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Abstract

The traditional dartboard design has only one circle. In this paper, we
expand one circle to double circles and define the corresponding risk function
of the double dartboard. We show how to find an optimal arrangement such

that the risk function is maximized for double dartboard problem.
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Chapter 1
Introduction

Darts is a highly popular game. The traditional dartboard has a single
circle as shown in figure 1.1. The exciting of darts comes from the differ-
ence of adjacent numbers. As the difference is larger, the game of darts
is more challenging. Curtis[1] presexted a siiaple greedy algorithm to re-
solve the dartboard design[6, 7]:problem Consider a multiset of numbers
A ={ay,as,...,a,} and arrange these numbers on the dartboard to form a
permutation u = ajas . .. a,. Then defineé the single-circular risk function as
r=> 0 |ai-1 — a;lP, where ap ' =a,s'p > 1, and'p is a real number. The
dartboard design problem is that given amultiset of numbers A we want to
find an optimal permutation such that the single circular risk function has
the maximum value.

In this paper, we extend the dartboard design problem from single circle
to double circles. For example, see figure 1.2. Given a multiset of numbers
A=A{ay,a9,...,a,,a541,...,a09,} divide A into two multisets X and Y such
that |X| = |Y] = n. We arrange the numbers of X on one circle of the
dartboard and arrange the numbers of Y on another circle and form two
permutations u, = x122...2, and uy, = Y1y2...y,. We use the following

notation to indicate an arrangement on the double dartboard.

Ty To2 T3 Ty X5 -+ Tp

Y1 Y2 Ys Ys Ys - Yn
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Figure 1.1: A traditional dartboard.

Because the above permutations are arranged on two circles, x; is next to
Zn, and y; is next to y,. We define the double circular risk function as
r= T — @l + v — iRk =i}, where 20 = 25, Yo = Ya,
p > 1, and p is a real number. The doublecireular dartboard design problem

1s:

Given 2n numbers aq, as, .= ., asys divide-them into two multisets
X and Y such that |X| ="¥| = n, and arrange the numbers
properly such that the double cireular risk function r has the

maximum value.

Besides maximizing the risk function, we also consider minimizing the
risk function. We call the two cases as the max-dartboard problem and the
min-dartboard problem, respectively.

The dartboard design also has been studied by some authors: Eiselt|2]
and Laporte found optimal permutations of the traditional dartboard num-
bers {1,2,...,20} for p = 1,2, by using a branch-and-bound algorithm|3],
and explained that the traditional dartboard permutation is good, but not
optimal. Chaol4] and Liang discussed the permutations of n distinct numbers
arranged around one circle with p = 1 and described a precise characteristic

of both arrangements such that the values of the risk function are maxi-
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mum and minimum. Cohen[5] and Tonkes analyzed optimal permutations
for general multisets of numbers by a string reversal algorithm. Recently,
Curtis[1] used a greedy algorithm to prove that a permutation of the form
A5y —30300 101 Ay 20,2040,y - - - 1S an optimal solution of the dartboard
design problem where a; < as < --- < a,.

In the chapter 2, we use a greedy algorithm to resolve the single circular
min-dartboard problem and describe the result for the single circular max-
dartboard problem. In the chapter 3, first prove that there exists an optimal
solution for the double circular problem when all numbers of the multiset
X and the multiset Y are fixed, and then resolve the double circular max-

dartboard problem.

Figure 1.2: A double dartboard



Chapter 2
Arrange numbers on a circle

In this chapter, we consider the single circular dartboard design problem.
We first consider the single circular min-dartboard problem. Let A be a
multiset of numbers and A,,,, be the maximum number in A and A,,;, be
the minimum number in A. The greédy algorithm which we use to resolve

the single circular min-dartboard:problem|is-as, follows:

Step.1: First, we put the minimum(A,,;;) or maximum(A,,,,) number on

the board to form a partial arc.(aspermutation of length 1)

Step.2: We choose two numbers x"and @ in"U in a greedy way to make
|z —al?+ |y —bP minimum, where a and b(a < b) are numbers arranged
at two arc ends, and p is a real number such that p > 1, and U is the
multiset of the remaining numbers.

(If there is only one number in the arc, a and b are the same number
and they are the left arc end and the right arc end, respectively. If only

one number is in U, choose the number directly.)

