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The Defensive Competition Problem

Student: Ching-Chiang Huang Advisor: D. T. Lee

Department of Departement of Computer Science

National Chiao Tung University

ABSTRACT

The competitive location problem is a well-known problem of great interest and not yet
fully explored. The basic setting is: given a set of demand points and a set of existing
facilities, find a new set of facilities that will attract the most demand points.

In this thesis we incorporate the idea' of defense and introduce a new model called
the defensive competition problem The asie, settlng is: given a set of demand points,
find a set of defending facilities. that W1ll defend ‘the anost demand points from any set of

attacking facilities. Our main focus 1 on the one t¢ one defensive competition problem

where there is only one attacklng facﬂlty to defend from. We give an O(n?) time and
O(n?) space solution for this problem ok

We also show that the one-to-one defensive competition problem is a generalization
of the Tukey median problem and the smallest enclosing circle problem which are two
famous problems in computational geometry. Last, we generalize the one-to-one defensive
competition problem and show that the one-to-k defensive competition problem is a
generalization for the (r, X,)-medianoid problem which is N P-hard while the k-to-one

defensive competition problem remains an open problem.
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Chapter 1

Introduction

Suppose there are ice cream vendors on the beach. People on the beach would prefer to
buy ice cream from the nearest vendor possible. Thus, the placement of the ice cream
vendors would determine how much business each vendor would be able to attract.
Deciding where to place new vendors"t'o 'co"rnpete against existing vendors and attract
the most business is considered an 1nsta|n€e of the competltwe location problem.

We incorporate the idea of: defense 1nt0 the competztwe location problem|2] and in-
troduce a new model, called the defanszwpetmon problem. Our main focus is on
the subcase one-to-one defenswe competztwn pmblem for which we present an O(n?)
time and O(n?) space solution. We diseiiss 'generahzatlons of the defensive competition
problem and many famous computational geometry problems such as the Tukey median
problem|[6], the smallest enclosing circle problem and the (r, X,)-medianoid problem|21]
are found to be closely related to the defensive competition problem.

In 1929, Hotelling[1] described the univariate median as the point which minimizes
the maximum number of data points on one of its sides. This notion was generalized
to higher dimensions many years later by Tukey[6]. The Tukey median, or half-space
median, is perhaps the most widely studied and used multivariate median in recent
years.

The Tukey median can be better understood by considering the half-space depth for
a query point  with respect to a set P of n demand points in R¢. For each half-space
that contains x, count the number of demand points in P which are in the half-space.

Take the minimum number found over all half-spaces to be the half-space depth of x.



For example in R?, place a line through z so that the number of demand points on one
side of the line is minimized. The half-space median of a data set is any point in R¢
which has maximum half-space depth. We shall give the formal definition of the Tukey
median in later sections.

Notice that any point outside of the convex hull of P has depth zero. To find the
region of maximum depth in R2, we can use the fact that its boundaries are segments of
lines passing through pairs of demand points. In other words, the vertices of the desired
region must be intersection points through pairs of demand points. There are O(n?)
intersection points, and it is a straightforward task to find the depth of a query point
in O(n?) time(for each line defined by the query point and a demand point, count the
number of demand points above and below the line). Thus, in O(n°) time, we can find
the intersection points of maximum depth.

An improvement upon this was made by Rousseeuw and Ruts[7], who showed how
to compute the half-space depth of a pomt in O(nlogn) time. Thus using this as a
subroutine an O(n°logn) time algorlthm 1s obtamed to compute the deepest point. Later
they also gave an O(n?logn) tlme algotllthm Wthh is more complicated and provided
an implementation|8]. Before that Matousek[Q] prepented an O(nlog’n) algorithm for
computing the half-space med1an Mat‘o‘_k_showed how to compute any point with
depth greater than some constant %in O(n log nj With this as a subroutine, a binary
search on k can be used to find the medlan Matousek’s algorithm was improved by
Langerman and Steiger[10], whose algorithm computes the median in O(nlog® n) time.
A further improvement and the current best result is an O(nlog®n) time algorithm that
appeard in Langerman’s Ph.D. thesis[11]. A recent implementation by Miller et al.[12]
uses O(n?) time and space to find all depth contours, after which it is easy to compute
the median. Recently, Chan[13] gave an optimal randomized algorithm to compute the
half-space median, with time complexity O(nlogn).

