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Optimization of Mixture Experiments under Restricted
M anufacturing Costs

Student: Cheng-Chi Shou Adviser: Lee-Ing Tong
Department of Industrial Engineering and Management
National Chiao Tung University

Taiwan

Abstract

With the improvement of technology and the increasing demands of the
consumer, product design is becoming more and more complicated. The optimization
of a single response can no longer-satisfy the.needs of customers. Therefore, the
optimization of multi-responses is! increasingly Important. In some chemical or
material experiments, responses are affected by the proportiona relationship of the
factors (or components) rather than the quantity of the factors. Such experiments are
called mixture experiments. In addition, the manufacturing cost is also a vitd
condition in determining the optimal proportion of the component. Therefore, this
study utilizes the desirability function for achieving six-sigma quality and Dual
Response Surface Method (DRSM) to integrate the multi-response into one
component’s index, and then to develop a procedure for optimizing the composite
quality index under restricted manufacturing costs. A rea case study of rubber bowl
production from a Taiwan’s automobile company is utilized to illustrate the

effectiveness of the proposed procedure.

Key Words. Mixture Experiments, multi-response, desirability function, Dual

Response Surface Method
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Y e ni e (O<n<oo)e Y 55 TFHY st it $lce Y
e O N 4T

= 2Y| —(Ymax T mln) (2 17)
I Ymax _Ymin '

Y 5 E- BEFHEE B Yo 6 SRR AR T Y, b ST
ZARPETI Y R RRETAE S Y =1 F Y BB
R Yi=1e54 (216) £5d fpdedficz @i RESYRE T
SN e

(1) % [Y|>1pF > d & ¢ 58 F|Y] &k Sc AXABIT O

(2 % |Y|=1p > d=037 (===036788) iz fm S H Lk > - B L

o

PR EERY B BRUEE d=063 (= 1-—)f¢,z\mi EAe

pARahs iR R -
(3 % d=1PF » &5 R fod LT B2 ¢ 2o

st (213) ¢ iy BN T RS MR o A RE- BYRES &
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B ENE . R PEE S e

Inln1/d
- InY’| (2.18)
RN

PR R R UL H R T - R N2 AN L g

i £ & 4 (Gompertz growth curve) » H ## & o ;N 4o T o

d= e_(eiyy) (219)
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= —[In(~Ind)|] (2.20)
AEINDY EaEEgE DY B ST A2 RS 2N

=b, +byY (2.21)
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ST E = LRCIEEE LN C
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d = Y=Y Y. <Y <Y (2.23)
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2. BFEEL SRR
RS RS REERIEE Y 13 a4 " S WS R LIERE S S P
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A Y. <Y <c,
Y-y
d = +—L c <Y <Y, (2.24)
LG =Y ]
0 Y <Y.orY >Y,

He V2V P o) PRLE Y 3R A7HRLE  ALBRERLNY, BT

FBA SR ED REL S G EAY, PP RE R R ERS L st $ik
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3 NELS LG PERARE VAP EARA UGS Ao P R UL

iRl REE et THEARE R LIRS E oS T RAN P A
FAchv g o 1R b QUAES 2 XY 2 B 3K G 150

FF R HRELSF L RSB RERE STHEC AR ETEA
ol HBHBERITTHE A F G RELSF2 Y BadkY 7 RF &
REETA S IPEARLUraP AR RIS 0 WP 407 ¢
1L F %ty P AR

FREEFREEIFG L  TARER T AU G USL fe LSL Y T35 G g
BELLo o  BBRELIL P EFRESNN T

d (,0;,7;)=min[Yidd (g, o, +7,), Yidd (¢, ,0,,-1,)] (2.25)

# ¢ Yied; (y,01,8) =P[z,q (1,0;,8)] - D[z (1,0,8)] > @ & ¥ &~ pe™ =
AT Sl FARR L UE S Oz (10,,8)] 5 1> FERET A
~®[z,g (1,01,8)1 5 0° 2 {(14507,8) To2yq ((Hp 07, S) G757 5 40

g (1, 08) =@ o)L= (y; +s0))] (2.26)