Step.3: Arrange the number x next to a and arrange the number y next to

b to form a new partial arc.
Step.4: Go to the step 2 until all numbers in A are chosen.

Step.5: Return a permutation.



Lemma 1 [1] Let lLyin, lnazs Tmin, Tmaz, P be Teal numbers, with p > 1. If
lmin S lmaz cmd T'min S T"maz» then |lma:c - Tmin|p + |lm7,n - Tmax|p 2 |lma:c -

Tmam‘p + |lmzn - Tmin|p-

Thus, we see that the number x next to a is less than or equal to the
number y next to b by Lemma 1 because a < b. Note that two numbers
selected at each step (after the first number is fixed) are the two smallest
numbers or the two largest numbers of the remaining numbers. Next we
prove that the single circular min-dartboard problem can be resolved by the

greedy algorithm.

Proposition 1 The single circular min-dartboard problem can be resolved by

the greedy algorithm.

Proof. We will arrange all numbers in the multiset A on the dartboard.
We choose the first number that cantbe the’maximum(A,,,;) or minimum
(Apin) in A and this action does.not affect the answer. Then,we claim that

the following invariant holds when.the greedy algorithm is run.

If the first number is A, 4, thenvVe €5 : o > Uas,
If the first number is Ay, then Va€s: o < U,n,

where s is the sequence of numbers arranged on the dartboard so far, and
U is the multiset of the remaining numbers. Initially the invariant holds
because either there is only A, in s and U = A — { A4}, or there is only
Apinin sand U = A — {Apin}-

Then we consider a partial arc sequence s of dartboard during the progress
of the algorithm after zero or more greedy steps have been run. Let the
greedy step choose a;, a; in the multiset U to arrange them to the two ends of
sequence s so far. We only discuss the case when the first number is minimum
because the situation is symmetric. Without loss of generality we assume that
a; = Upin, and aj = (U — {Upnin } )min and that the greedy step adds a; to the
front of s and adds a; to the rear of s, as a;sa;. Let a,, be the first number in

s and a,, be the last number in s. Because a; is next to a,, and a; is next to
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a, and a; < a;j, we know that |a; — ap, [P + |a; — an|P < |a; — an|? + |a; — ap|?
when a,, < a, by Lemma 1, where p is a real number such that p > 1. For
all a,, € U, a,, < a, < a; < a because a; = U,,;,,. Thus, the above invariant
holds.

Again, consider any complete optimal permutation of s but not necessar-
ily from the greedy steps. Let a; and a; be the two smallest numbers in U.
Let a,, be the first number in s and a, be the last number in s. If a; and
a; are not arranged next to a,, and a,, the complete optimal permutation
is in the form of figure 2.1. In figure 2.1, a;, a;, ax, @, a,, and a, are in U.
As a;,a; are the two smallest numbers in U, a; < a; and a; < @;. By the
above invariant, we know that a,, < a, and a,, < a,. We cut in four places
of the dartboard: between a,, and a;, and between a; and a,, and between
a, and a;, and between a; and a,. Then we reverse the arc aita; and the
arc qjua; within the dartboard to form a new complete permutation. This
reversing action makes the difference at a,,, arénd a;, a,, and a,, a; and a;, q,
changed. Under the new permutation; becaise @;»< a; and a,, < a,, and
because a; < q; and a,, < a,, |ai=@m|®+lop= apl’ £ |a; — a,|” + |a; — a |’ <
lak, — am|® + a; — ap|” + |a; — anf®+ |aj =@y* by Lemma 1, where b is a real
number such that b > 1. So the new risk function value is less than or equal
to the old risk function value. Thus, the greedy algorithm can produce an

optimal solution for the min-dartboard problem. O

If the number a; < as < --- < a, are arranged on the dartboard to form a
complete permutation, the following permutation - - - agarasasa,asasagas - - -
is optimal with respect to the risk function for the min-dartboard problem.

In addition, the max-dartboard problem was resolved by Curtis [1]. If
the number a; < ay < --- < a, are placed on the dartboard to form a per-
mutation, the following permutation - - - asa, 330,101,020, 2040, _4 - -+ 1S

optimal with respect to the risk function for the max-dartboard problem.
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Figure 2.1: An optimal permutation when a; and a; are not next to a,, and

a, respectively.