The rest of the thesis is organized as follows. First we define the defensive competition
problem formally, and from it the one-to-one defensive competition problem. To solve
the one-to-one defensive competition problem, we perform a problem transformation and
define the k*-depth contour in the following two chapters. From that, we propose an
O(n?) time and O(n?) space algorithm that solves the one-to-one defensive competition

problem. Last we show that many important computational geometry problems are



closely related and generalize the one-to-one defensive problem to the k-to-one defensive
competition problem and one-to-k defensive competition problem. We show that the

one-to-k variation is /N P-hard and propose some open problems.




Chapter 2

Defensive Competition Problem

In this chapter we first introduce the competitive location problem, then from it introduce

the formal definition of the defensive competition problem.

2.1 Competitive Location“Problems

The competitive location problefn has"l!(')fi_lgl. been uan interesting part of competitive lo-
cation theory[2] in the plane. ri?he genggzﬂﬂ’cjng ofl the competitive location theory is:
given a set of demand points 1nthe 'f)'lalﬁé: andaset of existing facilities, we want to
locate a new set of facilities so that 'ﬂt-h‘ey will co“‘rﬁlvete favorably against existing facilities

under some distance criteria. We give the formal definition of the problem:

Definition 1: Given n demand points P = {p1, p, ..., p,} in R? and a set of j facilities
X = {z1,29,...,2;}, find a new set of k facilities Y = {y1,y2,...,yx} that maximizes
\{pild(pi, Y) = d(pi, X)}|, where d(A, B) = min{d(a;, b;),a; € A,b; € B} with d(a;, b;)

being a distance criterion.

The one-on-one competition problem which is the special case where 7 = k = 1 has
been studied extensively by Drezner[3] and is defined as follows: given a set of demand
points P = {p1,p2,...,pn} in R? and an existing facility z, locate a new facility y that
maximizes [[{p;|d(pi,y) < d(p;,x)}||- In other words, find a new facility y that attracts
the most demand points from facility x. Drezner gave an O(nlogn) algorithm, and was
later proved by Lee and Wu[5] to be optimal under the algebraic computational tree
model of Ben-Or[4].



2.2 One-to-one Defensive Competition Problem

The competitive location problem can be considered to be trying to place attacking
facilities to take away customers from existing facilities. From the defender’s point of
view we propose the defensive competition problem. In simple words, we try to place
facilities so as to defend the demand points from attacking facilities.

We also add a radius constraint to the problem. The radius constraint restricts the
attacking facilities from coming too close to the defending facilities. This constraint is
motivated from zone properties that facilities possess in real life.

Now we give the definition of the defend relation.

Definition 2: Facility z is said to defend point p; € P from facility y if d(p;,z) <
d(pi,y), where d(a,b) is the Euclidean distance between a and b.

With this definition, we can now deﬁne the defensive competition problem. The
general setting of the defensive competztwn pmblem is: given a set of demand points
P = {p1,ps,...,pn} in R? and a radlus 4" ﬁnd Jocations to place a set of facilities
X ={x1,22,...,2;} that m1n1m1zes max ||{pZ € P|d(pz, Y) < d(pi, X)}|| from any set of
attacking facilities Y = {y1, yo, %4 ,yk} sueh—t—hat d(yz, X) > r for all i. In other words,
to find a set of defending facﬂltles 8 that defegds the most demand points from any set
of attacking facilities Y under the constraint that attacking facilites cannot come within
distance r of the defending facilities. Note that the problem is the competitive facility
problem from the defender’s point of view. We shall first focus on solving a special case
where j = k = 1, specifically the one-to-one defensive competition problem. We can see
that the case when r = 0 is exactly the famous Tukey median problem.

The formal definition of the one-to-one defensive competition problem are as follows:
Given a set, of n demand points P = {py, pa, ..., p,} in R and radius r, find the location

to place facility x, satisfying min max ||{p; € Pld(y,p;) < d(xz,p;)}.
zeR? d(z,y)>r



Chapter 3
Problem Transformation

With some observations we can transform the one-to-one defensive competition problem
to the r*location depth problem which we shall define in this chapter. For convenience,
we denote C'(z,7) to be the circle with the center at x and the radius r and denote Y

to be the set of locations to place y theitimaximizes ||{p; € P|d(y,p;) < d(x,p;)}-

Lemma 1: Y (C(x,r)# @ 3-” :'.' Y
Proof: For any attacking facﬂlty y p%&eeel—eutmde C(z,r), moving y towards x along
yt will attract more demand pomts Therefore anl optimal attacking facility can always

be found on C(z,r). See figure 3.1. B m

Thus, there exists an optimal attacking facility on C(x,r).

