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Abstract: In this article, we study the discounted penalty at ruin in a perturbed
compound Poisson model with two-sided jumps. We show that it satisfies
a renewal equation under suitable conditions and consider an application of
this renewal equation to study some perpetual American options. In particular,
our renewal equation gives a generalization of the renewal equation in Gerber
and Landry [2] where only downward jumps are allowed.
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1. INTRODUCTION

Consider a family of real-valued Markov processes X = (X,,P))
and let 7 be the first-exit time of the process from the interval
(0, 00) (i.e., T = inf{s > 0, X, < 0}). Given a bounded nonnegative Borel
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function g:IR_ — R, and r > 0, the discounted penalty function is
defined by

®(x) = E,[e"g(X,)]. (L1)

with the convention that ¢~ = 0. Here, [ [Z] = [ Z(w)dIP,(w) for a
random variable Z and we write E for [E, in the sequel.

The discounted penalty is considered in the insurance literature as
a generalized notion of the ruin probability. It has been widely studied
since the work of Dufresne and Gerber in [1]. In particular, Gerber and
Landry gave a renewal equation for the discounted penalty in [2] when
the Markov process X is a perturbed compound Poisson process which
has no positive jumps and whose jump distribution is only subject to
some mild technical conditions. They further showed that the optimal
exercise boundary of an American option can be determined explicitly
via this equation. This implies that the merit to derive such an equation
is an advanced analysis of the discounted penalty function, given the
fact that the explicit solution for the discounted penalty is unavailable in
most cases.

In addition to the example given by Gerber and Landry [2], the
discounted penalty function has been discussed widely in the literature
of financial mathematics. See Mordecki [3], Hilberink and Rogers [4],
Asmussen et al. [5], Alili and Kyprianou [6], Chen et al. [7], Lewis and
Modecki [8], and many others. Except for Hilberink and Rogers [4]
and Alili and Kyprianou [6], the authors worked under the classical
framework of Merton [11] that the logarithm of the asset value process
has two-sided jumps. In order to derive (semi-)explicit solutions for the
discounted penalty function, one needs to restrict the jump distribution
to some special class of probability distributions. Then, as shown by
the authors, one can derive the desired solution for some large, but
special, class of jump distributions via either differential equations or the
fluctuation identities for Lévy processes.

The aim of this article is to study the discounted penalty in a
perturbed compound Poisson model by another approach, without the
proviso that the jump distribution is either one-sided or follows a special
distribution. In Section 2, we follow Gerber and Landry [2] (see also
Tsai and Wilmott [9]) and derive a generalized renewal equation for
® (see Theorem 2.1 below). In particular, we have two byproducts of
independent interests. First, we give an equation in which the first-order
derivative of ® at zero can be written as an integral of the function ®; see
Section 3 for an application of this equation to option pricing. (We refer
to Chen et al. [7] for applications in credit risk modelling.) Second, by
a suitable change of probability measures, we obtain an upper bound
for the exponential decay rate for the function ®. In Section 3, as an
application of the main result(Theorem 2.1), we revisit the perpetual
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American options considered in [2] and show that for some perpetual
American options the smooth-pasting condition is equivalent to some
first-order condition (see (3.10) below). By imposing the smooth-pasting
condition, we derive an equation for the optimal levels for perpetual
American options. When there are no upward jumps, we recover the
explicit formula in Gerber and Landry [2] for the optimal level of a
perpetual put option.

2. MAIN RESULT

From this point on, we assume that on a probability space (Q, 7, P),
there are a standard Brownian motion W= (W,;rcIR,) and a
compound Poisson process Z = (Z,;t € IR,) with Z, = ZHN':1 Y,. Here
N=(N;teR,) is a Poisson process with parameter /> 0 and
Y=(Y,;neN) are independent and identically distributed with
distribution F. We assume further that W, N, and Y are independent
and the jump distribution F has a density. For every x € R, let IP, be
the law of the process

X, =X,+ct+aW,—2Z,, t>0, 2.1)

where ¢ € R, ¢ >0 and X, = x. Then the exponent of the Laplace
transform of X is given by

