" and w,=10x10".

Time histories of xj, x», x3 and x4 are shown in Fig. 2-6, while x; 1s unbounded.
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Fig. 2-6. Time histories of x|, x; X3 and x4 With parameters a;=3x10"° , a=2.3x107° , @=21x107°

and m,=10x10".

The phase portrait of bounded states xi, x3 and x4 is shown in Fig. 2-7.
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Choose a;=3x107°, @;=2.3x107, ©,=21x10"> and w,=40x10°. The power spectrum is

shown in Fig. 2-8.
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Time histories of xj, x», x3 and x4 are shown in Fig. 2-9, while x, and x4 are unbounded.
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Fig. 2-10. Phase portrait of x;, x3 for a;=3x10,
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The phase portrait of bounded states x;, x3 is shown in Fig. 2-10.
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Table 2-1. Sensitivity to initial conditions. One unbounded state x,. Time passage 1.2x10"%.

Initial condition of States

Difference between final states of

(a) and (b) case second final states

Case X X2 X3 X4 Dfi Df, Df; Df,
(a) 0.29 -0.47 -0.99 0.77

- - - - 0.2045 | -304.67 | -0.133 | -0.9875
(b) [0.29-1x107 [-0.47+1x107| -0.99+1x10" 0.77-1x10"
(a) 0.8 -0.77 -0.99 -0.57

- - - - 0.036 | 8.967 |-0.004| -0.232
(b) | 0.8-1x107 [-0.77+1x107| -0.99+1x10" -0.57-1x10"
(a) 0.19 -0.27 -0.98 0.57

-0.068 | -202.46 | -0.11 | 0.738

(b) [0.19-1x107 -0.27+1x107| -0.98+1x10” 0.57-1x107
(a) 0.29 -0.27 -0.98’ 0.27 0062 | 4541 -0.039 0337
(b) |0.29-1x107 |-0.27+1x107| -0.98+1x107 0.27-1x107 ' ' 3 '
(a) 0.29 -0.47 -0.99 0.27

- - - - -0.342 | 254.6 [-0.109 | -0.189
(b) [0.29-1x107 [-0.74+1x107| -0.99+1x10" 0.27-1x10"
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Table 2-2. Sensitivity to initial conditions.

Two unbounded states x, and x4. Time passage 1.2x

10"s.
o o Difference between final states of (a) and
Initial condition of states
(b) case second final states
Case X X X3 X4 Dfy Df; Df; Df,
a . -0. -0. -0.
(a) 0.8 0.87 0.29 0.42
= % % % -0.036 49.36 -0.0017 | -63.95
(b) | 0.8+1x10™" |-0.87+1x107'|-0.29+1x107"| -0.42+1x10
(a) 0.75 -0.57 -0.85 -0.42
> > > > 0.109 246.67 0.0184 |-467.04
(b) |0.75+1x107 |-0.57+1x107"|-0.85+1x107"| -0.42+1x10
(a) 0.09 -0.27 -0.45 -0.57
5 5 5 5 0.271 557.57 0.336 788.61
(b) [0.09+1x107 |-0.27+1x107"|-0.45+1x107"| -0.57+1x10
a . -0. -0. -0.
(a) 0.19 0.27 0.95 0.75
5 5 5 5 0.286 -374.79 | 0.0199 | 778.72
(b) |0.19+1x107 |-0.27+1x107"|-0.95+1x107"| -0.75+1x10
(a) 0.39 -0.27 -0.98 -0.75 -0.135 -1.49 -0.0285 291

Table 2-1 and Table 2-2 show the sensitivity to.initial conditions.

The current chaos theory connot explain that the-unbounded chaos violates the fundamental

definition of chaos.
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Chapter 3

Chaos Control and Chaotization

3-1 Preliminary

Chaos control exploits the sensitivity to initial conditions and to perturbations that is
inherent in chaos as a means to stabilize unstable periodic orbits within a chaotic attractor. The
control can operate by altering system variables or system parameters, and either by discrete
corrections or by continuous feedback. Many methods of chaos control have been derived and
tested.

A commonly applied method for control of chaotic dynamical systems was discovered by
Ott, Grebogi and Yorke (OGY) [78]. The OGY method requires an analytical description of the
linear map describing the behavior, siear the fixed point. This map is used to determine small
perturbations that, when periodically applied, use the system’s own dynamics to send the system
towards an unstable fixed point: Continued application of these perturbations keeps the system
near the fixed point, thereby stabilizing the unstable fixed point even in a noisy system. The OGY
method generally is inadequate when the system is far from the fixed point and the linear map is
no longer valid. The original OGY method is also limited to controlling only one- or
two-dimensional maps. However, the method has been extended to higher dimensions and to
cases where multiple control parameters are available.

In some nontraditional applications chaos can be useful and beneficial which led to research
on the task of purposely making a nonchaotic dynamical system chaotic and this process is called
““anti-control of chaos or chaotization”. The chaotization technique is investigated which can be

applied to generate chaos irrespective of all the parameter values and states of the system.

3-2 Chaos Control of the Quantum-CNN Systems

Numerical results are studied for the control of chaos of Quantum-CNN oscillators with

linear feedback, nonlinear sine function feedback, and nonlinear state cross cosine function
13



feedback. The Routh-Hurwitz theorem is used to derive the conditions of stability of controlled

Quantum-CNN systems.

3-2-1 Model of Two Quantum-CNN Oscillator Systems

Recently developed Quantum Cellular Neural Networks (Quantum-CNN) chaotic oscillator
is used. Quantum-CNN oscillator equations are derived from a Schrédinger equation taking into
account quantum dots cellular automata structures to which in the last decade a wide interest has
been devoted with particular attention towards quantum computing. For a two-cell

Quantum-CNN, the following differential equations are obtained:

. _ 2 .
X, =—2a,+/1-Xx; sinx,
. X,
X, =—w,(x,—x;) +2a, =COS X,
gy (3-2-1)
X%, = —2a,+/1-x] sin x
3 2 3 4
. X
X, =—0,(x;—x)+2a; =Cos ¥,
1-x

where x; and x3 are polarizations; x, and x4 are quantum phase displacements, a; and a, are
proportional to the inter-dot energy inside each cell and w, and w, are parameters that weigh
effects on the cell of the difference of the polarization of neighboring cells, like the cloning
templates in traditional CNNs. Let a;=a,=0.3, w;=0.33 and w,=0.31. The initial values of
linear coupled Quantum-CNN systems are taken as x;(0)=0.8, x,(0)=-0.77, x3(0)=-0.72 and
x4(0)=0.57 respectively. Figs. 3-1~3-2 are phase portrait, and power spectra density diagram

respectively.

3-2-2 Controlling Quantum-CNN attractor to equilibrium O (0,0,0,0)

Case I Linear feedback control

We design controller is u, = k.x,

14



%, =—2a,4/1-x sinx, +k,x,
X, =—,(x,—x;) + 24, i = oS x, + k,x,
1-x
(3-2-2)
%, = —2a,,/1-x] sinx, +kx,
X, =—0,(x;—x,)+2a, 5 cos x, +k,x,
1-x;
Expand the right hand sides of Eq. (3-2-1) into power series:
. 1 2 1 3
X, ==2a,(—=x x, +x, —— x5+ )+ kx
2 6
: 1o, 15
X, ==, (x,—x;) + 2a1(x1—§x1x2 +Ex1 +-)+k,x,
(3-2-3)

. 1 1
X, = —2a2(—5x32x4 +x, —Exi +-) 4+ kyx,

. 1 1
X, = —a)z(x3—x1)+2a2(x3—5x3xf +Ex33 +-)+k,x,

whose Jacobian matrix is

—k  —2a, 0 0
2a, -, —k, w, 0
0 0 —k, | =2ay |
@, 0 2a,%@, —k,

The characteristic equation of J is

—k -1  2aq 0 0
2a,—w, —k,—A4 , 0
0 0 —k, -4 2a,
, 0 2a, -0, —k,—A
k-4  2a 0 -k -4  2a 0
=(-k, - )| 2a, -0, —k,—4 o, |+2a,|2a, -0, —k,—A4 @,
0 0 —k,— A @, 0 2a, -,

= A+ (ky+ky + ke + k) +((k + k) ky + k) + bk, + kK, +4(al + a3 ) - 2(a,0, (3-2-4)
+a,0,))A” + ((k, + k, )k k, + 4a: —2a,0,) + (k, + k,)(kk, + 4a —2a,0,)) A + (kk,k k,

+A(a kk, + akk,) - 2(a,0kk, — a,0,kk,)+16a’a; +8a,a, (a0, +a,m,)).
Take

B=(k +k,+k,+k,), C=(k +k)(k,+k)+kk,+kk,+4a’ +a})-2(aw +aw,),

15



D = (k, + k) )(k;k, +4a; —2a,w,) + (k, + k) (k k, + 4a’ - 2a,0),
E = (kkk.k, + 4(alk.k, + ik k,) - 2(a,0k;k, — a,0.k k) +16a a; +8a,a,(a,m, + a,,)).
If

2
Bso BC=D_, B(CD-BE)-D
BC-D

>0 and E>0 (3-2-5)

then all the eigenvalues of the Jacobian matrix have negative real parts. So we choose k=1, k=1,

BC-D B(CD - BE)-D?

k=1 and k4=1, and find B=4, ————=4.18, =422 and E=4.62.
B BC-D

Proposition 1. According to Routh-Hurwitz theorem and Lyapunov asymptotically stability
theorem, when £;’s satisty (3-2-5), the controlled Quantum-CNN system (3-2-2) is locally
asymptotically stable at the equilibrium O (0, 0, 0, 0) in spite of the higher order terms.

Numerical simulations are used to investigate the controlled Quantum-CNN system (3-2-1)
using fourth-order Runge-Kutta scheme with time step 0.005. After 100 second, the states (xi, x2,
x3, x4) of the controlled Quantum-CNN system(3-2-2) approach zeros in Fig. 3-3.

Case II Nonlinear sine function feedback control

We design controller is u; =k, sin.x;

X, =—2a,\1-x] sinx, +k sinx;
X, =—,(x,—x;) +24q, ai =Cos x, + k, sin x,
1-x
(3-2-6)
X, = —2a,+/1-x] sinx, +k, sin x,
X, =—,(x;—x,)+2a, 5 cos x, +k, sinx,
1-x}
Expand the right hand sides of Eq. (3-2-6) into power series:
. 1, 1, 1
X = —2al(—Ex1 X, ++x, —gxz + )+ k (x —gxl +--4)
: 1, 15 L5
X, =—0,(x,—x;)+ 2611(361—Ex1x2 +E)c1 +-) 4k, (x, —gxz +)
(3-2-7)

X, = —2c12(—%x32x4 ++X, —%xi + )+ (x —%xi +-)

X, = —a)z(x3—xl)+2a2(x3—%x3xf +%x33 +-)+k,(x, —%xi +-0)

whose Jacobian matrix is
16



20, -0, —k, , 0
0 0 —k;, —2a,
, 0 2a,-0, -k,

The characteristic equation of J is

—k -1  2aq 0 0
2a,—w, —k,—A , 0
0 0 —k, -4 2a,
, 0 2a, -0, —k,—A
k-4  2a 0 -k -4  2a 0
=(-k,- )| 2a, -0, —k,—4 o, |+2a,|2a, -0, —k,—A4 @,
0 0 —k,—A @, 0 2a, -,

=2 (k ke +h)A + (( + k) + K+ kok, + ki, +4(a +a2) - 2(a,0, (3-2-8)
H((k, + Ky )y, +4a2 = 2a,0,) + (k; + k,)(kk, + 4a? — 2a,0) A + a,0,)) A + (kK k,

+A(a kk, + akk,) - 2(a,0kk, — a,w,kk,)+16a’a; +8a,a, (a0, +a,m,)).
Take
B=(k +k,+k;+k,), C=(k+k)hs+k,)+ k:k, +kk,+4(a] +a))-2(a0 +a,0,)
D = (k, + k, )(k;k, + 4a’=2dso9) (kg k )k k, +4a’ - 2a,0),
E = (kk,k;k, + 4’k k, +askk,) - 2(awk .k, — a,o.kk,)+16a’a; +8a,a,(a,w, +a,,)).
If

BC-D B(CD-BE)-D’

B>0, —>0, >0 and E>0 (3-2-9)
B BC-D

then all the eigenvalues of the Jacobian matrix have negative real parts. So we choose k=1, k=1,

BC-D B(CD - BE)-D?

=4.18, =4.22 and £=4.62.
BC-D

ks=1 and k4=1, and find B=4,

Proposition 2. According to Routh-Hurwitz theorem and Lyapunov asymptotically stability
theorem, when £;’s satisty (3-2-9), the controlled Quantum-CNN system (3-2-6) is locally
asymptotically stable at the equilibrium O (0, 0, 0, 0) in spite of the higher order terms.
Numerical simulations are used to investigate the controlled Quantum-CNN system (3-2-1)
using fourth-order Runge-Kutta scheme with time step 0.005. After 100 second, the states (xi, x2,

X3, x4) of the controlled Quantum-CNN system (3-2-6) approach zeros in Fig. 3-4.
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Case III Nonlinear state cross cosine nonlinear function feedback control

We design controller is u, = k,x, cos x,

. _ 2 .
X, =—2a,4/1-Xx; sinx, +k,x, cos x,
X, =—o,(x,—x;)+2a Y cosx, +k,x, cosx
2 1 1 3 1 P 2 27%2 2
1—-x;
. _ 2 .
X, =—2a,+/1-x; sinx, + k;x, cos x,
. X, i
X, =-w,(x;—x)+2a, o cosx, +k,x,cosx,
-X
3

Expand the right hand sides of Eq. (3-2-10) into power series:

. 1 2 1 3 1 3

X, :—2al(—5x1 X, ++x, —gxz + )+ k (x, —gxl +-0)

: 1o, 15 L,

X, = —a)l(xl—x3)+2al(xl—Exlx2 +Ex1 +-) 4k, (x, —gxz +:)

X, = —2612(—%)c32x4 ++Xx, —%xi + )+ (x —%xﬁ +-0)

X, = —a)z(x3—xl)+2a2(x3—%x3xj +%x§’ +-- )+ k,(x, —%xi +-)

whose Jacobian matrix is

-k, 2a, 0 0
2a,-w, —k, ) 0
0 0 —k,  2a,|
@, 0 2a,-0, -k,

The characteristic equation of J is

—k -1  2aq 0 0
2a,—w, —k,—A , 0
0 0 —k, -4 2a,
, 0 2a, -0, —k,—A
k-4  2a 0 -k -4  2a 0
=(-k,- )| 2a, -0, —k,—4 o, |+2a,|2a, -0, —k,—A4 @,
0 0 —k,—A @, 0 2a, -,

=2+ (k, +ky +ky + kA + ((k + k) (ks + k) + bk, + ki, +4(al +a3) - 2(a,0,
+a,0, A7+ ((k, + k, ) (kk, + 42 —2a,0,) + (k, + k,)(kk, +4a —2a,0,)) A + (kk,kk,
+A(a kk, + akk,) - 2(a,0kk, — a,0,kk,)+16a’a; +8a,a, (a0, +a,m,)).

Take
18
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B=(k +k,+k,+k,), C=(k +k)(ks+k,)+kk,+kk,+4a’+a})-2ao +aw,),
D = (k, + k,)(k;k, +4a2 —2a,w,) + (k, + k,)(k k, + 4a = 2a,0),
E = (kk,kk, + M’k k, + askk,) - 2(awkk, — a,0.kk,)+16a’a; +8a,a,(a,w, +a,,)).

If

2
Bso BC-D_, B(CD-BE)-D
B BC-D

>0 and E>0 (3-2-13)

then all the eigenvalues of the Jacobian matrix have negative real parts. So we choose k=1, k=1,

BC-D B(CD - BE)-D?

=4.18, =4.22 and £=4.62.
BC-D

ks=1 and k4=1, and find B=4,

Proposition 3. According to Routh-Hurwitz theorem and Lyapunov asymptotically stability
theorem, when £;’s satisfy (3-2-13), the controlled Quantum-CNN system (3-2-10) is locally
asymptotically stable at the equilibrium O (0, 0, 0, 0) in spite of the higher order terms.
Numerical simulations are used to investigate the controlled Quantum-CNN system (3-2-1)
using fourth-order Runge-Kutta scheme with time step 0.005. After 100 second, the behaviors of

the states (x;, x2, x3, x4) of the controlled Quantum-CNN system (3-2-10) approach zeros in Fig.
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Fig. 3-1. Phase portraits of the Quantum-CNN System.
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3-3 Chaos Control of Quantum-CNN Oscillators Chaotic System by
Variable Structure Control

Assume that the aim is to control system x = Ax+ f(x)+u(t) tracking a given desired state
vector ¥ =[¥,,,, " ¥,] , where ¥ =Ay.Let e=x—y be the tracking error vector.

The tracking error dynamics is:
e=x—y=Ae+ f(x)—u(t) (3-3-1)
where f{x) is nonlinear item vector.
The controller is designed as u(¢)=H(t)+f(x) in which H(f)=Kw(#). The newly defined control

signal w(¢) is determined through the sliding mode approach,

w'(t) s(e)>0
w(t) _( ) 5 (3-3-2)
w(t) s(e)<0
s(e) is the switching surface and is consideredras
s(e)=Ce . (3-3-3)

The reaching law assumed to be: s ==¢-sgn(s)—rs . This design results in the following control

signal.
w(t) =—(CK)' [C(rl + A)e+q-sgn(s)] (3-3-4)
It can be shown that the closed loop system will be stable for positive  and g parameters.

Finally, let us consider our dynamic system Quantum-CNN system. The equation considered

is

< 2 .
X =-2a,4/1-x, sinx,
. X,
X, =—w,(x,—x;)+2a, =Cos X,
= (3-3-5)
X, = —2a,,/1-x] sin x
3 2 3 4
. X,
x, =—w,(x,—x,)+2a, =Cos ¥,
1—x;

Let ay;=a,=4.9, w;=1.13 and w,=0.85. The initial values of Quantum-CNN systems are
taken as x;(0)=0.8, x2(0)=—0.77, x3(0)=-0.72 and x4(0)=0.97 respectively. The result is show

in Fig. 3-7 for 1-T periodic motion.
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3-4 Chaos Control of Quantum-CNN Oscillators Chaotic System by
Impulse Control

A technique for suppressing chaos is to apply a periodic impulse input to the system.
Consider the system of the form (3-2-1) and assume that the system is controlled by a periodic
impulse input

u=pY 8(z-iT)) (3-4-1)
i=0
where p is a constant impulse intensity, 7y is the periodic between two consecutive impulses, and
o is the standard delta function. With different values of p and 7 the controlled system can be
stabilized at different periodic orbits or fix point.

Finally, let us consider our dynamic system Quantum-CNN system with periodic impulse of

linear feedback. The equation considered is

. 2 .
X, =—2a,4/1-x; sinx, —uxy;
. 5 X
x, = —,(x,—x;) +2a, =COS.X, =1, X,,
4 (3-4-2)
X; = —2a,+/1-x7-8in x, =usx
3 2 3 4 3735
. 5 X,
X, =—w,(x;—x)+2a, = COS X, — Uy X,.
E=x;

Let a;=a,=2.47, w;=1 and w,=1. The initial values of Quantum-CNN systems are taken
as x1(0)=0.8, x2(0)=-0.77, x3(0)=—0.72 and x4(0)=0.57 respectively.
The result is show in Fig. 3-8.

X1,X2,X3,X4

0.4F

061

-0.8

Time (sec)

Fig. 3-8. Time histories of states by impulse control.
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3-5 Chaotization of Quantum-CNN Chaotic System by Optimum
Control

Optimal control is a well-established engineering control strategy, and is useful for both linear
and nonlinear system with linear or nonlinear controllers [98]. Now, we use a typical optimal
control for the chaotization of chaos of Quantum-CNN system. Let a;=a,=2.47 and o;=w,=1.
The initial values of linear coupled Quantum-CNN systems are taken as x;(0)=0.8, x,(0)=-0.77,
x3(0)=-0.72 and x4(0)=0.57 respectively. Consider the system (3-2-1) with a controller u and

define the Hamilton function:

H(x19x29x3’x47u9p): pTF(x19x27x3:x4:uap); pT :[p] pz p3 p4] (3-5-1)

where p is a Lagrange multiplier, called a co-state vector, F is the right hand side of Eq. (3-2-1).

Following the variation principle of optimal control, we can obtain

x .
pz(—a)l(xl—x3)+2alﬁcosx2)+p3(—2a2‘/1—x§ sinx,)+ p,(—o,(x,—x,)
1

(3-5-2)
+2a, Lcosx4) =0
J1=x3

2% ginx, =0 (3-5-3)

1-x/

This yield a non-trivial solution for (pa, ps3, ps) if and only if

—2a, .

——="sinx, = 0 (3-5-4)

1-x;

It gives an optimal surface singularly in the state space. This type of control assumes values
on the two allowable boundaries (3-5-3) and (3-5-4) alternatively according to a switching

surface. Locating system trajectories on the surface, a typical feedback control in the form

24 inx, ) (3-5-5)

1-x,

u =—k, sgn[

can be used. By adjusting the value of k, from zero initial value to k,=1.6x10"*in the above

controller with the signum function
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the chaotic motion with one positive Lyapunov exponent can be controlled to chaotic motion with

two positive Lyapunov exponents as shown by the simulation result in Fig. 3-9.
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Fig. 3-9. Lyapunov exponent of Quantum-CNN system.
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Chapter 4
Generalized and Symplectic Synchronizations

4-1 Preliminary

In recent years, the synchronization of chaotic systems has been studied in various fields.
For a particular chaotic system, a master, together with an identical or a different system, a slave
system, our goal is to synchronize them via coupling or other methods.

Among many kinds of synchronizations, the generalized synchronization is investigated. It
means there exists a functional relationship between the states of the master and those of the
slave. In this Section 4-2, a special kind of generalized synchronizations

y=x+F(¢) (4-1-1)
is studied, where x, y are the state vectors of the master and the slave respectively, F(7) is a given
vector function of time, which may take various forms, either regular or chaotic functions of time.
The generalized synchronization developed ‘may- be applied to the design of secure
communication. When F(7)=0, ittedueesto a complete synchronization.

In this Section 4-3, a special kind of generalized synchronizations
y=xx,+F(@), i=1,2,---,2n (4-1-2)

is studied, where x;, y; are the states of the master and the slave respectively, Fi(¢) is a given
function of time, which may take various forms, either a regular or a chaotic functions of time.
When Fi(£)=0, it reduces to a complete synchronization when the signs before x; are all positive;
it reduces to an anti-synchronization when F(#)=0 and the signs before x; are all negative; it
reduces to a partial complete synchronization and a partial anti-synchronization when the signs
before x; are partly positive and partly negative.

Many approaches have been presented for the synchronization of chaotic systems. There are
a chaotic master system and either an identical or a different slave system. Our goal is the
synchronization of the chaotic master and the chaotic slave by coupling or by other methods.

Among many kinds of synchronization, generalized synchronization is investigated. There
28



exists a functional relationship between the states of the master and that of the slave. In this
Section 4-4, a new synchronization

yv=H(x,y,t)+ F(t) (4-1-3)
is studied, where x, y are the state vectors of the “master” and of the ““slave”, respectively, F()
is a given function of time in different form, such as a regular or a chaotic function. When H(x, y,
t)=x, Eq. (4-1-3) reduces to the generalized synchronization given in Section 4-2.

In Eq. (4-1-3), the final desired state y of the “‘slave” system not only depends upon the
“master” system state x but also depends upon the “slave’ system state y itself. Therefore the
“slave” system is not a traditional pure slave obeying the “master” system completely but plays
a role to determine the final desired state of the ‘““slave” system. In other words, it plays an

3

“interwined”” role, so we call this kind of synchronization “symplectic synchronization”", and
call the “master” system partner A, the!“slave”system partner B.
When H(x, y, H)=H(x, t)+F(t); Eq. (4-1=3) becomes
yv=H(x, t)+F(f) (4-1-4)
which reduces to generalized synchronization. Therefore generalized synchronization is a special
case of the symplectic synchronization. There exists great potential of the application of the

symplectic synchronization. For instance, when the symplectically synchronized chaotic signal is

used as a signal carrier, the secure communication is more difficult to be deciphered.

The variable structure control technique is a discontinuous control strategy that involves,
first, selecting a switching surface for the desired dynamics and, secondly, designing a
discontinuous control law such that the system trajectory first reaches the surface and then stays

in it forever.

4-2 The Generalized Synchronization of a Quantum-CNN Chaotic
Oscillator with Different Order Systems
4-2-1 Generalized Synchronization Scheme

*The term “symplectic” comes from the Greek for “interwined”. H. Weyl first introduced the term in 1939 in his book “The Classical Groups”

(P. 165 in both the first edition, 1939, and second edition, 1946, Princeton University Press).
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There are two identical nonlinear dynamical systems, and the master system controls the

slave system. The master system is given here

x=Ax+ f(x) (4-2-1)
where x =[x,,x,,--,x,]' € R" denotes a state vector, 4 is a nxn coefficient matrix, and f'is a

nonlinear vector function.

The slave system is given here

y=By+h(y)+u(t) (4-2-2)
where y=[y,, ¥,,-, ¥, ] € R"“denotes a state vector, « is a positive integer, 1< a <n, B is
a (n-a)x(n-a) coefficient matrix, 4 is a nonlinear vector function, and wu(t)=[u,(¢), u,(t),
u, ,()]" € R"“is a control input vector.

Our goal is to design a controllet u(#) so that the state vector of the slave system (4-2-2)

asymptotically approaches the state vector .of the master system (4-2-1) plus a given vector

function F(¢) =[F (), F5(?), -, F, , (1)]°+and finally the synchronization will be accomplished

in the sense that the limit of the error' vector-e()=|¢,, e,, -, ¢, ,]' approaches zero:

lime =0 (4-2-3)

where
e=x—-y+F(1) (4-2-4)
From Eq. (4-2-4) we have

e=x—y+F(1) (4-2-5)

é=(4, ,—Be+ f(x)—h(y)+F(t)-u(t) (4-2-6)
A Lyapnuov function ¥(e) is chosen as a positive definite function

Vie)= %eTe (4-2-7)

Its derivative along any solution of Eq. (4-2-6) is
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V(ey=e"{(4, ,~B)x,~y1+ /() =h()+ F@O)~u()}, i=12,,n-«a (4-2-8)
where [x;,—y,] 1s a (n-a)x1 column matrix, u(f) is chosen so that V=e C _,e, Chgis a

diagonal negative definite matrix, and ¥ is a negative definite function of e. By the Lyapunov

theorem of asymptotical stability, we have

lime=0. (4-2-9)

t—0

The generalized synchronization is obtained.

4-2-2 Numerical Results of the Generalized Chaos Synchronization of the
Quantum-CNN Oscillator with Different Order Systems

Case I A complete synchronization as a special case of the generalized synchronization

For a two-cell Quantum-CNN, the following differential equations are obtained:

X, =—2a/1-x] sinx,

. .

X, =—o,(x,—x;) +2a, \/172 COS X,

(4-2-10)

%, = —2a,,/1-x] sin x;,

. K

X, =—0,(x;—x,)+2a, =Cos x,

1-Xx]

where xi, x3 are polarizations, x,, x4 are quantum phase displacements, a; and a, are proportional
to the inter-dot energy inside each cell and w; and w, are parameters that weigh effects on the
cell of the difference of the polarization of neighboring cells, like the cloning templates in

traditional CNNs. Let a1 =19.4, a»=13.1, w;=9.529 and w,=7.94.
A Lorenz system is described by
yl = O-(yz _y1)7 yz =VVim V= N5 y3 =W _ﬂy3 (4-2-11)
3
where 0210,7=28,,B:§.
Take o=1. In order to lead (y1, y2, ¥3) to (x1, X2, x3), we add u;, u, and u3 to the first, the
second and the third equations of Eq. (4-2-11) respectively.

W=0, =YD Fu, Y, =Yy =Y, = Vs iy, =1y, — Byt (4-2-12)
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Subtracting Eq. (4-2-12) from the first three equations of Eq. (4-2-10), we obtain an error
dynamics. The initial values of the Quantum-CNN system and the Lorenz system are taken as
x1(0)=0.8, x2(0)=-0.77, x3(0)=-0.72, x4(0)=0.57, y1(0)=—0.2, »2(0)=—-0.42 and y3(0)=
—=0.11.

lime, =lim(x, —y)=0, i=1,23 (4-2-13)
t—0

t—w

é, =—2al,ll—xl2 sinx, —o(y, —y,)—u,

e, =—m,(x,—x;)+2aq, ﬁcosx2 -y, + 1y, —u, (4-2-14)
é; = —2612\/§Sinx4 -V, + Py —uy
where e;=x;—y1, ex=x>—); and e;=x3—)3.
Choose a Lyapunov function in the form of the positive definite function:
V(el,ez,e3)=%(elz+e§+e32) (4-2-15)

Its time derivative along any solution of Eq. (4-2-14) 1s

V =e[-2a,41-x] sinx, ='o(y, —yl)—ul]+ez[—Cz)l()cl—)c3)+2alL2cosx2
1-x; (4-2-16)

YVttt —u2]+e3[—2a2\/1—x32 sinx, — y,y, + By; —us]
Choose

—_— 2 1
u, =—=2a,+/1-x; sinx, —oy, —ox,

X
u, =-,(x,—x;)+2a, Fcosxz =Wty — X,

Us =—2612H5inx4 — Yyt P

Eq. (4-2-16) can be rewritten as
V=—cel —e; -yl <0 (4-2-17)

which is negative definite. The Lyapunov asymptotical stability theorem is satisfied. This means
that the complete chaos synchronization of the different order systems, the Quantum-CNN
system and the Lorenz system, can be achieved. The numerical results are shown in Fig. 4-1.