Zg (1,0,,8) =1/ o) USL - (y; +s0)] (2.27)

Yield (i, 047) 5 U F B EBRERT L1 GRS Yield (u,0,,1) B F R
PHREBRTZE RS d(g,0,7) SR L RRIER T LB EE .
2. F R BcE P RERKR T

EF S AP AR R P PRE RLITRS Bk A Y

AREL T2 REE 2N e
d(Y) = ©(z4 ; —1.5)

r =15+ {Y hﬂj (2.28)
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Bl 214 £ Wizfg e ¥ &~ feR[20]

LSL USL
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Bl 215 F - 8 £ 2 F 8 S8k 20]
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AR R L RS Y REA ST BRI LRI EARAE LA 24

224 FR- AT Y Boae I REE ST EHREL[20]

TeE T4
1.00~0.9999966 E3 6oz FF-RERE 2 FETIL
0.9999966~0.9938 UhF et 2 REARR é il] I N e -3
0.9938~0.9332 FRIXED A2 EFRE > ED 30k E
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Bt RPERYREDKX) c P ERYBESLINH TR EBRTHE
A2 i d > B E S 4T
D(x) ={[d, (Y, (x))d (Y, (3))-.d, (Y, ()" [y 2 (V0 (0) 4 d, 5 (Y, (0) ™2l (Y, ()™ 11
(2.29)
H Szzmlvvi o34 (229 Pieml~rA S P ERARERLIF B¥E o r+1-m
BEATEPERARAEIZF RS-
BRI PR REE T S RBF ERES BRSO (229 3 H

H 4

LA
73 NS

i

/_E";D’.uﬁ’»“lbmé;tm -]‘\4135;& ﬁxliﬁa_” °

24
B

23BFRY 22N E

F ¥ w2 (Response Surface Method,"RSM) z A # 3@ 4% F 4 Box fr
Wilson[7] & £ & 41 > 5 d  Hillfw Hunter[13] 5832 & 1952 3 1965 & #74F B 2. & &
WG S 0 ¥ RSM g 7 { = Bl R s B b izt 2 2 o RSM A - = R IR -
BF RS S B REF MG LG B EOS TR U R
2 hiGdeboty F R EFASBF oY RIMEZZRFEREL S BFr B¥E0
Pk 3 (trade-off) e AR EEEDT

BF &Y &2 (Dud Response Surface Method, DRSM) &_d4 Myers §r
Carter[15] *74% ' » Vining = Myers[24] i¢ 2_ 42 2 - DRSM it %1 I P ¢ 57 #5132
TEEEF P EE RREE ) W IZIEREERELS BE RS

HEZPET A LA EF R%E (primay response, y,) fo U4 F i % #

(constraint response, y,) = & =t & & J& % #c (Secondary response, Y, ) 5 s &R
FIF Rz BT ok () FLEF ¥ DROM i B ERK L Rt
F s & #3) (quadratic response function) 0 i = =t oA # EE

k

TR AR FE S B ER Hi ez - S F B oo oAt (2.3))
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2 (2.32) -

:ﬂ0+zk:ﬂi +Zﬁ” : +zzk:ﬁ” XX, +€, (2.31)

i<j

7o+27)(1+z7||x1 +ZZ%,XX +&, (2.32)

i<
B Bsfoy's i xaveniw §F il 6 freg - N(O,c%) - #-3% (2.31) fr (2.32) ™
E S A e

Y, =by, + Xb+XxBx

Y, =C, + X'C+ X'Cx

X = (X, X0y X)) & & B2 REhe £ Y fry s Bl & F i )

e % WK 0 be=fy ~ =75 ~ b=(B B Bi) ~ C=FriTornTi)

b, b,/2.. b, /2 €, Cpl2... ¢, /2
B b, ... b2k./2 oG 1 CZk./Z B b e s - S
Sym. By Sym: Cuk

