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RV LY e P st TR e

Wt 5E &Rk fREREEN  BRRKIR B

I3

HPEEES (interconnection networksy) & 7> 21T B 43 B =05 & (parallel and
distributed computing) E{REZHY - MR FBIL 7 AS4EES (hypercube » Q, ) HYEAMS
R HAZ B B AR R 2 SRR SHYZERS - A CAEEREHEZRETQ,
WARZEF DI RS C B B A FE A Cdiameter) ~ B2 #5pEE (average distance ) -
RIEtAEARDQ, HYEB AR B R84 + twisted cube ( TQ, ) ~ crossed cube
( CQ, )~ Mebius cube ( MQ, )~ i locally twisted cube ( LTQ, ) H.frn3Frriz by
PEHVHEE (dimension) o 2 £EkE 17 T RS ATES Y S AU IS A & B e 17 T RS 4 RSAHIE]
B EAI B TR E—F -

RSN EHWA Z » (8 B0 Ee T DL iy Dt g i R avE 7 faddis
PSR 1 TQ, ~ CQ, ~ MQ, ~ K LTQ, HY#EHEE (connectivity ) ~ H{K (diameter ) »
| B EAEESE (routing algorithm ) ~ K7 SEH5ERE (average distance ) 5kl b ry%e
H > DTS s R A BRI A 2% © M HAVESH LTQ, 515w =(E £
o B TR LTQ, #1Q, Hy K iEHE (average distance ) HYEE®S » 55 (i T2
LTQ, HYHEEREREE (adjacency matrix) HVRFIRERETTE » SF=(EFEZE LTQ, HYELHY
A o PRI S I T SR HY— (B FE R -

Rz HEIT T Ra 4L ~ twisted cube ~ crossed cube ~ Mobius cube ~ locally twisted cube -

fERE ML+ NEANH



The Study of Hypercubes and Their Variants

Student : Chiu-Mei Hung Advisor : Dr. Chiuyuan Chen

Department of Applied Mathematics
National Chiao Tung University
Hsinchu 300, Taiwan, R.O.C.

Abstract

Interconnection networks, mostly implemented as. hypercube due to its structural and
constructional simplicity, are crucial to parallel'and distributed computing. However, Q,
does not achieve optimal diameter and.average distance for its resources; therefore, a
number of Q, variants have been proposed,-namely twisted cube (TQ,), crossed cube
(CQ,), Mobius cube (MQ, ) and locally twisted cube (LTQ, ) in which n is the dimension
of respective network. Such hypercube variants attain diameters as low as half of those of
hypercube on similar resources.

This paper has two objectives. First, the four hypercube variants listed above will be

classified according to their connectivity, diameter routing algorithm and average distance
for future reference. Second, three issues on LTQ, will be discussed; firstly, a

comparison of the average distances of LTQ, and Q,; secondly, the special
construction method of the adjacency matrix of LTQ,; and thirdly, the cataloging of the
nodes of LTQ,. Furthermore, an error correction has been proposed.

Keywords: hypercube, twisted cube, crossed cube, Mobius cube, locally twisted cube.
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A7 T AG 48 ES (hypercube ) JERH #¢ A FIAY 248 EZ (interconnection
networks ) [YZERE - n 4EATHETT JTRSAERE > 50 Q, » 2 2" (%L (nodes ) F1n- 2"
{75 Cedges) P/ sV IE (graph) - Hodt - 33 2" (EEEZ H {0, 1} A&l akiy n -tuples
WG A B T R b B -2 45 W B n -tuples ' —{[ bit R [E] - 7REIQ, ZHH
0,1 FIRLFTIZAAYSE 28 (complete graph) - Q, /ZHIBIES Ry {00,01,10,11 ) 71
EEGR{(00,01) > (01,11) > (11,10) > (10,00)} Al - HHAEQ, FIQ, - & 1

4T Q3 il Q4 °

100 101 010 1101

00 001

01 011

110 111 0110 1111

Q; Q,
L. Qf1Q,

HEZR Q, & — AR fE B H A S ETHIVAIREZ2E > A EAEE B FIEY ¢
Q, i R ZF DI HIFEREE R BN EEE (diameter ) ~ B9 EEHEE (average
distance ) » [RIHEH AV Q, FVERIHHRH, - i RAVERLE : twisted cube ( TQ, )

crossed cube ( CQ, ) ~ Msbius cube ( MQ, ) ~ DL % locally twisted cube ( LTQ, )

Hrpn FoRiE LAgELnV4ERE (dimension ) ; 5 SLAEREAVEFE S R 2 /g » DA



b IUTEEE LT RS AR R LA TS

(1) EMEREBEE R ELE 17 7 AR HE

(i) EfffEE n-regular AYfE -

(iil ) EAMHYEESE (connectivity ) BT T HGAEREAHIE (02 ZEE]—(E n-regular

AR B RS » En )