After 10 second, the motion trajectories will enter a chaotic attractor.
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Case II A sine function synchronization
We have

lime, =lim(x;, -y, + F;sinawt) =0, i=1,2,3 (4-2-18)
t—o

P
where é=x—y+ Fwcoswr.
Let F, =F, =F, =F,Eq. (4-2-6) becomes
e = —2alﬂsinx2 -o(y,—y,)—u, + Focoswt

é, =—,(x,—x;) +2q, chosx2 — W\ +y, + 0y, —u, + Focos ot (4-2-19)

V1=x;
é, =-2a,+/1-xj sinx, —y,y, + fy, —u, + Focos wt
where e;=x;—ytFsinwt, e;=x,—y,tFsinwt and es=x;—ys;+Fsinwt. F and o are taken as F=0.7,
w=1.

Choose a Lyapunov function in the form of the positive definite function:
Vieneres) = (e +eibed) (4-2-20)
Its time derivative along any solution of Eq. (4-2-19) is

V =e[-2a:1-x sinx; =a(y, — y,) =i+ Focos o]+ e, [—o, (x,—x;)

+2a, %cosx2 — ¥V Y, + 0,y —u, + Focoswt]+e[-2a,+/1-x; sinx, (4-2-21)

WY, + By, —u, + Focos wt]

Choose
u, =—2a,\1-x. sinx, — oy, + ox, + F(wcos ot +sin wt)

B X, .
u, =—m,(x,—x;)+2a, = COSX, =¥V, +1,V; + X, + F(wcos wt +sin wt)
—x

uy = —2a,+\/1-x; sinx, — y,y, + fx, + F(wcos wt +sin ot)

Eq. (4-2-21) can be rewritten as
V=—0cel —e;—yei <0 (4-2-22)

which is negative definite. The Lyapunov asymptotical stability theorem is satisfied. This means

that the sine function synchronization of the different order systems, the Quantum-CNN system
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and the Lorenz system, can be achieved. The numerical results are shown in Fig. 4-2. After 10

second, the motion trajectories will enter a chaotic attractor.
Case III A Chen system state synchronization

The goal system for synchronization is a Chen system

zy=a(z,-z), 2, =(c—a)z,-22, = ¢z,, Z; = 2,2, — bz,

(4-2-23)

where a=10,b= %, ¢ =28. The initial values of the states of the Chen system is taken as

21(0)=0.5, z2(0)=0.5 and z3(0)=0.5. z=(z, z1, z1) is chosen as F(¢). Then

lime, = lim(x, =y, +2,)=0, i=12,3
t—o

t—0
Eq. (4-2-6) becomes

é, :—2a1«/1—x12 sinx, —o(y, —y)—u, +a(z,—z)

X

e, =—,(x,—x;) +2q, 2 COSX, — 7V +V, + Wy —u, +a(z, —z)
—X
1

&, ==2a,\[1-x; sinx, =y, + Bys—usalz, — z,)

where e;=x;—y1+z1, e;=x,—y2tz; and e3=x3—y3tz;.

Choose a Lyapunov function in the form of thepositive definite function:

1
Ve ,e,,e;) :E(el2 +622 +e§)

Its time derivative along any solution of Eq. (4-2-25) is

V=e[2a:1-x sinx, —o(y, — y,)—u, +a(z, — z,)]+ e,[~o,(x,—x;)

(4-2-24)

(4-2-25)

(4-2-26)

+2a, chos X, =YYV, + Vs —u, +a(z, — z,)]+ e[-2a,4/1— x] sin x, (4-2-27)

1-x

=), +ﬂy3 — Uy +a(22 _Zl)]

Choose

u, ==2a1-x; sinx, —oy, +ox, +a(z,—z)+z

X

u, =—,(x,—x;) +2q, Cosx, =Yy ty )+ X, +a(z,—z)+z

1-x/

2 .
u, =—2a,4/1-x; sinx, =y, v, + fx; +a(z, —z,) + z,

Eq. (4-2-27) can be rewritten as
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V=—cel —e; —yei <0 (4-2-28)

which is negative definite. The Lyapunov asymptotical stability theorem is satisfied. This means
that the Chen system state synchronization of the different order systems, the Quantum-CNN
system and the Lorenz system, can be achieved. The numerical results are shown in Fig. 4-3.
After 10 second, the motion trajectories will enter a chaotic attractor.

Case IV A Chen system states synchronization

We have
lime =lim(x, -y, +z)=0, i=12,3 (4-2-29)
t—0 {—
and
e=x—-y+z (4-2-30)

where z=(zZ,z,,z;). Eq.(4-2-6) becomes

é, =—2a,\1-x sinx, ~&(y, =)=+ alz, — z,)

X

e, =—w,(x,—x;)+2q, COS Xy = YVt + ;s —u, +(c—a)z,—z,z; —cz, (4-2-31)

2
1-x;

. 2 .
é, = —2a,1-x; sinx, “yy, + By, —uy 2,2, - bz,

where e, =x, -y, +z,, e,=x,—-y,+z, and e; =x; —y, +2z;.
Choose a Lyapunov function in the form of the positive definite function:
_ | R 2 2
Vie,e,,e;) = 5(61 +te, +e;) (4-2-32)
Its derivative along any solution of Eq. (4-2-30) is

V= el[—2am/1—xl2 sinx, —o(y, —y,)—u, +a(z, — z,)]+ e,[~@,(x,—x;)

+2a, %cos X, =Yy, +y, + y v, —u, +(c—a)z,—z,z; — cz,] (4-2-33)

J1=x
+e3[—2a2«/1—x32 sinx, —y,y, + By, —uy + z,z, — bz, ]

Choose

u, =-2a1-x. sinx,—cy, +ox, +a(z, —z)+z
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U,

x
=-,(x,—x;)+2a, —

1-x

=COS.X, Yy +x,+(c—a)z,—zz;+z,(1-c)

uy = —2a,\1-x sinx, — y,y, + Bx, +z,z, + z;,(1-b)

Eq. (4-2-33) can be rewritten as

V=-0ce —e; —ye; <0

(4-2-34)

which is negative definite. The Lyapunov asymptotical stability theorem is satisfied. This means

that the Chen system states synchronization of the different order systems, the Quantum-CNN

system and the Lorenz system, can be achieved. The numerical results are shown in Fig. 4-4.

After 10 second, the motion trajectories will enter a chaotic attractor.
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Fig. 4-3. Time histories of the master states, of the slave states, and of the Chen system state
synchronization errors for the Quantum-CNN system and the Lorenz system, where e=x;—y;+zi,

i=1,2,3.
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4-3 The Generalized Synchronization of a Quantum-CNN Chaotic
Oscillator with a Double Duffing Chaotic System

4-3-1 Generalized Synchronization Scheme

There are two identical nonlinear dynamical systems and the master system controls the

slave system. The master system is given here

xX=Ax+ f(x) (4-3-1)
where x=[x,x,, -, xn]T € R" denotes the state vector, A is a nxn coefficient matrix, and f (x)

is a nonlinear vector function.

The slave system is given here

vy=By+h(y)+u(t) (4-3-2)

where y =[y,,y,,":-,y,]" € R"denotes a state vector, B is a nxn coefficient matrix, A(x) is a

nonlinear vector function, and u(£) = [u(£), Uy (), --+su, ()] € R" is a control input vector.

Our goal is to design a controller u(z) so that the state vector of the slave system (4-3-2)

asymptotically approaches the state vector of the.master system (4-3-1) plus a given vector
function F(¢) =[F,(?), F,(t), -+, F,(¢)]" which is either a regular or a chaotic function of time,
and finally the synchronization will be accomplished in the sense that the limit of the error vector
e(t)=[e,,e,,---,e,]" approaches zero:

lime=0 (4-3-3)

t—
where

eA:xiiyi-}-F;(l‘)’ i=1,2,-,n (4_3_4)

From Eq. (4-3-5) we have
=% Fy+E@l), i=1,2,,n (4-3-5)
Introduce Eq. (4-3-1) and Eq. (4-3-2) in Eq. (4-3-4):

e=(A4-B)[x, iy[]+f(x)$h(y)+F(t)iu(t), i=L2,---,n (4-3-6)
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where [x, =] isa nx1 column matrix.

A Lyapnuov function ¥(e) is chosen as a positive definite function
Vie)= %eTe (4-3-7)
Its derivative along the solution of Eq. (4-3-6) is

V(ey=e"{(A=B)lx, £y, 1= f()Fh()+FOFu(®)}, i=12,-n (4-3-8)

where u(f) is chosen so that ¥V =e’C _e, where C

nxn nxn

is a diagonal negative definite matrix,

and V is anegative definite function of e. By the Lyapunov theorem of asymptotical stability

lime =0 (4-3-9)

t—o0

The generalized synchronization is obtained.

4-3-2 Numerical Results of Generalized Chaos Synchronization of the
Quantum-CNN Oscillator with a Double Duffing Chaotic Systems

Case I A partial complete synchronizationand a.partial anti-synchronization as the special case
of the generalized synchrenization

For a two-cell Quantum-CNN, the following differential equations are obtained:

X, =—2a\/1-x] sinx,
. X,
x, =-,(x,—x;)+2a, —=CoS X,

1-x

(4-3-10)

%, = —2a,,/1-x] sinx,
. X,
X, =—0,(x;—x,)+2a, =COs.X,

1-x;

where xi, x3 are polarizations, x,, x4 are quantum phase displacements, a; and a, are proportional
to the inter-dot energy inside each cell and w; and w, are parameters that weigh effects on the
cell of the difference of the polarization of neighboring cells, like the cloning templates in

traditional CNNs. Let a1=19.4, ao=13.1, w;=9.529 and w,=7.94.

A double Duffing chaotic system is described by

W=V =0 _y13 — PV, HECOSE i =Y,, V=5 _y; — Py, Fycos8, 1 (4-3-11)

where p,=0.5,p, =15, F =1.9,F,=0.9,& =0.97,& =0.79 .
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In order to lead (y1, y2, ¥3, v4) to (x1, X2, X3, X4), we add u;, ua, u3 and uy to the first, the

second, the third, and the fourth equations of Eq. (4-3-11) respectively.

{)}1 =y, tu, Y, =0 _y13 — Py, +Fcosé t+u,
V=Yt Y, :yz_y;_pzy4+F2COS§2t+“4

(4-3-12)

Subtracting Eq. (4-3-12) from Eq. (4-3-10), we obtain an error dynamics. The initial values

of the Quantum-CNN system and double Duffing systems are taken as x;(0)=0.8, x(0)=-0.77,

x3(0)=—0.72, x4(0)=0.57, 11(0) =0.75, 12(0) =—0.3, y3(0)=—0.4 and y4(0) =—0.5.

When i=1, 2, negative signs before y; in Eq. (4-3-4) are chosen; when i=3, 4, positive signs

before y; in Eq. (4-3-4) are chosen, while F'(#)=0:

lime, =lim(x;,—y,)=0, i=12 and lime =lm(x,+y,)=0, i=3,4
t—o0 =

[—0 [—0

s 2 .
€, =—2a,4/1-x; sinx, —y, —u,

; X 3
é, = -, (x,—x;) + 24, oS T ALY, —Fcosgt—u,
1 897
&, =—=2a,\1-xj sinx, +y, +u;
. X3 5
é, =—,(x;-x) +2a, - COSXy + s = Yy Py Vg + 1 oSGy I+t
— X
3

where e;=x;—y1, e2=x2-2, e3=x3t)3 and e4=X4tya.

Choose a Lyapunov function in the form of the positive definite function:
1
Vie,e,,e;, e,) :E(el2 +e +el +e;)

Its time derivative along any solution of Eq. (4-3-14) is

: , x
V=e[-2a1-x sinx, -y, —u,]+e,[-o,(x,—x;) + 26, ———cos x,

1-x
N +y13 O, —ECOSélt—u2]+€3[—2a2V1—x32 sinx, + v, +u;]
+e,[-w,(x;—x)+2a, %COSM + V=3 = Py vy +FycosE, t+u,]
1-x;

Choose

2 .
u, =—-2a,\/1-x; sinx, —y, +x, -y,

X

3
U, = =0 (x,—x;) + 24, COSX, =Y+ + X, —F{cos & ¢

2
1-x

- -2
Uy =—2a,\1-x;sinx, -y, —x; -y,
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X
— 3 3
u, =-w,(x,—x,)+2a, =COSX, = V3 +); — O X, —F, cos &yt

NIE
Eq. (4-3-16) can be rewritten as

y__ 2 2_ 2 2
V=-e —pe,—e—pe <0

(4-3-17)

which is negative definite. The Lyapunov asymptotical stability theorem is satisfied. This means

that the partial complete synchronization and the partial anti-synchronization of Quantum-CNN

system with a double Duffing chaotic system can be achieved. The numerical results are shown

in Fig. 4-5. After 5 second, the motion trajectories will enter a chaotic attractor.

Case II An anti-synchronization as the special case of the generalized synchronization

When i=1, 2, 3, 4, the positive signs before y; in Eq. (4-3-4) are chosen, while F(#)=0:

lime =lim(x;+y,)=0, i=12,3,4
t—w

[—0

. 2 .
€, =—2a,4/1-Xx; sinx, £y, +u,

; X 3
é, = -, (x,—x;) + 24, A e 1)) +Fcosg t+u,
1—Xx
&, =—2a,\1—x] sinx, =y, +u;
fe

. 3
é, =—,(x;-x)+2a, COS X, + 5= vy — Py YV, T F, c0s &, 1 +u,

4
where e;=x;+y1, e;=x21)2, es=x3ty3 and es=x4tya.

Choose a Lyapunov function in the form of the positive definite function:
1
Vie,e,,e;,e,) :E(el2 +e +el +e;)

Its time derivative along any solution of Eq. (4-3-19) is

: , x
V=¢[-2a,1-xsinx, +y, +u,]+e,[-o,(x,—x;) + 2a, ———=cos x, + y,

2
1-x

— 3 = p v, + F cosé t+u, | +e[-2a,/1-x] sinx, +y, +u,]

X
+e,[-w,(x;—x)+2q, —32COSX4 + 3=V = Py Yy + Fy 0088, t+u,]
J1=x;

Choose
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_ 1—+2 g
u, ==2a,+1-x; sinx, -y, —=x, =y,

x
— | 3
u, == (x,=x;) +2q, = COSX, = V1t = A%y —Fcosg ¢
1-x,
—_— 2 ]
Uy =—2a,,\1-x; sinx, —y, —x; =,
X3

COS X, = y3+¥; — Py x, — F, cos &t

u, =—,(x;—x)+2a,

J1-x

Eq. (4-3-21) can be rewritten as
V=—e—pe—e—pe <0 (22)

which is negative definite. The Lyapunov asymptotical stability theorem is satisfied. This means
that anti-synchronization of the Quantum-CNN system with a double Duffing chaotic system can
be achieved. The numerical results are shown in Fig. 4-6. After 5 second, the motion trajectories
will enter a chaotic attractor.
Case III A partial complete synchronization and a partial slave self-synchronization

Wheni=1, 2,3, 4, negative signs are chosen before y; in Eq. (4). For i=1,3, F ()= F3(£)=0
and for i=2,4, F1(t)=y1(t), F5(£)=p5(f) are chosen, where y;(#) and y;(¢) are chaotic functions of

time. Then we have

lime =lim (x,—y,)=0, i=L3 (4-3-23)
lime, =lim(x;, -y, +y,)=0, i=2,4, j=1,3 (4-3-24)

Eq. (4-3-5) becomes
Q=X =V, =X, =V, V), & =X= Vs, € =X~V + ), (4-3-25)
Eq. (4-3-6) becomes

. _ 2 .
é, =—2a,\/1-x; sinx, —y, —u,

. X,
é, ==, (x,—x;) +2q, 1 l > cosx, =y + 3, +p ¥, —Feos& t—u, + y,
(4-3-26)
é, =—2a,\J1-x} sinx, —y, —u,
: X
é, =—0,(x;—x)+2a, 1 - > COSX, = Vs + V3 + P vy — F, €088, t—u, + ,
—x]

where e;=x;—y1, ex=x2— 2y, es=x3—y3 and es=xs—y4ty;.

Choose a Lyapunov function in the form of the positive definite function:
44



1
Viey,e,, e, e,) :E(ef +e; +e; +ey)
Its time derivative along any solution of Eq. (4-3-26) is
V = e[-2a1-x sinx, — p, —u, ]+ e,[~@,(x,—x,) + 20, ———cos x, — ,
J1-x7

+ 0+ Py, —Fieosé t—u, + y, 1+ e[2a,\1-x7 sinx, -y, —u;]+e,

X3 3
ﬁcosﬁ Y3ty Py~ F cosg t—uy + y,]

[0, (x;—x)+2a,

Choose

2 .
u, =—-2a,\/1-x; sinx, —y, +x, -,

X 3
Uy ==, (x,—x;) + 2a, =COSX, =y ty + /%, — h COSGI+ Y, + Py,
1-x
Uy = —2a,\J1-x7 sinx, —y, +x, -y,
X
- 3 3
U, ==0,(x;-x)+2a, ﬁcosxa, — Y3ty pyx, = FycosGyt 4y, + P,y
X
3

Eq. (4-3-28) can be rewritten as

y_ 2 2_ 2 2
V=-e —pe —e —pe;<0

(4-3-27)

(4-3-28)

(4-3-29)

which is negative definite. The Lyapunov asymptotical stability theorem is satisfied. This means

that the partial complete synchronization and the partial slave self-synchronization of the

Quantum-CNN system with a double Duffing chaotic system can be achieved. The numerical

results are shown in Fig. 4-7. After 5 second, the motion trajectories will enter a chaotic attractor.

Case IV A partial sine/cosine function synchronization and a partial slave self- synchronization

When i=1,2,3,4, negative signs are chosen before y; in Eq. (4-3-4). Fori=1,3,

F(t)=G;sinat, F;(t)=G,cosm,t , and for i=2,4, F,(t)=y,(¢t),F,(t)=y,(t) are chosen,

where y;(¢) and y;(7) are chaotic functions of time. We have

lime = 1213 (x, =y, +G;sinat) =0, }gg e, = }133 (x; =y, +G;cosmyt)=0

[—0

lime =lim (x, -y, +y;)=0, i=2,4, j=13
t—0 t—0

Eq. (4-3-5) becomes
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=% =+ E (), & =3, =3, + F(0), & =%~y + (1), &, =%, 7, + F,(t) (4-3-32)
Eq. (4-3-6) becomes
é =—2a,\1-x_ sinx, — y, —u, + G, cosa,t

X

. 3
é, =—o,(x,—x;) + 2q, cosx, =y, + ¥ +py, —Fcosgt—u, +y,

2
1-x

- 2 . .
é, =—2a,/1-x; sinx, -y, —u, — G,@, sinw,t

. x 3
€ :_a)z(x3_x1)+2a2—32(:05x4 Vst Yyt Py~ cosgt—u, +y,
NIEE

(4-3-33)

where e =x,—y, +Gsinat, e =x,—-y,+y, e=x—-y,+G,cosmt, e, =x,—y,+Y;,
G, =037,G,=0.71,@, =0.31,@, =0.19.
Choose a Lyapunov function in the form of the positive definite function:
Vie,e,, e, e,)= %(el2 te; +e; +e;) (4-3-34)

Its time derivative along any solution of Eq. (4-3-33) is

. , X
V =e[-2a,\1-x sinx, — y, S, + Gw, cosat| +e,[-w,(x,—x,) + 2a, L cosx,

2

- +y13 +p,y, —F cosé t —u, +y2]+e3[—2a2«/1—x32 sinx, —y, —u, — G, sinw,t] (4-3-35)
X
+e,[-w,(x;-x) +2a, ﬁcosxz; Wty vy~ FocosSt—u, +p,]

Choose

u, ==2a,\1-x. sinx, -y, +x, — y, + G,(@, cos @t +sin )

X

3
Uy ==, (x,—x;) + 2a, 2 COSX, =y +y; + P X, —F CosG 1+ y, + py,

uy = —2a,\J1-x sinx, — y, +x;, — y; + G,(cos @t — @, sin @,t)

X
U, =—0,(x;-x)+2a, ﬁcos X, = ystys+ pyx, —Fycost+ v, + pyy,

Eq. (4-3-35) can be rewritten as
V=-e—pe—e —pe <0 (4-3-36)

which is negative definite. The Lyapunov asymptotical stability theorem is satisfied. This means
that the partial sine/cosine function synchronization and the partial slave self-synchronization of
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the Quantum-CNN system with a double Duffing chaotic system can be achieved. The numerical

results are shown in Fig. 4-8. After 5 second, the motion trajectories will enter a chaotic attractor.
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Fig. 4-6. Time histories of the master states, of the slave states, and of the errors for Case II.
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4-4 Symplectic Synchronization of Different Chaotic Systems

In this section, a new symplectic synchronization of chaotic systems is studied. Traditional
generalized synchronizations are special cases of the symplectic synchronization. A sufficient
condition is given for the asymptotical stability of the null solution of an error dynamics. The

symplectic synchronization may be applied to the design of secure communication.

4-4-1 Symplectic Synchronization Scheme

There are two different nonlinear chaotic systems. The partner A controls the partner B

partially. The partner A is given by
f=f(x) (4-4-1)
where x=[x,,x,,"-+,x,]" € R" is a state vector and fis a vector function.

The partner B is given by
y=g) (4-4-2a)
where y=[y,,¥,,---,¥,]" € R"is a state yeetoryiand g is a vector function different from f.

After a controller u(?) is added, partner B becomes
y=g(y)+u(r) (4-4-2b)

where u(t) =[u,(t), u,(t),---,u,(t)]" € R" is the control vector.

n

Our goal is to design the controller u(f) so that the state vector y of the partner B

asymptotically approaches H(x, y,t)+ F(t), a given function H(x, y, t) plus a given vector

function F(¢) =[F,(?), F,(¢), -, F,(¢)]" which is a regular or a chaotic function of time. Define

error vector e(t) =[e, e,, -, e ] :
e=H(x,y,t)—y+F(t) (4-4-3)
lime=0 (4-4-4)

t—0
is demanded.

From Eq. (4-4-3), it is obtained that

OH . 0H . oH .
o= —X+—y+——y+ F(t 4-4-5
e=—_% ayy 5 (?) ( )
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By Eq. (4-4-1) Eq. (4-4-2a) and Eq. (4-4-2b), Eq. (4-4-5) becomes

. oH
= —f (x)+ —g(y) * g(y)—u(t)+F(1) (4-4-6)
A positive definite Lyapnuov function V(e) is chosen:
Vie)= %eTe (4-4-7)
Its derivative along any solution of Eq. (4-4-6) is
oH oH
Viey=e {—f(X)+§g(y) a——g(y)+F(t) u(f)} . (4-4-8)

In Eq. (4-4-8), u(f) is designed so that ¥V =e’C _e, where C _ is a diagonal negative definite

nxn % nxn

matrix. ¥ is a negative definite function of e. By Lyapunov theorem of asymptotical stability

lime =0 (4-4-9)

t—©

The symplectic synchronization is obtained.

4-4-2 Numerical Results for_.the , Symplectic Chaos Synchronization of
Quantum-CNN Oscillator and Rossler System

Case I A cubic symplectic synchtonization

For a two-cell Quantum-CNN, following differential equations are obtained:

2 . .
X, =—2a,+/1-Xx; sinx,, X, ==@,(X,—xX;) + 2q,

L cosx,
2
1-x

X
. _ 2 . . _ 3
X, =—2a,4/1-Xx; sinx,, x, = —o,(x,—x,) +2a, —F=—=C0sx,

I-x;

(4-4-10)

where xi, x3 are polarizations, x,, x4 are quantum phase displacements, a; and a, are proportional
to the inter-dot energy inside each cell and ®; and ®; are the parameters that weigh the effects on
the cell of the difference of polarization of the neighboring cells, like the cloning templates in
traditional CNNs. When a; =19.4, a,=13.1, ®;=9.529 and w,=7.94, the system is chaotic.

A chaotic Rossler system is described by
NE D=V =V =00 Y =0yt B0 =y v+ oy, (4-4-11)
where a =0.5, /=0.52,y=0.5,0=0.05.

For symplectic synchronization of these two systems, u;, u», u3 and u4 are added to the four

equations of Eq. (4-4-11), respectively:
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)}1 ==y, —y;tu, yz =y,—ay,ty,tu,, J>3 =WV +ﬂ+u3’ y4 =yy;toy,tu, (4'4'12)
The initial values of the states of the Quantum-CNN system and of the Rdssler system are
taken as x;(0)=0.8, x2(0)=-0.77, x3(0)=-0.72, x4(0)=0.57, y1(0)=0.3, 12(0)=-0.4, y3(0)=

~0.7 and y4(0)=0.15.