&0
DRSM 2z iz i @A i Ly, =ceminike™ (Ca "UlF R #prd 1o

) PRGNy o ied R Sk (X) 2hides o T WAk

P2 X EAT AfRERY T e 2 I XX =Ry MR A L Eauke 5 R %

FrRF O HRERIAFTIEE R T oot i miFhs $lc2 e sy &
¥ f’?m?,%;?pfg\ﬁ °

24 5 BFHIRE TR ERE LA 2 R

BEAR L F 5 & 1958 & d Scheffd21]# & » & ST & 4 # £ £4L
S AFR A £ 4T R TRl 0l RLE L@ 5t DOE » @ AR & F Bk 3 e
eI PP RERRL FETAEERGL LML vRE PR T R
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F A LT RS E LSS Y 5 3 N REF LI RGLR

edHmvZ P ETREFREGEVFLZELAZHEER SRS IR

31 % B HBRET 2 R

‘F{i’ WETE R L PR 2 ‘} ’ﬁriﬁﬂiﬁifgz'?.%ﬁé%if«?\;l)}
(X's) frF B%¥ (Y's)  BF > TEARPZ UH ~ F ¥ #L > fvF &

RH2 B (X~ ~ 3P~ FEY-
AR HREBETRE I F L RRRETRLTARERERRLT K2

Rtz o B AT

1. é&@i?ﬁﬁaﬁiﬁﬁ’J%{ﬁ*Wﬂi@’§{§@ﬁ$Giﬁﬁ
W is A0[01] Rl {gmiEM L RRF A g PEM TR E D
WA 2 AN = (X, Xpy.ooy X)) 0 KRBT

20 FAPLTEREREI PR S RAEE RS PR e

o

RET FRRERA[OL R Pl E R T oW R KGR % 1 E

Ny 2 A = 00X, %00 %)

32 Eaodkz
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BHA 2 A- B E el BRY B Sl A T AKR Y BT F L
AL R RSk KT L BRI HREL LAY B S RE R REE T

L STS TR

321 F B+ B LA KT Bt ¥
B R Pl EARRE R Ul AARE T ks RRELET VA GG PR

BrUe g PRI R LS A AP R E B R T2 RE AP H ot

1L Fe%dc p AR
£GP AR L B R R LR U T iodcr R R0 H i

AT
1 O )=E(m;) (3.1)
GAif (x;)y=Var(n;) 32

By =g(x) X 5% ixFs%E g 2 ¥ i P HREHRZE | BF R

PEREA L TR R B R A E REURTIEHEBE LS B

Bk £ SRS (D) o (32) WL AT ok BRI L E &

Bk s T2 RE  H2 8 84T
d; (%) = minfY; (; (x),6; (%)+$)).¥; (4; (%), 6; (%)~ | (33
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max y,
subjectto y,<c
H

P Y 7
I r-'?:%?‘ﬂ@ R

RYBEHEIFZFRY 63 y 5295
SAAFRAFZFEBY A cE- S AT HEKo
R b L S e a R BREEG > T N TR 2 Y
B EMA 240 EERTORES Y BEHBL T FHBL
CREREL SR o &A1
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LA L WPt LR R 2 AT B K 280 2 R R LT B
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- W N

1\;{ °
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me I

PR~ 2 0 REAA A2 st S e 7 b HR o T 9

EREREET L - B R LR R P RS BARRA UL LA
% 4.1 %77 o
2041 5 HOA per Mt A
, . Bl | RE | PR | RE | BAT
FRRE = i | T o | 2w | pee
Vol Hs H1 65 70 75 —
¥R Fba B kgf /cm? T1 — | %+ — 100
E & % El — EA — 200
AR Hs H2 -5 0 5 —
v EEEu Wi L % T2 — 0 — 40
[ A % E2 — 0 — 40
R 2»1"'77( A el s, P
%%Eazc B R % c — 0 — 30
MR Hs H3 -15 0 0 —
= J» 24 25L& 0 —_ —_—
— %m:fz_sgﬁi%' 3 Y% T3 0 40
WOE g & % E3 — 0 — 40
WA 3 % V — 0 — 20
AT 23 8P hd HEREP L2 LB LR ER S G d R
EEFRHRSL L g S 2 s AR T R RS SR