Chapter 3
Arrange numbers on two circles

The difference between single circular dartboard and double circular
dartboard is the definition of the risk function. First we define the risk
function of double dartboard problem. Let A be a multiset of numbers
{ai, a9, ,an, Qpi1, -+ , a2, }. Dividé A imtotwo multisets X and Y such
that |X| = |Y| = n and arrange numbérs of X around one circle of the
dartboard and arrange numbers-ofi¥" around-anothet circle. Then, form two

permutations u, = x1T2-- -2, and wy="Y1Ys - --Yy. In addition, arrange

that x; is next to y;, where ¢ = 132, .7, n. " This arrangement is indicated as
follows:

Ty T2 T3 Ty Ty . Tp

Yi Y2 Ys Ys Ys - Yn

Definition 1 Define the double circular risk functionr =Y {|xi—1—x;|P+
lyic1 — vl + |xi — ys|P},where xg = Xy, Yo = Yn, and p is a real number such
that p > 1.

We view Y " | |21 —x;|? as the risk of the multiset X and view > 7" | |y;—1—
y;|P as the risk of the multiset Y. Y " | |x; — v;|” is regarded as the risk func-

tion between the circle X and the circle Y.

Definition 2 The double circular dartboard problem is to find one optimal

arrangement with respect to the risk function. The case of the risk function
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maximum is called the double max-dartboard problem and the case of

the risk function minimum is called the double min-dartboard problem.

3.1 Double max-dartboard with X and Y fixed

Lemma 2 Given two multisets of numbers X = {x1,29,...,2,} and Y =
{y1,92, .-, Yn}. Without loss of generality, assume that x1 > x9 > -+ > xy,.
Ifyy <yo < -+ <yp, Yooy |z — yilP has the mazimum value, where p is a

real number such that p > 1.

Proof. Assume that y;,¥s,...,y, are not sorted in increasing order and
Yoy lzi — yil? is maximum. Thus, there exist 4,5 and ¢ < j such that
Yi > yj. Asx; > x;, we know that |z; —y; [P+ |2 —y;|P < |2 —y; [P+ |x; —yi|P
by Lemma 1. The value of risk function does not decrease after swapping y;
and y;. By continuing this step, we cati reairange the sequence of y;'s such
that there is no inversion. It implies thatsthesorted order of y;'s can actually

achieve the maximum value. O

The above lemma is used to prove the-following theorem.

Theorem 1 If the numbers distributed in the multisets X and Y are both
fixed, the double maz-dartboard problem has an explicit optimal solution such

that the risk function is maximized.

Proof. First, we consider the risk function of a single circle. Because the
numbers in the multiset X are fixed, we arrange the numbers of X around one
circle of the dartboard, then there exists an optimal permutation such that
the risk of the multiset X is maximum. Similarly, there exists an optimal
permutation such that the risk of the multiset Y is maximum. Assume
that X = {xy,29,...,2,} and Y = {y1,99,...,yn} with 21 < 29 < -+ <
T, and y; < yo < oo+ < y,. By the above, we see that the permutation

e L5Ty—3X3L 1 X1 L LoLy—2X4Ly_y . .. Mmakes the risk of X maximum and
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the permutation ... ysyn_3Ys¥n_1Y1YnYoYn—_oYaln_4 ... makes the risk of ¥V
maximum.
Then, consider the risk between the circle X and the circle Y. By Lemma
2, >0 |Tns1—i — vilP is maximum over all the sums of the difference between
the numbers of X and Y because 1 < a9 <--- < xp,and y; <y < -+ - < y,.
We claim to arrange the double circular dartboard such that the risk
between X and Y and the risk of X and the risk of Y are all maximum. The

following arrangement (*) fits our requirement:

() { ce. IT5  Tp.3 T3 Tpoq X1 Tp Ty Tpoog Ty Tpog ... (1)

Yn-a Y1 Yoz Y2 Yo Y1 Ya1 Yz Yz Y5 - (2)
Permutation (1) maximizes the risk of X and the permutation (2) maxi-
mizes the risk of Y. The risk between X and Y is > " | |2p+1-; — y;|? and is
maximum over all the sums of the difference between the numbers of X and
Y. Therefore the risk of the arrangement! (*).is the sum of the risk of X, the

risk of Y and the risk between X+sand Y gand-henee is maximum. O

Corollary 1 If the numbers distributed in the multiset A; = {a;1, aiy - .., Qi }

are fized for all v = 1,2,...,n, thewn-tuple max-dartboard problem has an

optimal solution such that the risk. function r = Z Z lvij—1) — 0[P +
i=1j=

Z Z +ovij — agiyn);|P is mazimized, where oo = Quy, for alli=1,2,...,n,

=1 j=

and azlazg Q18 @ permutation of A;.