We take F(t)=x,(t), F,()=x(t), F()=x(t) and F,(t)=x(t). They are chaotic

functions of time. H,(x, y,t)=-x_y, (i=1,2,3,4) are given. By Eq. (4-4-4) we have

4 i=1
lime =lim (—x’y, -y, +x))=0, i=1,2,3,4; j= : (4-4-13)
t—®© t—w J l—l ,l?ﬁl
From Eq. (4-4-5) we have
. . 2. . .2 . . 4 ,i :1
¢ ==2xxy, —x;y,—y,+3x,x;, i=1,2,3,4 j=1. Uil (4-4-14)
i—1 i

Eq. (4-4-6) can be expressed as
&, =2y,x,(2a,1—x; sin x,)# (v, + ;)% #3%; (o, (x;,—x,) + 24, chos x,)
NIEE

ty,t Y, — 1Y

é, ==2y,%,(-o,(x,—x,) +24, %cos x,)+3x7 (—2a,+/1 - x] sinx,)

—x;
-(y,—ay, +y4)x22 -y, tay,—y,—u,

é, =2y,x,(2a,/1-x] sinx,) +3x; (o, (x,—x,) + 2a, chosxz)

_xl

(4-4-15)

-1y +ﬂ)x; — 0y — P —u,
é, = —2y,x,(~w,(x,~x,)+2a, %cos x,)+3x2(=2a,/1- X2 sinx, )

—~(7y, +OV)X; — Yy — Oy, —u,

2 3 2 3 2 3 2 3
where ¢ =—x;y, =y +x;, ==X, =0, +X, =—X;);-y;+X;, and e, =-x;y,—y, +x;.
Choose a positive definite Lyapunov function:
1 2 2 2 2
V(el,€2,€3,€4):§(€l +te, +e;t+e) (4-4-16)

Its time derivative along any solution of Eq. (4-4-15) is
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V= e {2y1x1(2aﬂ/1—xl2 sinx,)+(y, +y3)x12 +y, +y,+2a, chosx4 +3xj(—a)2
1-x;

X
(x3=x)) =1+ e,{=2y,x, (-0, (x,—x;) + 2q, —lzcosxz)_(yl_ayz +y4)x§ N
NIERS

+ay, -y, +3x12(—2an/1—x12 sinxz)—u2}+e3{2y3x3(2a2«/1—x32 sinx,)— (), +ﬂ)x§ (4-4-17)

X

2
_xl

—y,35 = B+3% (—w,(x,—x,) + 2a, cosX,) —u;} +e, {2y, x, (-, (x,—x,)

+2a, e cosx4)—(}/y3+0'y4)xf—yy3—0'y4+3x32(—2a2«/1—x32sinx4)—u4}

2

1-x;
Choose
U :2y1x1(2a1\/1_x12 $in X, ) + (3, + ¥+, + ¥y +3x§(_w2(x3_x1)+2a2 IX3 > cos.x,)

VX = X
u, = _2y2x2(_a)1(x1_x3)+2a1%Cosxz)_(yl_ayz +y4)x§ +3x12(_2al\/1_x12 sinx, )
V17 Vs _a(nyzz _x13)

. X,
U, = 2y3x3(2a2\jl—x32 sinx,) = (4 + By s B 3%, (o (x,-x,) + 24, —lzcosxz)

1-x
—VX =P+
u, ==2y,x,(~0,(x;-x,)+2a, ﬁcos X, ) =PV + Oy )X; —y Y, +3x; (—ZaZMsin X,)
3
—o(y,X; +2y, - x3)
Eq. (4-4-17) becomes

V=—(e +ael +el+oe)<0 (4-4-18)

which is negative definite. The Lyapunov asymptotical stability theorem is satisfied. Cubic
symplectic synchronization of the Quantum-CNN system and the Rossler system is achieved. The
numerical results are shown in Fig. 4-9. After 5 second, the motion trajectories enter a chaotic
attractor.
Case II A time delay symplectic synchronization

We take F(t)=x,(t-T), F,(t)=x,(t-T), F;(t)=x,(t—T) and F,(¢t)=x,(¢t=T).They are

chaotic functions of time, where time delay 7=1 sec 1is a positive constant.
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H.(x,y,t)=(x +y)(e"+2) (i=1,2,3,4) are given. By Eq. (4-4-4) we have

lime, =lim (x> + y,) (€™ +2)—y, +x,(t-T)) =0, i=1,2,3,4 (4-4-19)
t—o©

t—0

From Eq. (4-4-5) we have
e =Qxx +y)e +2)—e (X' +y)-y, +x.(t-T), i=1,2,3,4 (4-4-20)

Eq. (4-4-6) is expressed as

é = 2x1(_2‘11\/1_x12 Sinxz)(eit +2)+ (-, _Y3)(eit "'2)_(9512 +y1)eit tV, )y
—2a\1=x(t=T)sinx,(t-T)

> X ~t x(t=T)

&, = 2%, (@, (x,—x,) + 2a, ——=——cos x, )(e ™ +2) +2a, X
N " I-xie-T)
=y, +y e +2)= () + y)e " =y ray, =y, —u, =, (x,(t=T) = x,(1=T)) (4-4-21)
¢ =12x,(—2a, Vl_x32 sinx,)(e™ +2)+ (1 y; + f)e” +2) = (x5 +y)e” = vy - B

—2a,\1-x;(t=T)sinx,(t—T)—uy

. 3 x(t-T)
<5 gake ' 42)+ 20,
Ji- F1-x@-T1)

+Hyy, oy e +2)—(xjt y,)a =y =0y 2u, —0,(x (1 =T)—x,(t—T))

cosx,(t—T)

é, =2x,(~w,(x;,—x,) +2a, cosx,(t—T)

where e =(x] +y)(e +2)—y, +x5{E=T), e, =+ y,) e +2)—y, +x,(t-T),

e, :(x32 +y)e +2)—y,+x,t-T),e, = (xf +y e +2)—y, +x,t-T).
Choose a positive definite Lyapunov function:
Ve enerse) = (€ +ed 4l +ed) (4-4-22)

Its time derivative along any solution of Eq. (4-4-21) is
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V =€ {2)61(—2611 \jl_xl2 Sinxz)(e_t + 2)+(_y2 _y3)(e_t + 2)_()512 +y1)e_t +V,t )

. X,
=2a1-x(t=T) sinx, (¢ =T) —u,} + €, {2x, (-, (x,—x;) + 2¢, ———c0s x,)

e

(e +2)+(y,—ay, +y4)(eit +2)_(x22 +y2)eﬂ —yitay,—y,—o(x,¢-T)
x(t=T)

—x3(t—T))+2almcosxz(t—T)—uz}+e3{2x3(—2a2w/1—x32 sinx, (e +2)

(4-4-23)

+(y1y3 +ﬂ)(€_t +2)_(x32 +y3)e_t RARE _ﬂ_zaz Vl_xf(t_T) Sinx4(t_T)_”3}

X3 ~t x3(t_T)
—5_cosx,)(e" +2)+2a, )
Ji-a AN

—VV; =0, _wz(x3(t_T)_x1(t_T))+(7/y3 +O—y4)(eit +2)_(x§ +y4)eit _u4}

+e,{2x,(~w,(x,—x,) + 2a, cosx,(t—T)

Choose

U :2x1(_2a1 Vl_xlz Sinxz)(e_t +2)+(_y2 _y3)(e_t +2)_(x12 +y1)e_t TV, s
—2a\1-x}(t—=T)sinx,(t=T)+(x} +y,)e" +2)-y, +x,(t-T)

X

u, =2x, (-, (x,—x,) + 2a, ﬁcos Xy e +2)+(y 1Y, Y, e +2)- (x22 + ), )e!

x@-T)

JIEx2(—T)

— V=V o (x,(t-T) - x53(t=T)) + 2q, cosx,(t—T)

+a((x3 +y,)(e" +2)Fxy=T))
1ty = 2, (<20, 1= X2 sin, )(en # DYy, + B(e " +2)— () + e’
— 3,5 = B=2a,\1-x;t=T)sinx,(t =)+ (x; + y, )€’ +2) -y, +x,(t=T)
u, =2x,(-o, (x3—x,)+2a2ﬁcosx4)(e’ +2)+(yys+oy)e’ +2)—(x; +y,)e”
3

x(t-=T)

JI=x3(t-T)

+0((x; + )€ +2) =2y, +x,(t=T))

_7/y3_wz(x3(t_T)_x1(t_T))+2a2 COSX4(t—T)

Eq. (4-4-23) becomes

V= —(el +ae; +e +0e;)<0 (4-4-24)

which is negative definite. The Lyapunov asymptotical stability theorem is satisfied. Time delay

symplectic synchronization of the Quantum-CNN system and the Rossler system is achieved. The

numerical results are shown in Fig. 4-10. After 5 second, the motion trajectories enter a chaotic

attractor.

Case III A cubic time delay symplectic synchronization

We take F(6)=x4(O)x1(t=T), F2(t)=x1(O)x2(t=T), F5(t)=x2()x3(t—T), and Fa(t)=x3(t)xa(t=T),
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where 7=1 sec is a positive constant time delay. They are chaotic functions of time.

H.(x,y, t)=x —(y sin@mt—1)sinwt (i=1,2,3,4) are given. By Eq. (4-4-3) we have

: 3 3. : . . |4 =1
lime, =lim (x; —(y; sin@ D) sinwt -y, +xx,(-7)=0,i=1,2,3,4,j =1 1 1(4—4—25)
t—x© 11— 1— ,l *

From Eq. (4-4-5) we have

e =Bxx’ -3y y’sin@t+y'w cosmt)sinm t 4 i=1
1 ( 11l (ylyl 1 yl 1 l) 1 i:1,2’3’4’j:{' 17. 1(4_4_26)
i—1,i#

—(y; sin@t— D@, cosat -y, + % x,(t = T)+x,%,(t=T),
Eq. (4-4-6) is expressed as
é, = 3x} (—2a\/1-x] sinx,) =3y (=, — y,)sin’ @t — y,@, sin 2@t + @, cos@m,t + , +

;=i + (=, (x;—x) +2a, % 2cosx4)x1(t—T)—2c11)c“/1—)c12(t—T)sinxz(t—T)

I—x;

é, =3x; (o, (x,—x,) +2a, %cos x,)=3y:(y,~ay, + y,)sin’ @,t — y;m, sin 2wt
—x

Mcosx -T)
J=c-1) (4-4-27)

+x, (=0 (x,(t =T)—x;(t = T))=pitay, = yi—u,

+a@, cos@,t —2a,x,(t — T)\J1 — xsin x, +2a,

é, =3x; (—2a,,/1-x; sinx,) 23y; @it B)sin’ b+ y,m, sin 2@t + @, cosm,t — ¥, ),

=B —u, + (-, (x,—x;) +2q, &) 2cosxz)x3(t—T)—2a2x2«/1—x32(t—T)sinx4(t—T)

I-x

: x : .
é, =3x; (~o,(x,—x,) +2a, ﬁcos x,)=3yi(yy, +oy,)sin’ @t + y,m, sin 2wt
i

x3(t_T)

JI=x2(t=T)

+x,(~0,(x,;(t=T)—x,t-T))~yy,—oy, —u,

+a@, cosa,t —2a,x,(t —T)\J1 - x; sinx, +2a, cosx,(t—T))

where
e, =x, —(y; sinat—)sinat—y, +x,)x,(t-T),e, =x, —(y; sina,t = )sinaw,t — y, +x,(t)x,(t - T),
e, =x, —(y; sinayt —)sin@yt — y, + x,()x,(t = T),e, = x, — (y; sinaw,t —)sin@,t — y, + x,(t)x,(t = T).
Choose a positive definite Lyapunov function:
Vie,e,,e,e)= %(el2 +el+el+e)) (4-4-28)
Its time derivative along any solution of Eq. (4-4-27) is
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V =e,{3x7 (—2a,4/1-x; sinx,) =3y’ (—y, — y,)sin’ @t — y;@, sin 2@t + @, cosm,t + y,
9y +(—w2(x3—xl)+2a2%cosmxla—T)—zalx“/l—xf(t—T) sinx, (1= T)
1-x;

X

_”1}+ez{3x§(_a)1(x1_x3)+2a1 cosxz)—3y§(yl—ay2 +y4)5in2 Tyl =Y,

2
1-x

— 3@, SN 2@,t + @, CoS @t +ay, — y, —2a,x,(t — T)\J1-x] sinx, + x, (—a, (x,(

) (4-4-29)
MCOS X, (t — T) - ”2} +e, {3X§ (—2612 A 1- x32 sin x4)

-T)-x,(t=T))+2a,

—3)/32()/1)/3 +:H)Sin2 ZD'3t"')/33ws sin 2@t + @, cos @yt — y,y; — B+ (o (x,—x;)

x .
+2a, ﬁcosxz))@(t—T)—2a2x2\/1—x32(t—T) sinx, (t—T)—u;} +e,{3x;

(~, (x ;—x, ) + 20, —2 —cosx,) =3y, (yy; +oy,)sin’ @t + y,@, sin 2@t

J1=x;
+@, oSt~y Yy, — Ty, —2a,%,(t —T)\J1—x; sinx, +x, (-, (x,(t—T)—x,(¢
x(t-T)

JI=x(t=T)

-T))+2a, cosx,(t—=T))~u,}

Choose
u, =3x7 (=2a,+/1-x7 sinx,) =33 (=¥, — y,)sin’ @t — y, @, sin 2@t + @, cos @t + y,

1y + (0, (x =X, )+ 20, —2 008 x, ), (£=T) — 2a,x,\/1 - x*(t — T) sin x,(t - T)

2
—X

[

v

+x' —(y; sinat —1)sinat — y, + x,()x,(t - T)

X

2
_xl

cosx,)=3yi(y,—ay, + y,)sin’ @t — y @, sin 2@t

U, =333 (~@, (x,~x,) + 24,

xl(t_T)

+@, cosm,t — y,—y, —2a,x,(t —T)\J1—x_ sinx, +2a, mcosxz(t—T)
+x,(~o,(x,(t =T) = x,(t = T)) + a(x; — (y; sina,t —1)sin@,t + x,(t)x,(t = T))
uy = 3x; (—2a,4/1-x; sinx,)—3yi (3,3, + B)sin’ @ t + yiw, sin 2wt + @, cos @t — y,y,

—B+(—,(x,~x,) + 2a, —2 =05 x, ), (1 = ) = 2a,%,y[1 = x3 (= T) sin x, (¢ = )+ ]
1-x

~(yisinat—1)sinat -y, +x,()x,(t = T)

X : :
——=—c0sx,) =3y, (yy, —oy,)sin’ @t + y,@, sin 2wt

Ji-x
+@, cos@m,t —yy, —2a,x,(t—T)\J1-x; sinx, +2a21x3(tz—_(tT)T)
—x3(t—

u, = 3xf (~o,(x;—x,)+2a,

cosx,(t=T))

+x,(~,(x,(t=T)-x,(t-T))+o(x;, — (y; sin@t —)sina@,t — 2y, + x,()x,(t = T))
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Eq. (4-4-29) becomes

V=—(e +ael +e; +oe)<0 (4-4-30)
which is negative definite. The Lyapunov asymptotical stability theorem is satisfied. Cubic time
delay symplectic synchronization of the Quantum-CNN system and the Rdssler system i

achieved. The numerical results are shown in Fig. 4-11. After 5 second, the motion trajectories

nter a chaotic attractor
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4-5 Chaos Synchronization of Quantum-CNN Oscillators Chaotic
System by Variable Structure Control

There are two identical nonlinear dynamical systems and the master system controls the

slave system. The master system is given here

x=Ax+ f(x) (4-5-1)

T . . . .
where x = (xl,xz,--- X ) € R" denotes the state vector, 4 isa nxn coefficient matrix, and f'is

> n
a nonlinear vector function.

The slave system is given here
y=Ay+ f(y)+u() (4-5-2)
where y = (ylayza"'ayn )T € R" denotes a state vector and u(t) = (u1 (@), uy(t), -+,u, (t))T ER" isa

control input vector.
Our goal is to design a controller u(7) so that the state vector of the slave system (4-5-2)
asymptotically approaches the ~state vector of.the master system (4-5-1) and finally the

synchronization will be accomplished“in the sense that the limit of the error vector
e(t)=(e,e,, ++,e, ) approaches zero;

lime =0 (4-5-3)

where
e=y—x (4-5-4)
From Eq. (4) we have
e=y—x=Ae+F(x, y)+u(t) (4-5-5)
where F(x, y)=f(y)—f(x).

According to the theory of active control, we can use the control input vector-function u(7)
to eliminate all items that cannot be shown in the form of the error vector e. By this way, the
vector-function u(¢) can be determined.

u@®)=H(@)-F(x,y) (4-5-6)

And Eq. (4-5-5) is rewritten as
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e=Ae+ H(t) (4-5-7)
Eq. (4-5-7) describes the error dynamics and can be considered in terms of a control problem
where the system to be controlled is a linear system with a control input H(¢) as the functions of
the error vector e. As long as these feedbacks stabilize the system, the error vector e converges to
zero as t—>o0, This implies that the master system (4-5-1) and the salve system (4-5-2) are
synchronized finally. There are many possible choices for the control H(z). It is well known that
the most distinguished feature of the sliding mode control technique is that, when in sliding mode,
the system is robust to parametric uncertainty and external disturbances. Without loss of

generality, we choose the sliding mode control law as follows:

H(t) = Kw(?) (4-5-8)

where K =(k,, k,,---,k,)" is a constant gain vector, W(f) € R is the control input and satisfies

w'(t) s(e)>0
w(t)y (4-5-9)
w () s(e)<0
and s=s(e) is a switching surface that prescribes-the desired dynamics.
This results in
é:A€+KW(t). (4_5_10)

In what follows, the appropriate sliding mode controller will be designed in terms of the
sliding mode control theory.

(1) Sliding surface design: Generally speaking, the sliding surface s(e) can be defined as

s(e)=Ce (4-5-11)
where C=(c,c,,-*-,c,) 1isa constant vector.

The equivalent control approach is found by recognizing that s(e)=0 is a necessary
condition for the state trajectory to stay on the switching surface s(e)=0. Hence, when in sliding
mode, the controlled system satisfies the following conditions

s(e)=0 (4-5-12a)

and
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s(e)=0 (4-5-12b)
Substituting Eq. (4-5-10) and Eq. (4-5-11) into Eq. (4-5-12b), we can obtain
s(e) = %é =C[de+Kw()]=0. (4-5-13)
Solving Eq. (13) for w(z) yields the equivalent control w,(?)
w,, (t) =—(CK)'C4e (4-5-14)

where the existence of the matrix inverse (CK)™ is a necessary condition.
Putting Eq. (4-5-14) into Eq. (4-5-10), the state equation in the sliding mode is given as

follows:
¢=[1-K(CK)'C | Ae. (4-5-15)

Suppose that the vector K is selected such that (4, K) is controllable.
(2) Design of the sliding mode, controller:: Assume that the constant plus proportional rate
reaching law is applied. The reaching law can be chosen such that
§=—q-sgn(s)—rs (4-5-16)
where sgn(-)denotes the saturation’function, and the gains ¢>0 and »>0 is determined such that
the sliding condition is satisfied and sliding mode motion will occur.

From Eq. (4-5-10) and Eq. (4-5-11), it can be found that
s(e)= C[Ae + Kw(t)]. (4-5-17)
By Eq. (4-5-16), we have
w,, (1) =—(CK)" [C(rI + A)e+q-sgn(s)] (4-5-18)

(3) Robust stability analysis: In order to check the stability of the above controlled system,

we can construct the following Lyapunov function

1
V:Ef (4-5-19)

and then, differentiation of the above expression Eq. (4-5-19) with respect to time yields

V=4§s= @és = Cés. (4-5-20)
Oe
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Substituting Eq. (10) and Eq. (18) into Eq. (20), then we can obtain
V= sC[Ae + Kw(t)] = sC{Ae ~-K(CK)™ [C(r] + A)e+q- sgn(s)]} =—rs" —s5q-sgn(s). (4-5-21)

Since the expression —sq-sgn(s) is always negative when e # 0, the inequality V =5 <0.
As an example, let us consider Quantum-CNN system. For a two-cell Quantum-CNN, the
following differential equations are obtained [23]:

The master system is described by:

. _ 2 .

X, =—2a,4/1-Xx; sinx,

. 5 X,

X, =-,(x,—x;)+2a, =COs X,

1-x
(4-5-22)
< 2 .
X, = —2a,,/1—x; sinx,
. x3
X, =—0,(x;—x)+2a, ———=Cosx,
-X
3

where x|, x3 are polarizations, x,, x4 aré quantum-phase displacements, a; and a, are proportional
to the inter-dot energy inside each cell and:0; and.»; are parameters that weigh effects on the cell
of the difference of the polarization of neighboring cells, like the cloning templates in traditional
CNNs. Let aj=a;=4.9, w;=1.13.and 0, =0.85: The initial values of Quantum-CNN systems
are taken as x;(0)=0.8, x2(0)=-0.77, x3(0) =—0.72, x4(0)=0.97, y1(0)=—0.98, ,(0)=0.87, y5(0)
=0.92 and y4(0)=-0.93 respectively.

The slave system is described by:

n= _Zal\ll_ylz sin y,

v, =—0,(y,—y;)+2q

V3 =—2a2\/1—y32 sin y,
. Y3
V4 :—a)z(y3—y1)+2a2

NIES

The result is show in Fig. 4-12.

(4-5-23)

cos Y,
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Chapter 5

Linear Coupling Synchronization

5-1 Preliminary

In Section 5-2, a generic criterion of the chaos synchronization is studied for complex
chaotic systems in series expansion form with unidirectional/mutual coupling. In Section 5-3, a
quadratic optimal regulator is used for the chaos synchronization. As we know in practical
systems it is difficult to obtain the precise mathematical model, so in practical applications the
investigators would like to employ simple and efficient controllers. Therefore how to design a

simple controller with the a few informations of chaotic systems obtained is an open problem.

5-2 Synchronization of the Compléex Chaotic Systems in Series
Expansion Form

This thesis studies the synchronizationroficomplex chaotic systems in series expansion form
by Lyapunov asymptotical stability theorem: A sufficient condition is given for the asymptotical
stability of an error dynamics, and is applied to guiding the design of the secure communication.
Finally, numerical results are studied for the Quantum-CNN oscillators synchronizing with
unidirectional/mutual linear coupling to show the effectiveness of the proposed synchronization

strategy.

5-2-1 Synchronization Schemes of Complex Chaotic Systems in Series
Expansion Form

In this section, the synchronization by unidirectional/mutual linear coupling is studied.
Based on Lyapunov asymptotical stabilization theory, we give a generic situation for judging
chaos synchronization of two complex systems in series expansion form. The two chaos systems

using mutual/unidirectional linear coupling can be written as
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x=Ax+h(x)+k(y—x) (5-2-1)

and

y=Ay+h(y)+k,(x-y) (5-2-2)
where x, y € R" represent the state vectors of the chaotic systems, 4e€ R™ is a constant
matrix, 7€ R"" 1is a continuous nonlinear function of x, y, k; and k, are constant gains which
represent the coupled parameters.
Let

e=x—-y (5-2-3)
then

é= [A + M (x(2), y(t))—(k + kz)] e+ H(x(1),y(t), e) (5-2-4)

where M (x(2), y(t))e+ H(x(2), y(¢), e) = h(x) — h(y). The elements of M (x(¢), y(¢)) depend on
state vectors x, y, and all of them areg-bounded convergent infinite series of x, y. H(x(2), y(2), e)
contains nonlinear terms of e.

In order to realize the chaos synchtonization among these two chaotic systems, we should
choose suitable coupled parameter matrices k3 and*k, so that

lime(t) =0 (5-2-5)

t—o
In the following, we give the generic criterion of local chaos synchronization of linear

coupling systems using the mutual linear error feedback scheme.

Theorem If there exists a positive definite symmetric constant matrix P and a constant >0,
which satisfy

B"P+PB<—-¢l <0 (5-2-6)
uniformly for any x and y in the phase space, where  then the error dynamics system (5-2-4) is
locally asymptotical stable.
Proof For the nonautonomous error dynamic system (5-2-4), choose the following Lyapunov

function:
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V(t)=e"Pe (5-2-7)

then its derivative is

V(t)=é" Pe+e" Pé=e" B" (t)Pe+ e’ PB(t)e+ higher order terms of e

(5-2-8)
=e' (B"(t)P+PB(t))e+---<—ge'e<0

for all sufficient small e = 0. For sufficient small e, its higher order terms are indifferent to the

sign of ¥ (f). So, the theorem is proved.

5-2-2 Numerical Results of the Synchronization of Two Quantum-CNN
Oscillator Systems by Unidirectional and by Mutual Linear Coupling

Case I The synchronization by unidirectional linear coupling

For a two-cell Quantum-CNN, the following differential equations are obtained:

. _ 2 .
X, =—2a,4/1—x; sinx,
. X,
X, =—0,(x,—x;)+ 2q =Cos x,
= (5-2-9)
%, =—2a,,/1-x; sinx
3 2 3 4
: X,
X, =—0,(x;—x,)+2a, = COSX,
[=;

where x; and x3 are polarizations, x, and x4 are quantum phase displacements, a; and a, are
proportional to the inter-dot energy inside each cell and ®; and ®, are parameters that weigh
effects on the cell of the difference of the polarization of neighboring cells, like the cloning
templates in traditional CNNs. Let aj=a,=13.4, 1 =11.9 and w,=6.04. The initial values of
linear coupled Quantum-CNN systems are taken as x;(0)=0.8, x2(0)=—0.77, x3(0) =-0.72, x4(0)
=0.57,y1(0)=-0.2, 2(0)=0.41, y3(0)=0.25 and y4(0)=-0.81 respectively.

Two Quantum-CNN chaotic systems using the unidirectional linear coupling can be written

as
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. 2 .
X, =—2a,+/1-Xx; sinx,

X, =—o,(x,—x;)+2q, al = COS X,
1-x
(5-2-10)
X%, = —2a,,/1-x] sinx,
X, =—,(x;—x,)+2a, 5 cos X,
1-x;
and
7 :_2a1\]1_y12 sin y, +k,(x, — )
yzz_a)1(y1_y3)+2a1 lyl > Cosy2+k2(x2_y2)
—N
(5-2-11)
Vs :—Zczzwll—y32 siny, +k;(x; — ;)
. )3
Vs =—0,(y;=y)+2a, cos y, +k,(x, —y,)
NS
where the values of k1, k>, k3 and k4 are to be determined.
Expand the right hand sides of.Eq. (5-2-10)and Eq.( 5-2-11) into power series:
X, =—2al(—lx12x2 +Lx12x§’——xl4x2 =, —lx; +Lx§ +--1)
2 12 8 6 120
. _ 1 AES s, 1 3_1 32,9 5
X, ==0,(x,=x;)+2a,(¥=—XX, F —XX; + =X, ——X; X, +—X; +-)
2 24 2 4 8
) (5-2-12)
X, =—2a xXx, +—x2x Xix, +x X+—x +
3 2( 37v4 37%4 374 4 6 4 120 4 )
X, = —,(x,—x,) +2a,(x ,— = X, X, +—x,X; +—x; —lx;xf+—x35+ )
and
P L Sl v WP B UL IR U S e
2 12 8 6 120
. 1 2 1 s 1 5 1 55 5
Y, :_a)l(yl_y3)+2al(yl_5y1y2 +£y1y2 +Ey1 _Zyl Y2 +§yl +)
+k,(x, —
- TZ) 1 1 1 1 (-213)
B G L T L U e g i R A VLD N A Gy

2 12 8 6 120

. 1 1 1 1
Vs :_a)z(y3_y1)+2a2(y3__y3yj +_y3y: +_y33 -

5
32,0205
5 24 ) Y3V, Y3 )

4 8
+k,(x,—y,)

We note that
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2 2 2 2 2 2 2 2
X, X5 =V, Vg = Ve, t X85 +2X, V585, X, X5 =V, Vy =—Vse, + X, €5 +2X,V,€,,
4 4 4 2 2 2 3
X, X5 =V, Vg =V, + X, X385+ X, X5V €5 +X,V, (eﬂ +3X,15€5),
2.3 2.3 3 2 2.2 3 2 2
XXy = VoV =—Vge, T X X5e5+X,Vp€5 +X,5(Vse, + X5 +2X,V,€5),

a

(5-2-14)
3.2 3.2 2.2 32 3 2 2
xaxﬂ _yayﬁ = yayﬂea +xaeﬁ' +xayﬁeﬂ +xayﬂ(_yﬂea +xaeﬂ + zxayﬂea)5

4 4 2 2 4 2 3
xaxﬂ _yayﬁ = _yayﬂea +xae,8 +xayayﬂea +xayﬁ(€a +3xayaea )7

5 5 5 3 2.2 3 3 3
x -y, =e +5x,y,(e +3x,y,e)-10x ye, ,x, —y, =€ +3x,y,e,.

From Eq. (5-2-12), Eq.( 5-2-13) and Eq. (5-2-14), the error dynamics is:

) 1 1 1
€ = _2‘1162 +a1(2x1y2 _gxlyg +Zx1y1y2(y1 +3x1)+"')e1 +a1(x12 +Xx,), _gxl (xlxzz +y§

1 1 1.1 1
+2x1y§)+zxf‘—§x§y§+---)ez—al(yz—gyiJrnyyﬁm)ef+a1(—gx12yz+-~)e§

1 1 1 1
+a1(zx1y2 +"')el3 +a1(§+"')e; +a1(_Ex2y2 +"')e§ +a1(_%+"')e§ +o ke
. SRR B SRR 2y, 25 2o
&, = (20, - o), + e, +a,3x,y, — ¥, "‘Eyz _Eyz ( +2x] )+Tx1 yite)e
1 3 1 2 1 2
+a1(2x1y2+Exlx2y2(x2+3y2)—x1y2+--~)ez+a1(5x1y2y2+~--)el —al(xl+ax1x2
1 25 1 5
_Exf +)e +a1(1+7x1y1 = +a1(ax1y2 +oe)e ‘l'al(Z""")eﬁ5 +—kye
. 1 1 1
& = 2a,e, +a,(2x,, _gx3yi +Zx3y3y4(J’3 +30) + e+ ay (37 + X,y _gxs(xsxi + 4
2904 PR = S Y+ )E (406l
4 12 6 4 6
1 3 1 3 1 3 1 5
+612(ZX3)/4 +o)e +a2(§+"')e4 +a2(_5x4y4 +:0)e; +a2(_5+"')e4 +—kyey
- 2 b 1 5 2y, 25 5,
é, = (2a, — w,)es + wye, +a,(3x,y; - v, +Ey4 _EyA;(ys +2x3)+7x3y3 +ee)e

1 1 1
+a,(2x,y, +Ex3x4y4(x4 +3y4)—x33y4 +-:-)e, +az(5x3y4y4 +"')e32 —a,(x +Ex3xf

1 25 1 5
S (14T e (S e (e ey

where e=(y,—x, ¥,—X,, ¥;—%, ¥,—x,) . We can obtain

—k, + B, —2a,+ B, 0 0

B 2a,—w,+B, —k,+B,, @, 0
0 0 —k, + B, —2a, +B,,
, 0 2a,-w,+B,, —k,+B,

where
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1 1
B, =a[2xy, _gxlyg +Z(x1y12J/2 +3x12y1y2)+---]

1 1 25
B, =a[3xy, -y +Ey§‘ —Eyi(yf +2x]2)+7xfyf +e0]

1 1 1
B, =a[x} +x,y, —g(xfxi +x,), +2x12y§)+zx14 —Exzzyf +-]

1
B,, =a|[2x,y, +Ex1x2y2(xz +3J’2)_x13y2 +0]
B.=a[2 ! s, 2 3x2
5=, x3y4_gx3y4+2(x3y3y4+ X3V30,) 4]

1 1 25
By, =a,[3x,y, _yj +Ey2 _Eyj(yi +2x32)+7x32y32 +-0]

I 1, 1
By = a5 4 x,7, — (6 + )3+ 220 )+ o — oy ]

B, =a,[2x,y, +%x3x4y4(x4 +3y,) =Xy, +]
The infinite power series in the first element of By, is
2x1y2—%x1y§’+i(xlyfy2+3x12y1y2)+-~- (5-2-15)
It is well-known [85-86] that a.necessary and sufficient condition for the convergence of the
infinite series
U +u, +tu, +o
is that for any previously assigned positive ¢ there exists an N such that, for any »>N and for

positive p,

Z’ln+] + un+2 +- 'un+p

<& (5-2-16)
From Fig. 5-1, we know that

lx|<1 |y|<l (=1,2,3,4) (5-2-17)

therefore series (5-2-15) which satisfies condition (5-2-16), is convergent and has a bounded sum.

