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§1.1��
����

��

����(Mesh Free Method)����	���
�����

������������������(Finite element approach, 

FEM)�����	� (node)!"���
��#$%�(shape 

function)&'()*�����+,�������-./0�12

	34 5

6789:�12;<�'�7=#$�>�?9:@A�BC

�����DE�?�FG�H���IJH9KLMN	3KLO

PQ&R������STUVW7=X�� YZ (Lu [\

(1994))5]6^_�`a<�����bTcd� ef�]���

��gTcd^_���ef�KLO	3hijPkQl5���

��TUmn��o���Npq	3rstu12�]����;

<�� o� ;<v�(125�����6VWwx`aM�T

U���o� �N�yz&����bTU�� {|5

}~����������������V5����6VW�

������v�������VW����v���g�]~��

���������VW��5	��� Galerkin�(the element-free 

Galerkin method, EFG)�a�'����#$%��������
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���TUl� Lagrange multiplier�~cd Penalty methodVW5

6�j��l� Lagrange multiplier ��c����� 5Penalty 

method g~l��¡P¢�5	X£���¤¥¦�H9KLX�

hi*5�����§¨©ª«¬®�6¯��¦§¨�;°�±

²	3³´�µd¶·�¸��¦~�����¹4�5

º»J¼F6��� Galerkin �¯�¢�R��_½��¾¿

3À¿ÁÂÃÄj�ÅÆ��<cdq¾ÇÈÉ�Ê�(moving least 

square, MLS)	3ËÌ
%�(radial basis function, RBF)£����

#$%�5ÅÆq¾ÇÈÉ�Ê�ÍÎ�¢��Ï%� (weight 

function)Ð� �Ñ	3
Ò°Ó�Ô��[¢�&]ÅÆËÌ
%

�ÍÎ�¢��ËÌ
%��ÕÐ� �Ñ[[5Ö×�º±²�Ø

Ù���¬x���#$%�fÚ��voÛd Lagrange multiplier

�VW�����ÍÎÜ�5

§1.2	
��
	
��	
��

	
��

����ÇÝ©ª� Lucy (1977)ÐGingoldÞMonaghan (1977)

ØÙ�Éßà á·¿â� (smoothed particle hydrodynamics 

approach, SPH)9ãäå«æ·çè&�é���Õ�����ê

Nayroles[\ (1992)ëq¾ÇÈÉ�Ê�ì� Galerkin�<�ØÙ«

íî���(diffuse element method, DEM)5Belytschko[\ (1994)ë
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íî���l	@ï�vë Lagrange multiplier"������ØÙ

«��� Galerkin�5 

'�����~Çðñ®ò©ª������5�¿â12

<�½~¥ó�ô�]��À¿�¾¿Áõ������ö��½�

�y12¥ó�©ª��������y÷»�	ø�ùúû���

��ü*5

OuatouatiÞ Johnson (1999)cd��� Galerkin����_½`

a��<ýþ����KL���¾��M�v�� 'X�ÂÃ�

( o�������5KimÞ Inoue (2004)cd spectral stochastic 

element free Galerkin method���_½��¿��#��<Ï%�

	d°Ó�
5] Xiang (1997)cd��� Galerkin�R��_½ï

�@A����Ð?��pA����5WangÞ Liu (2002)ÛdË

Ì
%��9�ð%��Á�_����çÙ£��Ê�P�ÍÎ5

Raju [\ (2004)ÛdËÌ
%�	3 meshless Petrov-Galerkin 

method�Á Euler-Bernoulli½�;<�÷�°������	3��

¢�R�KL�Ê�ÅÆ5Liu (2002)cd PIM(point interpolation 

method)	3 LPIM(local point interpolation method)��������

½����¾������<�ýþ����KL���¾��M�

v�� 'X�ÂÃ��#5 
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	X÷»v��R������Á��ü*�������&ö

º÷»�F 6� �(���4!5Ûd��� Galerkin�"#£

��#$%����������¯�¢�R��Á½�¾¿3À

¿12$üj�ÅÆ5(×�6VW�����12X�%«cd

Lagrange multiplier ������×�º»ë"��������


Ò°Ó��v��(�~&Z'(�Ê5 

§1.3���
������

���

º÷»)��*+��,-�-ê

.�+ /0º±²�¾1	3�����©ª235

.ñ+ �4Ûd��� Galerkin ���½À¿3¾¿12�á3�

v54Ûdq¾ÇÈÉ�Ê�ÞËÌ
%�fÚ#$%��

235

.^+ ��q¾ÇÈÉ�Ê��#$%��ÅÆ¢�R½À¾¿

Á�Ê675

.8+ ��ËÌ
%��#$%��ÅÆ¢�R½À¾¿Á�Ê

675

.*+ º÷»�Í÷	3�95
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º+ë:;º±²�T�W÷
�56º±²Ûd<O���½

À¾¿12���=>Õ?���������@�fÁ�#$%�

AB�����C5º±²DEÛdq¾ÇÈÉ�Ê�"#°Ó�%

��f#$%�&Ö×��ÛdËÌ
%��f#$%�5�C�f

�#$%�.�����¬x������#$%�� ix  ��Y�

ix �Á5

§2.1  ����������� !�"#
����������� !�"#����������� !�"#

����������� !�"#

�_½À¿12�F<ZGþ9ê

dxuqdx
dx
udIE

ll

∫∫ −







=

0

2

0 2

2

2
1π  (2.1) 

u
��6

0=x
3

Lx =
�Ap����5H

u
���û���gì�

��IJKL(Lagrange multiplier)�Mê

( )[ ] ( )[ ] ( )[ ] ( )[ ]LL uLuuLuuuuu ′−′+−+′−′+−+= 430201 00~ λλλλππ (2.2) 