Lemma 2: rn;%n d(max {p; € Pld(y,p;) < d(z,p)}|| = m1n \{ilp; € H*}||, where H
TeR?

is the set of all closed half-spaces containing C'(z,7/2).

Proof: This is apparent from lemma 1, since the optimal attacking facility can be
found on C(z,r), therefore the closed half-space that y will attract would be determined
by a tangent line on C(x,r/2) and since y is optimal, it will attract the maximum de-
mand points inside a closed half-space containing y and determined by a tangent line on
C(z,7/2). Hence the other side of the half-space (the half-space that contains C(x,r/2))

determines the number of demand points that facility « can defend. []
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Figure 3.1: When facility Y is outside of C'(X,r), then the demand points that ¥ will
attract are the demand points on the same side of Y in the half-space determined by
Ly. If Y moves along the dotted line towards X until Y which is on C'(X,r), then the
demand points that Y~ will attract are the demand points on the same side of Y in the
half-space determined by Lo. Since L, is parallel to Lo, clearly Y attracts at least as

many demand points as Y.



In other words, the defending facility attracts the minimal number of demand points
inside a half-space containing C'(z,7/2).

Note that the above observation is quite similar to the concept of location depth
suggested by Tukey[6]. We shall give the definiton of the location depth used by Miller
et al.[12]:

Definition 3: Let P = {p,...,p,} be a finite set of points in R? and a be an arbitrary
point, not necessarily in P. The location depth of a relative to P is the minimum number

of points of P lying in any closed half-space determined by a line through a.

Using these observations, we can redefine the problem to be the r* location depth
problem:

Given n demand points in R? and a radius 7, find location(s) to place defending
facility x that maximize Fr{ng;t I{ilp; € H*}||, where # is the set of all closed half-
spaces containing C'(z,7/2). With this deﬁnition we can see that when r =0, C(z,r/2)
contracts to a point x, thus m1n H{z|pZ € H*}H Where H is the set of all closed half-
spaces containing C'(z,7/2) equals the log t,lon depth of . Therefore when = 0 the r*
location depth problem is equlvalent to ﬁndlng the Tukey median.




Chapter 4

K-th Depth Contour and K -th
Depth Contour

To understand our proposed algorthm, a background knowledge on the k-th depth con-
tour would be very helpful. We shall, gi\/e abtief description of the k-th depth contour in
the first section and use it to deﬁne the Péw k+ thi. «depth contour. We will also prove in

4
this chapter that the one-to- one, defenswe competlﬂon problem is equivalent to finding

the deepest kT-th depth contours 5 s L 3

4.1 K-th Depth Contour’

For a fixed integer k, the set of points in the plane with location depth > k£ is a convex
polygonal region, whose boundary is the k-th depth contour (referred to as the k-th hull
in the computational geometry literature).[12]

The depth contour concept has also been suggested by Tukey[6]. It was proposed
to be used as a graphical display of data. Intuitively speaking, the k-th contour is the
intersection of all halfplanes that contain n — k — 1 demand points. See figure4.1. Note
that every depth contour is a convex polygon, which is apparent because the intersection
of halfplanes are always a convex polygon. Suppose that the deepest contour has depth
k*, then by Helly’s theorem we can prove that £* < |n/3|. Thus the existence of a

centerpoint in a plane is also proved.
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Figure 4.1: The 2nd depth contour is shown in bold lines.
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Figure 4.2: Tracing a disk of radius 1"/21‘ atound ‘the k-th depth contour, forming the
k*-th depth contour. - P :

4.2 K7'-th Depth COﬁtour

The k*-th depth contour is defined as the boundary traced out by moving a disk of
radius r/2 whose center is on the boundary of the k-th depth contour, with r being the
radius given in the one-to-one defensive competition problem. See figure 4.2.

The above description of the k*-th depth contour is somewhat vague, and can be
more precisely described by using the notion of the Minkowski sum of two point sets[14].