3.2 Double min-dartboard with X and Y fixed

Lemma 3 Given two multisets of numbers X = {x1,z9,...,2,} and Y =
{y1,v2, - .., yn}. Without loss of generality, assume that x1 < x9 < -+ < zy,.
Ifyn <yo <o < Yp, > |wi — yi|P has the minimum value, where p is a

real number such that p > 1.

Proof. Assume that y;'s are not sorted in increasing order and Y " | |z;—y;[?

is minimum. Thus, there exist 7, j and ¢ < j such that y; > y;. As z; < a5,
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we know that |z; — yil? + |z; — y;|P > |z — y;|P + |z; — ;P by Lemma 1.
The value of risk function does not increase after swapping y; and y;. By
continuing this step, we can rearrange the sequence of y;’s such that there is
no inversion. It implies that the sorted order of y;'s can actually achieve the

minimum value. O

Theorem 2 If the numbers distributed in the multisets X and Y are both
fized, the double min-dartboard problem has an explicit optimal solution such

that the risk function is minimized.

Proof. First, we consider the risk function of a single circle. As the num-
bers in the multiset X are fixed, we arrange the numbers of X around one
circle of the dartboard, then there exists an optimal permutation such that
the risk of the multiset X is minimum,  Similarly, there exists an optimal
permutation such that the risk of the multiset ¥ +is minimum. Assume that
X = {x,29,...,2,} and Y =Hy1 99,4 sy pwith 1 < 29 < --- < 1,
and y; < yp < --- < vy,. By the argument in chapter 2, we know that the
permutation ... zgT7X5r3T1ToX4Lers B0 mrminimizes the risk of X and the
permutation ... Ygy7ysYsy1Y2YaYsYs¥io- - - minimizes the risk of Y.

Then, consider the risk between X ‘and'Y. By Lemma 3, > 1" | |z; — v;|?
is minimum over all the sums of the difference between the numbers of X
and Y because 11 <z < --- <z, and y; <y < - - <y

We claim to arrange the double circular dartboard such that the risk
between X and Y, the risk of X and the risk of Y are all minimum. The

following arrangement (#) fits our requirement:

(#) ... X9 X7 X5 X3 X1 X9 T4 Tg T8 T10 - -- (3)
Yo Y7 Ys Ys Y1 Y2 Ya Yo Ys Yo --- (4)

Permutation (3) minimizes the risk of X and permutation (4) minimizes
the risk of Y. The risk between the X and Y is > | |z; — y;|? which is

minimum over all the possible sums of the difference between numbers of X
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and Y. Therefore, the risk of the arrangement(#) is the sum of the risk of
X, the risk of Y and the risk between X and Y, and hence is minimum. O

Corollary 2 Ifthe numbers distributed in the multiset A; = {a;1, @iy . ., Qim }

are fixed for all i = 1,2,...,n, the n-tuple min- dartboard problem has an

optimal solution such that the risk function r = Z Z 1) — uil? +
i=1j=

n—1 m

E Z +|avij — aigr); P is minimized, where g = Qv for all i =1,2,...,n,

: ]:
and Q1o -+ - Q1S @ permutation of A;.

3.3 Double max-dartboard

Theorem 1 and Theorem 2 are both true when the numbers of the multisets
X and Y are fixed. Thus, how to divide A into two multisets X and Y such
that | X| = |Y] is a key point for the, double circular dartboard problem.

Without loss of generality, assume'that the smallest number is distributed
(2n=1)!
n!(n—1)!
multisets X and Y such that | X| =¥ |. To try all possibilities is inefficient.

Here we propose an efficient method torresolve the double max-dartboard

in the multiset X. There exists possible ways to divide A into two

problem.

Theorem 3 There is an explicit optimal solution such that the risk function

is maximized for the double maz-dartboard problem.