�< iλ
���IJKL�6(12�N ¥�& 0u � Lu �6 0=x

Ð

Lx =
V�pq����� 0u′� Lu′�6 0=x

Ð

Lx =
V�rs���

�5ëX�A��Z�ê

( )( ) ( )00 10102

2

0 2

2

uuudxuqdx
dx
ud

dx
udEI

ll
δλδλδδ
⋅+−⋅+−⋅ ∫∫

( )( ) ( ) ( )( ) ( )LuuLuuuu L δλδλδλδλ ⋅+−⋅+′⋅+′−′⋅+ 33202 00

( )( ) ( ) 044 =′⋅+′−′⋅+ LuuLu L δλδλ (2.3) 
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M

( )xu
�ð?ÁZGþ9ê

( ) ( ) I

n

I
I uxxu ∑

=

=
1

φ (2.4) 

Oë�(2.4) "��(2.3)�Z�ê

( ) ( ) ( ) ( ) ( ) ( ) I

n

I
IIII

l JI uLLdx
dx

xd
dx

xdIE ⋅







′++′++








⋅∑ ∫

=1
0 2

2

2

2

00 φφφφφφ

( ) ( ) ( ) ( )0000 4321 JJJJ φλφλφλφλ ′++′++

( ) LLJ

l
uuuudxxq ′+′+++= ∫ 000

φ (2.5) 

ëX��ÁVW�Z�ê

[ ]( ) ( ) { }( ) { }( ) 141444 ×+×++×+ =⋅ nnnn BuA (2.6) 

�<�

u
� Iu 3 iλ �9�ÌO�A�RP���5

;

nji ≤≤ ,1
�g 

( ) ( ) ( ) ( ) ( ) ( )LLdx
dx

xd
dx

xdIE iiii

l ji
ij φφφφ

φφ ′++′++









⋅= ∫ 00

0 2

2

2

2

,A (2.7a)

( ) ( )0,1 iin φ=+A (2.7b)

( ) ( )0,2 iin φ′=+A (2.7c)

( ) ( )Liin φ=+ ,3A (2.7d)

( ) ( )Liin φ′=+ ,4A (2.7e)

( ) uuuudxxq Li

l

i ′+′+++= ∫ 000
φB (2.7f)
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�

nji >,
�� 

0, =ijA (2.8a)

( ) ( ) ( ) ( )LuLuuu nnnn ′==′== ++++ 4321 ,,0,0 BBBB (2.8b)

44332211 ,,, λλλλ ==== ++++ nnnn uuuu (2.8c)

�����	
��������������

000 =′=′== LL uuuu
�������(2.5)� !"#�$

( ) ( ) ( )000 2110

2
2

2

0 2

2

uuudxuudx
dx
ud

dx
udEI

ll
′⋅+⋅+⋅+−⋅ ∫∫ δλδλδλδρωδ

( ) ( ) ( ) ( ) ( ) 00 44332 =′⋅+′⋅+⋅+⋅+′⋅+ LuLuLuLuu δλδλδλδλδλ (2.9) 

%�(2.4)&'�(2.9)�()*+,���

[ ] [ ]( ) { } 02 =⋅⋅− uAA ω (2.10)

-�.�/01�2�3��$

[ ] [ ] 02 =⋅− AA ω (2.11)

45�

A
�

A
��6789�:;<=>?�@�<�	
��A

B

ω
� ij ,A

��(2.7a)CD�4EFG$

�

nji ≤≤ ,1
�� 

( ) ( )( )∫ ⋅=
l

jiij dxxx
0, φφA (2.12a)

( ) ( ) inin ,2,1 ++ = AA ( ) ( ) 0,4,3 === ++ inin AA (2.12b)



8

( ) ( )0,1 iin φ=+A (2.12c)

( ) ( )0,2 iin φ′=+A (2.12d)

( ) ( )Liin φ=+ ,3A (2.12e)

( ) ( )Liin φ′=+ ,4A (2.12f)

�

nji >,
�� 

0, =ijA (2.13a)

0, =ijA (2.13b)

§2.2 � � � � � � � �

� � � � � � � �� � � � � � � �

� � � � � � � � (Moving least squares 

approach, MLS)	
���

	
���	
���

	
���

�����	(Least squares approach)
�����	����


������

N
�������

M
� !"#�$%&����

'()*+���,-./�012)�3�4��5678��

���	�9:�����	;<=!"(Weight Function),>?

@��)ABCD�E�,���>?FGABCD�HI ��

�5 

JK 2.3�LGM�NOPQ(problem domain)6R�S�� xT

 U70�

( )xu
VW5XYZ[

( )xu
 �$\


( )xuh
]6

( )xuh
01

^��_�`ab!"1c��d"ef(gh5LG�iNO�
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( )xuh
01VWhX/j

( ) ( ) ( )∑ ≡=
m

j
jj

h xaxpxu apT
(2.14)

�k�

m

ab!" l"]1c

a

�d"ef�0VWhj

( )Tmaaaa ,,,, 321 L=a (2.15)

`(2.14)k� ( )xp

ab!" ef5
mno!",pMq�

rst^_�`gh5uv01wxyz{|3}~�yz,ab!