R LR ARNAL T - B 5 RSP A d AL G

(w

SENCONES I RS S U SRS

sR A F AR 42 4 o

%42 a3z aAFa
= % & (=/kg)
< 17 A 120
s e & A (WB16) 150
s B4 & B (PE WAX) 80
- )}%é’w 300

42 FHARP]

AEJH R RN R G E AR RRE P R

HTA P KBS B RBRE RS 4
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2
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S A R A (%) B A A (X)) i 2 A B (X)) 2 EMEA (X,)
Fr A E S ERR A g E 2 16.7% ¥ b0 B RIRIR T IR A W] 2T
Fatw fE A 2 p P T L 6%~16.7% ~ 13.3%~25% ~ 13.3%~25% -~

33.3%~66.7% - o terd & (NEEf b T UHEE > st LB R T (TR B

5

2

dk

Lo BEMIBRE  AALT TER B FR AT T Deboid iR
SR ERRAL > dok 4397 o

%43 BB A B2 LR RS

R XA PR A nE B B #1@@]
un
(x) | (%) () | (%)
1 0.167 0.133 0.133 0.567
2 0.1135 0.25 0.1915 0.445
3 0.06 0.1915 0.25 0.4985
4 0.06 0.133 0.195 0.612
5 0.167 0.25 0.133 0.45
6 0.167 0:25 0.25 0.333
7 0.167 0.1915 0.1915 0.45
8 0.167 0.133 0.25 0.45
9 0.06 0.25 0.133 0.557
10 0.167 0.133 0.1915 0.5085
11 0.067 0.133 0.133 0.667
12 0.1042 0.1812 0.133 0.5816
13 0.06 0.25 0.133 0.557
14 0.167 0.25 0.133 0.45
15 0.06 0.1915 0.25 0.4985

243¢ BEF LT AP B 4 AR RFGHZ ERRR T
ZEEFRARAY KBTI EWEAT Bt E D-E# RN

FRE e R BEREF Y o A S n; :¢j(X11X2'X3’X4) °
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Wom Rz gt o 43140432 ) F o B[P AT 2 R 2 oA TR
%E ﬁ,‘liﬁ""’w o

431 FRABFLISTEES KL BT
BRYR L R ER AT o 0 DB KPR TR RFLE
Rt R T B LB P ST H B R E2 T 25 %
B A s PREARE UraP FRAEF WS d £ 417 B F ¥k
PAHL H2 2 H3 5 PR R R BRI B 2R R %

SEFROH2EHIZ F BRET AR FLE 2 F o RRA AN odok 449757 -

444 FRHEBH2SL HI2Z 9555

Run H2 H3
1 2 -8
2 0 -9
3 0 -7
4 0 -7
5 0 -8
6 1 =8
7 0 -10
8 0 -8
9 2 -7

10 1 -9
11 0 -8
12 1 -6
13 0 -7
14 2 -8
15 2 -8

Tk PRI ETE BB H2 B H3 h A AR AR R S A Y B2 AR
PEHEARPEEFSIT BT EALE Y E¥EHL AL FREL T Ti5
Bofo B o
Py @ % Design Expert scfBsp fer BRFBHLZ 0 F Bd & §3] 0 d 3
WHeH A Y 2 - MBI Y IR F > HL2Z & @5 d o 53] 5 - s
A Hif e % doT
Ay, = 34.38715x, + 71.42458x, + 65.94636Xx, +80.12975x,

(R? = 0.8706) (4.1)
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RES (AL PRI LFHRLL T2 Toge g R i 4ok 45 A o

445 F R%#cHLz Ty %R kit E

Run Ar (1) G 1(Mn1)
1 69.44656 0.877965
2 70.04555 0.982610
3 72.17231 0.898376
14 68.42805 0.920586
15 72.17231 0.898376