For the same reason, the other power series in Bji, Bia, Bai, B, B33, Bsa, Bas and Bay are all

convergent and have bounded sums. The time histories of Byy, B2, Ba1, B2z, B33, B3a, B4z and Bag

are shown in Fig. 5-2.

Choose the positive definite symmetric constant matrix P = diag (pi, p2, p3, pa),
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p,>0,i=12,3,4 and any constante >0, then C= B"P+ PB +¢&l is negative definite if and
only if

(-D™'A, <0, i=1,2,3,4 (5-2-18)
where A, represents the ith order sequential subdeterminant of matrix C. Let ¢=0.1,

po=1i=1,2,-4.

-2k, +2B,,+& - +B,+B,, 0 ,
-, + B12 +B, 2k,+2B,+¢ , 0
) 2k, +2B,,+¢ -w,+B,,+B,
0 -0, + B, +B,; -2k, +2B,, +¢

A =-2(k,—B,)+e<0
A, =-24(k,—B,,)+ Ae—(-w,+ B, +B,,)* >0
A, ==24,(k,—B,)+ Ae— @4, <0

-, + B, +B;, 0 ,
A, =-w,| -2k, +28,, +¢& W, 0
@, 2l+2B.+¢ -w,+B,+B,
=2k, +2B,, -, + B, +B,, ,
—(~w, + By, + Byy)| =, + B, + B,y 2k, +2B,, +¢ 0 (5-2-19)
0 , -w,+B,,+ B,

—2A4,(k,—B,)+ 4,¢

=-w,[o(-w, + B, + B, )(—®, + B, + B;;) + 0,((—2k, + 2B, + &)
(=2ky+2B;; +¢) - 6012)] —(~w, + By, + By)[o,0, (-0, + B, + B,))
+(~w, + B, + B;)A,1-24,(k, - B,,) + 4,6 >0

where
A =-2(k,—B,)+e,
A, =—24,(k,~B,,)+ Ac—(~w,+ B, +B,,)’ (5-2-20)
Ay =-2A4,(k;—By;)+ A6 - a)le1

i.e.

k> max{B“(z)+§} =30.07 (5-2-21)

ky 1s chosen as 33.07, by Eq.(5-2-20) 4,=6
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A (2B,,(t)+e)-(-» +B,()+ B, (1)’
24

1

k, > max{

1=10.9

k is chosen as 11.8, by Eq.( 5-2-20) 4,=11.65

4,2By, () +&) -0 4

k, > max { Y
2

1 =50.35

ks 1s chosen as 52, by Eq.( 5-2-20) 45=—38.3

(5-2-22)

(5-2-23)

—o,[o,(-o,+ B, (1) + B, (1)) (—w, + B, (1) + B, (1)) + @,((=2(k, = B, (t) - %)

k, > max{
24,
(=2(ky = B, (1) —g) — )]+ A, (2B (1) + &) — (o, + By, (1) + By (1))
) 24,
0.0 (-0 + B, (1) + B, (1) + (-0, + B, () + By, (t))Az]} 3018
24,
k4 1s chosen as 3020.

(5-2-24)

The Lyapunov asymptotical local ‘stability theorem is satisfied. This means that the

synchronization of two Quantum-CNN systems by.unidirectional linear coupling can be achieved.

The numerical results are shown in Fig. 5-3:
Case II The synchronization by mutual linear coupling

Tow Quantum-CNN systems with mutual linear coupling are given:

X = _2alﬂsinx2 k(7= x)

. X,
X, ==, (x,—x;) +2q, 1

— COS X, +h,(v, —x,)

1
X, = —2a,/1-x2 sinx, + k; (v, — x3)

' X
X, =—,(x;—x,)+2a, 1 : =cos x, + ki, (v, = X,)

1-x

and

N :_zal\ll_ylz sin y, +k,, (x, — ;)

Vv, ==o(y,—y;)+2aq, h — COS ), ko (0, = 3,)
1=y
Py ==2ay\1=y3 sin y, + ko (x; = 33)
V3

y, =—0,(ys—y,)+2a, cosy, +k,, (x,—y,)

2

—);

:
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where the values of ki1, k12, ki3, k14, k21, k2o, ko3 and ko4 are to be determined.

Expand the right hand sides of Eq. (5-2-25) and Eq. (5-2-26) into power series:

: 1 1 1 1
% =—2a,(-=x'x, +Ex12x§’ —gxfxz +x,——x; +Ex§ + )+ k(v —x)

6

X, :_wl(xl_x3)+2al(xl_lxl'x22 +Lx1x; +lx13 _lexj +§x15 +e) k(v = X))
2 24 2 4 8

1 1 1 1, 1 (5227

. 3 s

X ==2a,(-= x;x, +Ex32xi _§x§x4 Xy _gx4 +Ex4 +e) ks (= %)

1 1 1 1
X, :—a)z(x3—x1)+2a2(x3—§x3xj XX X S, +§x§ +o)H k(v = xy)

24 2 4

and

. 1 1 1 1 1
b =—2a1(—5yfy2+§yfy§ —gyf‘y2+y2—gy§+ﬁy§ o)+ ko (= 3)

. 1 1 1,1 5
V2 =0 (1) 20 (Vo Yy A o +§yf o)+ ko (3, = 3,)

24 2 4 (5-2-28)
. 1 2 1 2 3 1 4 1 3 1 5
V3= _Zaz(_5y3y4 +Ey3y4 _§y3y4 TV _gy4 +my4 +oo) ko (05— y3)

. 1 | 1, 1 5
Vs = =0 (y =)+ 20, (V EU AR AV S Yy~ vV o Vi) (= 3)

From Eq.( 5-2-27), Eq.( 5-2-28), and Eq. {5-2-14), the error dynamics is:

) 1 1 1
e =—2ae, +a,(2x,y, _gxlyg +Zx1y1y2(y1 +3x)+-)e +a1(x12 +X,), _g)ﬁ(xlxz2 +y§

1 1 1.1 1
+2x1y§)+le4—§x§y§+---)ez—al(yz—gy%zyfyﬁ'--)ef+a1(—gx12yz+-~)e§

1 1 1 1
+a1(Zx1y2 +--)e; +a1(§+“')e§ +a1(_Ex2yz +0)e; +a1(_5+"')e§ +oo =k +ky) e,

. 1 1 25
é, =(2a, - m,)e, +we, +a,(3x,y, — Vi +Ey; —Eyf(yf +2x12)+7x12y12 +::4)e
1 3 1 2 1 2
+a,(2x,y, +Exl)czyz(x2 +39,) =Xy, +-)e, +a1(5x1y2y2 +-)e —a,(x, vLE)clx2
1 3 2 25 3 1 3 5 5
—=x g ta(l+—xp +o)g +a (X y, +oo)e Ha (ot o= (ko e,
2 4 12 4
: 1 1 1
& =—2a,e, +a,(2x,y, _gxsyi +Zx3y3y4(y3 +3x;)+-)e +a2(x32 T X,V _gxs(xsxj +y2
T R S NS P R 5 R RS R A S S URMD
4 12 6 4 6

1 1 1 1
+612(ZX3)/4 """)633 +a2(§+"')ei +a2(_5x4y4 +~--)€j +a2(_5+"')ej o= (ks +ky e
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. 1 1 25
¢, =(2a, ~ w,)e; + w,e, +a,(3x,y; ~ v, +Ey: _Eyj(yi +2x32)+7x32y32 +e0)ey

1 1 1
+a,(2x;y, +Ex3x4y4(x4 +3y4)—x33y4 +-:0)e, +a2(5x3y4y4 +"')e32 —a,(x, +EX3XZ

1 25 1 5
—Exi +---)ef +a2(1+7x3y3 +---)e33 +a2(E Vs +---)ei +az(z+---)eg5 +o—=(ky, +kyy)e,

where e=(y,—x,, ¥,—%,, ¥;—%, ¥,—x,) . We can obtain

—(k,, +k,,)+ B, —2a,+ B,, 0 0
B 2a,—w, + B, —(ky, +ky)+ B,y , 0
0 0 —(kyy+ky)+ By —2a, + B,
, 0 202 -, + B34 —(k14 + k24) + B44

where

1 1
By, =a,[2xy, —gxlyi +Z(x1yf Y, #3357y ) 4]
1 1 25
B, =a[3xy, =y, +—y, a5y (] #2x) + = x7 ] +-]
12 2 4
1 1 1
B, :al[x12 +X), __(xlzxj +x1y§ +2x12y22)+_x14 ——x22y22 +o]
6 4 12
1
B,, = a[2x,y, +Ex1x2yz(x2 +3y2)_x13y2 tee0]
B, =a,[2x.y, —~x.y} +~( SORTEESY
5= 4[2x,, 6x3y4+4(x3y3J’4+ X;VsYa)t+ee]
1 1 25
By, = a,[3x,y, - ¥} +Ey3 —Eyf(yf +2x32)+7x32y§ +ooe]

1 1 1
B,; =az[x32 T XV, —g(xij +x3yj +2x32y:)+2x; _Exjyj +-]

1
B, =a,)[2x,y, +Ex3x4y4(x4 +3y4)_x;y4 +e00]

Similar to Case I, from Fig. 5-5,

xi| <1, |yi| <1 (i=1,2,3,4), the infinite power series in

Bi1, Bi2, Ba1, B2y, B33, By, Baz and Byg are all convergent and have bounded sums [85-86]. The
time histories of By, B12, B21, B2, B33, B34, B4z and Bas are shown in Fig. 5-4.

Choose the positive definite symmetric constant matrix P = diag (pi, p2, p3, pa),
p,>0,i=1,2,3,4 and any constante >0, then C=B"P+ PB+¢l is negative definite if and

only if
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(-D)™MA <0, i=1,2,3,4 (5-2-29)

where A, represents the ith order sequential subdeterminant of matrix C. Let ¢=0.1,

pi=1i=1,2,-,4.

2k, +k, +B,)+¢ -, + B, +B,, 0 w,
Co -w + B, +B,, 2k, +k,, +B,,)+¢ ), 0
0 ), 2k, +ky,+By)+e -, + B, +B,;
w, 0 -, + B, + B, 2k, +k,+B,)+¢
A =2k, +k, —B,))+e<0
A, =24k, +k,, —B,)+ Ae—(—w,+B,+B,) >0
A, ==24,(k,+ky—By)+ Ae—w'4 <0
-, + B, +B,, 0 w,
A, =—w,| -2k, +ky,)+2B,, +¢ @, 0
, =2k, +ky)+2B,,+¢ -, +B,,+B,
2kt ks ) +2B,, ~w, + B, +B,, ,
—(-w,+B,,+B,;)| —-o,+#B,+B,  2kz+k,)+2B, +¢& 0 (5-2-30)
0 o, -0, +B,, + By,
—24, (k14 + k24 - B44) + 4,8
=—0,[0, (-0, + B, + B, )(—@, + By #B,;)+ 0, (—2(k, + kyy — By,) + &)(—2(ky; + ky3)
+2B;+¢&)— a)12 )= (=@, + By, + By)lw,o (@, + B, + By )+ (-, + By, + By ) 4, ]
—2A4,(k, +k,,—B,)+24,6 >0
where
A =-2(k,, +k,,—B,)+¢,
A, =24k, +ky, —B,))+ Ae—(~w,+ B, +B,,)’, (5-2-31)
A, =-2A4,(k;+k,;—B;)+ A, — a)fA
ie.

(k, +ky) >max{BH(t)+§} =8.13 (5-2-32)

ki1 and ky; are chosen as 9.2 and 8.4 respectively, by Eq.(5-2-31) 4,=17.14

A4 (2B, () +¢&)—(—o + B, () + Bz1(t))2
24

1

(k,, +ky,) > max { 1 =7.62 (5-2-33)

ki, and ky, are chosen as 7.6 and 6.7 respectively, by Eq.(5-2-31) 4,=194.61
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A, (2B (1) + 5)_(012‘41

(ky5 + ky3) > max { Y

}=20.11 (5-2-34)

2

ki3 and ky3 are chosen as 13.2 and 7.6 respectively, by Eq.(5-2-31) 43=243.53

(k. + k) > max 2 B0+ ) = (0, + B0+ Bo()[0.0, (-0 + By (0+ By (1)

24,
n (=@, + By, (1) + B;(1))4,]— v,[ o, (_a;;' B, (0)+ B, (1))(—w, + By, (1) + B,;(1)) (5-2-35)
) ((=2(k, + k) + 2By, () + 6)(=2(k; + kyy) + 2B, (1) +6) — a)lz)]} — 569

24,

k14 and ky4 are chosen as 284 and 291 respectively.
The Lyapunov asymptotical local stability theorem is satisfied. This means that the

synchronization of two Quantum-CNN systems by mutual linear coupling can be achieved. The

numerical results are shown in Fig. 5-5.

\ \ \ \ \ \ \ \ \

Fig. 5-1. Phase portraits of master system (5-2-10).
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5-3 Chaos Synchronization of Complex Chaotic Systems in Series
Form by Optimal control
5-3-1 Linearly Coupled Chaos Synchronization Scheme by Optimum Control

The optimum control is defined as a method that makes the specified performance index of a
system has optimum value when the desired control assignment is fulfilled.
The state equation of the system is
x(t) = Ax(t) + Bu(t) (5-3-1)
where x(¢) is an n-dimensional state variable of the system, 4 is an nxn dimensional constant
matrix, and B is an appropriate nxr dimensional constant matrix. The matrix [4 B] is controllable
entirely and u(#) is an » dimensional control input of the system. Assuming that u(¢) has no

restriction and u(0) = 0, the performance index is
J= j: (x"Ox+u" Ru)dt . (5-3-2)

In Eq. (5-3-2), Q is an nxn-dimensional. sethi-positive definite real symmetric constant
matrix; R is an rxr-dimensional-positive definite real-symmetric constant matrix. The choice of
the weighting matrix Q or R is based on €clectic considerations, which can enhance the control
performance and reduce the control energy consumption. The aim of the optimum control is to
get u(t)=Kx(t) and then make the performance index Eq. (5-3-2) to be minimum, where Kalman
gain K is an 7xn dimensional matrix.

So the design of the optimum control system is simplified to get the elements of matrix K.
By stability theory, the optimization of the quadratic performance index indicated by Eq. (5-3-2)
can be solved.

The feedback gain matrix K of the quadratic optimal regulator is obtained as follows [87]

K=R"'B"S. (5-3-3)
The matrix S in Eq. (5-3-3) is a positive definite matrix and must meet the following Riccati
equation:

A"S+SA-SBR'B'S+Q0=0. (5-3-4)

Then the following nonlinear chaotic system is considered:
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x(t) = Ax(t)+ F(t,x)+ Bu,(t) (5-3-5)

where A4 is an nxn dimensional definite constant matrix, x = (x,,x,,---,x,) € R" is the state

variable of the system, F(x)=(F,,F,,---,F )" is the nonlinear terms of the chaotic system and

u(ty=k,[y(£)-x(¢)] 1s a r dimensional control input where k, is a constant vector. The second
chaotic system
y(t)=Ay(t)+ F(t,y)+ Bu,(t). (5-3-6)
where B is an appropriate constant matrix, ux(#)=ks[x(¢)-y(¢)] is a » dimensional control input
where £, 1s also a constant vector.
Define error vector e = x—y. From Egs (5-3-5) and (5-3-6), the error system is
e(t)=[A-B(k,+k)le+F(t,x)-F(t,y). (5-3-7)
In current scheme of chaos synchronization, maximum values of states must be determined
by simulation. They are half analytic method but hot pure analytic method. In F(z, x)—F(¢, )
nonlinear item is ignored. This is incorrect since there exist linear terms of e in F(¢, x)—F(¢, »),
which can not be ignored. In this thesis, the series expansion form analysis offers a correct
method.
The series expansion form is
é= [A + M (x(2), y(t))—B(k, +k, )] e+ H(x(1),y(t),e) (5-3-8)
where M (x(¢), y(t))e+ H(x(¢), y(t), e) = F(t,x)— F(t,y). The elements of M (x(¢), y(¢)) depend
on state vectors x, y, and all of them are bounded convergent infinite series of x, y.
H(x(t), y(t), e) contains nonlinear terms of e only..
If we choose appropriate 4, and k; to make 4+M(x(¢), y(t))-B(ks+k,) asymptotically stable,
by first approximation theory, the zero solution e=0 of Eq. (5-3-8) is asymptotically stable, i.e.
systems (5-3-5) and (5-3-6) are synchronous.
Now we construct an optimal regulator, which is used to synchronize chaotic systems

according to the theory of the quadratic optimal regulator, and the aim is to get the feedback gain
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matrices k, and k; of system (5-3-5) and of system (5-3-6), respectively. The steps to get matrix £,
and k; are: (a) Selecting an nxn dimensional semi-positive definite real symmetric constant
matrices Q, an rxr dimensional positive definite real symmetric constant matrix R and a constant
matrix B, with the definite constant matrix 4 we can get a Riccati equation as shown in Eq.
(5-3-4). Then, we should solve this equation to get matrix S. If the positive definite matrix S
exists, then the matrix 4+M(x(¢), y(t))-B(ks+k,) is asymptotically stable and the design of control
for the synchronization systems is successful. Otherwise, we should reselect O, R and B and
calculate again. (b) Putting the matrix S in Eq. (5-3-3), we can get the gain matrices &, and k; of
the regulator. After getting the matrices &, and k; according to the above steps, we put &, and £;

and the matrix B in Eq. (5-3-5) and Eq. (5-3-6), and then we get the synchronized systems.

5-3-2 Numerical Results of' the Sync¢hronization of Two Quantum-CNN
Oscillator Systems by Unidirectional and by Mutual Linear Coupling

Case I The synchronization by unidirectional linear coupling

For a two-cell Quantum-CNN; the following differential equations are obtained:

. _ 2 .
X, =—2a,4/1-Xx; sinx,
. X,
X, =—o,(x,—x;)+2a, =COS.X,
1-x;
(5-3-9)
. _ 2 .
X, =—2a,4/1-x; sinx,
. X,
X, =—0,(x,—x,)+2a, =COS X,
-X
3

where x; and x3 are polarizations, x, and x4 are quantum phase displacements, a; and a, are
proportional to the inter-dot energy inside each cell and ®; and ®, are parameters that weigh
effects on the cell of the difference of the polarization of neighboring cells, like the cloning
templates in traditional CNNs. Let a;=a;=2.47, ;=1 and w,=1, chaos is obtained for this
system.

Two Quantum-CNN chaotic systems using the unidirectional linear coupling can be written

as
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x
. 2 . . _ 1
X, =—2a\1-x sinx,, X, =—o,(x,—x;) +2aq, COS X,

x
. 2 . . 3
X, =—2a,,/1-x; sinx,, X, =—,(x,—x,)+2a, cosx,

and

Y =_2al\/1_y12 siny, +k(x, = ), ¥, =—o(y,—y;) +2a, A cos y, +k,(x, — y,)

1-y;

(5-3-10)

(5-3-11)

. . . Y
Y3 = _2az\jl_y32 Sin y, +ky(X; = y3), vy =—0,(y;—») +2a, —32cosy4 +hk,(x,—y,)
VI=»3

The initial values of linearly coupled Quantum-CNN systems are taken as x;(0)=0.8, x(0)=

—0.77, x3(0)=—0.72, x4(0)=0.57, 1(0)=—0.2, 1,(0) = 0.41, y3(0)=0.25 and y4(0)=—0.81.

Expand the right hand sides of Eq. (5-3-10) and Eq. (5-3-11) into power series:

2.3

. 1 1 1 1
X = —2a1(—5x12x2 +Ex12x§ —gxfxz Fa, —— X5 +Ex; +--0)

6

X, :—a)l(xl—x3)+2al(x1—%x1x22 +2—14x1x;1 +%xl3 —%xfxzz +§x15 +--1)

5

. 1 1 1 1 1
Xy = =20, (= XX, + =X XS =X X b, =X, +—— X, 00

6 120

2 4

1
+ﬁy§ +"')+k1(x1 _yl)

4

2 12 8
X, ==0,(x,=x)+2a,(x ;= =XX, F— XX, +—X; ——X; X, +—x; +-+°)
2 24 8

and

. | 1 1 |

P =—2a1(—5yfyz +Eyfy§’ —gy{‘yz +, —gyi

24 2
. ] 1 1 1
Vs =—2az(—5y§y4 +Ey§yi —§y§y4 +, —gyi

24

2

1
+Eyi +o )+ (= ;)

4

From Eq. (5-3-12) and Eq. (5-3-13), the error dynamics is:

ée=[A+M(x(t),y(t)— Bk, Je+ H(x, y, e)

where e=(y,—x, y,—X,, ¥;—X,, y4—x4)Tand
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(5-3-12)

. 1 1 1, 1 5
V2= =0y R 20 (0 D Yy S W Y e ) (= )

(5-3-13)

. 1 1 1,1 5
Vs =0V H 20, (Vo YA Vi S Tyt Vs ) k(= 3)

(5-3-14)



M,  2a,+M, 0 0

2a,+M,, M,, 0 0
M (x(2), y(1)) =
0 0 M, —2a,+M,,
0 0 2a,+M,, M,

in which

1 1
M, = a[2xy; —xys + (0017, +35000) +]

and H(x, y,e) contains nonlinear terms of e.

The infinite power series of the first element of M, i.e. M, is
1 3 1 2 2
2x,y, —g +Z(xlyl YV +35 Y+ (5-3-15)
It is well-known [85-86] that a necessary and sufficient condition for the convergence of
the infinite series
U+, +otu, +o
is that for any previously assigned positive & there exists an N such that, for any »>N and for

positive p,

‘unJrl + un+2 +- .uner <& (5'3'16)

From Fig. 5-6, we know that
lx|<1, |v|<1 (=1,2,3,4) (5-3-17)

Therefore M), and every other element of M(x(¢), y(¢)) are convergent series and each element
has a bounded sum.
We can get the optimum gain k=[ki, k2, ks, k4] by the method of constructing a quadratic

optimal regulator. With

0 0 0 O
-0, 0 o 0
A=
0 0 0 O
o, 0 -w, 0

Choose
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B=[0 0 0 1]'; R=[1]; 0= (5-3-18)

N O O
S —= O O
N O O

After solving the corresponding Riccati equation, we get the gain matrix k=[ki, k2, ks,

ks]"=10, 1,0, 17".

From the simulation results of Fig. 5-6, it is shown that master system and slave system

reach the synchronization state after they are controlled by the quadratic optimal regulator. It is

noticed that the synchronization effect is very effective.

Case II The synchronization by mutual linear coupling

Tow Quantum-CNN systems with mutual linear coupling are given:

=—2a1«/1—x12sinx2+k“(yl—xl),5c2=—a)l(x1—x3)+2al ul cosx, +k,(y, —x,)

X,
1-x7
(5-3-19)
. . 3 X
3y = =2a,1=x7 sinx, + k(v =), X, = —0,(%5=x) + 24, 1 : > cosx, +ky, (v, —x,)
and
i :_2a1\/1_y12 sin y, +ky, (X, = 3, ) ¥y = =0, (1=)3) + 24, lyl 2 cos y, +ky (X, = 1,)
g (5-3-20)
V3 :_2az\jl_y32 Sy, +ky; (x5 = 33), vy =—0,(y;=,) + 24, 1y3 > €o8 v, +ky, (%, = 4)
— Vs
Expand the right hand sides of Eq. (5-3-19) and Eq. (5-3-20) into power series:
. 1, 1 .5 14 15 1 5
X :_2‘11(_5)(1 X +Ex1 X _g‘xl Xy + X, _gxz +EX2 +o) k(= %)
. 1, 1 4 15 1 5, 5
X =—a)1(x1—x3)+2a1(x1—5x1x2 +Ex1x2 +Ex1 _Zx1x2 +§x1 +o)+ k(v = xy)
1 1 1 1,1 (>-3-21
)'C3=—2a2(—5x32x4+ax32x2 —§x§x4+x4—ng+ﬁxj+---)+k13(y3—x3)
. 1, 1 s 13 1T 5, 55
Xy :_wz(xs_x1)+2a2(x3_5x3x4 +ﬁx3x4 +5x3 _Zx3x4 +§x3 +oo) k(v —xy)
and
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. 1 1 1 1 1
V= —2a1(—5yfyz +Eyfy§ —gyf‘yz +, —gyi +Ey§ +-- )+ ky (X, = »)

. 1 1 1, 1 5
By =m0 (ymy) F2a (7 WYy T Y ) e (= 0)

1 1 1 1 1 (5-3-22)
¥y =20, Vst VY —§y§y4 + Yy —gyi tog Vit ) e (n=)
Ya =—a)2(y3—y1)+2a2(y3—5y3y4 +£y3y4 +Ey3 _Zy3y4 +§y3 +ee) ko, (- )
From Eq. (5-3-21) and Eq. (5-3-22), the error dynamics is:
é=[A+M(x(t), y(6) = B(k, +k,)le+ H(x, , ¢) (5-3-23)

where e=(y,—x, y,—X,, Y;—X;, y4—x4)Tand

M, —2a,+M,, 0 0
2a,+M,, M,, 0 0
M (x(1), y(1)) =
0 0 M., —2a,+M,,
0 0 2a,+M,, M,

in which

1 1
M, =a[2xy, _gxly; +Z(x1y12y2 +3x12y1y2)+"']

Similar to Case I, from Fig. 5-7,

x,,| <1, |yi| <1 (i=12,3,4), the infinite power series

elements of M(x(z), y(¢)) are all convergent and have bounded sums [85-86].
The optimum gain k=[k11, ki2, ki3, ki4]" and k=[kz1, ka2, k23, k24]” can be obtained by the

method of constructing a quadratic optimal regulator. With

0 0 0 0
-0, 0 w 0
A=
0 0 0 0
w, 0 -w, 0
we choose
1000
B=[0 0 0 1]; R=[1]; 0= 0202 (5-3-24)
’ ’ 00 1 0f
020 2



After solving the corresponding Riccati equation, we then get the gain matrix k,=[k1, k12, k13,

k14]™=[0, 0.5, 0, 0.51" and k=[k1, ka2, ka3, k24]"=[0, 0.5, 0, 0.5]".

From the simulation results of Fig. 5-7 it is shown that master system and slave system reach

the synchronization state after they are controlled by the quadratic optimal regulator. It is noticed

that the synchronization effect is very effective.
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Fig. 5-6. Time histories of states, state errors for uni-direction linear coupling.
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5-4 Chaos Synchronization of Quantum-CNN Chaotic System by
Impulse Control

The synchronization by unidirectional/mutual linear coupling with periodic impulse is
studied. Two chaos systems using mutual/unidirectional linear coupling with periodic impulse
can be written as

X =Ax+h(x)+u,(y—x) (5-4-1)
and

y=Ay+h(y)+u,(x—y) (5-4-2)
where x, y € R" represent the state vectors of the chaotic systems, 4 R"" is a constant matrix,
he R™ is a continuous nonlinear function of x, y, u; and u, are constant gains of periodic
impulse signals which represent the coupled parameters. If u; is equal zero then the systems call
unidirectional linear coupling synchronization by periodic impulse. If u; and u, are the systems
call mutual linear coupling synchronization by periodic impulse.

As an example, we study unidirectional/mutual linear coupling synchronization by periodic

impulse for Quantum-CNN chaoti¢ system:Theequations considered are

'X'.l =—2a14’1—x12 SiIle +u11(y1 _xl)
. X
X, = =0 (x,=x;) +2q, 1 1 2 COS X, 142 (), %)
(5-4-3)
X, = —2a21/1—x32 sinx, +u;(y, —x;)
. X
Xy =—a)2(x3_x1)+2a2 : 2 COsx4+u14(y4—x4)
1-x;
and
» :—Za“/I—yf sin y, +u,, (X, — ;)
Y, =—0,(y,—y;)+2q, lyl - COS Y, + Uy, (X, = ;)
N
(5-4-4)
Yy ==2a,\1—y3 sin y, +1,,(x; — »3)
. V3
Vs =—0,(y;—y)+2a, COS Yy + 1y, (X, = 1)
NIESS

The initial values of Quantum-CNN systems are taken as x;(0)=0.8, x2(0)=-0.77, x3(0)=

~0.72, x4(0)=0.57, y1(0)=—0.2, y2(0)=0.41, y3(0)=0.25 and y4(0)=—0.81 respectively.
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The result is show in Figs. 5-8 and 5-9 for unidirectional linear coupling and mutual linear

coupling, respectively.
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Chapter 6

Pragmatical Synchronization and Control

6-1 Preliminary

The synchronization phenomenon has the following feature: the trajectories of the drive and
response systems are identical notwithstanding starting from different initial conditions. However,
slight errors of initial conditions, for chaotic dynamical systems, will lead to completely different
trajectories. Therefore, how to control two chaotic systems to be synchronized is an attractive
objective. Many approaches have been presented for the synchronization of chaotic systems such
as linear and nonlinear feedback control. Most of them are based on the exact knowledge of the
system structure and parameters. But in. practice, some or all of the system parameters are
uncertain. Moreover, these paramgters change from time to time. A lot of works have proceeded
to solve this problem by adaptivé synchronization. In Current scheme of adaptive synchronization,
traditional Lyapunov stability theorem and-Babalat-lemma are used to prove the error vector
approaches zero as time approaches infinity. But the question, why the estimated parameters also
approach the uncertain values, has still remained without answer. Based on a pragmatical
asymptotical stability theorem and an assumption of equal probability for ergodic initial
conditions, the question is answered.