PRI » iE e T T AR BRI AR - ARG AR R AgRs iy —£[7] -

ARem Y VA = (8 HAZ St DL EFreay TR i R AL 788
AERRHVEEAL 0 TQ, ~ CQ, ~ MQ, ~ DAK LTQ, HYHEE « HL - LS HEHEEE

(routing algorithm ) ~ K~ FHFHEEMOA IS, ERYELTH - DUJS (%75 Loapt 4ot A
B A% - 5 (E HAYZ5TEmLTQ,

LTQ, Z1E 2005 4 Yang s Evans < I Megson Firig tHV4dR&4L4#[7] - C
FIMQ, HYGRAELZ + AR RIBESAHIEHY bits B H IR ﬁ%zfiﬂ {i& 5 B0 : 7£CQ,,
th o FHEHFTEL 0001010101 B 1011111111 REA 5 # bits RAHE 5 £ 0-MQ, (&
a2 FEE 2 /NG AR RIEE 10000 B 11111 fifA 4 {1 bits AAHE S 7E 1- MQ,

(EFRHS A 2 /M) HHERIRE 00000 B2 11111 A S [ bits AAHE ; #EZA
TQ, AHE IR bits 8 H £ 2 HARIE bits FAHE - HTQ, ARSI Kyt 4% - B
W TQuE VUM TQ, ik (AR5 2 /N ) - FEFVEEEEZ > Yang FA

[Tt T LTQ, » £ LTQ, FH Wi B 2% R AW [ bits AAHE - 11 A2 AW

(& bits AAH[EF > HIZE W[ bits 205 HETHIR ([ bits -



HIA LTQ, AU LRIy BAF IS » RIEEA SR SIS —(E H rst 28t ¥
LTQ, & = LR - H—(E TR LTQ, B Q, iy PHIREER by - 55 —(H £
& LTQ, HyZREAEH (adjacency matrix ) HYRFFRERE A > =0 EEZE LTQ, #Y
B33 B (RS LTQ, HYERST » #VE ST R G HEtHAY » PRIEEZAD - T
IR T SRR Y — (g R

AEROCH RS ¢ 55 T/ NER RN BB 1L T BE A S R BB R &5 SR B
B B =/NETESCAR LTQ, B2 Q, Wy FHIRERERYELES ~ LTQ, HYERERE AR

T ~ LR LTQ, HYBEHY M > fef&— /N RdiaE -



2 - BT M A S A E RIS R R

TQ, ~ CQ, ~ MQ, ~ PAK LTQ, Z#E 17 7 #a4dps iy AL » & Mmam st "l
AIZREREL Q, AL - {0, 1} FT4H AT n-tuples - {HEF AN ARE - Fl40 :
£Q, ~ TQ, ~ CQ, > BRI Fy X =X, X, , - XX, 5 MAEMQ, ~ LK LTQ, 1
BERIR B X=X X, X, © B T8 — R > AFamch - T 0VFRREA
X = X Xy o XX BT By T T (AL, AR Ewm S » ™+ o “modulo 2 addition
operation” » V(G) F il G HURLE S » E(G) FrlE G HUELES - N —{HAEES
AR R —(llE - B E AR SR ST AT 2R o SRS A ] W #455 ©

TERTHE—/ N » FMEAGHT QI MR IR " 5 - fEiE— /N > 38
fER&GH T7Q, ~ CQ, ~ MQ, B LTQ HY - “JRIEN" s : &K ITRK4E
tHQ, ~ TQ, ~ CQ, ~ MQ, ~ UK LTQ #YEiE" E 3 K By ERIGERATE

o

2—1 HBiEcubely “JEEE" EH

PR X = X Xy XX KDY = Y, Yoy oo Y Y AR - ATETTRE y 2 X AVER
KEHE » S0R Yy = N (x) » 5 HIER K2 x B y R[] bit(s) e R R E - F
a0 FREQ, FEYEE x =011 > HI = N,(x)=010 > N,(x)=001 > Ny(x) =111 : #
B Q, H1Y B x=1010 > H] : N,(x)=1011 » N,(x)=1000 > N,(x)=1110 >
N,(X)=0010 - K5 Q, /2 n-regular Y& > ATLLQ, FHYEHERL x 1575 n(E#) = -

JREIN, (X) » N,(X) > ...» N, (X) °



TQ, &1F 1987 4 Hilbers ~ Koopman i Snepscheut FrgHY[4] °
Bon koI o TQ, AV BE x=xX,, XX B E Kk {HEE NX =
X, X X X X XX, > B K — 1 {EABE N, (X) &