"����{|3}�XV 2.1(W5�^%�`�yu01i�a

b!"(gh ��!" pMq���y��������#T�

{|3}5LG�iNO 

m
l ab!"01VWX/j

( ) ( ) ( ) ( ) ( ){ }xpxpxpxpx m,,,, 321
T L=p { }12 ,,,,1 −= mxxx L (2.16)

JK 2.1���'NOPQ��� N
�����


Nxxxx ,,,, 321 L
1c�L� U7 Nuuuu ,,,, 321 L

5%L�U7 

�$�w`(2.14)VWh

( ) ( ) ap II
h xxu T= , NI K3,2,1= (2.17)

�L

x
� U7������ U7�d
jAB

x
�E� U

7L��

x
�U7 >?E ]¡Z[�+�!"j

( ) ( ) ( ) 2][ II
h

N

I
I xuxuxxWJ −−= ∑

)

( ) ( ) 2][ II
T

N

I
I uxxxW −−= ∑ ap

)
(2.18)
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�k�

( )IxxW −
)

¢£=!"�
¤¥!"5�£�¦m§;H��

� =¨ ©�ª�«¬:AB®>?¯°©,�� =!"±Z


 05²³´>?¯°�,����%µ¶³´·¸5�2)�� 

+�\�0¹º

a



x
 !"]� 

0
a
=

∂
∂J

(2.19)

`(2.18)»<`(2.19)�

( ) ( ) ( ) sxxx UBaA = (2.20)

�k�

( )xA ( ) ( ) ( )∑ −=
N

I
I

T
II xxxxW pp

)
(2.21)

( ) [ ]Nx BBBB ,,, 21 K= (2.22)

( ) ( )IIII xxxW pB −=
)

(2.23)

( )TNS uuu ,,, 21 K=U (2.24)

��(2.20)��

( ) ( ) ( ) Sxxx UBAa 1−= (2.25)

�(2.25)���(2.14)��	��


( ) ( ) ( ) ( )( ) I

N

I

m

j
jIj

h uxxxpxu ∑∑ −= BA 1
(2.26)

��������
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( ) ( )∑=
n

I
II

h uxxu φ ( ) Sx U= (2.27)

��

( ) ( ) ( ) ( )( )xxxx nφφφ ,,, 21 K= (2.28)

( ) ( ) ( ) ( )( )∑ −− ==
m

j
IjIjI xBxAxpx BAp 1T1φ (2.29)

Iφ ������������� !"#$��%� !"�&'(

)�*+,-!"

( )xp
�."

m
�/01� ( ) 0≠− IxxW

)
234�56

"#(7�

mN >>
/0�8�9:;<1=>?�� !"@AB

$# 

$CD<1=>?�� !"E�FGH)&IJK�LM#N

OPQR� !"

( )xIφ PQJK�RGSTUVWXYZ&ICD

[\]^_`PQJKab%cd#ef�fR�(2.28)g9hi�

���jk


( ) ( ) ( )xx I
T

I Bx=φ (2.30)

��

( )xγ
lm

( ) ( ) ( )xpA =xx (2.31)

R�(2.31)noJK�p��9�)kq�r


ApA i,ii ,, −= (2.32)

( )AAApA ijijji,ijij ,,,,,, ++−= (2.33)
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+++−= ijkikjjki,ijkijk ,,,,,,, ( AAApA

),,,, AAAA ijkijkjikkij +++ (2.34)

R�qs�at�(2.30)��9�)� !" ( )xφ
JKp�uv�j

k
 

iIIiiI ,,, BB +=φ (2.35)

ijIiIjjIiIijijI ,,,,,,, BBBB +++=φ (2.36)

iIjkjIikkIijIijkijkI ,,,,,,,, BBBB +++=φ

ijkIijIkikIjjkIi ,,,,, BBBB ++++ (2.37)

§2.3 �������

��������������

�������(radial basis function, RBF)�
��

�

	
���

	
���	
���

	
���

§2.3.1 �����

����������

�����

efRwxyzD{|

N
}56 Nxxxx ,,,, 321 L

~������

��� Nuuuu ,,,, 321 L
#��������x�9�k���


( ) ( ) ( )∑
=

==
N

J

T
JJ

h xxRaxu
1

aR (2.38)

�� Ja ��{�"�a9� ( )xTR
�{|jk


( )TNaaa ,,, 21 L=a (2.39)

( ) ( ) ( ) ( )( )TN xRxRxRx ,,, 21 L=R (2.40)

��

( )xRi ���,!"��9��6

x
)56 Ix ��~ II xxd −=



13

��"�!"�<F�CD%�z��,!"jk


Multiquadrics(MQ)
 ( ) ( ) 2/122
II dcxR +=  (2.41)

Reciprocal multiquadrics(RMQ)
 ( ) ( ) 2/122 −
+= II dcxR (2.42)

Gaussians
 ( ) ( )2exp II cdxR −=  (2.43)

Thin-plate splines(TPS)
 ( ) ( )III ddxR log2β= (2.44)

���"��

c
�����F"�O

β
��"#

�����b������z����,!"�R����� 

¡�¢£�¤6��¥�x¦��cd#Wu(1995)2��%��,!

"jk


( ) ( ) ( )324 3121641 rrrrxRI +++⋅−= + (2.45)

( ) ( ) ⋅−= +
61 rxRI )5307282366( 5432 rrrrr +++++ (2.46)

��

mI

I

d
dr =
�O mId

�{|$56 Ix §%��,!"�¨©ª��

��

( )++ r1
{|jk


( ) ( )


 ≤≤−

=− +
��

�

,0
10,1

1
rr

r (2.47)

Buhmann(1998)��%«{¬¨��,!"�


( ) ( )rrrrxRI ln2
3
4

3
1 232 +−+= (2.48)

( ) 432 3
3
16

6
19

15
1 rrrxRI +−+= ( )rrrr ln2

6
1

15
16 265 ++− (2.49)
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Wendland(1995)2���«{¬¨��,!"�


( ) ( ) ( )26 351831 rrrxRI ++−= + (2.50)

( ) ( ) ( )328 3225811 rrrrxRI +++−= + (2.51)

§2.3.2 ������

������������

������

��(2.41)(2.51)®����,!"�¯{°[���(2.38)#

±��x!"