Among many kinds of synchronizations, the generalized synchronization is investigated. It
means there exists a given functional relationship between the states of the master and that of the
slave y=G(x). In this thesis, a special kind of generalized synchronizations

y=G(x)=x+F(1) (6-1-1)
is studied, where x, y are the state vectors of the master and of the slave, respectively. F(?) is a
given vector function of time which may take various forms, either regular or chaotic function of
time. When F(¢)=0, it reduces to a complete synchronization.

Since chaos control problem was firstly considered by Ott et al., it has been investigated
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extensively by lots of authors. Adaptive control method was also used to control chaotic system.
However, traditional adaptive chaos control is limited for the same system. Proposed pragmatical
adaptive control method enlarges the function of chaos control. We can control a chaotic system
either to a given simple unchaotic system or to a more complex given chaotic system. Based on a
pragmatical theorem of asymptotical stability using the concept of probability, an adaptive
control law is derived such that it can be proved strictly that the common null solution of error
dynamics and of parameter dynamics is asymptotically stable. Numerical results are given for
two examples. A chaotic nano resonator system is controlled to a double harmonic system and to
a hyperchaotic Quantum-CNN oscillator system.

A main field of synchronization is the coupled identical chaotic system. Due to the simple
configuration and easy implementation, the linearly error feedback coupling scheme can be
adopted in many real fields. In practice}itiisa key, problem to determine the appropriate feedback
gain or coupling parameters for-realizing the synchronization. So far, there have been many
specific results about determining the feedback gain or coupling parameters for particular
systems with constant uncertain . parameters by adaptive control. In this thesis, the
synchronization of general chaotic systems that satisfy Lipschitz condition only, with uncertain
variable/chaotic parameters by linear coupling and pragmatical adaptive tracking is firstly

studied.

6-2 Pragmatical Generalized Synchronization of Chaotic Systems
with Uncertain Parameters by Adaptive Control

A new kind of generalized synchronization of two chaotic systems with uncertain
parameters is proposed. Based on a pragmatical asymptotical stability theorem and an assumption
of equal probability for ergodic initial conditions, an adaptive control law is derived so that it can
be proved strictly that the common null solution of error dynamics and of parameter dynamics is
actually asymptotically stable, i.e. these two identical systems are in generalized synchronization

and the estimated parameters approach the uncertain values. It is called pragmatical generalized
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synchronization.

6-2-1 Pragmatical Generalized Synchronization Scheme by Adaptive Control

There are two identical nonlinear dynamical systems, and the master system controls the

slave system. The master system is given by

x=Ax+ f(x, B) (6-2-1)
where x:[xl’ Xy, xn]T e R" denotes a state vector, 4 1S an nxn uncertain constant

coefficient matrix, f is a nonlinear vector function, and B is a vector of uncertain constant
coefficients in f.

The slave system is given by

y=Ay+ f(y, B)+u(r) (6-2-2)

A

where y=[y1, Vosttts yn]TeR” denotes a state ‘vector, 4 is an nxn estimated coefficient

A

matrix, B is a vector of estimated ‘coefficients'in £, and u(?) =[u,(¢), u,(t),--,u,(t)] eR" isa

n
control input vector.

Our goal is to design a controller u(7) so that the state vector of the slave system (6-2-2)

asymptotically approaches the state vector of the master system (6-2-1) plus a given chaotic
vector function F(r)=[F, (t),Fz(t),'-~,E1(t)]T . This is a special kind of generalized

synchronization, y is a given function of x
y=G(x)=x+F(). (6-2-3)

The synchronization can be accomplished when ¢-—>o , the limit of the error vector

e(t) = [81, e, ", e, ]T approaches zero:
lime=0 (6-2-4)
t—wo

where
e=x—-y+F(1). (6-2-5)

From Eq. (6-2-5) we have
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e=x—y+F() (6-2-6)
é=Ax—Ay+ f(x, B)— f(y, B)+ F()—u(?). (6-2-7)
A Lyapnuov function V' (e, 1:16, BC) is chosen as a positive definite function

Ve, A,B )=EeTe+—ATA +§BTZ§ (6-2-8)

A

=B-B, Aand B, are two column matrices whose elements are all the

>

where A=A—21,

elements of matrix 4 and of matrix B, respectively.

Its derivative along any solution of the differential equation system consisting of Eq. (6-2-7)

and update parameter differential equations for 4, and B, is

&

V(e, A, B )=e"[Ax— Ay+ Bf (x)— Bf (y) + F(t)—u(t)]+ 21020 +BC§C (6-2-9)

where u(?), ;lc, and §C are chosen soithat Fi=e'Ce, C is a diagonal negative definite matrix,
and V is a negative semi-definite function-of e’and parameter differences ;lc and EC In
current scheme of adaptive synchrenization [89-93], traditional Lyapunov stability theorem and
Babalat lemma are used to prove the. error vector approaches zero, as time approaches infinity.
But the question, why the estimated “parameters also approach to the uncertain parameters,
remains no answer. By pragmatical asymptotical stability theorem, the question can be answered
strictly.

6-2-2 Numerical Results of Pragmatical Generalized Chaos Synchronization of

Two Quantum -CNN Oscillators by Adaptive Control

Case I The chaotic states of a goal system, a double Duffing chaotic system, used as F(¢)
For a two-cell Quantum-CNN, the following differential equations are used as master

system:

. 2 . . X,
X, =—2a,\1-x; sinx,, X, =—o,(x,—x;) + 24, o COS X,
—X
1

(6-2-10)

x
o 2o o _ 3
X, =—2a,,/1-x; sinx,, X, =—w,(x, x1)+2a2Fcosx4
-X
3

where x;, x3 are polarizations, x, x4 are quantum phase displacements, a; and a, are proportional

to the inter-dot energy inside each cell and w; and w, are parameters that weigh effects on the

98



cell of the difference of the polarization of neighboring cells, like the cloning templates in
traditional CNNs. Let a1=4.9, a,=4.9, ®:=3.03 and w,=1.83.

A slave system is described by

) . ) ) . ~ Y
N2 =—2al«/1—y12 siny,, ¥, =—o,(y,—y,) + 24, L cosy,

1_ 2
d (6-2-11)

. ~ . . A A y
Vs :_2a2\/1_y32 siny,, v, =—a,(y;=») +2a, —32005)/4
VI=»3

In order to lead ()/‘1, V2, V3, y4) to (X1+F1(t), )C2+F2(t), X3+F3(l), X4+F4(t)), we add u;, up, uz and

u4 to each equation of Eq. (6-2-11), respectively:

»n= _2&1\/1_%2 sin y, +u,, y, =-@,(y,—y;) +24, 2 cosy, tu,

1_ 2
d (6-2-12)

. A . . A ~ y
V3 :_2"2\/1_3’32 siny, +uy, ¥, ==0,(y;=) + 24, —32C05y4 T,
NI

Subtracting Eq. (6-2-12) from Eq. (6=2=10), we obtain an error dynamics. The initial values
of the master system and the slave system are takeh as x;(0)=0.8, x»(0)=—0.77, x3(0)=—0.72,
x4(0)=0.57, y1(0)=0.1, »,(0)=0.28y53(0)=0.42-and y4(0)=—0.72, respectively.

The goal system for generalized synchronization is a double Duffing chaotic system

2=2,,2,=2,—2 =82, + f,cOSW, t, 2, =2,, 2, =2, — 2, — 0,2, + [, COS Y, (6-2-13)
where 0,=13.5, 6,=12.5, /i=—24.9, ,=—33.1, ¥;=10.9, ¥,=19.9, z,(0)=0.75, z,(0)=—-0.3, z3(0)=
—0.4 and z4(0)=0.5.

We have

lime, =lim(x, -y, +z)=0, i=1,2,3,4 (6-2-14)

t—©

where e=x—y+z,and
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6, =—2a,\/1-x{ sinx, +24,4/1— y{ siny, —u, + 2,