(@) Xy ot 4% =0 0 I N (0 =X, Xy Xy Xy X+ Xo X, 2
(b) H X+ X +X =10 N,_ (X)=X, ~~~xk+1xkaxk_2 XX, o B 2 H4S

TTQ, il TQ; °

000 100

001 101

TQ;
2.TQ, FITQ;



CQ, BAE 1992 £ Efe Az HiAV[3] » FefTe/r 48 —EFrT5% © WiflE T
X=X, X By =y, #H B2 pair-related » 505 x ~ y » #5 HHERS (X, y) € {(00,00) ,
(10,10), (01,11), (11,01)} - CQ, HYFFHREEFLI T » CQ, FHYEE X = X, X, -+ X, X,
Y K AREIADE N, (X) &

() ZEKBEFH > B NG00 =X, X X Vi Vi -+ Yo Yy
TSR RIS (K=1)/2 > 5598 Vo Vo ~ XXy
(b) K BB > HI 2 NGO =X, X XKy Vi - Yo Yy

M HEREE - el <i<(k=2)/2  HH Y, Vo, ~ XoiXoy °

B © 258 CQ, THYEEx =011 > AN, (X) =010 > N,(x)=001 > N,(x)=101 ; %

8 CQ, Y%L x=1010 » B N, ) =1011 » N,(x)=1000 > N,(x)=1110 >

N,(x)=0010 - & 3 fi&s 7 CQyAICQ,

110 100 1110

111 101

011 001

010 000 1010 0010
CQ, CQ,

3.CQ, f1CQ,



MQ, Z7E 1995 - Cull B Larson FfzHiAY [2]° MQ, HYFRIREEFAT T -
MQ, FHYEE X = X X, -+ X, X, FYEE K (LR N, (X) &
(@) X =0 0 Bl 5 N (X)) =X, - X XXy - XX,
(b) X, =12 Bl 2 N (X) =X, - Xy Xk Xkt - Xa X @
HEAEK=nEF > X, (BIX,, ) @A ER WAL WS > i
JE B X,y = O1F > il K~ 0-Mobius cube” > 505y 0-MQn s 55 —TEIE Y Bk X, =1
5 » 57 1-Mobius cube” ECA 1-MQn » B4 & 0- MQ, 1R x =011 » I
N,(x)=010 > N,(x)=001 > N,(x)=111 ; FE 1-MQ, FyEEx =011 > Al :
N,(x)=010 > N,(x)=001 > N,(x)=100 5 Z%E 0-MQ,$ > Brx=1010 > HI :
N,(x)=1011 > N,(x)=1000 & Ng(x)=1101> N,(x)=0010 ; 358 1-MQ, 1 - %
x=1010 > 2 : N,(x)=1011 »"N,(X)=1000 >.N,(x) =1101 > N,(x) =0101 -
4 FE5T 0-MQ, 1 1-MQ, -

LTQ, &4 2005 - Yang > Evan {1 Megson Fifgthiiy[7] - LTQ, HYIEIEAEE
FAOR » LTQ, HHHTBE X = X, X, - X, X, A K {l#fE N, (%) 72
(@Fk=1552 > B N, ()= X=X X XX * Ny(X)= X X, - X2X, 3
() E3<k<n B 5 N (X)) =X, - Xy X Ky X)Xy o X X, @
{40 Z R LTQ, thiy®ix =011 > HI: N, (X)=010 > N,(x) =001 > N,(x) =101 ;
ZELTQ, VB x=1010 » A : N,(X)=1011 » N,(x)=1000 > N,(x)=1110 -

N,(x)=0010 - & 5 th&s 7 LTQ, MILTQ, -



0001 0011

1000 1010

0001 0011

1000 1010
1-MQ,

4. 0- MQ4}FD 1'I\/|(24



010 011 000

110 101 001 100
111 101
100 11
000 001 110 11
010
(a) (b)

0011 1011

1001

[ 5. (@) LTQ, » (W)FHHFHHYITEAEF LTQ, » (o) LTQ,



FE N FfMTFI AT cube oo B X = X X, XX, HYSS KEADE N (%)

cube | X=X X, o XX B KAEHDE N (X) it
Q, N (X) =X, "'Xk+1;kxk—lxk—2 Xy X
N () = Xg =+ Xy XXy X+ X, X, n Ry e
TQu | Ny (X)) =X, - Xy Xk Xkt Xy - X, X, X+ Xy +X =0
Ny, (X) =X, "'Xk+1Xk;k*1Xk—2 XX A Xy o Xy X =1
K Rar s T AR
N (X) =X, - X Xk Yoy Vs - Ya Y, i EEISi<(k=1)/2 >
B Yo Yoo ~ XaiXai °
CQ,
B K R EE > T AR
N (X) = X, - Xy XkX ¥ - Y, Y,y i EEI<i<(k-2)/2
R Yy Yaia ~ XoiXai °
Nk(X):Xn"'Xk+1;kxk—lxk—2”'xle E Xy =0
MQ,
N, (X) = X, -+ Xy Xk Xt ==+ X2 X1 E Xy =1
N (X) = X, X, - X, X1 wEHk=1
LTQ,
Nz(X):Xanfl"';le k=2
N (X) = X, - X Xk (X + X)X, - XX, | B 3<k<n