Let A and B be two sets of points in the plane. If we establish a coordinate system,
then the points can be viewed as vectors in that coordinate system. Define the sum of
A and B in the most natural manner possible: A@ B = {z + ylz € A,y € B}, where
x + y is the vector sum of the two points. This is known as the Minkowski sum of A
and B. With the knowledge of Minkowski sum, we can define the k*-th depth contour

as follows:

Definition 4: The k™-th depth contour is defined as the Minkowski sum of the k-th

11



contour and a disk or radius r/2, with r being the radius given in the one-to-one defensive

comeptition problem.

We now prove an important lemma in this thesis to show that the one-to-one defensive

competition problem is actually the same as finding the deepest k*-th depth contour.

Lemma 3: Facility z can defend at least k demand points if and only if facility z is

placed inside the £T-th depth contour.

Proof: For the if part, placing = inside the £T-th depth contour guarantees that
C(z,r/2) would intersect with the k-th depth contour. Therefore every tangent line
would either pass through the k-th depth contour which would guarantee that at least
k demand points are defended or the halfplane determined by a tangent line that does
not pass through the k-th depth contour would be the side that does not include the
k-th depth contour thus still promising that X will be able to defend at least £ demand
points. iy

As for the only if part, suppose we. Hillaee B 0uts1de of the £T-th depth contour. By
definition, C'(x,r/2) would lie outs1de of the k th depth contour. We choose a tangent
line that parallels one of the 51des of the'k;‘t'h‘d‘epth contour which does not pass through
the contour. This half-space Would attract at 1east n — k demand points by definition,

hence X can defend at most k demand p01nts

O

12



Chapter 5

The Proposed Algorithm

From Lemma 3 we proved that in order to solve the one-to-one defensive competition
problem, we need to find the deepest kT-th contour. In this chapter we present an O(n?)
time and O(n?) space complexity algorithm for this problem.

The algorithm involves a couple ofisteps.is,

1. A dual mapping(of a pOi_I_lli:z“‘.‘tO a ::H'-n!e)' Q‘h"th-é'_‘demand points is made to form an

arrangement of lines. = | i I
= N L '

2. Using the topological sweéﬁ, ,‘W:e‘";'can. ef.ﬁ"ciexll.ﬂy find all intersection of lines within
the arrangement. Each intersection in'the dual corresponds to a line between two
points in the primal. As we find each intersection we can determine the depth

contour to which the corresponding halfplane potentially belongs.
3. Peform the Minkowski sum on these halfplanes with a disk of radius /2.

4. Combine the upper and lower hulls to form the k*-th contour for every k.

The basic approach was first suggested by Cole, Sharir, and Yap[15]. We shall describe

each step in detail next.

5.1 Dual Mapping

For the first step, a standard dual mapping[16] p(a,b) — [ : y = —ax + b with a and b

being the x and y coordinates of a demand point respectively is used. This dual mapping

13



yields many properties that we desire. The mapping preserves the ordering of demand
points along the z-axis as the slope of each mapped lines. A line through two points in
the primal maps to the intersection point of the corresponding lines in the arrangement.
Most importantly, the mapping preserves the above/below relationship: if a point is
above a line formed by two points in the primal, then the corresponding line is above
the point in the dual.

Since each intersection inside the dual mapping represents a line formed by two
demand points in the original arrangement and that the above/below relation of lines
and points are preserved, the number of lines above/below an intersection in the dual
mapping represents the number of demand points above/below the corresponding line
that maps to the intersection. Thus the depth contour that the line formed by two
demand points is determined by the number of demand points either above or below the
line, whichever is smaller. Also note that the line is determined to be in the lower/upper
hull of the respective depth contour 1n the process

For every intersection point 1n the arrangement we determine the contour to which
the corresponding halfplane in the prlmal'%()ntrlbutes Let L be a line through two points
in the primal corresponding to: the 1ntersect1ng pomt I in the dual. The vertical line V'
through [/ in the dual 1ntersect&:‘:elver_y;,;hnﬁf:t‘he, arrangement, some above I and some
below I. The number of lines inid'éfseéted aboYe‘/'Below I exactly equals the number of
points lying above/below L respectiveiy in ‘Ehe primal.

Each depth contour is the interior intersection of the halfplanes that potentially
belong to this contour. During the sweep, the halfplanes for each contour are split into
upper and lower sets. Let m be the number of crossings above I. Let r be the number of
crossings below I. The intersection would belong in the upper set of the m + 1 contour
and the lower set of the  + 1 contour. See figure5.1.