x .
L cosx, —24,
2

e

4 =C0S Y, — i, + 2,

\/1_y1

e, =~ (x,—x;) +o,(y,—y;) + 24,

(6-2-15)
&, = —=2a,\[1-x; sinx, +2a,/1-y: siny, —u, + 2,
5 A 2 x3 2 A y3 :
e, =—0,(x;—x)+&,(y;-y,) +2a, =~ COS X, =20, ——=—==0C08 y, ~U, + Z,
1-x; 1=y5
where e|=x 1_y1+Z 1s 82:X2_y2+22, 63:X3_y3+Z3 and €4ZX4_y4+Z4.
Choose a Lyapunov function in the form of a positive definite function:
~~~~_12222~2~2~2~2
Vie,e,,e;,e,,a,,a,,0,a0,) _E(el +e +e te, +a +a, +@ +ay) (6-2-16)

where a,=a,—-a,, a,=a,-a,, &, =0, -0, ®,=0,—-0, and q,, a,, ®,, @, are estimates of
uncertain parameters a;, a;, @1 and w, respectively.

Its time derivative is

V =e[-2a,\1-x sinx, + 2a1=37 sin y, —u, +z,]+e,[~o,(x,—x;) + &, (¥,

x .
—y;)+2a,———cos x; - 24, chosy2 —u,+z,—z, —8,z,+ f, cosy, t]
1-x V=

+e,[-2a,1—x] sinx,; 4 245 JI=Y5 sin y, ~u1, + 2, ]+ e,[~o,(x,—x)+ @,(y; (6-2-17)

x .
—32cosx4 —ZaZchosy4 —u, +z,— 2z, = 0,2, + f, cosy, t]
J1-x; JE=0

+C~l1 (_&1) + dz (_&2) + a~)1 (_aA)l) + a~)2 (_032)

-n)+2a,

Choose

% A Gz = 2. & A | ~ 2
a,=-a,=- +ae —e; O =-0 =—e,z,+0e,—e,

1 a)l

(6-2-18)

~ A e3Z4 ~ 2 2 A 2 ~ 2
a,=-a,=— +a,e,—e; 0,=—-0,=—=e¢z,+0,e,—¢e,

2 2

100



. . : A 4z, .
u, =—2a/1-x; sinx, +24,\/1-y siny, +ae, + ;2 +a;
=COS Y, +2,— Z) + ficosy, t+de, —

1
2a — cosx 2
[ 2
\ll_xl2 V1 -y @

_a)l(xl_x3)+(?)1(yl_y3)+a)l

B T . . T . . a,z, -,
U, = —2a,4/1-x; sinx, +2a,,/1-y; siny, +a,e, + » +a;

2

-24,

(6-2-19)

AW 3 ~ @,6,
COS X, — 20, —===="C08 y, +2; ~ 2, + f,cosy, t+w,e, —

u, =2a, =
1-x; -3 2

Z4

—,(x,=x)+ @, (y,—y,) + @

The initial values of estimate for uncertain parameters area, (0) = a,(0) = ®,(0) =®,(0)=0.

Substituting Eq. (6-2-18) and Eq. (6-2-19) into Eq. (6-2-17), we obtain
V=-ae —wé —a,e; —me <0 (6-2-20)
which is negative semi-definite function of e,e,,e,¢,,4a,,a,,» and @, .The Lyapunov
asymptotical stability theorem is not satisfied: -We cannot obtain that the common origin of error
dynamics (6-2-15) and parameter ‘dynamics (6-2-19) is asymptotically stable. Now, D is an
8-manifold, »=8 and the number. of error:state -variables p=4. When e;=e;=e;=e4,=0 and

a,,a,,®,,®, take arbitrary values, V=0,"so X is 4-manifold, m=n—-p=8—4=4. m+1<n 1is

satisfied. By pragmatical asymptotical stability theorem, error vector e approaches zero and the
estimated parameters also approach the uncertain parameters. The pragmatical generalized
synchronization is obtained. The equilibrium point e =e,=e,=¢,=d,=a,=0, =@, =0 1s
pragmatically asymptotically stable. (see Appendix A) Under the assumption of equal probability,
it is actually asymptotically stable. The numerical results are shown in Fig. 6-1. After 10 second,
the generalized synchronization is accomplished.
Case II The cubics of chaotic states of the goal system, double Duffing chaotic system, used as
F(?)
We demand

lime, —hm(x -y, +2)=0, i=1,2,3,4 (6-2-21)

t—0
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then

e=x-y+3zz. (6-2-22)
é ==2a\J1-x{ sinx, +2a,4/1- y] siny, —u, +3zz,
X N

—COS Y, —1; + 3z;2,

e = _a)l(xl_xs)_a}1(y1_y3)+2a1ﬁcosxz —20,——=
1_xlz \ll_yl
(6-2-23)
é, =—2a,J1—x; sinx, +2a,/1-y: sin y, —u, +3z; 2,

. A X A y 2.
— 3 3
e, =—,(x;—x)+a,(y,—y)+2a, ﬁcosx4 —ZaQﬁcosy4 —u,+3z,zZ,
3 3

where ¢ =x,—y,+z,e,=x,—y,+z;,e,=x,—y,+z, and e,=x,—y, +72,.
Choose a Lyapunov function in the form of a positive definite function:
Vie,e,,e;,e,,a,,a,,0,a0,)= %(ef tel+e+e +al +a+@) +@;) (6-2-24)
where a4, =a,-a,, a,=a,—a,, &, =0,-0,, &, =0,—0, and 4,, a,, @, @®, are estimates
of uncertain parameters ai, a,, @, and @, respectively.

Its time derivative is

V =e[-2a,/1-x] sin X3+ 2a 1=y sin y, =i, + 327z, ]+ e,[~o, (x,—x,) + &, (¥,
N

X

—y)+322(z, — 2} = 6,2, + fie0s Y, 1) + 28— cos x, — 24, oS ¥,
V1= NIEY
—u, | +e,[-2a,41—x] sinx, +24,,/1-y3 siny, —u, +3z.z,]+e,[-w,(x, (6-2-25)
. X
—x)+@,(y,—y,)+32;(z,— 2, = 5,2, + f, cosy, t) + 2a, ——= —cos ¥,
26, 08 Y, — i, 1+ (=) + 8y (=d,) + B, () + B,(-,)
a, ~ €08 ), ]+ a(=a)) +a,(=a,) + & (~a)) + &, (-0,
1=y,
Choose
; 3¢,z z
z Ao 2852 o 0 A A 20 53 o 2
4 ==a, == 6 Te 5 =0 =——67, tWe, —e
@ @,
2 (6-2-26)
s _ s dezz, 2. A __ A 20 3, ~ 2
a4, =—a, =— 26,765 O, =0, =—=¢€,2,t0e ¢
4, )
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. n . R 3a.z%z,
u, =—2a\1-x; sinx, +24,\/1-y, siny, +ae + lal 2y al

1

30,

2 3 ~ 1 A3

\/7 cosx, —2a, —— \/7 cosy, +3z5(z, =z, + f,cosy, t)+ we, . ,z,
1

_a)l(xl_x3)+a)l(y1_y3)+wl

34,72z
_ 2 . A 2 . A 2434<4 ~2
U, =—2a,4/1-x; sinx, +2a,y/1-y; siny, +a,e, + » +a;

2

(6-2-27)

n R 30, .
S cosx, — 24, B cos y, +322(z, — 2 + £, cosw, 1) + d,e, — 22 i3, 2}
> 4 2 > Vs 4\23 7 23 2 2 €4 hZ4

1-x; 1-y; @,

u, =2a,
—,(x,=x,)+ @, (y,—y,) + @)
The initial values of estimate for uncertain parameters are @,(0)=a,(0)=®,(0)=a,(0)=0.
Substituting Eq. (6-2-26) and Eq. (6-2-27) into Eq. (6-2-25), it can be rewritten as
V=-ae —wé —a,e; —me <0 (6-2-28)
which is negative semi-definite function of ei, es, es, es, a,, a,, & and @,.The Lyapunov
asymptotical stability theorem is not satisfied: -We cannot obtain that the common origin of error

dynamics (6-2-23) and parameter dynamices (6-2-27) is asymptotically stable. In our case, ¥V =0
when e;=e;=e3=e4=0 and a,, a,;.@, and @, take arbitrary values. n=8, m=4, m+1<n is satisfied.
By pragmatical asymptotical stability ‘theorem, the equilibrium point e =e, =¢, =¢, =
a,=a,=0,=0,=0 1is pragmatically asymptotically stable. (see Appendix A) Under the
assumption of equal probability, it is actually asymptotically stable. The error vector e approaches

zero and the estimated parameters approach the uncertain parameters. The numerical results are

shown in Fig. 6-2. After 10 second, the generalized synchronization is accomplished.
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6-3 Pragmatical Adaptive Control for Different Chaotic Systems

A novel pragmatical adaptive control method for different chaotic systems is proposed.
Traditional chaos control is limited for the same system. This method enlarges the function of
chaos control. We can control a chaotic system either to a given simple system or to more
complex given chaotic system. Based on a pragmatical theorem of asymptotical stability using
the concept of probability, an adaptive control law is derived such that it can be proved strictly
that the common null solution of error dynamics and of parameter dynamics is asymptotically

stable. Numerical results are studied for two examples.

6-3-1 Pragmatical Adaptive Control Scheme

Consider the following chaotic system

%= f(x, A)+u(t) (6-3-1)

where x:[xl,xz,-~~,xn]T € R" denotes a state vector, Az[Al,Az,n-,Am]T € R"is an original

coefficient vector, f'is a vector functiony’and’ u(¢) = [ul(t),uz(t), U, (t)]T € R" is a control input

vector.

The goal system which can be either chaotic or nonichaotic, is

y=g(», B) (6-3-2)

~ A A

A T
where y:[yl,yz,n-,yn]TeR” denotes a state vector, Bz[Bl,Bz,n-,Bp] eR” is a goal

coefficient vector, and g is a vector function. Our goal is to design an adaptive control method
and a controller u(f) so that the state vector of the chaotic system (6-3-1) asymptotically
approaches the state vector of the goal system (6-3-2).

The chaos control had accomplished in the sense that the limit of the error vector

e(t)= [el, e, en]T approaches zero:
lime=0 (6-3-3)
t—0
where
e=rmx (6-3-4)

From Eq. (6-3-1) we have
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e=y—x (6-3-5)
¢=g(v, B)~ f(x, )~u0). (6-3-6)
A Lyapnuov function ¥ (e, 4, B) is chosen as a positive definite function

V(e, A, B) = %eTe%}M %BTE (6-3-7)

A A A

where A= IZI—A, B=B-B, Aand B are two column matrices whose elements are all the
goal values of corresponding coefficient vector respectively. The 4 and B are two column
matrices whose elements are all the original values of corresponding coefficient vector
respectively.

Its derivative along any solution of the differential equation system consisting of Eq. (6-3-6)

and update parameter differential equations for 4 and B is

V(e)=e [a(y, B)— f(x, A)y-i(1)] + AA%e BB (6-3-8)

where u(f), A, and B are choseniso that V’=e'Ce; C is a diagonal negative definite matrix,

and ¥ is a negative semi-definite fumction-of ¢ and parameter differences A and B. In
current scheme of adaptive control of' chaotic motion [89-93], traditional Lyapunov stability
theorem and Babalat lemma are used to prove the error vector approaches zero, as time
approaches infinity. But the question, why the differences between goal coefficients and original
coefficients also approach zeros, remains no answer. By GYC pragmatical asymptotical stability

theorem, the question can be answered strictly.

6-3-2 Numerical Results of the Chaos Control

Case I Control a chaotic nano resonator system to a double harmonic system

Nano resonator system studied in this thesis is a modified form of nonlinear damped
Mathieu system which is obtained when the nano Mathieu oscillator has nonlinear
time-dependent spring constant [97]. Then we have the modified nonlinear damped Mathieu

system, i.e. the nano resonator system:
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. . 3
X, =X,, X, =—(8, +5,X)X, — (8 +5,X )X —S, X, +5,X
{1 25742 (1 23)1 (1 23)1 372 T P43 (6-3-12)

Xy =X, X, = —SgX, — SX,
where s;, 52, 53, S4, S5 and s¢ are given original constant coefficients of the system with initial
conditions x;(0)=0.75, x2(0)=—0.3, x3(0)=—0.4 and x4(0)=0.5. When the given original coefficients
are 51=0.2, 5,=0.2, 53=0.4, s4=15, ss=1 and s6=0.3, the modified nonlinear damped Mathieu
system is chaotic, as shown in Fig. 6-3.
The goal system is a double harmonic system:

N=Vas Dy = =0 Yps V3= Vas Yy = =0, (6-3-13)
where @, and &,, are constant goal coefficients of the system with initial conditions y;(0)=
0.3, 12(0)=-0.4, y3(0)=—0.7 and y4(0)=0.15.

In order to lead (x1, x2, x3, x4) to (1, V2, V3, ¥a), we add uy, ua, u3, and u4 to each equation of
Eq. (6-3-12), respectively.

. . 3
{xl =X, +uy, X, = —(8; #8,X)% = (5, +53x,)% —5,x, +5,X; +u, (6-3-14)

Xy =X, F Uy, X, ==Xy — S X U,

Subtracting Eq. (6-3-14) from the four equations of Eq. (6-3-13), we obtain the error
dynamics in which the original coefficients are @,;=0, ®,,=0, 5,=0.2, 5,=0.2, 53=0.4, 54=15, s55=1
and s6=0.3.

1ijgei:}irg(yi—xi):0, i=1,2,3,4 (6-3-15)

€ =V, — X, — Y

. A 3
€, =,y ,+(8; +5,2,)x, + (8, +8,%;)X; + 8%, —8,X; — U,

) (6-3-16)
G =Yy T Xy U
. A 3
€y = 0,V 385Xy + 86Xy — U,
where ¢ =y, -x,, e,=y,—x,, e;=y,—x, and e, =y, —x,.
Choose a Lyapunov function in the form of the positive definite function:
~ o~~~ o~ o~~~ | 2 2 2, =2
Vie,e,,e;,e,,8,,8,,85,5,,85,5,0,,0,,) =—(e +e, +e; +e; +5
2 (6-3-17)
~2 ~2 ~2 ~2 ~2 ~2 ~2
+85 +8; +85, +5; +5, + @, + D,
where § =8-s5 , §,=8,-5,, §=8-8 , §,=8-S5,, S =8-S, S,=8-5, ,
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A ~

-0,, 0,=0,—0, and si, 52, 53, S4, S5, S6, W1, Oy2 are given original coefficients,
§1= 8= §3= 4= §5= §6=0, @, =1 and @, , =1 are goal parameters.
Its time derivative along any solution of Eq. (6-3-16) and parameter dynamics is
7 Y 3
V=ely,—x,—u]+e[-a, y,+(s +5,x)x + (8 +8,%)x +8,%, —85,%; —,]
A 3 ~ . ~ . ~ .
+ely, —x,—usl+e @,y +sx, +5.x;, —uy |+ 5, (=) +5,(=5,)+5,(=S5;) (6-3-18)
+ §4 (_$4) + §5 (_Ss) + §6 (_*3;6) + a~)nl (_d)m) + C‘N)nz (_Can)

Choose
U =m,¢e
=,e +e +5 +5 +5 +5 +@, — —@
U, =0, +te+s +5, 8+, +0,, ~0, ), —0,0,), (6-3-19)
Uy =@,

A I ~

U, =08, +te+8; +5, +0,, —0,,V; —0,,0,,)s

L. 3 o A e _ 3 ~
5, ==, =—xe,—X e, +5e,; §=—85=—XX;€,—XX e +5,e,

Sy ==8; =—X,e, +5,8,; S8, Sasy=sX;e, +5,6, (6-3-20)

e S . & . 3 ~
S =—85 = —Xse, +5:€,; 48, = —Sgr=aX,85 % 5ce,

W, = =0, = 01,6, + 0,65 By = =0, TO,,Y56,+0,5¢,
Eq.(6-3-20) is the parameter dynamics. Substituting Eq. (6-3-19) and Eq. (6-3-20) into Eq.
(6-3-18), we obtain

V= _é)nlelz _C‘A)nlezz _@nzesz _C‘A)nzej <0
which is negative semi-definite function of e, ey, es, es, s,,5,,5;,5,,5;, 5, @, and @ ,.The
Lyapunov asymptotical stability theorem is not satisfied. We cannot obtain that the common

origin of error dynamics (6-3-19) and parameter dynamics (6-3-20) is asymptotically stable. Now,

D is an 8-manifold, »=12 and the number of error state variables p=4. When e;=e,=e3;=¢4=0 and

5.5,,5,5,5,8,0,,d, take arbitrary values, ¥ =0, so X is 4-manifold, m=n—p=12—4=8.

m+1<n is satisfied. By pragmatical asymptotical stability theorem, error vector e approaches zero

and the estimated parameters also approach the uncertain parameters. The GYC pragmatical

generalized synchronization is obtained. The equilibrium point e =e, =e, =¢, =5, =5, =5, =

§,=8;=58 =0, =0, =0 is pragmatically asymptotically stable. Under the assumption of
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equal probability, it is actually asymptotically stable. (see Appendix A) This means that the chaos

control for different systems, from a modified nonlinear damped Mathieu system to a double

harmonic system, can be achieved. The simulation results are shown in Fig. 6-4 and Fig. 6-5.

Case II Control a chaotic nano resonator system to a hyperchaotic Quantum-CNN oscillator
system with two positive Lyapunov exponents

For a two-cell Quantum-CNN, the following differential equations are obtained:

V4
s 2 - . 1
z, ==2a1-x; sinz,, z, =-w,(z,—z,) + 2aq, cos z,

2
I-z

z
. 2 . . 3
z, ==2a,\1-z; sinz,, z, =-w,(z,—z,) +2a, cosz,

(6-3-21)

where zj, z3 are polarizations, z», z4 are quantum phase displacements, a; and a, are proportional

to the inter-dot energy inside each cell and w; @, and w, are coefficients that weigh effects on the

cell of the difference of the polarization of neighboring cells, like the cloning templates in

traditional CNNs. a,, 4,, @, and_®, are goal coefficients.

lime, = lim(z, —x) = 07 i =; 2, 3,4 (6-3-22)
t—

t—©

where é=2-x.

- 2 .
é =—-2a,\/1-x; sinz, —x, —u,

Z,€0S Z,

é, =-w,(z,—z;)+2aq, - + (8, +8,%3)x, + (s +s2x3)x13 + 853X, —8,X; — U,

1-2z
(6-3-23)

. 2 .
é, =—2a,+/1-z; sinz, —x, —u,

Z,COSZ
5 — 3 4 3
e, =-w,(z,~-z)+2a, ﬁ+ssx3 + 85X, — U,

-z
3

where e =z -x,, e,=2z,—-x,, e;=z;—x, and e, =z,—x,. When the original parameters
a1=9x107°, a;=9x10 ™, 0;=10x10" and w,=10x10"", the Quantum-CNN system has hyperchaotic
motion with two positive Lyapunov exponents.
The given original coefficients in Eq. (6-3-23) are a1=0, a,=0, @=0, w,=0, 5,=0.2, 5,=0.2,
53=0.4, 54=50, s5=1 and s¢=0.3.
Choose a Lyapunov function in the form of the positive definite function:
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I Y | R R

V(el,ez,e3,e4,sl,sz,s3,s4,s5,s6,a1,a2,a)l,a)z):E(el +e, +e; +e;+3; (6-324)
~2 ~2 ~2 ~2 ~2 ~2 ~2 ~2 ~2
+58, +58, +8, +8; +5, +a, +a, + & +@3)

where § =8 -5, §,=8,—5,, §;,=8-8;, §,=8,—8,, S5=8—55, S4=8,—5,, a4, =a, —a,,

~ ~ A ~

a,=a,—a,, & =0,—-0, ®,=0,—0, and goal parameters are §;=5,=53=5s=55=56=0, d;=9%

107, 4,=9x107, & =10x10" and @&,=10x10",

Its time derivative along any solution of Eq. (6-3-23) and parameter dynamics is

. Z,COS Z
V= (31[—2611«/1—x12 sinz, —x, —u, |+ e,[-w,(z,—z;,) + 2q, 1—22+(sl +8,%;)x, + (s, +
-z

Z, 008z,

T 555 (6-3-25)
1=z

-w,(z,—z,)+ séxi —u, |+ 5,(=$,) +85,(=8,) + 85 (=8;) + 5, (=5,) + 55(=S5) + 5, (=S,)

+a,(=a,) + a,(—a,) + &, (—w,) + @, (~w, )

$,X3)X; + 83X, — 8, %, — U, |+ e[-2a,+/1-z; sinz, —x, —u,|+e,[2a,

Choose

_ Qb ~ 2 ~2
u, =, +x,+ae —2aexl+x sinz, +2a,a,e+/1-x; sinz, —a,

2d z coSz - 2a,z,COS z
———)+ 0 (0 (z,~2;) ——F 2

—— )
1=z’ J1-z;

u, =w, e, +e +me,—(az,—z;) =

~2 ~2 ~2 ~2 ~%
=8 =8 =585 -85, @,
(6-3-26)
_ 20, ~ 2 ~2
U, =@,,8, + X, +a,e; —2a,e,4/1—z; sinz, +2a,a,e;4/1-z; sinz, —a,
2a,z,c08z 2a,z,c08z
— 243 4 ~ 243 4
Uy = 0,8, + e+ e, —(0,(z;-2) - > )+ @, (0,(z5-2)) - > )
1-2z; NIES-=
~2  ~2  ~2
—S85 — S8, @,
2 . 3 ~ L. 3 ~
Sy ==8 =—(x +x7)e, =56, 5, =—5 =—(xx; +x;3x7)e, - 58,
8§, = =8, =—X,8, —85;8,; 8§, =-—S,=Xse,—S5,e,
L. ~ . L. 3 ~
Ss=—8s =—Xse, —8s€,; S =—S,=—X,8,—5ce, (6-3-27)
: : 2a,z,cosz
L . AA 2 . ~ . L . 141 P ~
a, =—a,=2ae+1-x; sinz,—ae; & =-0,=(®(z,—z;,)————>)e,—@e,
1-z
L. s 2 A _ 2a,z,¢08 z, -
a, =—a, =2a,e;\]1-z; sinz, —a,e;; @, =-w,=(0,(z,-z))———F——")e, —D,e,

-z
Eq. (6-3-27) is the parameter dynamics. Substituting Eq. (6-3-26) and Eq. (6-3-27) into Eq.

(6-3-25), it can be rewritten as
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S A2 A 2 A 2 A )

V =-ae —we, —ae —w,e, <0
which is negative semi-definite function of e, e, es, es, §,5,,5;,5,,Ss, S, 4,,d,, &, and @,.
The Lyapunov asymptotical stability theorem is not satisfied. We cannot obtain that the common

origin of error dynamics (6-3-26) and parameter dynamics (6-3-27) is asymptotically stable. In
our case, ¥ =0 when ej=e;=e;=e,~0 and 3, 5,,5,,5,,5,,5.,d,,d, @,d, take arbitrary values.

n=14, m=4, m+1<n is satisfied. By GYC pragmatical asymptotical stability theorem, the

e=e=e=¢=5=8,=8,=8,=8,=85,=0,=0, =0, =0, =

equilibrium point 0 is
pragmatically asymptotically stable. Under the assumption of equal probability, it is actually
asymptotically stable. (see Appendix A) The error vector e approaches zero and the given
parameters approach the goal parameters. This means that the chaos control for the different
systems, from a modified nonlinear damped, Mathieu system to a hyperchaotic Quantum-CNN

oscillator system with two positive Lyapunov exponents, can be achieved. The simulation results

are shown in Fig. 6-6 and Fig. 6:7.
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Fig. 6-3. Phase portraits of modified nonlinear damped Mathieu system.
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Fig. 6-4. Phase portraits and Peincaré fnap of a double harmonic system.
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Fig. 6-6. Phas¢ portfaifs of

Q:u'antum—CNN system.
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6-4 Synchronization of Chaotic System with Uncertain Variable/
Chaotic Parameters by Linear Coupling and Pragmatical
Adaptive Tracking

This section studies the synchronization of general chaotic systems which satisfy Lipschitz
condition only, with uncertain variable/chaotic parameters by linear coupling and pragmatical
adaptive tracking. The uncertain parameters of a system vary with time due to aging,
environment and disturbances. A sufficient condition is given for the asymptotical stability of
common zero solution of error dynamics and parameter update dynamics by GYC pragmatical

asymptotical stability theorem based on equal probability assumption.

6-4-1 Theoretical Analyses

Consider a nonautonomous system in the form as follows
x=F(t,x, B(t)) (6-4-1)

The slave system is given by
y=F(t,y, BO)+K(x=p) (6-4-2)

where xz[xl,xz,-~-,xn]T€R"a y:[yl,yzj...,yn]TeR",B:[Bl,Bz,---,BM]TeRM is a vector

A A

A A T
of uncertain variable/chaotic coefficients in F, B=[Bl,Bz,---,BM] eR" is a vector of
estimated coefficients in F, F:QcR xR"xRY — R" satisfies Lipschitz conditions

||F (t, x, B)-F(t, xH,B)”SG”xl—xH” where x; and x; are two neighbor state vectors, and

HF(I, x, B)—F(t, x, é)H < GHB — é” in Q, with Lipschitz constant G.

A

K =diag [I%l, --~,I€., -~-,Kn} is a constant matrix. K (x—y) is the estimated linear coupling

l

term. €, is domain containing the origin. For given (¢,,x,,,,B,) €€, the solutions

[xT (t, 1y, %> By)s V' (t,ty, Xgs Voo BO)]T of Eq. (6-4-1) and Eq. (6-4-2) exist for ¢>¢,.

If the synchronization can be accomplished when ¢— oo, the limit of the error vector
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e(t)=[e, e, e, ]T must approach zero:

lime=0 (6-4-3)

t—o©

where
e=x-y. (6-4-4)
From Eq. (6-4-1), (6-4-2) and (6-4-4) we have
e=x—7 (6-4-5)
é=F(t,x,B)—F(t,x—e, B)—K(x—y). (6-4-6)
A Lyapnuov function ¥ (e, B, G) is chosen as a positive definite function
A 1 T 1 nT D 1 ~2
V(e,B,G)=—e'e+—B B+—-G (6-4-7)
2 2 2

where G =G—-G ; G is the estimated Lipschitz constant, B=B—B.
When M=n, the time derivative of Vi along any.solution of the differential equation system

consisting of Eq. (6-4-6) and update differential equations for B and G is

Ve, B, G)=€"[F(t, x, B)— Fltsx e, BY+ F(t,x— e, B)— F(t,x—e, B)— Ke]+ B'B + (64.8)

GG =e'[F(t, x, B)— F(t,x—e, B) “Re[¥1GG + ¢' [F(t,x —e, B)— F(t,x—e, B)]+ B' B
By Lipschitz condition,
Ve, B,G)< G||e||2 —e"Re+ GG+ e'[F(t,x—e, B)—F(t,x—e, é)] + BB (6-4-9)

Since

e'[F(t,x—e,B)—F(t,x—e, lA})]S|el|~‘Fl(t,x—e, B)—F(t,x—e, l})

. (6-4-10)
+--+le ||F, (t,x—e, B)—F (t,x—e, B)
by Schwarz inequality [88] and Lipschitz condition, it is obtained that

|el|-‘Fl(t,x—e, B)—-F/(t,x—e, é)‘+---+ el||F(t,x—e B)-F, (t,x—e, é)

. - (6-4-11)
< ||e|| . HF(t, x—e,B)—F(t,x—e, B)H <G ||e|| . HBH
Therefore

V(e, B,G)< G”e”2 —e'Re+ GG+ G||e|| . HEH + Blél 4+ Bnén (6-4-12)
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Choose

G=-¢"e, K =diag[G+G] (6-4-13)
and
B, =GB l/|B].~~. 5, =GB, /|| (6-4-14)
we have
BB =-G(B; -+ B)|el/|B] =~G|B[ |el/|B] =Gl |3]- (6-4-15)

Introducing Egs. (6-4-15), (6-4-13) in (6-4-12), we get
(e, 8.6)<Gel ~diagtG + GlJef ~Glef*+ Gl |B|-G el 3 oo
= —G||e||2 =-G(e] +---+¢e’)
V is a negative semi-definite of e, B, G, by GYC pragmatical asymptotical stability theorem,
the solution e=0,B=0,G=0 is asyfiptotically stable, which means that the two coupled
systems will synchronize even if different initial. conditions are used and the estimation of the

parameters is not exact..
When M+ n, on the right-hand side of Eq. (6-4-9), the other terms remain unchanged, we
want only to reduce last two terms
S [F(t,x—e, B)— F(t,x—e, B)]+ B'B (6-4-17)
When M > n, we put
e =e' =[e, ,e,e., el (6-4-18)

where e, =e, ,=---=¢, =0. The first term of Eq. (6-4-17) becomes

e'[F(t,x—e, B)—F(t,x—e, Z§)]S|el|-

F(t,x—e, B)—F/(t,x—e, é)‘+

+le, |- |F, (t,x—e, B)—F, (t,x—e, Z%’)‘+

€yl Fraltx—e, B)=F,. (tx—e, B (6-4-19)

+~--+|eM|-‘FM(l‘,X—€, B)-F, (t,x—e, lg’)‘SG”eM”.HE‘

In Eq. (6-4-19), the last term is obtained by Schwarz inequality. Similarly we choose

B, =GB, |e|/|B]..B, =GB, |e|/| 3] (6-4-20)
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Then

B'B=-G(B+-B:)|el/|B| =~G[8] |el/|2| = -G || 8] (6-4-21)
Introducing Egs. (6-4-19), (6-4-21) in Eq. (6-4-9), we can also get lastly

V(e,B,G)<~-G(el +---+¢) (6-4-22)

By the same reasoning as when M=n, the solution e=0,B=0,G=0 is asymptotically stable.

When M <n, we put
E(t,x_e,B)—E(t,x—e,é):O, l:M+1’7n (6'4'23)
since B,,,,---B, do not exist,

By,==B,=0 (6-4-24)

512 _ B2 52 B2 752
|B| =B ++B}+ B, ++B; (6-4-25)
Then by Schwarz inequality,

e'[F(t,x—e,B)-F(t,x=e, é)]S|e1|~ F(t,x~e, B)—F/(t,x—e, B) +---

+ley, HFM (t,x—e, B)— F Atsx e, é)\ Heyal|Fy . (t,x—e, B)=F,  (t,x—e, B)| (6-4-26)

G4

6| |F,(t.x—e.B)~ F, (L. ¥ 5B < G ||| ]

Similarly, choose

B =—Gh || /HEL ,...,§M~: - G1§~M lel/|B], B = =GBy lel/|B]- 6o
B, =GB, |d/|4]
B'B=-G(B; +B)|e|/|B|=-G|3[ || / |8]=-cle-|5]. (6-4-28)
Introducing Egs. (6-4-26), (6-4-28) in Eq. (6-4-9), we can also get lastly
V(e,B,G)<~G(el +---+e’)=-Ge'e (6-4-29)

By the same reasoning as the case M=n, the solution e=0,3=0,G =0 is asymptotically stable.
Remark. In current scheme of adaptive synchronization [89-93], traditional Lyapunov stability
theorem and Babalat lemma are used to prove the error vector approaches zero, as time

approaches infinity. But the question, why the estimated parameters also approach to the
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uncertain parameters, remains no answer. By GYC pragmatical asymptotical stability theorem,

the question can be answered strictly. Moreover, the assymtotical stability is global.

6-4-2 Numerical Examples

Case I Periodic parameters for Lorenz system, M=n
The master Lorenz system with uncertain variable parameters is
X =—A)(x,—x,), X, =A4A,()x, —x, —x,%3, X3 =2x%,—A;()x5 (6-4-30)
where A4,(¢), A2(¢) and A43(¢) are uncertain parameters. In simulation, we take
A () =oc(l+d;sinmt), 4,(t)=y(1+d,sina,t), 4, (t)=>b(1+d,sinm;t) (6-4-31)
where o, y, b, d\, d>, d3, @,, @, and @, are positive constants.

By Eq. (6-4-2), the slave Lorenz system is

P ==4 O - )+ (G +G)(x, - )
V= ‘:12(t)yl — V2= WN)3 "'(é"‘ G)(x, =¥5) (6-4-32)
V3=V, — ‘213 (D)y; + (é + @)= 1)

where K =G +G . G is the estimated value of G.
Take o =10,y =28,b=8/3,%d;=0.05,d,=001,d,=0.1,@, =9, @, =15, @, =18, and the
A ~ T
initial condition be [ x} ¥{ 4 G, | = [1110000000]".
Subtracting Eq. (6-4-32) from Eq. (6-4-30), we obtain an error dynamics.

& =A% —x,)+ 4O, ~v,)—(G+G)(x, — y,)
éz = A2 (t)xl Xy T XXy _‘le(t)yl + Y, * 0 _(é+ G)(xz _yz) (6'4'33)

ey =x.%, — A, (1)x; =y, v, + 40y, —(G+G)(x; = y;)
where e1=X17 V1, €2=X27 )2 and €3=X37)3.
Our aim is

lime, =lim(x, —y,)=0, i=1,2,3 (6-4-34)

Let adaptive law be

G=G-G=-G=—c"e (6-4-35)
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since G is constant, G =0. Define

A =[4@1) 4,0) L)

A =AM -4, AO)=40)-40), Al)=A40)- 40
then

;11 (t)=odm cosmt— 1:11 (1), ;12 (t)=yd,m,cosm,t — 1212 )
;13 (t)=bd,w, cosm;t — 1213 (®).

Choose 2[1 (¥, 2[2 () and 2[3 () as
4 =-Gilel/]

. 4, =G4, |/, 4 =-64,)d/)4|

Choose a Lyapunov function is given in the form of positive definite function:

Ve, e, e, A, A4, A, )=%(e12 +el+el + A+ A2+ A2+ GY)

Its time derivative along any solution of Egs:(624-33), (6-4-35) and (6-4-39) is
V =e[-4)(x —x,)+ 4@ = 2,) (G +G)(x, — )]+ e[ 4,(H)x, —x, — x,x,
= A0+ 3, + 31y, ~ G+ GYogmyi+ ebrx, — 4,(0x, ~ vy, + 40y,
(G4 G)(x, — )]+ A4 4+ AASGG
V= e[—A4 @) (x,—x,)+ Ay, —y,)— (é +G)(x, —y)]+e,[4,(t)x, —x, —x,x,
~ A ON 4y, + 319, = (G+ G0, = y)]+e[xnx, = 4(0x, = vy, + A4 (0

(6-4-36)

(6-4-37)

(6-4-38)

(6-4-39)

(6-4-40)

_(G +G)(x; = y3)]+ ‘le i —me _‘Zzylez —;13)/363 _G”e”(;ll2 + 12122 + 12132)/”;1”_ éé

V <Gleff ~(G+G)|eff +Glel| 4] -G e| (4 + 22 + )| 4] GG
V can be rewritten as

V<-Gle .

(6-4-41)

V is negative semi-definite function of e, 4,G. The Lyapunov asymptotical stability

theorem is not satisfied. We cannot obtain that the common origin of error dynamics (6-4-33),

adaptive laws (6-4-35) and parameter dynamics (6-4-39) is asymptotically stable. Now, D is a

4-manifold, n=7 and the number of error state variables p=3. When e, =0 (i=1,2,3) and

gl,., G take arbitrary values, ¥ =0, so X is a 4-manifold, m=n—p=7-3=4. m+1<n is satisfied. By
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GYC pragmatical asymptotical stability theorem, error vector e approaches zero and the

estimated parameters also approach the uncertain parameters. The pragmatical generalized
synchronization is obtained. The equilibrium point e, = ;1,. =G=0 (i=1,2,3) is asymptotically

stable. Moreover, the result is global asymptotically stable. (see Appendix A) The numerical
results are shown in Fig. 6-8~6-10. The chaos synchronization is accomplished. The coupling
strength required is K=2G=38.26.

Case II Exponentially increasing and decreasing parameters for Quantum-CNN system, M=n

For a two-cell Quantum-CNN, the following differential equations are obtained:

. 2 . . X
X, =—2a,41-x] sinx,, X, =-o,(x,—x;)+2q, — €08,
1-x
(6-4-42)
o 2 . < X3
Xy =—2a,4/1-x; sinx,, %, ——a)z(x3—x1)+2azﬁcosx4
—-X
3

where x;, x3 are polarizations, x», X4 are quantum phase displacements, a; and a; are proportional
to the inter-dot energy inside edch ‘cell and @; and @; are parameters that weigh effects on the
cell of the difference of the polarization- of ‘neighboring cells, like the cloning templates in
traditional CNNs. When a; =6.8, a,=4.3, w=4.7 and w,=3.9, the system is chaotic.

The master Quantum-CNN system with uncertain variable parameters is

i, =24 (O1-x sinx,, %, =—A,(£)(x,—x,) + 24, (£) ——— cos x,

2

-X
: (6-4-43)
X, ==24,(\1-x; sinx,, x, =—A4,()(x,—x)+ 2A2(t)%cosx4
1-x;
where A4(7), Ax(), A3(¢) and A4(¢) are uncertain parameters. In simulation, we take
A0 =al+e (-], A0 =afl+e,(-e )] (6-4-44)

A0 =0l +e(1-e™)], 4,0 =a,[1+c,(1-e™)]
where by, by, b3, bs, c1, ¢2, ¢3 and ¢4 are constants. Take b;=0.05, b,=0.004, b;=0.004, »,=0.005,
c1=—0.25, ¢,=0.15, ¢3=—0.2 and ¢4=0.1.

By Eq. (6-4-2), the slave Quantum-CNN system is
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i ==2a 1= siny, + (G +G)x — )

1 Cos y, +(é+ G)(x,—,)
-y}

By = 2a,1= 37 sin y, +(G+ G)(x, - ys)
Vs

J1-3

where K =G +G . G is the estimated value of G. The initial values are taken as x1(0)=0.8, x2(0)

v, ==o(y,—y,)+24,
(6-4-45)

Y, =—0,(y,—y)+2a, cosy4+(é+G)(X4—J’4)

——0.77, x3(0)=—0.72, x4(0)=0.57, y1(0)=—0.2, 1>(0)=0.41, 13(0)=0.25, y4(0)=—0.81 and

A T
[ Gy dy @y @ G, | =[00000]". The error dynamic is

é =24 (\J1-x} sinx2+2£1”/1—yl2 sin y, — (G +G)e,

&y == Ay (D)(x,~x;) + 24, ()~ c0s X, + i (,~3) — 28, <= c05 3, - (G + G)e,
l_xl = (6-4-46)
&, = =24, (11— X sinx, +24,+/1— y? sin y, —(G + G)e,
= —A,(1)(x,—x,) + 24, (r)\/—cosxﬁwz(y3 —y)- 2a2%cosy4—(GA+G)e4
X5 )3

where e1=xX1—V1, €e2=X2—)2, €3=X3-)3 and €4=X4—Y4,

Our aim is

lime, = hm(x -y)=0, i=1,2,3,4 (6-4-47)

t—©

Let adaptive law be

G=G-G=-G=—c"e (6-4-48)
since G is constant, G =0. Define
a=A4@)-a, a,=4,t)—-a,, & =40)-0, @, =A4,0)-0, (6-4-49)
then
d, =abce™ —a, a,=abce™ —a,, & =wbee™ —d, &, =wbc,e™ —d, (6-4-50)

Let

A=[a, a, & @, (6-4-51)

Choose a,, a,, &, and @, as
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&, =—Gael/] 4

, &, =—Ga,|e|/| 4| and &, =-Gav, ||/ 4] .(6-4-52)

, &, =-Ga, |l /|4
A Lyapunov function is given in the form of positive definite function:
SN | S S S
Vie,e,,es,e,,a,a,,d,a,G) =E(el2 te;+el+e +al +a+a] +@; +G*)  (6-4-53)

Its time derivative along any solution of Egs. (6-4-46), (6-4-48) and (6-4-52) is
V = e[-24,()\1-x2 sin x, +24,4/1— ¥ sin y, —(G + G)e, |+ e, A, (£)(x,—x;) + 24, (¢)