10




2 —92 ZKfEcubely MBI EE

Q, Al EFRA N + Q2 0,1 WBFTEHI5E2ME - ifiQ, (n>2)
R H(E Q, K TFIFHRIEEILM AL © % 0Q,, F/RAE Q,_, HYEFELHY (n—1) -tuples
Z AN E—(E 0 TP RHTE 2 1Q, , FRIEQ, , HIREELHT (n —1) -tuples Z AiiiN_E
—{iEl 1 TRV 72 0Q, , HFHT—RE0X, , - X, X, BIE1Q, , AT —BEIX, - X,X,
FHH -

TQ, &1F 1987 4EFH Hilbers ~ Koopman ~ 1 Snepacheut 55 A Fr2HHA9[4] 5 &
SC[ATFAEARR M n R EEIFHIE S © TQ, By IR EFAN T * TQ, B1Q, AY45HEAH
[E ;s En=3 0 HBIEEE - TQ, A VU@ TQX, Friak - Hdra,be {01} -
JREITQY, » TQY, » TQ)Y, » TQuk, PufiE & ;

(@) TQ . ETO. . [FIH » 111 FLTO :{V(TQﬁ‘bz)={abUIueV(Tan)} 0
THEQR,) = {(abu.aby) | (uv) = E(TQ, )}

V(TQ)=_ u V(Q,)

{01}

ETQ,)= U ETQ®)UE"

a,bef{0,1}

(b) TQ, Al -

HAPEREX =X Xy XX Y = Yo Yoo o Yo Y, €VIQ,) v (X, y) € B 35 HMES
e T = (R P A A —(E -

(1) y=>_<nxn_1~--x2x1 ;

(i) Yy =XoXnot - XX, > HH X, + X5 +-+% =0 ;

(i) y=X,Xn1-- XX > MHX, , +X,53+-+X%X =1-¢

11



CQ, ~ MQ, ~ FILTQ, ST J7 HSHaRE AU IR AL FEAE Y 7 A1 Q, JH L - Ky
TERER - LLGQ, &R CQ, BiMQ, B LTQ, - GQ, & n I {E GQ, , fk + <
0GQ, ., FR1EGQ,_ FYEFRLHY (n 1) -tuples Z Fifill_E—{E 0 FrfZ siAvIE - < 16Q,
FORE GQ,  HYEERLHY (n —1) -tuples  FiThin_E—{1& 1 FrZpAyE: GQ, Z1E 0GQ,
B11GQ,, " RIIN_E—{E5E < ECE (perfect matching) [f ZEHERK, -

CQ, Hy“ A" EFRAI T * CQ B/EQ, : CQ, (n=2) EH 0CQ, , #11CQ, , At
flpk > 7£0CQ, , FHY—HEx = 0X,, - X, X, BIFE1CQ, , FHy—Ehy =1y, , - ¥,V, A
SRR TR DR
(@ n Ra 8o Al y =1y, Y, 50y, MEHEEE REl<i<(h-1)/2 > 55

YaiYain ~ X Xpiy >
(b) 5 N RfE e ATy =1x Yan Vot Y EEEEmEl<i<(n-2)/2 >

yjﬁ y2| y2| 2| 1 ¢

MQ, FY IR EFRLIT * MQEZQ, : MQ, (n>2) ZH0MQ, , #1IMQ,
TR > Rk MQ, A WITER » TR BIAAA T -
(a) Zf 0-MQ, : FEOMQ, , FFHY—HE x = 0x,,_, --- X, X, BAE IMQ, , Fiy—%

y = 1%, - X X, A
(b) ZEfE 1-MQ, : FEOMQ, , FFHY—HE x = 0x,,_, --- X, X, BAE IMQ, , F1iy—%

y = lin_l ~~~;2;1 FH

12



LTQ, Hy“ " E g4~ © LTQ & Q, » LTQ, (n22) ZFMHOLTQ, &
ILTQ,, Fri#&pl - ££ OLTQ, , 1 BY — & X = 0X,, - X, X, B AE ILTQ, , o Ay 3