The lines containing the edges of the lower convex hull of the upper set of dual
intersections correspond to the vertices of the upper boundary of the contour in the
primal. The lines containing the edges of the upper convex hull of the lower set of
dual intersection correspond to the vertices of the lower boundary of the contour. The
intersection of the lower hull of the upper set and the upper hull of the lower set is the

complete contour.

14
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Figure 5.1: We can see there are one line above and three lines below intersection I,
hence it belongs to the upper hull of the second contour and the lower hull of the fourth
contour. Similarly, there are no lines above and four lines below intersection I,, hence it

belongs to the upper hull of the first contour and the lower hull of the fifth contour.
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Figure 5.2: A topological line and.the ¢ut aré’eémphasized in bold lines. The (vertical)

cut in simple words denote theE.lordergqf_.édgesn that ;"tihe topological line intersects in the
vertical direction. The formal d-'e:'ﬁnifio'ﬁ of ctit ca':pﬁ‘"be found in [17].

ne

5.2 Topological Sweel:; |

To obtain the needed information, we perform the topological sweep. For clarity, we
give a brief introduction on the topological sweep. A detailed analysis regarding the
topological sweep can be found in reference [17].

Topological sweep allows the traversal of all vertices of an arrangement in O(n?)
time and linear space. The typical vertical sweepline method maintains a priority queue
(heap) of potential next points in the vertical sweep, at a cost of O(logn) per update
and a total time complexity of O(n?logn) and linear space. Explicit construction of the
arrangement as a planar graph uses O(n?) time and space.

Topological sweep improves the time complexity by sweeping not with a straight line,
but with a topological line and a cut. See figure 5.2.

Using these two concepts, the topological sweep of the arrangement will be imple-

16



Figure 5.3: An elementary step.

mented by starting with the leftmost cut and’ pushlng it to the right till it becomes the
rightmost cut, in a series of elementary etieps See figure).3.

An elementary step is performed when the tOpologlcal line sweeps past a vertex of
the arrangement; it corresponds to a tra.nspo&tlon l1n the underlying numbering of the
lines as defined by the order in Wthh they are mtersected by the sweeping topological
line. O(n?) elementary steps will be requlred 0 sweep the arrangement.

The major difficulty in implementing the topological sweep is how to discover where
in a cut an elementary step can be applied. An auxiliary notion of horizon tree is
introduced. Let (mq,ms,..., m,) denote the lines containing the edges (c¢1,co, ..., ¢p)
respectively.

The upper horizon tree T™(C') of cut C'is constructed by starting with the edges of the
cut and extending them to the right. When two edges come together at an intersection
point, only the one of higher slope continues on to the right; the other one stops at that
point and is removed from further consideration. More formally, the upper horizon tree
consists of one segment from each of the lines m;, where a point p of m; belongs to 77 (C')
if

e p is above all lines m; with j > 4, and

e p is below all lines my, satisfying both £ < ¢ and having slope greater than the slope

17



of m;.

Figure5.4 shows T (C) for the cut of figure5.2, as well as the symmetrically defined
lower horizon tree T~ (C') (where lines of lower slope are the winners).

The horizon tree stores one line segment per level of the arragement and uses a
stack that contains all points of intersection of current line segments on adjacent levels,
represented as array indices. The algorithm sweeps a curved line across the arrangement,
over the intersection points of currently incident line segments. Each line segment has at
most two neighbors, so the stack remains linear in size. However, all O(n?) intersection
points of the arrangement are saved to generate a halfplane for the computation of

contours, producing quadratic space complexity.

5.3 Minkowski Sum

To find the k*-th depth contour, We" p‘érféi‘m the Minkowski sum on the upper and
lower hulls of the depth contour w1th a, qu'k of radlus r/2. Therefore, we are finding the
Minkowski sum for a convex polygon an(h ar dlSk This can be done in O(n). Here we
present a simple approach that can cd)mi)ute the Ml‘nkowskl sum in O(n) time.

First, we add width /2 to the boundarles of the depth contour. This simple procedure
clearly can be done in O(n) time. Next we fitid the incircles of radius /2 for each adjacent
boundaries. This also can be achieved in O(n) time, since the calculation for each incircle
takes O(1) time and there are O(n) adjacent boundaries. These incircles round the edges
on the boundaries to form the Minkowski sum.