Proof. As the situation is symmetric, without loss of generality assume that
a1 < ag < --- < ay, and the smallest number a; is in the multiset X. When
all numbers of the multiset X and Y are fixed and 27 < 29 < --- < z,, and

< yo < -+ < y,, the following arrangement is optimal:

s Tp—3 T3 Tp—1 X1 Tn T2 Tp—2 T4 Tp—a

Yn—4 Ys  Yn-2 Yo Yn Y1 Yn—1 Y3 Yn—3 Ys

Now we want to determine the value of each x; and y;. So x1 = a;. The

numbers next to a;(z1) are z,, ,_1, and y,. Because ay, is at either x, or
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Yn, @1 can be next to as,. Now we do not know that as, isin X or Y. We
discuss two possible cases: (1)y, = ao, and (2)z, = ag,.
Case 1. y, = agy, :

Thus, the following arrangement is optimal:

Ty Tp-z Tz Tpo1 x1(a1) T, Ta Tpea Ty Tpoa

Yn—4 Ya  Yn—2 Y2 yn(a2n) Y1 Yn—1 Y3 Yn—3 Us

We know that as is at either x5 or y;. x2 and y; are both next to z, and
Yn_1- As y1 is next to y, and xs is next to x,_o and y, > x,_o, we know
that taking y; = ao leads to a bigger value of the risk by Lemma 1. Thus,
Y = as.

We also see that as,_; is at either x,, or y,_1. x, and y,_; are both next
to x9 and y;. As z, is next to x; and y,,_1 is next to y3 and z; < y3, we
know that taking x,, = as,_1 leads to a bigger value of the risk by Lemma 1.
Thus, x, = as,_1.

ag is at either xo or yo. As g5 is néxt to ¢, and x, is next to x, and
Yn > x, and the positions not arsanged yet.are symmetric, taking y, = as
makes the value of the risk bigger by Lemma. 1. a@s,_» is at either z,_; or
Yn—1. As x,_1 is next to x; and g, 11 next to.y; and x; < y; and the
positions not arranged are symmetri¢; taking a,,_; = as,_» makes the value
of the risk bigger by Lemma 1. Thus, (2,_1,%2) = (a2,_2, as).

Similarly, a4 is at either x5 or ys3. As x5 is next to x, and ys3 is next to
Yn—g and x,, > y,_3, taking xo = a4 leads to a bigger value of the risk by
Lemma 1. ag,_3 is at either x,,_5 or y,_1. As y,_1 is next to y; and x,,_o is
next to x4 and y; < x4, taking y, 1 = as,_3 leads to a bigger value of the
risk by Lemma 1. Thus, (2, y,—1) = (a4, Gop_3).

Next we claim to prove by induction that

(22041, Yn—2i) = (Qaiy1, Q2n—s), Where 1 =0,1,..., ["F].
(Tn—2i, Y2ir1) = (A2n—sgi—1, Q4i12), where i =0,1,..., L”T_ﬂ
(Tn—2i—1,Y2i+2) = (Qop_4i—2, G4543), Where i =0,1,..., L"T_?’J
(22042, Yn—2i-1) = (@ai4a, Azn—1—3), where i =0,1,...,[2F*].
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If for + = 0,1,...,k — 1, the above is true. Consider the case when
1 =k. ay,ao, ..., as_1, as, have been arranged on the double dartboard and
A2n— 4k 115 2n—4k12, -, Aon_1, G2, have also been arranged on the double dart-

board. Now the partial optimal arrangement is as follows:

Tok+3  Tn—2k—1 T2k+1 A2p—dk+2 A4k Tn—2k  T2k+2  Tp—2k—2

Yn—2k—2 Y2k+2 Yn—2k Q4k—1 o M2pn—4k+1 Y2k+1 Yn—2k—1 Y2k+3

a4p41 18 at either xopy1 Or Yopi1. AS Topyq is next to ag,_4pio and yoriq
is next to as,_4r+1 and the positions not arranged are symmetric, taking
Top+1 = Qqrs1 leads to a bigger value of the risk by Lemma 1. ag,_4 is at
either x,, o, Or Yy, _or. As T, o is next to ay, and y,_ox is next to as_1 and
the positions not arranged are symmetric, taking vy, _or = a2,_4x leads to a
bigger value of the risk by Lemma 1. Thus;s(@or+1, Yn—2k) = (Qart1, G2n—ak)-