Y =1y, Xy - X X PRV SR R ¢ Yo = X T X, ©

TE T+ BT 4578 cube (L3 T FA S 95008

SEERD ¥ (perfect matching) itaa
Q, (0X,y === X, X, IX oo X, X))
(X, X ---xle,inxn_1 “ X, %)
TQ, (X Xy Xy Xy, XKt -+ X, X0 B X, X+ X% =0
(X, X,y -+ Xy Xy X Xt == X X, ) B Xy + Xy o+ X =1
B0 REE o mH M
(0X,, ;= X X5 1Y Yoo 0 Y,) WELILI<(n-1)/2 >

Y Y Yaio ~ XaiXaiy

CQ,
5N FyiEE > M HEHE
(Oxn—l XK XL IX Yo Y yl) B < (n-2)/2 >
Y Yy Yaig ~ X Xaiy ©
(Oxn—l XX 91Xn—1 X2X1) E‘?@%‘% O'MQn
MQ,
(0X__, -+ Xy Xy, IXnt ==+ X2 X1 ) i 1-MQ,
LTQn (Oxn—l Xoop X X ’lyn—l Xios "'X2X1) :/E\:qj Yo = X X

13



2—3 MBIk AR EER - HfX - BUK routing

algorithms 7 B3
HefPesaHBEEELY - AR —SRER KA B ERKITHRSS

H[6] -

— (&l G HYZLAEE (connectivity ) » EL Ry k(G) » JiiE

(G) =min{S|| S <V (G) H.G - S fy R im[E s T8} -
fE—(ElE G > FiBhu BLv EERE > sk dg (u,v) » AT U -V BRI FR R R R R
AIEFE - Fuflv ZEGARS » AlufIvATEEBEE R oo 5 5545 U=V > HluRlv
PEEEEFR f 0 - —(l[E G AV ELE (diameter) 450y D(G) » JwijE
D(G) =max{de (U,v) | u,v eV (G)} -

R TL T B ARG R B AR WS TR R A ¢ BB T - EAK - routing

algorithms 5 » {H /218 Se4H R BUIE &3S0 » BEAR S - BIAER SR RIS

RAG—FEBAR -

14



cube

R HE routing algorithm
type
Q. k(Q,)=n D(Q,)=n
10, «Toy=n | PT=lm+D/2] (£ RABETA routing
[4] algorithm [4]
co K(CQ)=n | D(CQ,)=[(n+D/2] FERIBEREIAY routing
" [3]P410 EHE 7.1 | [3]P410 EHE 7.1 algorithm [3]P517
(a) D(0-MQ,)
=[(n+2)/2] for n>4 ; N —
Shalay T mn
MQ, K(MQ)=n  |(b)D(-MQ,) et
_[(n4))/2] for n>1; | Hgorithm 2]
[21P653, EH 5
D(LTQ,)=2;
W(LTQ)=n | TRO= FERREERTAY routing
LTQ, D(LTQ;)
[7]1P410 jERE 7.1 algorithm [7]P407

=[(n+3)/2) for n>5;

[7]P408 £ 5.1

15




3 - LTQ,Hy¥RET

HIBY Yang 5 AGEHH 17 LTQ, BAETS RIFHIME > FEEER L Tkt
BILTQ, 5am —(ELRE - SB—(ELREZE LTQ, BAQ, Ky fHgAY LS » S (#E
REE LTQ, HyZRERE (adjacency matrix ) HYRFIREERE 574 @ S = EEE LTQ,
FYELE 335 - ISR LTQ, HYBRET - HLRAE SRR PR G R HBHY - 581 » M

QUAEI S SA /G Bl (52 o

3—1 LTQ #Q H-FIERAYLEL
HEHfEM MatLab 555 - B9RFQ, NTETQ, Y FHIFEEEK ! » 41 F% < FHEL
TEEE - ATLAEER ¢ E n 2 36 oo LTQ, M-I /NG Q, ¢ T LR LU N B

EYELEARAL > AT DA 2 A R e ARk

e e | LTQ, BT AR
n QuIPFHTHEME | LTQ, IV PATHRE | "oy
2 1.3333 1.3333 1
3 1.7143 1.5714 0.916642
4 2.1333 1.9333 0.906249
5 2.5806 2.2742 0.881268
6 3.0476 2.6587 0.872391
7 3.5276 3.0315 0.859366
8 4.0157 3.4196 0.851558
9 4.5088 3.7984 0.842441
10 5.0049 4.1808 0.835341
11 5.5027 4.5559 0.827939
12 6.0015 4.9302 0.821495
13 6.5008 5.2988 0.815100
14 7.0004 5.6652 0.809268
15 7.5002 6.0273 0.803619

16



3—2 LTQ, nyE#EER (adjacency matrix) HYRIKERETE
FAEFR MR LTQ, By MBI AR R R 5 28 o 77— (BB A e >
A =1 FoREEFIEE B > A = 0 FoREE I RIES | 2A B © BN
SSCEE S BFHEHAIITE BT T LUANEES R | A A
DRI 5 RETE BN - AR 2R VS RERE © RasER - RIE
A =k j= N () > A =08 RIEL IS A EHE
FAE R LTQ,, A1 LTQ, KB AR A N i AIRH 4 -
EH]
WG . Haahy

non0---n0 > = OnON---0n -
HE#HOHAEO HEHHAO

BLLTQ,, My AR i [
B R e
0non---0n - : NONO---nO -
HEMRR0 | HEHHRO

LTQ, Ay pAE e =

il SHny:! [iliAvaalnyzs!