The time complexity of each step is discussed as follows:

1. The dual mapping of each demand point takes O(1) time, and since there are n

demand points, the total time to perform dual mapping is O(n).

2. A detailed analysis regarding the topological sweep can be found in reference [17],
and has been briefly explained in the previous paragraphs. The time complexity

for this step is O(n?).

3. Peforming the Minkowski sum is done in O(n) time.

18
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Figure 5.4: The horizon trees of a cut.
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4. The upper and lower hulls of a set of points can be computed in linear time, under
the assumption that the points are in sorted order. Since we can obtain a sorted
order of the lower and upper hull after the topological sweep, the combining of

lower and upper hulls can be done in O(n) time.

We conclude with the following theorem:

Theorem 4: The one-to-one defensive compeition problem can be solved in O(n?) time

and space.

20



Chapter 6
Problem Relationships

We discuss some interesting relationships between the defensive competition problem
and various other problems in this chapter. To our surprise, the defensive competition
problem yields as a middle ground for two important problems in the computational
geometry. As before, we begin with, thé'onezto-one defensive competition problem and

generalize it afterwards. B R
|£ S e

6.1 One-to-one D'Q'feﬂgii%e..—;qufllpetition Problem

The one-to-one defensive competitibfl‘ problem is “actually a generalization of the famous
Tukey median problem [6]. The Tukey median is defined to be the region which has the
largest location depth and has been studied extensively over the years. We show that
the Tukey median problem is the special case of the one-to-one defensive competition
problem with » = 0.

As described in previous chapters, the one-to-one defensive competition problem can
be defined to be trying to maximize the minimal number of demand points inside a
closed half-space containing C'(x,r/2). If r = 0, we would actually be maximizing the
minimal number of demand points inside a closed half-space containinig x. Therefore,
the most demand points that « can defend is the minimum demand points that lie in any
half-space containing x. This is exactly the location depth of x. So, when r = 0, finding
x is actually trying to locate the region that has the greatest location depth which is
also what the Tukey median problem attempts to solve.

When r = 0, the one-to-one defensive competition problem is equivalent to the Tukey
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median problem. When r is sufficiently large, the problem reduces to the smallest en-
closing circle problem. Specifically speaking, when r/2 is greater than the radius of the
minimum enclosing circle, then the one-to-one defensive competition problem is equiva-
lent to finding the smallest enclosing circle.

We show that placing x on the center of the smallest enclosing circle when r/2 is
greater than the radius of the minimum circle is an optimal solution for the one-to-
one defensive competition problem. Since z is on the center of the smallest enclosing
circle and C(z,7/2) has a larger radius, thus every demand point lies inside C'(z,7/2).
Therefore x will be able defend every demand point from any opposing facility y, and is

optimal.

6.2 one-to-k Defensive Competition Problem

Generaliztion of the one-to-one defensive competition problem to one-to-k, is similarly

defined as follows:

Definition 5: Given n demand pomté P = pl,pg, ..., pn in W2, a constant k and
a radius r, the one-to-k defenswe cpmpetltlon prd)blem is to place k facilities X =

{1, 29, ..., 2} satisfying )I{Illgclal d(max ||{pZ e P|d(y pi) < d(X,p)}HI-
c 2

The special case when r = 0 is exactly the (k,y)-medianoid problem[21]: given
n demand points P = {py,ps,...,pn} find locations to place k sites(facilities) X =
{x1,29,..., 2} s0 as to )r(ranz d(max {p: € Pld(y,p;) < d(X,pi)}]-

This problem has been proven to be N P-hard, hence the one-to-k defensive compe-

tition problem is also /N P-hard.

6.3 k-to-one Defensive Competition Problem

We now generalize the one-to-one defensive competition problem to k-to-one, defined as

follows:

Definition 6: Given n demand points P = {p1,ps2,...,ps} in R?, a constant k& and
a radius r, the k-to-one defensive competition problem is to find a place a facility «

satisfying min max ||{pZ € Pld(Y,p;) < d(x,p;)}]-
zeR2 d(z,Y)>
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This is still an open problem currently.

6.4 Conclusion

In this thesis, we introduce a defensive competition problem which is a generalization of
a well-known competitive location problem. An O(n?) time and space solution has been
proposed for the special case of one-to-one defensive competition problem. Furthermore,
it is shown that the one-to-k defensive competition problem is N P-hard.

The k-to-one defensive competition problem however, still remains an open problem

and deserves further research.
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