Q4p4o 18 at either xopio or Yorr. AS Yore1 iS.next to ag, 4xs1, taking
Yort1 = Qupso leads to a bigger=value of the risk by Lemma 1. ag, 411 is
at either x, _or Or Yp_ok_1. AS Ty ok 18 NEXE 0 ay, faking x, o = agy,_ap_1
leads to a bigger value of the risk byiLemma 1. Thus, (z,_ok,Yor+1) =
(a2n—4k’—17 a4k:+2)-

(4143 1S at either xop 9 OF Yopio. AS Togio is next to ag,_4x_1 and yopio is
next to as, 4, and the positions not arranged are symmetric, taking yor o =
asr+3 leads to a bigger value of the risk by Lemma 1. a9, _4x_2 is at either
Tp_2k—1 OF Ypn_ok—1. AS Tp_ok_1 is next to a1 and y,_or_1 is next to axio
and the positions not arranged are symmetric, taking x, or_ 1 = dop_4x_2
leads to a bigger value of the risk by Lemma 1. Thus, (z,_ok_1,Yok+2) =
(a2n—4k’—27 a4kz+3)-

Qq+4 1S at either wop o OT Yopi3. AS Toryo is next to as,_4r—1, taking
Topro = Gurr4 leads to a bigger value of the risk by Lemma 1. ag,_4._3 is
at either x,_or_9 Or Yp_op_1. AS Yn_or_1 1S next to agpi2, taking y, o1 =
a2n—4k—3 leads to a bigger value of the risk by Lemma 1. Thus, (xogto, Yn_ok—1) =

(a4k+4, azn—4k;—3)-

17



So the optimal arrangement for the double max-dartboard problem is as

follows:

Qg A2n—6 Qs Qop—2 Q1 A2p—1 ayq A2p—5 as A2n—9
A2n—8 ar A2n—4a as (57 a2 A2n—3 (073} Qopn—7 Q10
Case 2. z,, = asy, :

Thus, the following arrangement is optimal:

Ty Tpg Tz Tpo1 Ti(a1) mp(az,) o Tpoo T4 Tpog
Yn—a  Ysa  Yn-—2 Y2 Yn Y1 Yn—1 Y3  Yn-3 Y5

Because x1 = a1 < 4, if x,_1 < yn_1, we can swap the position of x;
with the position of y; to form a new arrangement. In the new arrangement,
x1 is next to y,_1, and y; is next to z,_; ,and x; and y; are both next to x,
and y,. By Lemma 1, the risk of the new arrangement is no less than the
risk of the old arrangement. Because a; and a», in the new arrangement are
not on the same circle, it reduces tqwcdse 1if x, 1 < y,_1. Then, assume
that x,_1 > yn_1.

Because x,, = as, > yn, if 19 > yo, Welean swap-the position of x,, with
the position of y,, to form a new arrangement. In the new arrangement, x,,
is next to yo and not next to x3; and y,-is-next to r, and not next to ys.
By Lemma 1, the risk of the new arrangement’is' no less than the risk of the
old arrangement. Because a; and as, in the new arrangement are not on the
same circle, it reduces to case 1. Then, assume that zo < ys.

Because r1 <y, and x5 < y9 and z,,_1 > y,,_1 and x,, > y,, if x3 > y3, we
can swap the positions of x,x,_; with the positions of v, y,_1 respectively
to form a new arrangement. In the new arrangement, xz,_; is next to xs, ys3
and not next to ¥, x3, and y,_1 is next to y», x3 and not next to xs,y3. By
Lemma 1, the risk of the new arrangement is no less than the risk of the old
arrangement. Because a; and ag, in the new arrangement are not on the
same circle, it reduces to case 1. Then, assume that z3 < ys.