><chosx2 +c?)l(yl—y3)—2&lL2cosy2 —(G+G)e, ]+ e,[-24,(1)\J1-x2 sinx,
NIESS N

1-y;

X3

+2&2\]1_y32 sin y, _(G+G)e3]+e4[_A4(t)(x3_x1)+2A2(I)ﬁcosx4 +@,(y5—»)
—x

A V3 A JO ~ 2 ~ 2 ~ 2 ~ A
-2a, cosy, —(G+Ge,]+a,a, +a,a, + 0,0, + 0,0, — GG
Vi-»:
V= e[-24,(t)\J1—x. sinx, +24,()\/1- y7 sin y, — (é +G)e |+ e,[—A4,(1)(x,—x;)+2A4,(t)

X

X cosx, + A,(t)(y,—y,) —24(%) °#! coS ), —((A;+G)ez]+e3[—2/12(t)w/1—x32 sin x,
1-x; NI

. A X
+2A2(t)\/1_y32 siny, — (G + G)e3]+64[_A4(t)(x3_x1)+2Az(t)ﬁcosx4 +4,0)(y5—y,)

A 5 ) 2 -
—24,(t) s - cosy4—(G+G)e4]+a][2\/1—y12 sin y,e, — 2| - cos y,e, 1+ &,[(y,—¥s)e,]
\/1—)/3 \/l_yl

- ) 2 - —y er - ~ A
+3,[2\/1- ] sin y,e, ———2—cos y,e, ]+ B,[(y;—3)e, ] - Gle (@ + & + @7 + @) /| 4] - GG

NS
v <Glef ~(G+6)|eff +Glel| |- Gle|@ +a + a2 +a2)/|4| -GG
V can be rewritten as

V<-G(e +el+el+e)). (6-4-54)

V' is a negative semi-definite function of e,, a

i» Yo

@j,é(i=1,2,3,4;j=1,2). The Lyapunov

asymptotical stability theorem is not satisfied. We cannot obtain that the common origin of error
dynamics (6-4-46), adaptive laws (6-4-48) and parameter dynamics (6-4-52) is asymptotically

stable. Now, D is a 5-manifold, »=9 and the number of error state variables p=4. When e, =0

(i=1,2,3,4) and &j,c?)j,é(jzl,2) take arbitrary values, V=0, so X is a 5-manifold,
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m=n—-p=9—4=5. m+1<n is satisfied. By GYC pragmatical asymptotical stability theorem, error
vector e approaches zero and the estimated parameters also approach the uncertain parameters.

The pragmatical generalized synchronization is obtained. The equilibrium point

€=0a,=0,= G=0 (i=1,2,3,4; j=1,2) is asymptotically stable. Moreover, the result is global

1

asymptotically stable. (see Appendix A) The numerical results are shown in Fig. 6-11~6-13. The

chaos synchronization is accomplished. The coupling strength required is K=2G=5.54.

Case III Periodically and exponentially increasing and decreasing parameters for Quantum-CNN
system, M <n

The master Quantum-CNN system with uncertain variable parameters is

i, =24 O1- x> sinx,, %, =—A,(6)(x,—x;)+24, (t)%cos X,

—X
: (6-4-55)
sy = =24, (01— x7 sin x, g B S SA@x s —x,) + 24, () —=—cos x,
1-x;
where A4;(t), Ax2(?), A3(t) and A4(¢)-are uncertain parameters. In simulation, we take
A1) = a1+ c,(1-e" sinait)], 4 (ty=ayfl+c,(1-e ™ sinm,1)], (64-56)

A, = o[l +c;(1-e ™ sinay )]y iy (@) = o, [1 + ¢, (1-e ™ sin@,1)].
where by, by, b3, b, c1, €2, C3, c4, @,, @,, @; and @,are constants. Take »;=0.001, »,=0.002,
b3=0.004, b4=0.005, c;=—0.25, ¢,=0.15, c3==0.2, c¢4=0.1, @, =5, @,=1, @, =3 and @, =6.
System (6-4-55) is chaotic.
By Eq. (6-4-2), the slave Quantum-CNN system is

y, =-24, Msin ¥, = (G+G)(y —x)
y

1=y

By ==2[1= 37 sin v, = (G+ G) =)

. . A )3 A _
vy =—A,(0)(y5—»)+2a, MCOS%‘ (G+G)y,—x,)

cos y, —(G+G)(y, —x,)

Y, = -, =)+ 2a,
(6-4-57)

where K =G +G . G is the estimated value of G. The error dynamic is
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é, = =24, (t)\J1-x2 sinx, +24,4/1- y? sin y, —(G + G)e,

. X A A A
) :_A3(t)(x1_x3)+2A1(t)—1zcosx2+a)1(y1_y3)_2a1 i > cos y, —(G+G)e,

h = (6-4-58)
&, = =24, (0)\/1 - x sinx, +2d,1- y? sin y, = (G + G)e,

X; Y3

e, =—A,(1)(xy—x)+ 2A2(t)—2005x4 + A4(t)(y3_y1)_2&2 Cos y, _(é"‘ Ge,

J1=x;

where e;=x;—y1, ex=x2—)», e3=x3—y3 and es=xs4—y1,

NS

Our aim is

lime, =lim(x, —»,)=0, i=12,3,4 (6-4-59)

Let adaptive law be

A

G=G-G=-G=—¢"e (6-4-60)

since G is constant, G =0. Define

G =AW)-a, a=404, o-=40-b, (6-4-61)
then
a, = abce™” sinm t - agm e cos@ii— Zzl
&, = wbycie ™ sinat — oCyme ™ cos@t = o), (6-4-62)
d, = a,b,c,e”™ sinw,t —a,c,m,e ' cosmot—ad,
Let

A=[a a, @] (6-4-63)

Choose a,, a, and &, as

G =—-Ga|e|/| ], & =-Ga|e|/|4]|and 4, =-Ga,|e]/| 4], (6-4-64)

A Lyapunov function is given in the form of positive definite function:
N | =
Vie,e,,e,e,,a,a, ad,G)= E(el2 +e; +e32 ‘e, +a +a +@; +G) (6-4-65)

Its time derivative along any solution of Egs. (6-4-58), (6-4-60) and (6-4-64) is
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V = e[-24,()\1-x2 sinx, +24,4/1— y? sin y, —(G + G)e, 1+ e,[— 4, (1)(x,—x;,) + 24, (¢)
x—2L__cos x, +@,(y,—y,)—24, — A cos ¥, —(G+G)e, 1 +e,[-24,(t)/1 - x? sin x,
2 2
\ll_yl

1-x

+2&2,/1—y32 siny, — (G+G)e3]+e4[ A,()(x,—x)+24,(t) ——==cosx, + A,(t)(y,~y,)

1—x3

s
-2a cos y
2 (1_y3 4

V= e[-24,(t)\J1—x. sinx, + 24, (t)\/1- y{ sin y, — (G'+ Gle ] +e,[—4,(t)(x,—x;)+2A4,(t)
' = COS X, + A,y ,—y;)—24,1) 24 =C0S , —(G+G)e,|+e,[-24, (1) 1- x? sin x,
Vi=¥

1-x

—(G+G)e,|+ad, +a,d, + @0, -GG

X

+24,(t)\1- y3 siny, — (G+G)e3]+e4 —A,()(x;—x,)+ 24, (t)\/_cosx4+A(t)(y3 =)
1

X3

A ~ ) 2 ~
=053, =(G+ Ge, ]+ A 241- 3 sin v, - ly‘zcosyzez]ml[(yl—ya)ez]
- -V

+3,[24/1— y; sin y,e, — \/y_3 cos y,e,1-G|e| (@ +a; + @; )/HAH—GG
3%

_2A2 (t)

v <Glef ~(G+6) e+ GlelfA|=Gle -+ @ + o)/ 4] - 66
V can be rewritten as

V<-G(e +el+el+e)). (6-4-66)

V isa negative semi-definite function of e @, G(z 1,2,3,4;j=1,2). The Lyapunov

e,d;,
asymptotical stability theorem is not satisfied. We cannot obtain that the common origin of error
dynamics (6-4-58), adaptive laws (6-4-60) and parameter dynamics (6-4-64) is asymptotically
stable. Now, D is a 4-manifold, =8 and the number of error state variables p=4. When e, =0

(i=12,3,4) and dj,c?)l,é (j=1,2) take arbitrary values, ¥ =0, so X is a 4-manifold,

m=n—-p=8—4=4. m+1<n is satisfied. By GYC pragmatical asymptotical stability theorem, error
vector e approaches zero and the estimated parameters also approach the uncertain parameters.

The pragmatical generalized synchronization is obtained. The equilibrium point

€=0a,=0= G=0 (i=1,2,3,4;j=12) is asymptotically stable. Moreover, the result is global

1

asymptotically stable. (see Appendix A) The numerical results are shown in Fig. 6-14~6-15. The
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chaos synchronization is accomplished. The coupling strength required is K=2G=6.34.
Case IV Chaotic parameters for Lorenz system, M=n
The master Lorenz system with uncertain chaotic parameters is
X =—A4)(x,—x,), X, =A,(0)x; =X, =X, X5, X3 =XX, — A;(£)x; (6-4-67)
where A(t), A>(t) and A43(¢) are uncertain parameters. In simulation, we take
AW =oc(+dz), A,()=y(1+d,z,), 4(t)=b(1+d,z,) (6-4-68)
where g, v, b,d,, d> and d; are positive constants.

The chaotic signal of system

21 ==0,(2,=2,), Z, =122~ 2, — 21273, Z3 =212, —byz, (6-4-69)

where 0;=8, 7,27, by=3.2 and [z} | =[222]".

By Eq. (6-4-2), the slave Lorenz system is

»= _’al(t)()ﬁ —y,)+ (é"i‘ G(x=9))
Py = 4O =y, — 1 HG G — 1) (6-4-70)

A

V3=V, — 23 @)y, + (é + GG =03)
where K =G+G . G is the estimated value of G.

A ~ T
Take o0=10,y=28,h=8/3 , and the initial condition be [x] ¥ 4 G| =

[111000 0000]" . Take d1=0.005, d>=0.001 and d5=0.009.

Subtracting Eq. (6-4-70) from Eq. (6-4-67), we obtain an error dynamics.

& = A1) —x,)+ 4O, ~ ) —(G+G)(x, — y,)
&, = A, (1)x, —x, = x,x, _IZIZ(t)yl TV, TV _(é+ G)(x, —y,) (6-4-71)

ey =x.%, — A, (1)x; =y, v, + 4, y; = (G+G)(x; - y;)
where e1=X17 V1, €2=X27 )2 and €3=X37)3.

Our aim is

lime =lim(x, - y,)=0, i=12,3 (6-4-72)

Let adaptive law be
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G=G-G=-G=—c"¢
since G is constant, G =0. Define

AW =[4(1) 4@) 40T

4O =4O =40, 40)= 4O =40), A40)=40) - 4(0)
then

A6 =0d 2 — A (), A(6)=yd,z,— A1), A (0)=bdz, — A(0)

Choose ;ll(t), ;12(1‘) and ;13(1‘) as

4,=~GAdl/|4]. 4,--6Ald/|4]. 4 --c4d/|4]

A Lyapunov function is given in the form of positive definite function:

V(€1,€2,€3,121, AZaA3: G):%(elz—{-ezz-}-ef +‘2112+222 +‘2132+G~2)

Its time derivative along any solution of Egs. (6-4-71),:(6-4-73) and (6-4-77) is
V= e[—4,()(x, —x,) + ‘al(t)(% _.Vz)_(é"‘ G)( X~ y)]+e,[4,(1)x, — x, —x,x
_lez(t)yl TV Vs _(é+ G)(x, — v+ &lxx, — A()x; -y y, + 1213(0)’3
—(G+G)x,— y)]+ A4 + A4, + A4, -GG
V = 61[_A1(t)(x1 _x2)+ Al(t)(yl _yz)_(é+ G)(xl _yl)]+ez[A2(t)x1 Xy T XX
— A4,y + 0y _(é+ G)(x, = y)l+e[xx, — A (0)x; = yy, + 4(0) y;

(6-4-73)

(6-4-74)

(6-4-75)

(6-4-76)

(6-4-77)

(6-4-78)

_(G+G)(x3 - yl+ ‘le(yl —),)e — ‘azylez _1;13)’363 _G”e”(;ll2 + 12122 + 232)/”;1”_(;6;

v <Glef ~(G+6)|el +6|e|| 4| -Gl 4] /|4]- 66
V can be rewritten as

V(e)<—Gle -

(6-4-79)

V is negative semi-definite function of e, 4,G. The Lyapunov asymptotical stability

theorem is not satisfied. We cannot obtain that the common origin of error dynamics (6-4-71),

adaptive laws (6-4-73) and parameter dynamics (6-4-77) is asymptotically stable. Now, D is a

4-manifold, »=7 and the number of error state variables p=3. When e, =0, (i=1,2,3) and
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gli, G take arbitrary values, ¥ =0, so X is a 4-manifold, m=n—p=7-3=4. m+1<n is satisfied. By

GYC pragmatical asymptotical stability theorem, error vector e approaches zero and the

estimated parameters also approach the uncertain parameters. The pragmatical generalized

synchronization is obtained. The equilibrium point e, = ;li =G=0 (i=1,2,3) is asymptotically

stable. Moreover, the result is global asymptotically stable. (see Appendix A) The numerical

results are shown in Fig. 6-16~6-18. The chaos synchronization is accomplished. The coupling

strength required is K=2G =39.04.
Case V Chaotic parameters for Lorenz system, M <n

The master Lorenz system with uncertain chaotic parameters is
X = =4 (0 —x,), X, = A, ()X —x, = x5, X3 = XX, — A5 (1)x;
where A(t), A>(t) and A43(¢) are uncertain parameters. In simulation, we take
A4 @) =0(l+dz), 4 (t)=y(+dy2;), A (t)=b(1+d,z;)
where d,, d, and d; are positive constants.

The chaotic signal of system

2y ==0,(2-2,), Z,=V,2 =2y~ 7173, Z3 =72, — bz,

where 0;=8, 7,27, by=3.2 and [z} | =[222]".

By Eq. (6-4-2), the slave Lorenz system is

=4O - ) +(G+G)x - y)
V= 12120))’1 — =Nyt (é"' G)(x,—,)
V3=, = A0y, +(é+ G)(x;— ;)

A ~ T
The initial condition be | ) y; 47 G, | = [111000000] .
Subtracting Eq. (6-4-83) from Eq. (6-4-80), we obtain an error dynamics.

& ==A (0% —x)+ 4O, - 1,) - (G+G)(x, - )
e, = A,(t)x, — x, — XX, _’az(t))ﬁ +Y,t V) _(é+ G)(x, = y,)
ey =x,.x, — A, (1)x, — v, + A, (D) v, _(é+ G)(x; = ;)
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where e1=X17 V1, €2=X27 )2 and e3=xX37)3.
Our aim is

lime, =lim(x, - y,)=0, i=1,2,3 (6-4-85)
Let adaptive law be

G=G-G=-G=—c"e (6-4-86)

since G is constant, G = 0. Define

A =[A4() 4,@0)] (6-4-87)

A=A - A, A1) =A40) - 4,0) (6-4-88)
then

A0y =0dz - A@0), A@0)=yd,z,— A0 (6-4-89)

Choose Zl(t) and ;12(2‘) as

4, =-Ga|d/|4]. 4, =G|/l (6-4-90)

A Lyapunov function is given in the form of positive definite function:

Vie,e,, e, 4,4, G) =%(ef el +el + A+ A +G?) (6-4-91)

Its time derivative along any solution of Egs. (6-4-84), (6-4-86) and (6-4-90) is

V =e[-4(0)(x, =) + 43— 3,) = (G+G)(x, — )]+ e[ 4, (0)x, —x, — x;x,
— 4, (O, + 3, + 0,y —(G+G)(x, =y + es[xx, — A ()x, = 3,3, + A (1)
(G +G)x,— )]+ A A+ A4, -GG

V=e[-A4)(x,—x,)+ A6, - y,) - (G + G)(x,—y)]+e[4,(t)x, — x, —x,x,
— A, O1+ 3, + 00 = (G+G)x, = )+ e lxx, = A (0%, =y, + 4,0y,
~(G+G)x, —y)I+ A~ y2)e — Ay e, ~Gle| (B2 + )| 4] - GG

V<Gl -G+ G|l +Glel| 4] - Glel | [ /|4]- 66
V can be rewritten as

V(e)<-Gle - (6-4-92)
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V is negative semi-definite function of e, 4,G. The Lyapunov asymptotical stability
theorem 1is not satisfied. We cannot obtain that the common origin of error dynamics (6-4-84),

adaptive laws (6-4-86) and parameter dynamics (6-4-90) is asymptotically stable. Now, D is a

3-manifold, n=6 and the number of error state variables p=3. When e =0, (i=1,2,3) and
le, G, (j=1,2) take arbitrary values, ¥ =0, so X is a 3-manifold, m=n—p=6-3=3. m+1<n is

satisfied. By GYC pragmatical asymptotical stability theorem, error vector e approaches zero and

the estimated parameters also approach the uncertain parameters. The pragmatical generalized
synchronization is obtained. The equilibrium point e, = ,le =G=0 (i=1,2,3; j=12) 1is

asymptotically stable. Moreover, the result is global asymptotically stable. (see Appendix A) The
numerical results are shown in Fig. 6-19. The chaos synchronization is accomplished. The
coupling strength required is K=2G =39.34.
Case VI Chaotic parameters for Quantum=CNN'system, M=n

The master Quantum-CNN System with tincertain'chaotic parameters is

X

X, = =24, (t)\J1— x] sin Xy X, = — A, (1)@ =x;) + 24, (1)

COS X,
2
1-x

B =—24,(0) /l—xf sinx,, x, =—A4,(1)(x;—x,)+24,(t)- X3 = COs X,

I1-x;

(6-4-93)

where A1(t), Ax2(t), A3(t) and A4(¢) are uncertain parameters. In simulation, we take
A @) =a/(1+d\z), 4)(1)=a,(1+d,z,), 4() =w,(1+d;z;), 4,(t) =w,(1+d,z,).(6-4-94)
where d,, d, and dj are positive constants. Take d;=0.039, d>,=0.043, d3=0.045 and d4=0.038.

The chaotic signal of system

. 2 . . Zl
Zy==2ay\1-z sinz,, z, =—w,(z,—2;)+2a,, —~C0S 2,

-z

(6-4-95)
. 2 . . Z3
Zy ==2ay+1-zy sinz,, z, = —a)22(23—zl)+2(122ﬁcosz4
~z
3

where a21=5.2, a22=4.2, 0)21:4.7 and 6022:3.5,
By Eq. (6-4-2), the slave Quantum-CNN system is
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i ==2a 1= siny, + (G +G)x — 1)

V, =—a(y,—y;)+2q, A > cosy2+(é+G)(x2—y2)

1=y
¥y =241 y2 siny, +(G+G)(x, ~ »,)
Y3

v, =—0,(y;—y,)+2a
Vs (V=) 2@

Subtracting Eq. (96) from Eq. (93), we obtain an error dynamics. The initial values are taken as

(6-4-96)

cosy, + (é +G)(x, —y,)

21(0)=0.5, z5(0)=-0.3, z3(0)=0.1, and z4(0)=0.2. The error dynamic is

6 =24 (1)1 - x sinx, + 24,4/1 - y? sin y, — (G + G)e,

. X, ~ ~
€= —A3(t)(x]—x3)+ 24, (t)—IZCOS X, + @, (yl_y3)_2a1

NIEE
&, =24, (1)1 - x? sinx, +24,,/1- y? sin y, — (G + G)e,

. X A A A
&, = —A,((x,=3,) + 24,(1) —=—c0s X, + B, (y—y,) 28, —22—c0s y, — (G + G)e,

where e;=x;—y1, e2=x2—2, e3=x3—y3.and es=xs—a.

b4
1-y}

COS Y, — (é +G)e,
(6-4-97)

Our aim is
}1_{{01 e = }i_)rg(x,. -y)=0, 21234 (6-4-98)
Let adaptive law be
G=G-G=-G=—c"e (6-4-99)

since G is constant, G = 0. Define

A1) =[a,(t) a,(1) @) &, (6-4-100)
a=AW)-a, a,=4,)-a,, & =40)-o, &,=4,(1)-a,, (6-4-101)
G, =adz —a, d=ad,z—a, & =0dz—o, &=0wdz,—o, (6-4-102)

Choose a,, a,, @, and @, as

G, = -G ||/ )

, @, =-Ga || /|4

, &, ==Ga, el /| Ac)

&, ==Gas || /| 4. (6-4-103)

A Lyapunov function is given in the form of positive definite function:

~ o~ ~ ~ 1 2 2 2 2 ~2 ~2 ~2 ~2 ~2
Vie,e,, e, e, a,a,, d,a,, G):E(e] +e +e te, +a; +a, +@ +@; +G") (6-4-104)
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Its time derivative along any solution of Egs. (6-4-97), (6-4-99) and (6-4-103) is
V =e[-24,(t)\1-x] sinx, +24,,/1— ] sin y, — (é +G)e ]+e,[—A4,(H)(x,—x;)+24,(¢)

COSX, + @, (v —y.)— 28— cos y, —(G+G)e, ]+ e [-24, ()1 — x2 sin x
2 Yi=Ws 1 V2 ) 3 3 4

xl
1
1-x NIES

+24,4/1-y; siny, — (G+G)e3]+e4[ A,()(x=x,) + 24, (1) ——==cos x, + @, (y,~V,)

l—x3

X

—24,—2cos y, —(G+Ge, ) +a,d, +a,d, + &6, +@,0, - GG

NI
V= e[-24,(t)\J1—x{ sinx, + 24, (t)\/1- y{ siny, — (G +G)e |+ e, [—A4,(H)(x,—x;) +2A4,(¢2)

008 x, + A ()(y, =) — 24, (1) —2—cos y, — (G + G)e, |+ e,[-2 4, (t)J1 - x7 sin x,

X, B
1-x7 3 Sy

+24,(t)\1- y3 siny, — (G+G)e3]+e4[ A,(t)(x, xl)+2Az(t)\/7cosac4+A(t)(y3 )

X3

X

-0

2 -
—24,(t)—=—=—=cos y, - (G+G)e4]+a1[2\/1 yl sin y,e, — %Cosyzez]‘ka)l[(yl_)@)ez]
\/1_3@ V1

+,[24/1- y; sin y,e; — \/—ycosy4e4]+a)2[(y3 e l- G”e”(al +a, +wl+a’2)/HAH_GG
TE3

¥ <Gef -G+ G| +Glel| Al ~ctelllal /| 4| 66
V can be rewritten as

V<-G(el+el+e+e)). (6-4-105)

V is negative semi-definite function of e, d,®, G. The Lyapunov asymptotical stability
theorem 1is not satisfied. We cannot obtain that the common origin of error dynamics (6-4-97),
adaptive laws (6-4-99) and parameter dynamics (6-4-103) is asymptotically stable. Now, D is a

5-manifold, »=9 and the number of error state variables p=4. When e, =0, (i=1,2,3,4) and

a a}l.,é, (i=1,2,3,4; j=1,2) take arbitrary values, V=0, so X is a 5-manifold,

J?
m=n—-p=9—4=5. m+1<n is satisfied. By GYC pragmatical asymptotical stability theorem, error
vector e approaches zero and the estimated parameters also approach the uncertain parameters.

The pragmatical generalized synchronization is obtained. The equilibrium point

e = dj =0, = G=0 (i=1,2,3,4;j=1,2) is asymptotically stable. Moreover, the result is global

i
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asymptotically stable. (see Appendix A) The numerical results are shown in Fig. 6-20~6-22. The

chaos synchronization is accomplished. The coupling strength required is K=2G =5.62.
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Chapter 7
Chaos Control, Chaotization and Synchronization by GYC

Partial Region Stability Theory

7-1 Preliminary

Since chaos control problem was firstly considered by Ott et al., it has been studied
extensively. Many linear and nonlinear control methods have been employed to control and
anticontrol chaos. There are many control techniques for chaos control, such as linear feedback
control, adaptive control, sliding variable method control and active control. However, when
tradition Lyapunov stability of zero solution of states is studied, the stability of solutions on the
whole neighborhood region of the origin is demanded.

In recent years, synchronization in chaotic dynamic system is a very interesting problem and
has been widely studied. Among many kinds of synchronizations, the generalized
synchronization is investigated in this thesis. It. means that there exists a given functional
relationship between the state yector x -of the master and the state vector y of the slave
v=G(x,t). There are many contrel techniques to synchronize chaotic systems, such as linear
error feedback control, adaptive eontrol and active control

In this chapter, a new Scheme to achieve chaos control and chaos generalized
synchronization strategy by GYC partial-region stability theory is proposed [99, 100]. By
applying the GYC partial region stability theory the Lyapunov function used is a simple linear
homogeneous function of error states and the controllers are simpler and introduce less

simulation error because they are in lower order than that of traditional controllers.

7-2 Chaos Control and Chaotization of Chaotic System to Different

Systems

7-2-1 Chaos Control and Chaotization Scheme

Consider the following chaotic systems
x=f(tx) (7-2-1)
where x=|x,,x,,- -,xn]T € R" is athe state vector, f:R,xR" — R" is a vector function.

The goal system which can be either chaotic or regular, is
y=g(y) (7-2-2)
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where y=[y,7,,-,] €R" isastate vector, g:R, xR" — R" is a vector function.

In order to make the chaos state x approaching the goal state y, define e=x-y as the state error.

The chaos control is accomplished in the sense that:

lime = lim(x— ) =0 (7-2-3)

o

In this thesis, we will use an example which place the e state in the first quadrant of
coordinate system and use GYC partial region stability theory. The Lyapunov function used is a
simple linear homogeneous function of states and the controllers are simpler because they are in

lower order than that of traditional controllers.

7-2-2 Numerical Results of the Chaos Control
Case I Control a chaotic nano resonator system to a double harmonic system

Nano resonator system studied in this thesis is a modified form of nonlinear damped
Mathieu system which is obtainedyswhen , the nano Mathieu oscillator has nonlinear

time-dependent spring constant [97]. The following.chaotic system is the nano resonator system
of which the old origin is translated to-| (x,,x;, %5 x,) = (100,100,100,100) and the chaotic

motion always happens in the first quadrant of coordinate system(x,, x,, x;, x,) . Then we have

the modified nonlinear damped Mathieu system;i.e. the nano resonator system:

X, =x,—100
%, = —(s, +5,(x; —100))(x, —100) — (s, + 5, (x; —100))(x, —100)’
—5,(x, =100) +5,(x; —100) (7-2-4)
x, =x, —100
%, = —s5(x, =100) — s, (x, —100)’

where 51, 52, 53, 4, S5 and s¢ are given original constant coefficients of the system. When the given
coefficients are 5;=0.2, 5,=0.2, 53=0.4, s4=15, ss=1 and s¢=0.3, the modified nonlinear damped
Mathieu system is chaotic, as shown in Fig. 7-1.

The goal system is a double harmonic system:

NW=Va Vi ==0,Ys V3 =Yy Vy=—0,,); (7-2-5)
where @, and @,, are constant coefficients of the system with initial conditions y1(0)=0.3,
2(0)=-0.4, y3(0)=-0.7, and y4(0)=0.15. The given coefficients are @, =1 and o, =1.

In order to lead (xi, x2, x3, x4) to (y1, V2, V3, ¥4), we add uy, up, u3 and u4 to each equation of

Eq. (7-2-4), respectively.
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X, =x,—100—1u,
%, =—(s, +5,(x; —=100))(x, =100) — (s, + 5, (x, —100))(x, —100)’

—5,(x, =100) + s, (x; —100) —u, (7-2-6)
X, =x,—100—u,

X%, = —55(x; =100) — 5, (x, —100)’ —u,

The state error is e=y—x, our aim is lime = 0. We obtain the error dynamics.

t—0

lime, =lim(y, —x)=0, i=1,2,3,4 (7-2-7)
t—®© t—0

é =y, —(x,—100) -y,
é, =—w,,y,+(s, +5,(x; =100))(x, =100) + (s, + 5, (x; —100))(x, —100)’
+5,(x, =100) -5, (x; —=100) —u, (7-2-8)
e, =y, —(x,—100) —u,
é, =—,,y,+55(x; —100) + 5, (x, —100)* —u,
where e1=y1— X1, €2=)Y27 X2, €3=)37 X3 and €4=Y4—X4.
Choose a Lyapunov function it the form:of the positive definite function in the first
quadrant
Vie,e, e.e)=e+e+e+e, (7-2-9)

Its time derivative along any solution of Eq. (7-:2-8)-and parameter dynamics is

V= [y, = (x, —=100) —u, ]+ [<@ ;95#(5; + 5, (x; —100))(x, —100)
+(s, +5,(x; =100))(x, =100) + 5, (x, —100) —s, (x, =100) — 1z, ] (7-2-10)
+Hy, —(x, =100) —u, ]+ [~@,,y s +5;(x; —100) + 5, (x, —100)’ — 1, ]
Choose
u =y, —(x,—~100)—e¢,
u, =—,, y,+(s, +5,(x; —100))(x, =100) + (s, + 5, (x, —100))(x, —100)’
+55(x, =100) —5,(x; —=100) —e, (7-2-11)
uy =y, —(x, —100) —e;

U, =—m,,y,+5;(x; —100) + s, (x, —100)’ —¢,
Substituting Eq. (7-2-11) into Eq. (7-2-10), we obtain
V=—e-e-¢-e <0
which is a negative definite function in first quadrant.

This means that we control the chaotic motion of a modified nonlinear damped Mathieu
system to regular motion of a double harmonic system. The simulation results are shown in Fig.

7-1, Fig. 7-2, Fig. 7-3 and Fig. 7-4.
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Case II Chaotize the chaotic motion of a chaotic nano resonator system to the hyperchaotic
motion of a hyperchaotic Quantum-CNN oscillator system

For a two-cell Quantum-CNN, the following differential equations are obtained [23]:

z
. 2 . . 1
z, ==2a1-x; sinz,, z, =-w,(z,~z,)+2a, cosz,

(7-2-12)

z
s 2 . s 3
z,==2a,\1-z; sinz,, z, =-w,(z,~z)+2a, cosz,

where zj, z3 are polarizations, z;, z4 are quantum phase displacements, a; and a, are proportional
to the inter-dot energy inside each cell and @, and o, are coefficients that weigh effects on the
cell of the difference of the polarization of neighboring cells, like the cloning templates in

traditional CNNs. 4,, 4,, @ and @, are goal coefficients.

lime, =lim(z,—x,)=0, i=1,2,3,4 (7-2-13)
t—0

t—©

where é=2-x.

é, = —2a,+/1—x7 sin z, — (x, —100) —u,

& =—0,(z,-2,) + 2a, S22 + (s, Fi(x, ~100))(x, ~100) + (s,
& L=
+5,(x, —100))(x, =100)° + s5(x, =100) — 5, (x, —100) — 11, (7-2-14)
é, = —2a,/1-z; sinz, — (%, =100)—w,
6y =—0,(24-2,)+ 20, ot si((%,-100) + 5, (x, ~100)" —u,
-2z

where e1=Z1— X1, €2=Z2— X2, €3=Z37X3 and €4=Z4—X4.
The parameters are given a;=0.25, a;=0.25, »1=0.4 and ®,=0.17.
Choose a Lyapunov function in the form of the positive definite function in the first

quadrant
Vie,e,,e;,e)=e +e, +e +e, (7-2-15)

Its time derivative along any solution of Eq. (7-2-14) and parameter dynamics is

Z,COS Z,

V =[-2a,\J1-x’ sin z, — (x, —100) —u, |+ [-0,(z,~z;) + 24,

1-2z

+(s, + 5, (x; —100))(x, —100) + (s, + 5, (x; =100))(x, —100)’ + 5, (x, —100)

(7-2-16)
—5,(x; =100) —u, | +[-2a,/1 - z; sin z, — (x, —100) —u,]
-, (252, + 20, 22220 45, (x, ~100) + 5, (x, ~100)" —1,]

-2z

Choose
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u, =—2a,4/1-x sinz, —(x, —100) +¢,

u, =-,(z,—z;)+2aq, % + (s, +5,(x; —100))(x, —100)

1=z
+(s, +5,(x; =100))(x, =100) + 5, (x, —100) —s,(x, —100) + e, (7-2-17)
uy =-2a,/1-z; sinz, —(x, —100) + ¢,

Z,C08z,

u, =-w,(z,-z,)+2a, +55(x; —100) + 5, (x, —100)* + ¢,

«/1—232

Substituting Eq. (7-2-17) into Eq. (7-2-16), it can be rewritten as
V=—e-e-¢-e <0
which is a negative definite function in first quadrant.

This means that we anticontrol the chaotic motion of a modified nonlinear damped Mathieu
system to the hyperchaotic motion of a hyperchaotic Quantum-CNN oscillator system with two
positive Lyapunov exponents [23]. The simulation results are shown in Fig. 7-5, Fig. 7-6 and Fig.
7-7.
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Fig. 7-1. Phase portraits of modified nonlinear damped Mathieu system.
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7-3 The Chaos Generalized Synchronization of a Quantum-CNN

Chaotic Oscillator with a Double Duffing Chaotic System

7-3-1 Chaos Generalized Synchronization Strategy
There are two different nonlinear dynamical systems and the master system controls the

slave system. The master system is given here
X=Ax+ f(x) (7-3-1)

where x =[x, x,,---,x,,]' € R" denotes the state vector, 4 is a nxn coefficient matrix, and f

(x) is a nonlinear vector function.

The slave system is given here
y=By+h(y)+u(t) (7-3-2)

where y =[y,,y,,":+,¥,,]" € R"denotes a state vector, B is a nxn coefficient matrix, 4(x) is a

nonlinear vector function, and u(¢) =[u (¢), u,(£);z:-, u, ()] € R" is a control input vector.

Our goal is to design a controller u(z) so that the state vector of the slave system (7-3-2)

asymptotically approaches the state vector of the master system (7-3-1) plus a given vector
function F(¢) =[F,(?), F,(2), -+, F,(¢)]"»which"is either a regular or a chaotic function of time,
and finally the synchronization will be accomplished in the sense that the limit of the error vector

e(t)=[e,e,,--,e,]' approaches zero:

lime=0 (7-3-3)
where
e=x,Fy,+FE@®)+K, i=12,--,n (7-3-4)

K; are positive constants which make the error dynamics always happens in the first quadrant.
From Eq. (7-3-4) we have

é=xFy+E®W), i=1,2,-,n (7-3-5)
Introduce Eq. (7-3-1) and Eq. (7-3-2) in Eq. (7-3-5):
e=(A-B)[x, 3]+ () Fh)+ F(OFu@), i=1,2,-,n (7-3-6)

where [x,+y,] isa nxl column matrix.

A Lyapnuov function ¥(e) is chosen as a positive definite function in the first quadrant.
V(ie)=e +e,+---+e, (7-3-7)
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Its derivative along the solution of Eq. (7-3-7) is

V(e)=(A-B)lx, £y,]+ f()Fh()+ FOFu(t), i=12,n (7-3-8)

where u(¢) is chosen so that V =Ce +Ce, +--+Ce, C (i=1,2,---,n) are negative

n-n’
constants, and V' is a negative definite function of e, e,, -, e,. When

lime =0 (7-3-9)

t—o0

the generalized synchronization is obtained.
By using the GYC partial region stability theory, the Lyapunov function is easier to find,
since the terms of first degree can be used to construct the definite Lyapunov function and the

controller can be designed in lower order.

7-3-2 Numerical Simulations
Case I Partial generalized synchronization and partial generalized anti-synchronization as the
special case of the generalized synchronization

For a two-cell Quantum-CNN, the following differential equations are obtained [23]:

. _ 2 o
X, =—2a,4/1-x; sinx,
. X,
X, =—o,(x,—x;)+2q, =Cos X,

47—

- (7-3-10)

X, = —2a,+/1—x; sink,
. X,
X, =—w,(x;—x,)+2a, =Cos X,

1-x;

where xi, x3 are polarizations, x, x4 are quantum phase displacements, a; and a, are proportional
to the inter-dot energy inside each cell and w; and w, are parameters that weigh effects on the

cell of the difference of the polarization of neighboring cells, like the cloning templates in
traditional CNNSs. Let a1=19.4, a,=13.1, w;=9.529, w,=7.94.
A double Duffing chaotic system is described by

N=V V=0 _y13 — PV, TECOSEt, Vi =Y, V=5 _y; - Pyt Fycosé,t (7-3-11)

where p, =0.5,p,=15,F =19,F, =09, =0.97,& =0.79.
In order to lead (yi, y2, v3, ya) to (x1, X2, X3, X4), we add u;, uy, u3 and uy to the first, the
second, the third, and the fourth equations of Eq. (7-3-11) respectively.

{j’l=y2+u1,)>z=y1_y13_/71J’z+F100551t+“z (7_3_12)

V=Yt Y, =y3—y33—p2y4+cmos§2t+u4

Subtracting Eq. (7-3-12) from Eq. (7-3-10), we obtain an error dynamics. The initial values
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of the Quantum-CNN system and double Duffing systems are taken as x;(0)=0.8, x,(0)=—0.77,
x3(0)=-0.72, x4(0)=0.57, y1(0)=0.75, y2(0) =—0.3, ¥3(0)=—-0.4, and y4(0)=-0.5.

When i=1, 2, negative signs before y; in Eq. (5) are chosen; when i=3, 4, positive signs
before y; in Eq. (7-3-5) are chosen, while F'(¢) =0, K;=K>,=K3=K4=10

lime, =lim (x,—y,+10)=0, i=1,2 and lime =lim (x +y, +10)=0, i=3,4(7-3-13)
t—00 t—w

t—w t—®©
. 2 .
e =—2a,+/1-x; sinx, -y, —u,

& =—w(x,—x;) +2q IX1 COSX, =y, + ¥, + Py, —F cos t —u,

(7-3-14)
é, =—2a,\J1-x sinx, +y, +u,
é, =—,(x;-x) +2a, 1X3 = COSX, + ), ~ Vi =Pyt Fcosé tu,

where ¢ =x, -y +10, e,=x,-y,+10, e;=x;+y,+10 and e, =x,+y,+10.
Choose a Lyapunov function in the form of the positive definite function in the first
quadrant:
Vie,e,, e,e)=e+e +e +e, (7-3-15)

Its time derivative along any solution of Eq. (7-3-14) is

V =(22a\1=x sin yy= y, —u) + (5@,(x,—x,) + 24, il 5 COS X,
JI=x

—y,+ 3+ p v, — FeosE t—uy) ¥ (2,1 — x; sinx, + y, +u,) (7-3-16)
+(—,(x,—x,) + 2a, 5 =COS X, + ), —y: - p,y, +F,cos&, t+u,)
1-+x;
Choose
u, =—2a,4/1-x{ sinx, -y, +x, -y,
u, == (x,—x;) +2q, 5 > COS X, =y +)7 + pyx, — Fcos &