W(0) = log Elexp (X,] = D + ¢l + 4 / e DdF(y) — 2, 2.2)
where D = ¢2/2. Set

A= sup{C eR,; [ e 2dF(y) < o, V¢ € [0, g]}. (2.3)

We assume throughout this paper that the Lundberg’s condition holds
for X:

A>0 and 1l 0.
>0 an s%r&x//(s)>

Under this condition, ¥(0) — r = —r < 0 given any r > 0 and  is strictly
convex on [0, A), and hence there exists a unigue number p* € (0, A) such
that y(p*) — r = 0. The number p* is called the Lundberg’s constant in
literature. An implication of p* is that (e7""*#"%/; t > 0) is a martingale
provided that e*" X1 satisfies some integrability condition. (See Gerber and
Landry [2].) Therefore, in risk-neutral pricing (that is, {V, = ¢*; r > 0} is
the price process of a security and {e""V,; r > 0} is a martingale under a
risk-neutral probability measure), we have p* = 1.
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In order to derive the renewal equation for ®, we first give an explicit
formula for the first order (right-hand) derivative of & at zero and
sketch its proof. This formula is of independent interest and has many
interesting applications. (For details, see Chen et al. [7] or Gerber and
Landry [2]). In the sequel, we write 4 ,.(v) = e "h(v) for any function .

p*
Proposition 2.1. The derivative of ® at 0 is given by
, 5 A 0 -y oty
P (0+) = 8 — = [_ _dF() [0 dvd,.(v)e ", (2.4)
where
_ i" 0o 00 oty B
8 = —Pe(0) + - /0 dv / dF(y)e " g, (v —y). 2.5)

Sketch of Proof. Recall that the discounted penalty ® in (1.1) satisfies
the integro-differential equation

";@”(x) W)+ [ B(x— )dF)

42 / " o(x — y)dF(y) — (1 + D) = 0. 2.6)

Moreover, if r > 0, both ®(x) and @’(x) tend to zero as x goes to infinity.
(For details and proofs, see Chen and Sheu [10].)
Multiplying both sides of the equation (2.6) by e™*"" gives

—p*v d2 d ) bl 0 —p*
e Do+ oo = ) [0() +4 [ B(v—y)e AR () = 0.
v —0

dv?
2.7
Note that ®(v) = e"*”CDp*(v) for v € R. Hence, (2.7) becomes
0 = DA (v) + (c + p*0?) P, (v) + / ®,.(v— y)e " dF(y)
+[D(p*)’ + cp* = (A+ )], (v).
Recall that y(p*) = r. Then
0 = DA (v) + (c + p*0®) P, (v) + /_ @, (= )¢ ()
— D, (v) / e VAR(Y). (2.8)

Integrate (2.8) from v =0 to v = z gives
D[®;,(2) = . (0)] + (¢ + p*a))[®,.(z) — @, (0)]

v du [ aFO), o= =4 [ [ aFO)®, e

e /o d”/Um dF(y)g,(v = y)e "> = 0. (2.9)
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From this, we obtain
0 = D[®).(z) — ®.(0)] + (¢ + p*07) [P, (2) — P, (0)]

+ ﬂv[/_i dF(y) /OZ dv®,. (v — y)e

[l [ ] Jaroreswer
* /0 dv/j dF(y)e™"g, (v = y)] (2.10)

Recall that ®'(z) and ®(z) tend to zero as z — oo. Letting 7 — oo in the
last equation gives

, 1 * " 0 - oy
®.(0) = 5[—@ + p*a?)g(0) — 4 /_ _dF() /0 dv®,. (v)e "
i av [ are)e (=) |. 2.11
[ [ arme 0| @1
Since @'(0) = p*g(0) + @.(0), we get (2.4). O
To state our next result, we define a function G by:

A oY o0 .
B/ dze_ﬁ”e“/ dF(y)e™”?, v>0,
G(v) = 0 : (2.12)
A Od —Bv oz ¢ dF| —p*y 0
B/v ze e [m (e, v<0,
where

ﬁ=%+p* and o= f+ p". 2.13)

Proposition 2.2. The function ® satisfies the equation
®(x) = g(0)e ™ + lim </ d(x — v)G(v)dv