17




00

01

B LTQRILTQ, » PAK LTQ, Rl LTQ, Ay FEAR R -

00

000

001

010

011

100

101

110

111

01 10 11
Coa o]
0 0 2
0 0 1
2 1 0
LTQ,
000 001 010 011 100 101
T 1 2 0 3 0
1 0 0o 2 0 0
2 0 0 1 0 0
0o 2 1 0 0 3
3 0 0 0 0 1
0o 0 0 3 1 0
0o 0 3 0 2 0
0 3 0 0 0 2

000

001

010

011

100

101

110

111

110

000 001 010 011 100

101 110

0 0 3 0 0
1 2 0o 0 0
2 1 0o 0 3
0 0 0o 3 0
3 0 0 1 2
0 3 1 0 0
0 0 2 0 0
0 0:0 2 1
LTQ,
111
T OOOOT 1 2
3 0004 1" 0./ -0"
0 0010} 2 0 0
0 0ol 0 2 1
0 0100 3 0 0
2 0101 0 0 0
1 0110| 0 0 3
0 o111 0 3 0
o 1000| 4 0 0
1001 0 0 0
1010 0 0 4
1011 0 0 0
1100{ 0 0 0
1morf o 4 0
1110[ 0 0 0
11 o 0 0

18

0:4
3:0
0:0
0:0
0:0
2:0
1:0
0:0
00
0:1
0:2
4:0
03
0:0
0:0
0:0

LTQ,




2 ] BYEEHA ¢ LTQ, Ay FEAERE A —(# 2" x 2" AYRERd - St aEfsE AR Ryl 4

27 x 2" R A~ AP A ACRRHER > He A+ AD L AT L A® 5y
RIS RAERE ARYZE b~ A b~ FEF - RIS R AR - RN A% R 4
2" X 2RI AT« AR AT AT TR > Hp AT AT L AT L AT 3R
FTAENE ATV b b T R T AR - A AR R A
27X 2RI AT AR« AY LAY TR - AT AR L AT LAY 3R
FRIEE A E b A b A2 VS R AR - SR Rl AEiE L

FN -

A— A A" A =[A2‘ A”} A :[A” A”}
AV A Mtk AR A

FET R BefMor hilaTam < Aa A e o

(i) JEEAY > HEEREEV(OLTQ, ) PERIEEIVEEER, - A 0LTQ, , B
LTQ, , FEHERSHY (n—1) -tuples Z Firfil_E—1{E 0 BT RAYIE » FrLLOLTQ, , Bl
LTQ,_, Hy&EiEsE 2 AHE - RELARR AV L LTQ, , Ay BEAREAHE -

(i) [EHE 25 AY AHERFBEY (LTQ, ) I ERIEAEEE - AR ILTQ,
e LTQ, , FEEESHY (n—1) -tuples ZHifl E—1fE 1 FriPpkayE - A B
ILTQ, , B LTQ, , &SR 2 HE - RIILARRE AW 82 LTQ, , fy3H 4 b A
EE

FEAE TR Z A FeffE sk ablTQ,, » Hfra,b e {0,1} - abLTQ, , RIR{ELTQ, ,
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HRER{EREAY (n — 2) -tuples Z Fiffill_F ab —{[ bits A/ lE -

(ii)D FEfEA? g A FHE R 00LTQ, , Hriy— B x = 00X, ,X, 5 -+ X, B2
10LTQ, , THI—HEy =10y, , Y, -y, HVEPEFE o o] DUEEE x 8y /e
{1 bits i : F—{E bit A [F - (H bit AHE] - MREELTQ, IVER
LTQ, FAH A WARG i 2 H A W& bits ANAHE - 1 B 27 Wi bits A4
[EIRF > RZE WA {E bits L0 SR TWA(E bits - PRIEL X B y 38 AH AT 7873 0%
TRy R EEL<I<n-2 - IFYy, =x > Hy =% =0 - [t4p - &
X Ly FIEARME > iy = N, (x) o DA I > 450 A” FUE TS A 4R 2 80T
BRE/N  HEEMAEO -