1-x,
Uy = —2a,\1-x} sinx, —y, —x, -y,
u, =—,(x;—x)+2a, = ~ COS x, ~ Y54y, = pyx, — Fy cos &t
1-x;
Eq. (7-3-16) can be rewritten as
V=—e-pe —e—pe, <0 (7-3-17)

which is negative definite function in the first quadrant. Theorem 2 in Appendix B is satisfied.
This means that the partial generalized synchronization and the partial generalized
anti-synchronization of Quantum-CNN system with a double Duffing chaotic system can be
achieved. The numerical results are shown in Fig. 7-8. After 1 second, our aim is achieved.
Case Il Generalized anti-synchronization

When i=1, 2, 3, 4, the positive signs before y; in Eq. (7-3-5) are chosen, while F(¢)=0:

lime, =lim (x, +y, +10)=0, i=1,2,3,4 (7-3-18)
t—0

t—o0
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. 2 .
e =—2a,+\1-x sinx, +y, +u,

&, = -, (x,—x;) + 24, al COSX, + 3, =¥ = Py, + F cos & t+u,
1-x,
‘ (7-3-19)
é, =—2a,\J1-x sinx, +y, +u,
X3

) 3
e, =—w,(x;—x,)+2a, =COSX, ¥ V3= V3 =P Vs +F,co8g, t+u,

-2
where e =x,+y,+10, e,=x,+y,+10, e;=x;+y,+10 and e, =x, +y, +10.
Choose a Lyapunov function in the form of the positive definite function in the first
quadrant:
Vie,e,, e,e)=e +e +e +e, (7-3-20)

Its time derivative along any solution of Eq. (7-3-19) is

V = e, (=2a,\1- x> sinx, + y, +1,) + e, (—o, (x,~x,) + 2a, —— —COSX, + )
J1I=x

— 3 —p v, + F cosé t+u,)+e,(—2a,/1-x] sinx, + v, +u;) (7-3-21)

X
+e,(—0,(x;—x) +2a, " : =~ COS X, + )3 =¥y =Py Yyt Fycosé,t+uy)
Choose
u, =—2a,4/1-x{ sinx, — y3=x, -y,
u, == (x,—x;) +2q, IXI i ; ) ~ Wity o X, — Fcosé
Uy = —2a,J1—x; sin x; =y, —Xy=
u, =—a,(x,—x,)+2a, 1x3 —C0S X, — Yiky; — p, X, — F, cos &t
Eq. (7-3-21) can be rewritten as
V=—e-pe —e—pe, <0 (7-3-22)

which is negative definite function in the first quadrant. Theorem 2 in Appendix B is satisfied.
This means that generalized anti-synchronization of the Quantum-CNN system with a double
Duffing chaotic system can be achieved. The numerical results are shown in Fig. 7-9. After 1
second, our aim is achieved.
Case III Generalized synchronization with F(1)=F5(¢)=0, F>(t)=y, and F4(¢)=y3

When i=1,2,3,4, negative signs are chosen before y; in Eq. (7-3-5). Fori=1,3,
F()=F(@)=0 and for i=2,4, F,(t)=y,(¢), F,(t)=y,(t) are chosen, where yi(¢) and y3(¢)

are chaotic functions of time. Then we have

lim ¢, =lim (x, % +10)=0, lim e, = lim (x, — ,+10) =0 (7-3-23)

t—®
lime, =lim (x, -y, +y, +10)=0, lime, =lim(x,-y,+y,+10)=0 (7-3-24)
t—o0 t—0 t—ow t—o©

Eq. (7-3-6) becomes
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€ =X =)

& =X~ t)

C (7-3-25)
G =X");
&, =X, =V, + s
Eq. (7-3-7) becomes
¢, =—2a,\/1-x{ sinx, —y, —u,
: X
é, ==, (x,—x;) +2q, 1 l S COS X, =0 + ¥+ Py, —Feosé t—u, +,
(7-3-26)
é, =—2a,\J1-x} sinx, —y, —u,

X3

: 3
é, =—w,(x;—x) +2a, FCOSM Vst Yyt Yy, —Fcosgyt—u, +y,
—x]

where e =x,—y +10,e,=x,-y,+y,+10, e, =x, -y, +10 and e, =x,-y, +y, +10.
Choose a Lyapunov function in the form of the positive definite function in the first
quadrant:
Vie,e,, e,e)=e+e +e +e, (7-3-27)

Its time derivative along any solution:of Eq. (7-3-26) is

V= (—2(11«/1—3612 six, —v, —ul)+(—aol(x1—x3)+2alLzcosx2 -
NIEES

+yl3 +p,y, —F cos&t—uy +y2)+(—2az\/gsinx4 -y, —uy)+ (7-3-28)
(—a)z(x3—xl)+2azLcosx4 =Vi+yi+p,y,—F,cosé t—u, +y,)
o
Choose
u, = —2al\/§sinx2 -V, X =y
u, =—,(x,—x,)+2a, l)sz cosx, —y,+y; + px, — F, cosét + v, + poy,
1
u, = —2az\/gsinx4 — Y, + X, =,
u, =—w,(x;—x,)+2a, 1%xzcosx4 —y, Vi +p,x, —F,cosét+y,+ p,ys
3
Eq. (7-3-28) can be rewritten as
V=—e-pe,—e—pe, <0 (7-3-29)

which is negative definite function in the first quadrant. Theorem 2 in Appendix B is satisfied.
The numerical results are shown in Fig. 7-10. After 1 second, our aim is achieved.
Case IV Generalized synchronization with F|(f) =G, sina@t, F;(t) = G, cosm,t, F>(f)=y; and

Fy()=y3
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When i=1,2,3,4, negative signs are chosen before y; in Eq. (7-3-5). Fori=1,3,
F(t)=G,sinat, F;(t)=G,cosw,t, and for i=2,4, F,(t)=y(t), F,(t)=y,(t) are chosen,
where y(f) and ys(f) are chaotic functions of time. We have

hmel—}1m(x1 y,+G;sinat +10) =0, 1ir£1e2:}im(x2—y2+yl+10)=0

10 - S (7-3-30)
lim e, —hm (x; =y, +G;cosmt +10) =0, lime, =lim(x, -y, +y,+10)=0
t—© t—o©

t—o0

Eq. (7-3-6) becomes

{ =X - HE(), & =% -, +@(¢) (7-331)
& =%~ H (), & =%~y +F(0)
Eq. (7-3-7) becomes
6 = —2almsin X, =y, —u, +Gw, cosmt
&, =—w,(x,—x;)+2q, 1_‘x2 cosx, =y, + ¥, +py,—Fcosé& t—u, +y,
‘ (7-3-32)

é, ==2a,\[1-x; sinx, — y, —u, — G,@, sinw,t
. X
&, =—w,(x;—x)+2a, ﬁcosﬁ ~ vy Py~ Fc088, t—u, +y,
where e =x, -y, +Gsinmt+105 ey=x, -y, +y,+10, e =x,—y,+G,cosm;t+10,
e, =x,—y,+y;+10, G =537;G4=5.71,@,=3.1s@,=4.9.
Choose a Lyapunov function in ' the“form of the positive definite function in the first
quadrant:
Vie,e,,e,e)=e +e, +e +e (7-3-33)
Its time derivative along any solution of Eq. (7-3-32) is

: , x
V =(-2a,1-x sinx, -y, —u, + G@, cos 1) + (—o,(x,—x;) + 2q, ﬁcos X,

W+ Y+ 0y, —F cosé t—u, +y,)+(-2a,41-x; sinx, — y, —u, — G,@, sin@,t) (7-3-34)

(=0, (x;=x,) + 2a, : ~ COS Xy =3 +y; + 0y, —F 088, t—u, +y,)

_x3

Choose

u, ==2a,\1-x. sinx, — y, +x, — y, + G,(@, cos @t + sin @ t)

— 1 3
u, = - (x,—x;) +2a, = COSX, = Vit + A%, —Fcosgit+y,+ oy,

1-x

uy = —2a,\J1-x sinx, — y, +x, — y; + G,(cos @t — @, sin @,t)

x
— 3 3
u, =—w,(x;—x,)+2a, 008X, — Yty + oy X, — F cos&,t+y, + Py,
— X5

Eq. (7-3-34) can be rewritten as
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V=-—e-05e —e—0e, <0 (7-3-35)

which is negative definite function in the first quadrant. Theorem 2 in Appendix B is satisfied.

The numerical results are shown in Fig. 7-11. After 1 second, our aim is achieved.
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Chapter 8

Conclusions

Hyperchaos, chaos control, chaotization and synchronization for a Quantum Cellular Neural
Networks (Quantum-CNN) is studied in this thesis. It is an autonomous four-order nano system.
In order to analyze a variety of chaotic phenomena, we employ several numerical techniques
such as time history, phase portrait, power spectrum and Lyapunov exponents.

The dynamic characteristics of Quantum-CNN are discussed in Chapter 2. The system
model is described, and the numerical results of bounded and of unbounded chaotic phenomenon
are presented.

In Chapter 3, the chaos control of the Quantum-CNN system is investigated by using the
Routh-Hurwitz theorem and Lyapunov asymptotical stability theorem. The linear, nonlinear sine,
and nonlinear state cross cosine nonlinear function. feedback controls are used to suppress chaos
to unstable equilibrium O (0, 0, 0,0) . Numerical simulations are used to verify the effectiveness
of the proposed controllers. By the linear function feedback, the states reach equilibrium
0(0,0,0,0)most quickly and by the nonlinear state cross cosine nonlinear function feedback,
the states reach equilibrium O (0,0, 0,0) most slowly in Fig. 3-6. The chaos controls of a
Quantum-CNN system are also studied. The impulse control and variable structure control are
used to suppress chaos to fixed point or regulation motion. These chaos control methods can be
also used for other chaotic systems. The optimum control is used for chaotization, i.e. to enhance
original chaotic state to more complex chaotic state. Numerical simulations are used to verify the
effectiveness of the proposed controllers.

In Chapter 4, the generalized chaos synchronization of the different order systems are
investigated by using the Lyapunov asymptotical stability theorem. Two different chaotic
dynamical systems, the Quantum-CNN system and the Lorenz system, are chosen for the
complete synchronization as a special case and for the given regular time function
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synchronization. The Chen system is chosen for the given chaotic time function synchronizations.
The generalized synchronization of chaos system can be used to increase the security of
communication. The generalized chaos synchronization of the Quantum-CNN chaotic oscillator
with a double Duffing system is investigated by the Lyapunov asymptotical stability theorem.
Different chaotic dynamical systems, the Quantum-CNN system and a double Duffing chaotic
system, are synchronized in four cases: the partial complete synchronization and the partial
anti-synchronization, the anti-synchronization, the partial complete synchronization and the
partial slave self-synchronization in which F5(¢) and F4(¢) are given chaotic functions of time and
the partial sine/cosine function synchronization and the partial slave self-synchronization in
which Fi(f), F5(f) are given sine/cosine functions of time and F»(f), F4(f) are given chaotic
functions of time. These generalized synchronizations of chaos systems can be used to increase
the security of communication. A new:symplectic synchronization of chaos of the Quantum-CNN
chaotic oscillator with the Rossler system 18 implemented by the Lyapunov asymptotical stability
theorem. Two different chaotic ‘dynamical systems, the Quantum-CNN system and the Rossler
systems, are synchronization in tow cases: the time delay symplectic synchronization and the
cubic time delay symplectic synchronization. Symplectic synchronization of chaos systems can
be used to increase the security of secure communication.

In Chapter 5, the synchronization of complex chaotic systems in series expansion form are
implemented by the Lyapunov asymptotical stability theorem. Two Quantum-CNN systems are
synchronized in two cases: unidirectional linear coupling case and mutual linear coupling case. In
both cases, by a theorem of convergent series, we prove that all infinite power series in the
elements of B=A4+M(x(¢), y(¢))—(k, +k,) are convergent and have bounded sums. Two
Quantum-CNN systems are synchronized in two cases: unidirectional linear coupling by
optimum control, mutual linear coupling by optimum control. The number of controllers for
optimum control is less than that for synchronization only by linear couplings. This results in

lower cost. In chaos synchronization cases, by a theorem of convergent series, we prove that all
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infinite power series in the elements of A+M(x(¢), y(t))-B(kstk,) are convergent and have
bounded sums. These synchronizations of chaos systems can be used to increase the security of
communication. The chaotic phenomena and chaos controls of a Quantum-CNN system are
studied.

In Chapter 6, in this thesis pragmatical generalized synchronization of adaptive
control is studied. The pragmatical asymptotical stability theorem fills the vacancy
between the actual asymptotical stability and mathematical asymptotical stability, the
conditions of the Lyapunov function for pragmatical asymptotical stability are lower than
that for traditional asymptotical stability. By using this theorem, with the same conditions
for Lyapunov function, ¥ >0, V<0, as that in current scheme of adaptive
synchronization, we not only obtain the generalized synchronization of chaotic systems
but so prove that the estimated! 'paramieters approach the uncertain values. Two
Quantum-CNN chaotic systems and a double. Duffing chaotic system are used as master
system, slave system, and goal system; respectively, in two cases: the chaotic states of a
goal system, a double Duffing chaotic system, tised as F(¢) and the cubics of chaotic states
of the same goal system used as F(f). These generalized synchronizations of chaotic
systems by adaptive control can be used to increase the security of communication. To
control chaotic systems to different systems is study by new pragmatical adaptive control method.
Traditional chaos control is limited for the same system. This method enlarges the function of
chaos control. We can control a chaotic system either to a given simple system or to more
complex given chaotic system. The method also simplifies the controllers and reduces their cost.
Using Lipschitz condition, the synchronization of Lorenz chaotic systems and of Quantum-CNN
chaotic oscillator systems with uncertain variable/chaotic parameters by linear coupling and
pragmatical adaptive tracking is implemented by the GYC pragmatical asymptotical stability
theorem. Tracking uncertain variable/chaotic parameters is firstly studied in this thesis. This is

more reasonable, because system parameters always vary due to aging, environment and
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disturbances. Two Lorenz systems are synchronization in one case: with oscillating parameters.
Two Quantum-CNN systems are synchronization in two cases: (1) with exponentially increasing
and decreasing parameters (2) with periodically and exponentially increasing and decreasing
parameters. The simulation results imply that the present scheme is very satisfactory. Two Lorenz
systems are synchronization in two cases: chaotic parameters M=N and chaotic parameters M <N.
Two Quantum-CNN systems are synchronized for chaotic parameters M=N. The simulation
results imply that this scheme is very effective.

In Chapter 7, a new strategy to achieve chaos control by partial region stability is proposed.
By using GYC theory of stability on partial region the Lyapunov function is a simple linear
homogeneous function of error states and the controller is simpler because they are of lower order.
The pragmatical generalized synchronization of adaptive control is studied. The
pragmatical asymptotical stability: " theorem fills the vacancy between the actual
asymptotical stability and mathematical asymptotical stability, the conditions of the
Lyapunov function for pragmatical -asymptotical stability are lower than that for
traditional asymptotical stability. By using this theorem, with the same conditions for
Lyapunov function, ¥ >0, V <0, as that in current scheme of adaptive synchronization,
we not only obtain the generalized synchronization of chaotic systems but so prove that
the estimated parameters approach the uncertain values. Two Quantum-CNN chaotic
systems and a double Duffing chaotic system are used as master system, slave system,
and goal system, respectively, in two cases: the chaotic states of a goal system, a double
Duffing chaotic system, used as F(¢) and the cubics of chaotic states of the same goal
system used as F(¢). These generalized synchronizations of chaotic systems by adaptive

control can be used to increase the security of communication.
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Appendix A
GYC Pragmatical Asymptotical Stability Theorem

The stability for many problems in real dynamical systems is actual asymptotical stability,
although may not be mathematical asymptotical stability. The mathematical asymptotical stability
demands that trajectories from all initial states in the neighborhood of zero solution must
approach the origin as ¢ — oo. If there are only a small part or even a few of the initial states
from which the trajectories do not approach the origin as ¢— oo, the zero solution is not
mathematically asymptotically stable. However, when the probability of occurrence of an event is
zero, it means the event does not occur actually. If the probability of occurrence of the event that
the trajectories from the initial states are that they do not approach zero when ¢ — oo, i.e. these
trajectories are not asymptotical stable for zero solution, is zero, the stability of zero solution is
actual asymptotical stability though it istnot<mathematical asymptotical stability. In order to
analyze the asymptotical stability ‘of the equilibrium point of such systems, the pragmatical
asymptotical stability theorem is used:

Let X and Y be two manifolds of dimensions m and n (m<n), respectively, and ¢ be a
differentiable map from X to Y; then ¢(X) is subset of Lebesque measure 0 of Y [96]. For an
autonomous system

X=f(x, - x,) (A-1)

where x =[x, x,] is a state vector, the function f =[f;,-, f,] is defined on D c R", an

n-manifold.
Let x=0 be an equilibrium point for the system (A-1). Then
£(0)=0. (A-2)
For a nonautonomous system,
X= L0, X,,) (A-3)
where x=[x,--,x,,]" , the function f=[f,---, f,]" is define on DcR"xR, , here

163



t=x,,, < R, . The equilibrium point is

f0,x,,)=0. (A-4)
Definition The equilibrium point for the system is pragmatically asymptotically stable provided
that with initial points on C which is a subset of Lebesque measure 0 of D, the behaviors of the

corresponding trajectories cannot be determined, while with initial points on D— C, the

corresponding trajectories behave as that agree with traditional asymptotical stability [94-95].
Theorem Let V =[x, x,,--,x,]' : D—R. be positive definite and analytic on D, where

x,, X,,+-, x, are all space coordinates such that the derivative of V' through Eqs (A-1) or (A-3),

V', is negative semi-definite of [x,, x,,---, x 1.

n

For autonomous system, let X be the m-manifold consisting of point set for which Vx =0,
V(x)=0 and D is an n-manifold. If m+l1<n, then the equilibrium point of the system is
pragmatically asymptotically stable.

For nonautonomous systeni, let X be the m+1-manifold consisting of point set for which

Vx#0, V(xl,x2,~-~,xn)=0 and.D isran n+T-manifold. If m+1+1<nt+l, i.e. m+1<n then the

equilibrium point of the system is pragmatically asymptotically stable. Therefore, for both
autonomous and nonautonomous system the formula m+1<n is universal. So the following proof
is only for autonomous system. The proof for nonautonomous system is similar.
Proof Since every point of X can be passed by a trajectory of Eq. (A-1), which is one-
dimensional, the collection of these trajectories, C, is a (m+1)-manifold [94-95].

If m+1<n, then the collection C is a subset of Lebesque measure 0 of D. By the above
definition, the equilibrium point of the system is pragmatically asymptotically stable.

If an initial point is ergodicly chosen in D, the probability of that the initial point falls on the
collection C is zero. Here, equal probability is assumed for every point chosen as an initial point
in the neighborhood of the equilibrium point. Hence, the event that the initial point is chosen

from collection C does not occur actually. Therefore, under the equal probability assumption,
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pragmatical asymptotical stability becomes actual asymptotical stability. When the initial point
falls on D—C, V(x)<0, the corresponding trajectories behave as that agree with traditional
asymptotical stability because by the existence and uniqueness of the solution of initial-value
problem, these trajectories never meet C.

For Eq.(6-2-8), Eq.(6-3-7) and Eq.(6-4-7), the Lyapunov function is a positive definite
function of n variables, i.e. p error state variables and n-p=m differences between unknown and
estimated parameters, while ¥ =¢”Ce is a negative semi-definite function of n variables. Since
the number of error state variables is always more than one, p>1, m+1<n is always satisfied, by
pragmatical asymptotical stability theorem we have

lime=0 (A-5)

1>
and the estimated parameters approach the uncertain parameters. The pragmatical adaptive
control theorem is obtained. Therefore, the equilibrium point of the system is pragmatically
asymptotically stable. Under the-equal probability assumption, it is actually asymptotically stable

for both error state variables and parameter-variables.
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Appendix B
GYC Partial Region Stability Theory

Consider the differential equations of disturbed motion of a nonautonomous system in the
normal form

x, =X (t,x,,x,), (s=1,---,n) (B-1)

where the function X is defined on the intersection of the partial region Q (shown in Fig. B-1)

and

S <H (B-2)

N

and ¢>¢,, where ¢, and H are certain positive constants. X; which vanishes when the variables
x5 are all zero, is a real valued function of ¢, xj, -+, x,,. It is assumed that X; is smooth enough to
ensure the existence, uniqueness of the'solution.of the initial value problem. When X does not

contain ¢ explicitly, the system is autonomouis.

Obviously, x, =0 (s=1,=:,n) is a solution of Eq. (B-1). We are interested to the
asymptotical stability of this zero solution on-partial region Q (including the boundary) of the

neighborhood of the origin which in‘general may-consist of several subregions (Fig. 7-1).
Definition 1:

For any given number ¢ >0, if there exists a ¢ >0, such that on the closed given partial

region Q when

D xS, (s=1-,n) (B-3)
for all ¢>t¢,, the inequality

sz2<‘9: (SZI,---,n) (B-4)

is satisfied for the solutions of Eq.(B-1) on €, then the disturbed motion x, =0 (s=1,---,n) is
stable on the partial region Q.

Definition 2:

If the undisturbed motion is stable on the partial region Q, and there exists a & >0, so that
on the given partial region QQ when

X<, (s=1,n) (B-5)
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The equality

lim(foj =0 (B-6)

—©

is satisfied for the solutions of Eq. (B-1) on €, then the undisturbed motion x,=0 (s =1,---,n) is

asymptotically stable on the partial region Q.
The intersection of Q and region defined by Eq. (B-5) is called the region of attraction.
Definition of Functions V (¢, x, -+, x,):

Let us consider the functions V(z, x,,---,x,) given on the intersection Q; of the partial

n

region Q and the region

D xI<h, (s=1-,n) (B-7)
for t>¢,>0, where f, and / are positive constants. We suppose that the functions are
single-valued and have continuous partial derivatives and become zero when x, =---=x,=0.
Definition 3:

If there exists #>0 and a sufficiently small #>0, so that on partial region Q; and ¢>7¢,,
V>0 (or £0), then V is a positive (or:negative) semi-definite, in general semi-definite,
function on the Q; and 72>1,.

Definition 4:

If there exists a positive (negative)definifive function W(x,,---,x,) on i, so that on the

n

partial region Q; and 2>¢,
V-W=>0 (or —V-W20) (B-8)
then V(¢,x,,---,x,) is apositive definite function on the partial region Q; and ¢ >¢,.

Definition 5:

If V(,x,---,x,) 1s neither definite nor semi-definite on Q; and ¢>¢, , then
Vit, x, -, x

h>0 and any large t, >0, V(t,x,,---,x,) can take either positive or negative value on the

) 1s an indefinite function on partial region Q; and ¢>¢,. That is, for any small

n

partial region Q; and 2>¢,.
Definition 6: Bounded function

If there exist #0>0, ~>0, so that on the partial region Q;, we have

|V(t, X, X )|<L (B-9)

n

where L is a positive constant, then ¥ is said to be bounded on Q;.
Definition 7: Function with infinitesimal upper bound
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If V is bounded, and for any 4>0, there exists x>0, so that on ; when Zx: <up,and t2t¢,,

we have

Vi, x, - x,)| <A (B-10)

then V" admits an infinitesimal upper bound on Q;.
Theorem of stability and of asymptotical stability on partial region

Theorem 1

If there can be found for the differential equations of the disturbed motion (Eq. (B-1) a
definite function V(¢,x,,---,x,) on the partial region, and for which the derivative with respect

to time based on these equations as given by the following:
W ol
d ot ‘50x,

(B-11)
is a semi-definite function on the partial region whose sense is opposite to that of V, or if it
becomes zero identically, then the undisturbed motion is stable on the partial region.
Proof:

Let us assume for the sake of definiteness that 1S a positive definite function. Consequently,
there exists a sufficiently large number fy and a-sufficiently small number 2 < H, such that on the

intersection €, of partial region Q and

D xI<h, (s=1-,n) (B-12)

and ¢>¢,, the following inequality is satisfied
Vi, x, -, x,)=2W(x,,x,), (B-13)
where W is a certain positive definite function which does not depend on ¢. Besides that, Eq.
(B-11) may assume only negative or zero value in this region.
Let ¢ be an arbitrarily small positive number. We shall suppose that in any case & <#h. Let

us consider the aggregation of all possible values of the quantities x,,---, x,, which are on the

n?’

intersection w, of Q; and

D xl=e, (B-14)

and let us designate by />0 the precise lower limit of the function W under this condition. By
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virtue of Eq. (B-8), we shall have
Vit,x,-,x,)=l for (x,--,x,) on w,. (B-15)
We shall now consider the quantities x; as functions of time, which satisfy the differential
equations of disturbed motion. We shall assume that the initial values x of these functions for

=ty lie on the intersection €, of ; and the region

Y xl<o, (B-16)

where 0 is so small that
V(ty, X0, 5 X,0) <1 (B-17)
By virtue of the fact that V' (¢,,0,---,0) =0, such a selection of the number J is obviously

possible. We shall suppose that in any case the number J is smaller than ¢ . Then the inequality

Y xi<s, (B-18)

being satisfied at the initial instant will bersatisfied, in the very least, for a sufficiently small
t—t,, since the functions x,(¢) very continuously with'time. We shall show that these inequalities
will be satisfied for all values ¢ >%;. Indeed, if these.inequalities were not satisfied at some time,
there would have to exist such an instant #=7" for which this inequality would become an equality.

In other words, we would have
2 =¢, (B-19)
and consequently, on the basis of Eq. (B-15)
V(Ta Xl(T),"',)Cn(T))ZZ (B_zo)
On the other hand, since ¢ </, the inequality Eq. (B-7) is satisfied in the entire interval of

time [#y, T, and consequently, in this entire time interval ¥ <0. This yields

V(T> xl(T)> Ty XH(T)) < V(toa Xigs """ xno) D (B-zl)
which contradicts Eq. (B-18) on the basis of Eq. (B-17). Thus, the inequality Eq. (B-4) must be

satisfied for all values of ¢ >¢,, hence follows that the motion is stable.

Finally, we must point out that from the viewpoint of mathematics, the stability on partial
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region in general does not be related logically to the stability on whole region. If an undisturbed
solution is stable on a partial region, it may be either stable or unstable on the whole region and
vice versa. From the viewpoint of dynamics, we were not interesting to the solution starting from
Q, and going out of Q.

Theorem 2

If in satisfying the conditions of theorem 1, the derivative V' is a definite function on the
partial region with opposite sign to that of V" and the function V itself permits an infinitesimal

upper limit, then the undisturbed motion is asymptotically stable on the partial region.

Proof:
Let us suppose that V' is a positive definite function on the partial region and that consequently,

V is negative definite. Thus on the intersection Q; of Q and the region defined by Eq. (B-7) and

t >t, there will be satisfied not only the inequality Eq. (B-8), but the following inequality as
will:

V<-W(x, - x,), (B-22)
where W is a positive definite function-on-the partial region independent of 7.

Let us consider the quantities 'x, as functions of time, which satisfy the differential
equations of disturbed motion assuming that the initial values x ,=x (¢,) of these quantities
satisfy the inequalities Eq. (B-16). Since the undisturbed motion is stable in any case, the
magnitude 0 may be selected so small that for all values of #>¢, the quantities x, remain within
Q;. Then, on the basis of Eq. (B-22) the derivative of function V(z, x,(¢),---, x,(t)) will be
negative at all times and, consequently, this function will approach a certain limit, as ¢ increases
without limit, remaining larger than this limit at all times. We shall show that this limit is equal to
some positive quantity different from zero. Then for all values of #2>¢, the following inequality
will be satisfied:

Vi, x @), -, x,()>a (B-23)
where a>0.

Since V permits an infinitesimal upper limit, it follows from this inequality that
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D X2, (s=1,-,n), (B-24)

where A is a certain sufficiently small positive number. Indeed, if such a number A did not

exist, that is, if the quantity sz (1) were smaller than any preassigned number no matter how

s

small, then the magnitude V (¢, x,(¢),--, x,(¢)), as follows from the definition of an infinitesimal

upper limit, would also be arbitrarily small, which contradicts (B-13).

If for all values of #>1¢, the inequality Eq. (B-24) is satisfied, then Eq. (B-22) shows that

the following inequality will be satisfied at all times:

V<-1

1°

(B-25)
where /; is positive number different from zero which constitutes the precise lower limit of the
function W,(¢, x,(¢), -+, x,(t)) under condition Eq. (B-24). Consequently, for all values of 7>,
we shall have:

Vt, x,(t), -, x,(2) =V (&, X35 xn0)+j; a;{—lt/dt <V(ty, X905 X,0) =L (E—1,),  (B-26)

which is, obviously, in contradiction with-Eq.(B-23). The contradiction thus obtained shows that
the function V' (¢, x,(¢),---, x,(¢)) approached zeto as ¢ increase without limit. Consequently, the
same will be true for the function W(x,(¢),---, x,(¢)) as well, from which it follows directly that

limx (1)=0, (s=1,---,n) (B-27)
t—©

which proves the theorem.

subregion 1

sul;ré Iiorll 2I
T \
Q

Fig. B-1 Partial Region Q; and Q.
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