Similarly, we can use the above to justify that case 2 reduces to case
1 when x; > y; or Tpq1-; < Yny1-i, Where @ = 2,..., |5 ]|. Thus, we only

n

consider the situation of z; < y; and Ty, 417 > Yns1-4, foralli =1,2,...,[F].
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If nis even, let n = 2k. So [§] = k. we swap the positions of
X1, Tp_1,T3, Tpn_3,Ts5,... with the positions of y1,yn_1, Y3, Yn_3, Y5 . .. respec-

tively to form a new arrangement, as follows:

Ys  Yn-3 Y3 UYn—1 Y1 Tpm T2 Tp-2 T4 Tp-4

Yn—4 Y4 Yn—2 Y2 Yn X1 Tp-1 T3 Tp-3 s

In the new arrangement, z; is next to z,,;_; and not next to y,,1_; , and
y; is next to y,+1-; and not next to x,.1_;, where ¢+ = 2,3,...,k — 1. By
Lemma 1, the risk of the new arrangement is no less than the risk of the old
one. Because a; and as, in the new arrangement are not on the same circle,
it reduces to case 1.

n

If nisodd, let n =2k+1. So [§]| = k. If 2341 < Ypq1, we swap the posi-

tions of xy, Ty (k—2), Tk—2, Tn—(k—4), Tk—4, - . - With the positions of yi, y—(x—2),

Yk—25 Yn—(k—4)» Yk—4, - - - t0 form a new arrangement, as follows:
Yr—2 Yn4+1—(k—1) Yk Tl  Tptik Tr—1 Tpt1—(k—2)
Yn4+1—(k—2) Yr—1 Ynkl—k | Yr41 Tk Tp41—(k—-1) T—2

In the new arrangement, x; is next to &;44_; and not next to y,,1_; , and y;
is next to y,+1-; and not next to.m, 1*;, where .= 2,3,..., k. In addition,
xr is next to yri1 and not next to xpgpyand y, is next to xpy; and not
next to yrr1. By Lemma 1, the risk of the new arrangement is no less
than the risk of the old one. Because a; and as, in the new arrangement
are not on the same circle, it reduces to case 1. If xp1 > ypi1, we swap
the positions of wy11, Tk, Tp—(k—2)s Th—2, Tn—(k—4), Tk—4, - . - With the positions
of Y1, Yk, Yn—(k—2)> Yk—2, Yn—(k—4)> Yk—4, - - - to form a new arrangement, as

follows:

Yi—2 Yn4+1—(k—1) Yk Yk+1 Tntl—k Tr—1 Tp4+1—(k—2)

Yn+1—(k—2) Yr—1 Yn+1-k Tk Tk Tn41—(k-1) Tg—2

In the new arrangement, x; is next to z,.1_; and not next to y,+1_; , and y;
is next to y,+1_; and not next to x,1_;, where ¢ = 2,3,... k. In addition,

Tna1—k 1S next to Y1 and not next to xy.1, and y,1_x is next to xxy; and
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not next to yxi11. By Lemma 1, the risk of the new arrangement is no less
than the old one. Because a; and as,, in the new arrangement are not on the
same circle, it reduces to case 1.

Thus, we only need to consider the case 1. O

The algorithm for the double max-dartboard problem is as follows:

Step.1: We put the minimum number(A4,,;,) on X and the maximum number(A,,,. )

on Y and make that A,,;, is next to A,,q..

Step.2: We choose two numbers U,,,;,, and U, in U, where U is the multiset

of the remaining numbers.

Step.3: Arrange U,.in, Unae next to a,b respectively and arrange U,,;, is
next to U4z, Where one of a and b is at the arc end of X and the other

is at the arc end of Y, and a is nextsto b, and a > b.
Step.4: Go to the step 2 until all numbers.in A are chosen.
Step.5: Return a arrangement:

Thus, the algorithm runs in O(mlogn) time for-a multiset of 2n numbers:

sorting numbers takes O(nlogn) and ‘the greedy algorithm takes O(n).

20



Chapter 4
Conclusion and remarks

The main results in this paper are: (1) The single circular min-dartboard
problem: the permutation ...arasasaiasasagas . .. is optimal if a1 < ay <
-+ < a,, and we use a greedy algorithm to resolve this problem. (2) The
double circular max-dartboard problemi:the following arrangement is opti-

malifa1§a2§-~-§a2n.

Qg A2n—6 Qs Qon—2 | Q1. A9p—i (42 A2n—5 ag A2n,—9

A2n—8 ar A2pn—4a as A2y az A2n 23 Qg Aon—7 a0

Open problems: (1) Is there an explicit optimal arrangement for the double
circular min-dartboard problem? (2) When we expand from the double cir-
cular board to the n-tuple circular board with n(n > 3) levels, is there an

explicit optimal arrangement?
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