B2 F EREHLZ T Rl > P B R EET2HIRE-SR

B2 R BRI A 2 P AR R e & AR R A 3 B

A 4o L

1 L sk
SR

$TF %l H2 27 H3 e AR 20 972 &

RS#? £ L A AL

3R

4ot HI G b~ T92 s & x4 (33):

i,H1

Q>

=d 75— ([ iy + Sy X6i,H1):| _q)|:65_ (/1 41+ Su1 X0 1)

iH1 Oim

A E R )I% v 1 AR RSkl h A £ 5 150, 0 A DS

S, =15 o £ & u 3k Yi,Hl(:ai,Hl’éi,Hlll'S) &

Yini(dig1: Oy, —15) B ¥ B BT 5 F BREHL AL FREETZER

#d, (X)) > bk 46557 o
%46 FE¥EHLALFREETZYRE
Run Yi,Hl(lai,Hl’oA-i,Hl’l'S) Yi,Hl(lai,Hl’oA-i,Hl’_l'S) di,Hl(Xi)
1 0.999999301 0.999817806 0.999817806
2 0.999801547 0.999860928 0.999801547
3 0.950278792 0.999998321 0.950278792
14 0.999999904 0.986918080 0.986918080
15 0.950278792 0.999998321 0.950278792
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TI-E1-T2-E2-C-~T3-E34rV &~ B F RERESEP FRLN T &

F P ?%IETJ BREAVERE M]- s Flptru gt (228) HEH ALK EL
Tii{fh’%f_ﬁ_dij(xi) » E Aok 47t oo
247 EPERARED UL F BRERLEFRELTLYERE
Run di,El(Xi) di,Tl(Xi) di,Ez(Xi) d;1,(X;) di,c (%) d; e5(X;) d; r5(x;) di,V (%)
1 0.539431 | 0.960626 | 0.997495 | 0.998005 | 0.820341 | 0.919648 | 0.99214 | 0.868643
2 0.705401 | 0.962134 | 0.686472 | 0.991388 | 0.935325 | 0.947124 | 0.985286 | 0.830211
3 0.266314 | 0.633825 | 0.620349 | 0.536477 | 0.954486 | 0.910332 | 0.54425 | 0.758036
14 0.815141 | 0.976483 | 0.990825 | 0.975851 | 0.938625 | 0.948317 | 0.994466 | 0.932543
15 0.266314 | 0.81273 | 0.950855 | 0.99441 | 0.959941 | 0.977555 | 0.950855 | 0.525913
B EREF RREALFTRESL LA BER > R rY (229) uPE E R &

v % Ao 4.8 e

%48 FRRELT IR EE

Run Di (Xi)
11770918144
2 | 0875665
3 | 0656211
14 | 0.955353
15 | 0.79529
HeF ABHTREEF BB T L LR RE L2 RY LER ¥ Design Expertit - %
A F fod 6 BEAD R 522 8 fod 6 B3 2 ANOVA 4 4ok 4.9 #057 o
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Response: D
AHOVA for Mixture Reduced Quadratic Model

Analysis of variance table [Partial sum of squares]

Sum of Mean F
Source Squares DF Square Value Prob = F
hdaciel 013 G oo 10.46 0.00z20 significant
Linear Mixture aqe 3 0.035 16.95 20008
A8 Q.15 i 2.5 F.ed 0.0273
A 7.8A5E-003 1 7.BR5E-003 3.84 ‘:: —0.985:3:\,‘
co a7 1 (IR 8.2 TG'-G-E‘—?;'

Resiual __________| omE_ B _ZOSSEO03 .. ]
EL Lack of Fit £ 5536003 5 AOTE004 0.23 0.9264  pot sgmﬂcent.
hwegmar ooz 5 aeeze0os

Coar Tatal 015 14

=N

PV SR R o AP T TR E 2 XX, XX XX, T TR IE o K-H s
BRIEE AR F - T v RN L0 Y > A2 % L 0045 R?
ez R*E A W 5 0.8869 ¢ 0.8021+ £ ¢ Xxx, 2 3 % 18 2. p-value>0.05 -
L R TR 1 B0 2 ek £ R 50052 REf 4 2 R & % 5 0.8326
207397 0 £t I3 EH S RZERT AR e i el KO B A4