— e”;"[n @(—U)G(v)dv), xeR,. (2.14)

—m

Proof. We begin with (2.10). Based on the formula of @/.(0) in (2.11),
(2.10) is simplified to

D). (2) + (c+ p*0*)D,.(z) + 2U(z) = 0, (2.15)
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where U = U, + U, + U; and
U (z) = Kl dF(y) /Oiy dv®,.(v)e " + /7(; dF(y)/oZ dv®,.(v — y)e "
- /0 " dv [ l dF()®, ()¢ = [ : dF(y) / v, (e,
Uy(z) = —/OoodvaoodF(y)e”’*ygp*(v—y) +/Ozdv/UmdF(y)e”’*ygp*(v—y)
= —/ZmdvawdF(y)e_”*ygp*(v -y),

Uy(z) = — fo "y / jo dF(y)®,. (v)e ™"

We multiply both sides of (2.15) by the integration factor e*, where o is
defined in (2.13). Then

e“[DP,. () + (c + p o) D, ()] = =2 U(2). (2.16)
On the other hand,
D(e*®,.(2)) = e*[DP).(z) + (c + p*az)q)p* (2)]-
Then by (2.16), we obtain
D(e“®,.(2)) = —1eU(2).

Integrating both sides of the last equation from z = 0 to z = x yields

De*®,, (x) — Dg(0) = — /. /O "t U()dz.
Divide both sides of the equation by De#*, and we get

D(x) = g(0)e P — % | PRz,

Note by the definition of U,

3 X
D(x) = g(0)e ™ + %1 /0 e Y (2)dz. (2.17)

j=1

To complete the proof, we write each summand into the desired form.
Using the results of Gerber and Landry [2, Equations (10) and (12)], we
have

_A e PR (2)dz = /OX ®W)G(x — v)dv = /Ox ®(x — v)G(v)dv.

D Jy
(2.18)
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Next, we show that

i x
_ - —ﬁX+dzU d
Db € 1(z)dz

= lim (fo B(x — 0)G()dv — e

m— oo —m _

0
@(—v)G(v)dv), (2.19)
- % /0 e U, (2)dz
= lim (/n g(x —v)G(v)dv — e™ /ng(—v)G(v)dv>. (2.20)
n—o00 X 0

To prove (2.19), we have
_ i /x dze—/ix+oczU (Z)
DJo !

i * 0 =y * ;
= _5/ dze_ﬁ”‘“/ dF(y)/ dvd(v)e™” (v+y)
0 —o0 z

= _% /Ox dzeﬁ”‘”([x—i—fm)dv(b(v)ep*v /jw

= _% /OX dv®(v) /OU dze ey /_Z_u dF(y)e™"

dF(y)e’”*"

(=)

- %/m dv®(v) /Oxdze_ﬁ”“"’*” /Z_u dF(y)e™"

—o0

= —% /Ox dv®d(v)e P /_0 dze™ /_Z dF(y)e "

_ %/wdvq)(v)E‘ﬁ(xw)(f_o _/f )dze“ /_Z dF(y)e"’*-"

) m 0 z
— lim (=2 —Blx—v) oz —py
= lim < Dfo dvd(v)e fﬂ} dze /700 dF(y)e

m—>00

+ %/devq)(v)e_ﬁ(x—v) /:v dze” /_m dF(y)e‘f’*y>

= lim <_eﬁx [ (; dv®(—v)G(v) + [ (; dvd(x — v)G(v)),

where the last equation follows from the definition of G in (—o0,0).
So we see that (2.19) holds. To verify (2.20), we obtain

i X
_ —px+oz
D /0 dze U,(2)

= % /0 " per f ) dF(y) / ' dve™""g(v —y)
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= g /0 " dze b /z " dF(y) /O " dver v g(—v)

= %/OX dzefri= /Ooo dvg(—v)e’” /f dF(y)e "™

= %/0” dvg(—v) fox dze Prretr /oo dF(y)e™""
v+z

}v oo x+v oo .
= —/ dvg(—v)/ dze_ﬁx+“z_ﬁ"/ dF(y)e "
D Jy v z

= }1_13)10 </n dvg(x —v)G(v) — e # /On dvg(—v)G(v)),

where the last equality follows from the definition of G in (0, o).
The desired result now follows from (2.18)—(2.20) and (2.17). O

Consider the two improper integrals in (2.14). We now turn to study
the criterions under which both

/ 2(—0)G(v)dv < oo 2.21)
0
and
0
f B(—v)G(v)dv < . (2.22)
We consider the criterion for (2.21) first.