( )xuh
$56 Ix §%²³�!" ( )xu

$ Ix §%² Iu �́

µ��

N
}56 Nxxxx ,,,, 321 L

���)

N
¶>·���	��k

�
 

uaA = (2.52)

��


( )
( )

( )

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

















=





















=

NNNN

N

N

N
T

T

T

xRxRxR

xRxRxR
xRxRxR

x

x
x

L

MOMM

L

L

M

21

22221

11211

2

1

R

R
R

A (2.53)

( )TNuuu ,,, 21 K=u (2.54)

��(2.53)�9���{�"� a����(2.38)���


( ) ( ) ( )uuAR xxxu Th == −1 (2.55)

���

( )x
¸�� !"�¹�{|�


( ) ( ) 1−= ARΦ xx T (2.56)

� !"�JK��k�w�
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( ) ( ) ( ) ( ) ( )( ) 1
,,2,1

1
,, ,,, −− ⋅== AAR xRxRxRxx iNii
T
ii L (2.57)

( ) ( ) ( ) ( ) ( )( ) 1
,,2,1

1
,, ,,, −− ⋅== AAR xRxRxRxx jiNjiji
T
jiji L (2.58)

��


( ) ( )
x
r

r
xRxR I

xI ∂
∂
⋅

∂
∂

=, (2.59)

( ) ( )
2

2

, r
xRxR I

xxI ∂
∂

= (2.60)

mII

I

dd
xx

x
r −
=

∂
∂

(2.61)

§2.3.3 ��������	

��������	��������	

��������	

º»CD��,!"¼½� !"�¾�lm�������

standard patch tests�7¾�¿:ÀÁ¼ÂÃ��Ä(Liu�2002)#Z&

ÅgV.�,-bC�� !"@AÆÇ standard patch tests#R�

(2.38)ÅgV.�,-!" ( )xpi �jk


( ) ( ) ( ) ( ) ( )bpaR xxxpbxRaxu T
N

J

T
m

i
iiJJ

h +=+= ∑ ∑
= =1 1

(2.62)

���


( ) ( ) ( ) ( )( )Tm xpxpxpx ,,, 21 L=p (2.63)

( )Tmbbb ,,, 21 L=b (2.64)

�(2.62)��È� mN +
}ÉÊ"���kq.�Ë�����>·

�
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=








⋅








=








⋅

0
u

b
a

0P
PA

b
a

B T (2.65)

����

A
Ì�(2.53)ÍuÌ�(2.54)��Îjk


( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

















=

NmNN

m

m

xpxpxp

xpxpxp
xpxpxp

L

MOMM

L

L

21

22221

11211

P (2.66)

��(2.65)�w��"� a ,b�´at�(2.62)��


( ) ( ) ( )( ) ( ) ( )( ) ( )








==








= −

0
u

uBpR
0
u

BpR xxxxxxu TTTTh 1
(2.67)

��

( )x
�� !"

1−= jiji BB for NjmNi ,,2,1;,,2,1 LL =+= (2.68)

( ) ( ) ( )( ) BpR xxx TT= (2.69)

( )x
�JKjk


( ) ( ) ( )( ) BpR ⋅= xxx T
i

T
ii ,,, (2.70)

( ) ( ) ( )( ) BpR ⋅= xxx T
ji

T
jiji ,,, (2.71)

§2.3.4��������

����������������

��������

ÏÐ��q�CD��,!"§	ÑÒ¶Ó�>���sÔ�K

Õ�Ö

1
CD Lagrange multiplier lmÑÒ¶Ó�Ö2 $¼½� !"

E�RÑÒ¶Ó×����Ø�lmÑÒ¶Ó�� !"�Ö

3
¯{l

mÑÒ¶Ó�

( )xφ
#9kÙÚ9ÛÜÝ�ÙÚ��ÑÒ¶Ójk
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( ) ( ) 000 0 =⋅= = axRu (2.72)

( ) ( ) 000 0 =⋅
∂

∂
=

∂
∂ = a

x
R

x
u x (2.73)

Ö

1
CD Lagrange multiplierlmÑÒ¶Ó�R�(2.72)��(2.73)��

�(2.6)Þ�(2.11)7�#

Ö

2
ß¼8lmÛÜÝÑÒ¶Ó�� !"�&CD Hermite�!"�

OàD Hermite á?�9âãhä��,!"$ÑÒ§�å?

(Zhang³æ�2000)#Hermite�!"��jk


( ) ( ) ( ) ( ) ( )cRaR T
x, xx

x
xcxRaxu

N

J

T
N

k

k
kJJ

h +=
∂

∂
+= ∑ ∑

= =1 1

2 φ

( )dR
T
x= (2.74)

����

( ) ( ) ( ) ( ) ( ) ( ) ( ) T
N

N x
xR

x
xR

x
xRxRxRxRx 








∂

∂

∂
∂

∂
∂

= 2,,,,,,, 21
21 LLR (2.75)

( )TNN cccaaa
2

,,,,,,, 2121 LL=d (2.76)

±��x!"

( )xuh
$56 Iα §%²³�!" ( )xu

$ Iα §%²

Iu �´µ�� N
}56 Nαααα ,,,, 321 L

���)

N
¶>·�YÌ

	�±��x!"�[çJK.

( )xuhx, $56 Iγ §%²³�!"