(X, Xy, X3, X,) =11.62133x%, + 2.83195x, — 5.3509%, — 0.195%,

—17.31853x, X, —11.78604x,X, +11.86572x,X, (4-3)

SRR ER L - L & 410 SR LT R T %A

SRS ERE Y P S LR RN Sy R
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XA (PR A| P EAR B ’lﬂﬁﬁ&] = &
Run _
(%) (%) (%) (%) | (F/kg)

1 0.167 0.133 0.133 0.567 102.5
2 0.1135 0.25 0.1915 0.445 105.6
3 0.06 0.1915 0.25 0.4985 | 106.4

14 0.167 0.25 0.133 0.45 104
15 0.06 0.1915 0.25 0.4985 | 106.4

Mt 410 AR EEF REWT L LR A AY TR LRk LK
Je®#c > @ * Design Expert it — Hif et & w6 fA > B S F B 6
#-7) 2. ANOVA 4 40T #777 o

#0411 fe= A A ff - S F o #0312 ANOVA 4

Response: Cost
AHOVA for Mixture Reduced Quadratic Model

Analy=zis of variance table [Partial sum of squares]

Sum of Mean F
Source Squares OF Square Value Prob > F
hocdel 11266 7 16.09 1 D35E+005 = 0.0001 significant
Linegr Mixture Hze5 3 37.595 4 E3IE+005 = .00
AB G995 E-004 i 59958004 .09 aoize
AD 1. 330E-003 { 13305003 1647 2.0049
B I 4BOE-0R3 i 3450003 4255 2.0005
o 1 B55E-003 1 185535005 2035 Q0027
Fezidual 5.6VEE-004 7 g.105E-005
Lack of Fit 5 ETEE-DO ¢ 14195004
Pure Errar Q.00 3 Q2.008
Coar Total 11266 14

24N G Bk S F B 5 RCH2 ANOVA £ 0 3HEH 2 R 4 5
9.005x107 + R? #1312 R% i ¢ ABIT* 1o %7 0 Al pede i dp § 24
PREERBE ZF Y G AT

(X, X5, X, X,) =120.54839x, +101.8786x, +134.27885x, + 89.92059x, — 6.64952x, X,
—7.10181x, X, +13.82402X, X, + 7.13312X,X,

(4.4)
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BRENAZE N A4 B REF Y G A B R S A B G A
(o T ER d 6 WA o RRY REF B 6 ARG L L F RRE
(Vo) A2 F w6 B3 5 & F sk (V,) SH2 3T
Max
y,=11.62133* X, +2.83195* X, -5.3509* X,-0.195* X, -17.31853* X, * X, -11.78604* X,

* x, +11.86573% X,* X,

St

y, =120.54839* x, +101.8786* X, +134.27885* x,+89.92059* X, -6.64952* X, * X, -7.1
0181* x,* X, +13.82402* x,* X, +7.13312* x,* X, <109.9

0.06< x, £0.167

0.133= x, =0.25

0.133= x,=0.25

0.333< x, =0.667

X+X+X+X =1

7% Lingo 8.0 £ it it #Ta fho BEF o 6 07 0 fefies & AHT @IS 0

P2 B R dod 412 455 o

%412 2 bl bz

o & 17 | e BA R A s e B4R B ’éﬁ)}%é‘ﬂ]
(%) (%) (x,) (x,)
B %2 16.7% 13.3% 21.56791% 48.43209%
PIRAYER 0.9704252
= & () 106.612736

it A1l By EpRERREEREE 2 167% ind o2& A 7 %28
REL2 133% - i A B ik F e & WL £ 2 21.56791% 0 friE AR A it F &
BB E T2 4843200%FF T U FR| B ARG A ARG T AR RE 2

SN
1B

B 5 09704252 5 e = & 5 106.612736 ~ -
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