@ EMH A iy A% > MEEAE R 00LTQ; iy —BE x = 00X, ,X, 5 -+~ X, £
LILTQ, , FHY—Bhy =Thy, 5y, =y, BYEREE T o ] DUEE X B y fe /e
B (E bits FAMHE  fRELTQ AYES - LTQ, RN RIREE % -
A WAE bits AAHE - 1 A=A WiE bits AAHERF - AIERIE bits 205
HEATWE bits - PRIE x By FEAMAHEN R 0 E R R - B EE
1<i<n-2 8y, =x > HY, =X =1 [t¥ » 35 x Bl y HigtHiE - fl
y=N,(0) - HELF - 55 A* DEFERAENEERTENER » B
EEEO -

@ JEFE AP Py A® > HHE R OILTQ, , Ay —Bh x = 01X, ,X, 5 -~ X, B2

10LTQ, , iy — B y =10y, ,y, -y, FV BN I8 A 4 [E 05
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g I AT = AZ .

@ B AP By A MHEEE 0ILTQ,, Ay —B x = 01X, X, 5 - X, £
LILTQ, , FHy—Bhy =11y, , Y, , -y, FVEFEE - FE AT AHERYE 5
A = A

(V)D FEfE AD iy AN FHE B EI0LTQ, , Y — B X =10X, ,X, 5 --- X, £
00LTQ, , FHy—Bhy = 00y, , Y, 5 -y, FVEEEE - 8L (i) O A 4H[H
atsm - BIE A = A% .

@ JHFEAY iy A® S HEERFEEI0LTQ, , iy —Bh x =10x, ,X, 5 -~ X, £
01LTQ,, Fy—Bh y = 01ysy Y, - VWV EEEET - FHEL (iii) @ A” FH[H]
e - BI1E A” = AR s

@ FEpEH AY Py AR AHEPNFRIILTQ, . iy —Bi x =11x, ,X, -~ X, ¥
00LTQ, , 1y —Hhy =00y, ,y, 5 -y, IVEEEREY - F#L (iii) @ A AH
[EHTE R o 0 AY = A2 .

@ FHpE AY Py AY > HHERFEBIILTQ, , Ay x = 11X, X, 5 --- X, £
01LTQ,_, Fiy—Ehy =01y, , Y, -y, IVEREEER - FEL (iii) O A* AH[E

atih  AEAY = A . [

g Iiz . A(l) — A(4) s A(Z) — A(3) s AZl — A24 R A22 — A23 o

sodd CHEHE] - [
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3—3 LTQ EH»H

En=20F LTQ, =Q, » HILLTQ, B A —H - En=30F - Hl&E 5(b)
FIE 0 LTQ, VB A —81 - fELUT » JITKBHALTQ, (n>4) BBERZ HA
WiAE - SRR R AR NYER  BEERDAT] - /T HE FELT »u~vEE
FRERURIBLV 2 B - u Ay > FORBLUFIEEY 2 A AR

20" RIRRE B nIFTA M FRATPEIIES - SRITEX, y e
{0,11" > X+ YR X~ y HYFIE modulo 2 AY{E ( JREIHY exclusive OR ); HIJ ({0,1}",+)
TR E22M - FE[7]H - EF T T HRIHEE -

EFE1[7]: EELI<Si<n > Se BRENHY _HEI ¥

H e, =0000---00001
e, =0000---00010
e, =0000---00100

e, =1000---00000.

FHHILESS - eBASE, = {e, [1<i<n} RZEM ({01} +) HY—4H AN «

EF2[7] - EELI<i<n > SE, BEE/NNZHELTS

H E, =e, =0000---00001
E, =e, =0000---00010
E, =e, +€, =0000---00110
E, =e, +e, =0000---001100

E,=¢,, +e, =1100---00000.

FHLES + EBASE, = (, | 1<i <0} B2 ((0.)" ) Y —HLIEE -
EFE3[T]: ENn=2 0 n4Eftwo-twisted cube > 3L Q,, » HEMEA A

V(Q,,) = {01} GREQ,)={(xY)[x=y+E > Hfil<ks<n} -
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BN ESR 3A SR (RTRMEREFAILERH) » NI EATR ST MTE#4E
HEFR 3T -

EFE MEBIER] - En>2 > ngEftwo-twisted cube > 52/ Q,, » HELES

U>

Ry
V(Q, ) =1{01" » HEEEREQ,,)={xYIx=y+EFHlsksnHk#2 >

Bx=y+E +E#k=2} -

FEREHH LTQ, HYRE 2 2 FIssily » FMFRZ S 1 Ve ST ERE 3~ 4 -

fHBNEH 3[7] © LTQ, W LAY FAI = (& BRS¢
stepl * 8 Q,, 0 K Qaly WYFTHRERY 2 1% — (& bit /i1l L 0 FriSEIHY[E
step2 S Q,, , 1A Qqoyp HIFRATREH R 12—l bit il L 1 FriS 2RV
step3 Q. 0 FAYREX BQ, " THHYRS X + e, 5 —{RIEAE