Lemma 2.1. Suppose that f(o’w) dF(y) > 0. Then >0 if and only if
fooo h(v)G(v)dv < oo for all nonnegative bounded Borel h on [0, ).

Proof. The proof of necessity is exactly given by Equations (13)—(16) in
Gerber and Landry [2]. We only show the proof of sufficiency here.

Take h=1. By the definition of the function G in (2.12), the
convergence of the integral f0°° G(y)dy implies that

0 = lim e_ﬁ"f dze“/ dF(y)e™*".
V—> 00 0 z

If <0 and f(o’m) dF(y) > 0, we get a contradiction. Hence, we have
p>0. |

Note that, by the definition of [, the condition that f >0
is equivalent to the condition that D(p*)?>+ cp* > 0. The following
example shows that we need not always have § > 0. (In [2], Gerber and
Landry assumed implicitly that § > 0.)
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Example 2.1. Fix ¢ > 0 and ¢ < 0. Pick § > 0 such that Dx> < —cx for
all x € (0, 8). Consider the double-exponential jump distribution

F(dy) = pn™e™"™1_ody + qn e 71, _ody, (2.23)

where (p,q) € (0,1), p+g=1, and n* > 0. Then A =7n") >0 and
Y(A=) = 4o0. If we take 5?) <, then p* e (0,47) C (0,6) and
B = 5+ p* <0 by the choice of 0.

Next, we consider the validity of (2.22) and assume that f§ > 0.
Suppose f?w dF(v) > 0 and (2.22) holds. The convergence of the integral
[ ®(—v)G(v)dv implies that

0 z
0 = lim ®(v)G(—v) = lim d)(v)e'lg"/ dze‘“/ dF(y)e . (2.24)

Since f >0, we have o=+ p* > 0and 0 < fio dze*” [*_dF(y)e™"” < oo.
By (2.24), we get

Lh_{rolo d(v)e? = 0.
Conversely, suppose for some small § > 0,
lim d(v)ePror = 0. (2.25)
Then

f O(v)G(—v)dv
0
(o) 0 Z
< —dv 1) (B+o)v dze™ dF p*y)d ,
_/0 e ( (v)e /_w ze /_m (y)e V< 00

which gives (2.22). We need to give a criterion under which (2.25) holds.
In order to obtain an estimate of the exponential decay rate for ®,
we use the change-of-measure technique. Let /(x) be the Laplace
exponent of the dual process X=-X. Suppose that the Lundberg’s
condition for X holds, that is with ~obvious notations, A >0 and
zp(A ) > 0. Then there exists a unique p* € (0, A) such that xp(ﬁ;) =r.

Lemma 2.2. Given g > 0, the function ® satisfies the estimate:
B(x) < [lglae™. x20.

Proof. As noted before, {e""";*xr t>0}is a (7, ]PO) martingale. Fix
x > 0. Define for each ¢ a probability measure IP; on ¥, by

Pi(A) = E [e "% 91,], Aed,.
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By Rolski et al. [12, Corollary 10.2.1], there exists a unique probability
measure [P* defined on \/[>0 7, such that IP* agrees on 7, with PP.