( )xu x, $ Iγ §%[èJK² xIu , �´µ�� 2N }$ÑÒ�%56

2
,,,, 321 Nγγγγ L
���) 2N ¶>·������jk
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ud
BB
BB

dB =







=

43
21

(2.77)

���

d
��(2.76)��"� 
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m0£Î�ñ�jf�IJK
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11=N
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12 =N
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F�Q�01�¦()

m
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�7(�(2.85)�
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��Q�01ã'/þ'_(��������3��

��S

§4.1.1 ��������	
���
��������	
�����������	
���

��������	
���

cde����¡#B��Oë()9OëS¢9Oëcde�

��H1�� åæ¬6 mId
�01\](�ÓOPRS

Í 4.1£Î�,�z£�ìí9Oëcde��£�#����

�
��à

LdmI = S�(2.46)()�(2.50)£�������Átð

,
/Í���¡�S�Í�2E�:cde����ÖÁtð,


7Ö���/

5.0/ =Lx
256 1
¢/�½01256W�Ü1S

k 4.1£Î��qìí9Oëcde��£�IJK°±²�·

¸�ÁhÂ�Sñ��Î�nX�(2.45)£��Â�ô¬�?
�½
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Í 4.2 £Î�9Oëcde����� mId
h6������
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��à

15=N
S�Í�2E!} mId

h6���������Á

t�Sk 4.2 £Î� mId
hOPIJK°±²�·¸���SQ�¢
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LdmI 0.1=
3Â�	6�½B�
��¼¨ï®�S
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Z[6gBhh�(2.43)�@
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C��

c
�� cde������ÛSÍ 4.3£Î�c

h

6�������
�2EC��
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h6���¡��¡�
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6B_����ô¬Sk 4.3 £Î�c
h6OPIJK°±²�·¸

���S�k�(2E


c
3¬�h6¨ï®��Â��P�ß�3

��
ûh	ï®��ß�3��S

g?
 Oëcde��(à�(2.43))()9Oëcde��(à

�(2.51))/�ôSÍ 4.4 £Î��(2.51)à LdmI 0.1=
()�(2.43)à

2/11 Lc =

B�cde����Átð,>Í 4.5£Î�B�£�#

�����Sk 4.4 �ìí�.cde��h6OPIJK°±²�
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Oëcde���Â�ô�S

§4.1.2 �����	
���
�����	
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Í 4.6 £Î�01�¦h6�������
��àOëcde

��( 2/5 Lc = )S$Í£Î
01�¦B÷@ 2 1
 p�����

Á�Át¬Sk 4.5�ìí01�¦h6IJK°±²�·¸�Áh

Â�
��àOëcde��( 2/5 Lc = )S¾pq��T��<��

�EFÁí
÷@01�¦�p�Â�%4S

k 4.6 �¾k 4.5 ¢Áí��
£àìí c
4Sk 4.6 �à

2/10 Lc =
Sñ��Î
!}Oëcde�����U
÷@01�¦

á±�p�Â�%4S

k 4.7 £Î�ìí§1<�h6OPIJK°±²�·¸��

�
��à

7=N
AOëcde��( 2/5 Lc = )>¢�=§101Ë¤

$k 4.8£ÎS�g��E
Ö§§1¾�=§1���Á�ì¬S

§4.1.3 ����������	
���
����������	
�������������	
���

����������	
���

/m0Ï;3�@sVRR<�¾Fz��T��<���e

ysV�R<��ìÁí
T��<���sV�ey���Te¥

�sV�
¢m0£pq�sV�ey$¼�X�� standard patch 

tests£�@�sV�
B��*ìíS

Í 4.7 £Î��@eysV�ìí�����
��à 7=N
(

)Oëcde��( 2/5 Lc = )S�g�3
÷@�@3sV�R<�

h6�������¡���
MhB¦�#��S
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k 4.9¾k 4.10£ÎÖ�ìí�@sV�R<�h6OPIJK

°±²�·¸���Sk 4.9 à 7=N
()Oëcde��

( 2/5 Lc = )>k 4.10 à 8=N
()Oëcde��( 2/5 Lc = )S�ñ�

��
�@sV�R<�/,Q²®�p�Â��Ó
ûh6�½²

®$ìQ'S

§4.1.4 ������ ��	
���
������ ��	
��������� ��	
���

������ ��	
���

,�zÏ;�´����3<����
���<�M�/

RPIM �2D§¨����
¡Ý��a1 pq Lagrange multiplier �

Áa

2
�������©9����()a

3
89GH�����cd

e��(k 2.2))�@sV�(k 2.1)S

Í 4.8£Î�ìí��2D<�<#3����S�ñ��(2

E
pq<�a

3
£<#3����
�CD4+ªì/��2>¢<

�a

2
£<#3����
/°�_23����4Mus¬S 

k 4.11 )k 4.12 £ÎÖ�ìí��2D<�h6OPIJK°

±²�·¸���
��k 4.11 à 7=N
()Oëcde��

( 2/5 Lc = )>k 4.12 à 9=N
()Oëcde��( 2/5 Lc = )S�ñ�

��
<�a

1
¼��<�t�Â�T¬�
¢<�a

3
OP�Â�$«

��6<�a

2
�S

�X56/,�zÏL
"q Hermite Ì��(ß�!|cde
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��/��2�Â�Sk 4.13£Î�"q Hermite��h6OPB_

°�_�Kî�9W°±²�·¸���
¢B:Q�01¡§/K

3B_��>¢�pqHermite���
(÷@B101(p��(2.77)

�����	:�ÁíS�ñ��(2E
pq Hermite����Â

�ß�4	S

§4.1.5 !"����#�
�
!"����#�
�!"����#�
�

!"����#�
�

k 4.14)k 4.15£Î�h6OPìí����K°±²�·¸

���
k 4.14�à 9=N
A

22 =N
()Oëcde��( 2/5 Lc = )>

k 4.15�à 9=N
A

22 =N
()9Oëcde��( Ldm 0.1= )SBk

Öpq�������©9����(������Sñ��Î
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$¡Ýà�(2.43)()�(2.51)/�Oë)9Oë
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0=m
AOëcde��

2/5 Lc =
)

3=m
AOëcde��

2/5 Lc =
S�ñ���
pq�������cde��£��Â�

ß��	6��������������S
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§4.3 ��

����

����

����

��

pqcde���������uGH Kronecker delta 
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�ì�´µS
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k 2.1 GH~�jf�ey��

( )xp

jf

( )xp

clamped - free

1+= i
i xp

simple support –simple support

( )xLxp i
i −⋅=

 free - free

1−= i
i xp

clamped - clamped

( )21 xLxp i
i −⋅= +

k 2.2  GH�����cde�� ( )xR

jf ( )xR

clamped - free

( ) ( )xRxxR ⋅= 2

simple support –simple
support

( ) ( ) ( )xRxLxxR ⋅−=

clamped - clamped

( ) ( ) ( )xRxLxxR ⋅−= 22



49

k 3.1  ~������·¸<=�

jf ·¸<=�

clamped - free
1tanhtan −=− LL ββ

simple support
- simple support

0sin =Lβ

free - free
1coshcos =⋅ LL ββ

clamped - clamped
1coshcos =⋅ LL ββ

k 3.2  ìí¥��h6°±²�·¸�ÁhÂ�

°±²�·¸ �Ë3.4Ì �Ë3.6Ì

1st 3.0870E-04 7.8300E-04
2nd 3.0540E-04 1.7446E-02
3rd 2.4194E-02 4.1011E-02
4th 6.6285E-02 1.4941E-01
5th 1.6491E-02 1.9489E-02
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k 3.3  B�¥����ô

sV�¥�� Å�¥��

( )xW
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k 3.4  Å�¥���� cìíh6°±²�·¸ÁhÂ�

°±²

�·¸

12/Lc = 6/Lc = 4/Lc = 3/Lc = Lc 425.0=

1st 1.2960E-04 -4.0040E-09 1.0980E-08 1.9820E-05 5.3452E-04

2nd 1.5702E-03 1.3050E-07 -4.3840E-09 3.8830E-05 1.0693E-03

3rd 4.3298E-03 5.1090E-07 7.5210E-08 1.1610E-04 -3.6858E-01

4th 8.7436E-03 4.2180E-06 1.5580E-07 1.6470E-04 -6.7778E-01

5th 1.4987E-02 6.7700E-06 3.9850E-07 1.9670E-04 -6.9020E-01

k 3.5 ìí¥���ÁhÂ�

°±²�·¸

sV�¥��

Ldm 0.1=

Å�¥��

Lc 425.0=

1st 6.9759E-07 -3.0431E-06
2nd 1.8107E-05 -3.7486E-05
3rd 7.8894E-03 7.3260E-04
4th 4.9928E-03 1.5372E-03
5th 1.2863E-01 2.4360E-03

k 3.6 ìí01�¦�ÁhÂ�(à 6/Lc = )

°±²�·¸ 01�¦ 7 01�¦ 11 01�¦ 15

1st 4.3935E-03 8.9030E-06 -4.0036E-09
2nd 5.0621E-02 1.2340E-04 1.3050E-07
3rd 1.4333E-01 2.5118E-04 5.1089E-07
4th 2.9270E-01 6.5419E-04 4.2183E-06
5th 3.9601E-01 1.1929E-03 6.7697E-06
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k 3.7 ìí01�¦�ÁhÂ�(à 4/Lc = )

°±²�·¸ 01�¦ 7 01�¦ 11 01�¦ 15

1st 1.6051E-04 2.0416E-08 1.0978E-08
2nd 2.1527E-03 6.3393E-07 -4.3839E-09
3rd 1.1517E-02 1.2090E-06 7.5211E-08
4th 1.9513E-02 2.0075E-05 1.5577E-07
5th 7.5650E-01 5.0334E-04 3.9854E-07

k 3.8 �=§1()Ö§§1�ÁhÂ�

°±²�·¸ Ö§§1 �=§1 1 �=§1 2 �=§1 3

1st -4.0036E-09 1.9971E-04 5.0503E-03 1.8240E-04

2nd 1.3050E-07 5.4197E-04 5.0852E-02 1.5606E-03

3rd 5.1089E-07 1.6899E-03 7.5287E-02 4.2194E-03

4th 4.2183E-06 8.3344E-03 8.2974E-02 7.3865E-03

5th 6.7697E-06 1.0469E-02 1.1455E-01 1.5222E-02
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k 3.9 �=§1~01?Ê

Lx /

01ÍÎ �=§1 1 �=§1 2 �=§1 3

1 7.8300E-06 3.9100E-04 7.7500E-04
2 3.4600E-02 1.7510E-01 2.2200E-02
3 4.7000E-02 3.5223E-01 2.0761E-01
4 5.3500E-02 5.4827E-01 2.5034E-01
5 1.3154E-01 5.7689E-01 2.6557E-01
6 2.1896E-01 6.3836E-01 2.9270E-01
7 3.8350E-01 6.7308E-01 4.0636E-01
8 4.5865E-01 7.2861E-01 4.2222E-01
9 5.1942E-01 7.3465E-01 4.2264E-01
10 5.3277E-01 7.8027E-01 5.3460E-01
11 6.7887E-01 9.3251E-01 6.5742E-01
12 6.7930E-01 9.4324E-01 6.7696E-01
13 7.5561E-01 9.4796E-01 7.4396E-01
14 8.3097E-01 9.6482E-01 8.0493E-01
5 9.3469E-01 9.7082E-01 9.6671E-01

k 3.10 ìíeysV�R<��ÁhÂ�(à 15=N )