fHBhEH 4[7] © Q,, #1Q, [FIfE -

HAERMERAEIEESE 3HRA © FREQ, ., THIRL V=V, Vv,V >

EB .;’% V~V+ E %EU ViV = V3V vy ~ VoV, "'V3V_2V1 ’ E\Uﬁ@fﬁﬁ

Eﬂiﬁfi 3[7] E@Eﬁ@*ﬁ LTQn H%‘ > E Stepz Elj > H‘Wﬂa‘ Vn,lvn,z"'V3V2V11N

Vo Vo, vyl {HARIE LTQ, M E 5% 0 1 LTQ, H1 v, V., Vv,V 1 4
VoV, oV VoVy 1o BRIIEEERR o ZRTT - S EFIBIERIIES 3 » FIRBIEQ, ,

VeV+E, +E, > JRE[ V, V., VoV, ~ Vo Vo -V, 0 BIRIE RSB EEE 3[7]
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(7R LTQ, B » fEstep2 HF > BIEV, V- V,V,V, 1~V V-V, VL V1 o
BEATLAMEIE Ealiglas -
HEBRME AR S — EHEE R -

S ENn248F > LTQ, HYRSEZ o7 RyWidH » 55— VR &V (Q,,0) » 5545

(it

B RV (Qn—l,z 1) -

(LTQ) =V(Q 0 WV (Q, 1)
(Q”—l 0)nV (Qn—l,z =9

s i © FHHBLER 3 AT | {V

MRV (Q,,0) THYRL As[F—H  FIAHERY AT AEE TV (Q, . 1)
(G Ko lm]—HH -
FHEV(Q,.,0) PHUEEAHAERIEE XAy, » EFRKE
f(V)=V+x+9 0 W eV(LTQ,)

AREEHA X F1y Ry[E—J51 - A SEIAEEEI T e DUT =

(i) f /& one-to-one H onto ;

(i) feo=y

(ii) Eu~v > JBlfu)~ f) -

2550 f 2 one-to-one H onto « ¥H{EEAT—ELU e V(LTQ,) >
Hiv=u+x+y  Jlf(V)=v+x+y=(U+x+y)+x+y=Uu > FTDIRE f 5
onto X PHEY T HYE RIELE FEIEEZV (LTQ, ) » RIFLEREY f £y one-to-one-
PN BATEEH )=y s I FHVERER > TOO=Xx+x+y=y  HI{5E -

AR —(EEEAEEHE U~V > AT (u) ~ f(v) »
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P 1 u, veV(Q,,0) - RIFF{E—(lEe, € eBASE, %
u=v+e (cu~v H u,veV(Q,,0))>
fuy=u+x+yeVv(@Q,_0) (. u,x,yeV(@Q,0))"
f(v)=v+x+yeV(Q,,0) (v,x,yeV(@Q,,0)):
NEE f(u)=u+Xx+y=(V+e)+x+y=(V+x+y)+e=Ff(V)+e >
FRELE(u) ~ f(v) -

HL2 u, veV(Q,,,D) ° RIfFE—(E E, € EBASE, {5
u=v+E (wu~v H uveV(@Q,,1) )
fFuy=u+x+yeV@ ,Dlev(@Q,_,) H X,yeV(Q_0))
f(V)=v+x+yeVi@u,D) CeveV@, ,) H x,yeV(Q,,0)):
HEE fW) =u+x+£y=(V+E)+x+y =(V+x+y)+E =f(V)+E >
FRELE(u) ~ f(v) -

HIZ3 - ueV(Q,,0) » veV(Q, 1) Al
u=v+e (u~v)>
fuy=u+x+yeVv(@Q,_0) (. u,x,yeV(@Q,0))"
f(V)=v+x+yeV(@Q, ) (veV(@Q,,,) H X,yeV(Q,,0));:
HEE f(W)=u+x+y=(V+e)+X+y=(V+X+Yy)+e=T(V)+e »

it~ fv) - [
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TEiERam s - Ffst ¥ Ui e HAvEIL TR Mg Ay - TQ, ~ CQ, »

Eﬂ

MQ, ~ DR LTQ, » i 7T ~ B ~ SIS HXEEVE » DU PHREREH &R
EHYEEER > gt LTQ, & Em 1 =(E R - FfIaTam 1 LTQ, B1Q, Ky FHIREHE -

fEH T LTQ, R R E RV RS 774 - a8 T E n2 4857 > LTQ, HYRiR %
73 R WS - I EIRAR TS RIRVEdS - & n2 487 > LTQ, KRS Ztan] 47

R > IR FRPIAEA © & n> 4l - LTQ, HYELE I 73 Ky RS
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