°±²�·¸

m =2 m =3 m =4 m =5 

1st 1.0130E-04 1.6400E-06 3.6690E-08 4.6670E-08
2nd 1.8470E-04 2.1280E-05 1.5490E-06 2.7930E-07
3rd 2.6020E-04 5.0540E-05 1.1700E-05 6.6630E-06
4th 3.9780E-04 1.2470E-04 4.3440E-05 4.1950E-05
5th 4.5580E-04 1.9130E-04 1.2640E-04 2.1270E-04
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k 3.11 ìíeysV�R<��ÁhÂ�(à 11=N )

°±²�·¸

m =2 m =3 m =4 m =5 

1st 7.2428E-03 2.1454E-04 6.5126E-06 -1.4389E-06
2nd 1.0796E-02 2.6223E-03 1.1120E-04 6.2091E-05
3rd 1.5049E-02 7.5328E-03 3.6944E-04 9.7380E-04
4th 2.0377E-02 1.6063E-02 1.1275E-03 3.1776E-03
5th 2.9779E-02 3.1165E-02 5.3282E-03 3.2089E-03

k 3.12 ìí¨© ¡1�¦�ÁhÂ�

¨© ¡1�¦

°±²�·¸

3 6 9
1st -4.0036E-09 -4.0036E-09 -4.0036E-09
2nd 1.3050E-07 1.3050E-07 1.3050E-07
3rd 5.1089E-07 5.1089E-07 5.1089E-07
4th 4.2183E-06 4.2183E-06 4.2183E-06
5th 6.7697E-06 6.7697E-06 6.7697E-06

k 3.13 ìí¨© ¡ª«¬��ÁhÂ�

 ¡ª«¬�

°±²�·¸

L/10 L/20 L/100

1st -4.0030E-09 -4.0036E-09 -4.0036E-09
2nd 1.3050E-07 1.3050E-07 1.3050E-07
3rd 5.1088E-07 5.1089E-07 5.1089E-07
4th 4.2183E-06 4.2183E-06 4.2183E-06
5th 6.7696E-06 6.7697E-06 6.7697E-06
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k 3.14 ìíeysV��ÁhÂ�(à 7=N )

12/Lc = 6/Lc =

pq Lagrange 

multiplier

ey��#ð

������

pq Lagrange 

multiplier

ey��#ð

������

1st 1.7069E-01 2.6377E-04 4.3935E-03 6.0641E-05

2nd 1.1591E+00 8.8172E-03 5.0621E-02 5.5181E-03

3rd 2.2651E+00 7.1719E-01 1.4333E-01 2.2442E-02

4th 3.2398E+00 1.5500E+00 2.9270E-01 1.1250E-01

5th 3.3951E+00 2.0945E+00 3.9601E-01 2.6422E-01

k 3.15 ìíeysV��ÁhÂ�(à 11=N )

12/Lc = 6/Lc =

pq Lagrange 

multiplier

ey��#ð

������

pq Lagrange 

multiplier

ey��#ð

������

1st 6.8005E-03 4.5625E-05 8.9030E-06 4.1504E-07

2nd 4.9043E-02 3.5092E-03 1.2340E-04 8.1698E-05

3rd 1.1436E-01 3.5211E-02 2.5118E-04 1.6449E-04

4th 1.9912E-01 8.4738E-02 6.5419E-04 4.7110E-04

5th 2.8942E-01 1.4099E-01 1.1929E-03 1.0216E-03
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k 3.16 ìí����K.�ÁhÂ�

(pq Lagrange multiplier������7à 11=N )

°±²�

·¸

simple support-
simple support

clamped-
clamped free - free

1st 3.8530E-05 1.6022E-04 1.2489E-05

2nd 2.3736E-04 5.5252E-04 1.4441E-04

3rd 4.2431E-04 5.9290E-04 3.5032E-04

4th 2.7499E-03 2.2719E-03 6.2552E-04

5th 4.8566E-03 3.0600E-03 1.0190E-03

k 3.17 ìí����K.�ÁhÂ�

(�qey��#ð������7à 11=N )

°±²�·¸

simple support-
simple support

clamped-
clamped

1st 1.6681E-07 1.6237E-08

2nd 4.0825E-07 1.8657E-07

3rd 1.8299E-06 5.6224E-07

4th 1.0985E-04 1.9875E-05

5th 3.3905E-04 6.7655E-05
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k 4.1  ìí9Oëcde���ÁhÂ�

°±²�·¸ �Ë2.45Ì �Ë2.46Ì �Ë2.50Ì �Ë2.51Ì

1st 7.0177E-01 2.6299E-01 5.9245E-01 3.7552E-01
2nd 1.0579E-01 2.3530E-02 6.9761E-02 3.8612E-02
3rd 1.1024E-02 7.6467E-03 1.5934E-02 8.9357E-03
4th 9.7295E-03 2.1881E-04 2.9328E-03 2.8715E-03
5th 5.5408E-03 2.4823E-04 4.0631E-04 4.0324E-04

k 4.2  9Oëcde��Ë�Ë2.51ÌÌìí���ÁhÂ�

°±²�·¸

LdmI 75.0= LdmI 0.1= LdmI 25.1=

1st 2.5616E-01 4.1498E-01 7.5445E-01
2nd -3.3351E-01 4.3379E-02 5.8159E-01
3rd -4.1204E-01 9.9856E-03 5.6718E-01
4th -4.2818E-01 3.1701E-03 5.6344E-01
5th -4.3430E-01 4.2303E-04 5.6292E-01

k 4.3  Oëcde��Ë�Ë2.43ÌÌìí���ÁhÂ�

°±²�·¸ c=5 c=7.5 c=10

1st 4.7456E-03 9.1067E-02 4.4075E-01
2nd 1.0818E-03 1.1605E-02 5.4961E-02
3rd 2.9648E-04 1.8438E-03 9.2031E-03
4th 1.2214E-03 1.7341E-03 4.3662E-03
5th 5.0302E-03 1.4564E-03 2.7616E-03
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k 4.4  ìícde���ÁhÂ�

°±²�·¸ �Ë2.43Ì �Ë2.51Ì

1st 1.5182E-03 4.1498E-01
2nd 1.8792E-04 4.3379E-02
3rd 5.3094E-05 9.9856E-03
4th 1.0198E-04 3.1701E-03
5th 1.0724E-04 4.2303E-04

k 4.5  ìí01�¦�ÁhÂ�(à 2/5 Lc = )

°±²�·¸ 7:01 9:01 11:01

1st 5.0924E-03 4.0087E-05 1.4167E-05
2nd 1.1285E-03 1.7160E-05 4.2490E-05
3rd 3.0703E-04 1.2272E-05 -3.9870E-06
4th 1.2192E-03 8.5446E-05 -2.1545E-05
5th 4.8995E-03 1.2675E-04 2.5833E-05

k 4.6  ìí01�¦�ÁhÂ�(à 2/10 Lc = )

°±²�·¸ 7:01 9:01 11:01

1st 4.8242E-01 2.6420E-02 5.5147E-04
2nd 6.0639E-02 2.9639E-03 7.8158E-05
3rd 1.0286E-02 6.3144E-04 2.5131E-05
4th 4.7614E-03 7.7799E-04 6.3167E-05
5th 2.6090E-03 5.3549E-04 7.6243E-05
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k 4.7  ìí§1<��ÁhÂ�

°±²�·¸ Ö§§1 �=§1

1st 5.0924E-03 1.0089E-03
2nd 1.1285E-03 6.6055E-04
3rd 3.0703E-04 1.4807E-04
4th 1.2192E-03 1.0696E-03
5th 4.8995E-03 7.7773E-03

k 4.8  �=§1�~01Ë¤

01ÍÎ Lx /

1 3.9132E-04
2 3.5223E-01
3 5.7689E-01
4 6.3836E-01
5 7.8027E-01
6 9.3251E-01
7 9.4796E-01

k 4.9 ìí�@sV�R<�h6IJK�ÁhÂ�(à 7=N )

�@sV�R<�

°±²�·¸

0 2 4 6
1st 5.0924E-03 1.1054E-03 1.4823E-05 8.8762E-08

2nd 1.1285E-03 1.2435E-04 3.6048E-05 2.0508E-04

3rd 3.0703E-04 7.5008E-04 1.5817E-04 1.6292E-04

4th 1.2192E-03 5.6424E-04 4.8582E-04 2.3611E-03

5th 4.8995E-03 8.2372E-03 1.3609E-02 1.4155E-02
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k 4.10 ìí�@sV�R<�h6IJK�ÁhÂ�(à 8=N )

�@sV�R<�

°±²�·¸

0 2 4 6

1st 6.2441E-04 5.2738E-05 7.6874E-06 1.1618E-08

2nd 6.3451E-05 3.5204E-06 1.2289E-05 7.1346E-06

3rd 1.7199E-04 1.2094E-04 1.2963E-04 3.1384E-05

4th 2.2980E-04 3.5643E-05 3.9139E-04 1.1157E-04

5th 1.8320E-03 3.8168E-04 1.0924E-02 1.2708E-03

k 4.11 ìí����2D<��ÁhÂ�(à 7=N )

°±²�·¸ <�a

1
<�a

2
<�a

3

1st 4.6779E-02 5.0924E-03 7.3068E-04

2nd 2.5407E-02 1.1285E-03 6.2852E-04

3rd 8.1318E-03 3.0703E-04 1.5025E-04

4th 1.3444E-02 1.2192E-03 1.1143E-03

5th 5.1474E-01 4.8995E-03 7.6641E-03

k 4.12 ìí����2D<��ÁhÂ�(à 9=N )

°±²�·¸ <�a

1
<�a

2
<�a

3

1st 6.7313E-04 4.0087E-05 5.1416E-06

2nd 8.5654E-04 1.7160E-05 1.1409E-05

3rd 2.1854E-04 1.2272E-05 3.3567E-06

4th 1.3258E-03 8.5446E-05 5.2545E-05

5th 5.2166E-03 1.2675E-04 2.9696E-05
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k 4.13  Hermite���ÁhÂ�

°±²�·¸

9=N , 22 =N

(pq Hermite��)

11=N , 02 =N

(�pq Hermite��)

1st 9.8443E-07 3.6859E-03
2nd 2.1215E-05 2.0763E-03
3rd 1.0603E-05 5.7028E-04
4th 1.3490E-04 1.1382E-03
5th 5.8648E-05 1.0497E-03

k 4.14 ìí����K.�ÁhÂ�(pqOëcde��)

°±²�·¸

simple support-
simple support free - free clamped-

clamped

1st -4.2927E-08 9.8443E-07 1.2588E-06

2nd 7.4558E-08 2.1215E-05 1.9514E-05

3rd -1.1320E-09 1.0603E-05 6.1605E-06

4th 5.7921E-06 1.3490E-04 7.4229E-05

5th 9.3739E-07 5.8648E-05 4.6667E-04

k 4.15 ìí����K.�ÁhÂ�(pq9Oëcde��)

°±²�·¸

simple support-
simple support free - free clamped-

clamped

1st 2.6489E-04 9.7900E-03 3.4508E-04

2nd 2.1065E-05 3.2473E-03 5.6335E-04

3rd 6.8990E-06 1.4991E-03 7.6900E-04

4th 2.4571E-04 9.9495E-04 2.7059E-03

5th 1.9620E-04 9.5575E-04 5.5576E-04
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