Note the fact that p* > 0 and X, < 0 implies that e" "X: < 1. Since 1
is an (%,)-stopping time, we have by Rolski et al. [12] Lemma 10.2.2

P(x) = IEX[(6_"_’7*(XT_X))eﬁ(XT_X)g(XT); T < oo

= IE*[g(Xr)e”A*XT; T < oo]e_"A*X < ||g||ooe—”A*".
This completes the proof. d

Theorem 2.1 (Main Result). The discounted penalty ® in (1.1) satisfies
the renewal equation

d(x) = g(0)e P + fjo ®(x —v)G(v)dv — e ¥ /jo d(—v)G(v)dv, x>0

(2.26)
in the following cases:
(1) f(o,oo) dF(y) =1 and > 0;
2) dF(y) <1, > 0, and the following condition holds:
(0,00)
for some 6 > 0, ®(x)eP — 0 as x —> oco. (2.27)

In particular, (2. 27) holds whenever the Lundberg’ S condition holds for
the dual process X and_the constant [ falls in 0, p ) where p* is the
Lundberg’s constant for X.

Proof. Firstly, assume (1) holds. Then G =0 in (—o0,0). Since
p>0 and ® is bounded, by Lemma 2.1, both fow ®d(—v)G(v)dv and
f0°° ®d(x — v)G(v)dv converge. Hence, ® satisfies (2.26) under (1).

Secondly, assume (2) holds. Then by the discussion before
Lemma 2.2, the assumption (2.27) implies that f?w D(—v)G(v)dv < oo.
Similarly, [°_ ®(x —v)G(v)dv < oo. If [,  dF(y) =0, it follows that
G =0 in (0, 00) and hence [, ®(x — v)G(v)dv = [, g(—v)G(v)dv =0
If f(oqw) dF(y) > 0, it follows from Lemma 2.1 that the assumption f > 0
implies f;” ®(x — v)G(v)dv < o0 and [ g(—v)G(v)dv < co. In either
case, we see that (2.26) is satisfied under (2).

Finally, the last statement of the theorem follows from Lemma 2.2.
The proof is complete. a

Remark. Our result thus generalizes Theorem 3 in Gerber and
Landry [2] in which only (1) is considered. See also Tsai and Wilmott [9]
for a more general penalty scheme.
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We close this section by giving an example in which f((),oo) dF(y) <1
and 0 < § < p*.

Example 2.2. Fix ¢>0 and let ¢=0. We consider the jump
distribution F in (2.23). In addition, we assume that F satisfies the
following conditions: (i) n > 4, (i) pn™® > gy, (iii) gn™ > pn.
Since ¢ =0, we have f=p*. We show that p* < p*. Note that
p* € (0,4) =(0,n7) c (0,7M)=(0,A) and y is strictly convex
on (0,A). Hence p* < p* if and only if l}(p*) —r<0=y(p*)—r
(ie., Y(p*) < Y(p*)). Now, we have

St~ H)] = [ o) ~ [ e ar)

D+t O —pr N —p " O+ pr
_ 20U = pn )1+ (") (en'™ — gn )}
[()? = () [ D)? = (0*)*] ’

which is > 0 by (ii) and (iii). Therefore, § = p* < p*.

3. APPLICATIONS

Assume that there is a risk-free interest rate r > 0 in the market and
the price process (S,; t > 0) of a stock (under a risk-neutral probability
measure Q) is given by:

S, =sexp{ct+aW, -2}, teR,,

where s > 0 is a constant. We consider a perpetual American option with
a payoff function g(s). In general, the price of this option is defined to be

v(s) = max B®[e™"g(S7) | S = s]
where T ranges over all stopping times and IE? denotes the expectation
under the @ measure. For simplicity, we assume that 7 only ranges over
all stopping times of the form:
1, =1inf{r > 0; S, < L}, 3.1

and that the supremum is attained. This implies that

u(s) = max V(s, L) = V(s, L"), (3.2)
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Here, L* > 0 is called the optimal level in option pricing and the function
V(s, L) is defined by

V(s, L) = Eg[e™™g(S,,) | Sy = s]. (3.3)
Fix L > 0 and set
X, =logS, —logL =X, + ct+ oW, — Z,
where X, = logs — log L. Then (3.1) becomes
7, =inf{r>0,X, <0} =1 (3.4)
and
V(s, L) = E [e7"g,(X)] = P(x, L) (3.5)

where g, (v) = g(Le*) and x = logs — log L. From these, we see that (3.2)
is equivalent to

v(s) = max V(s, L) = max D(x, L).

Hence, in option pricing and many financial applications, it is important
to derive an explicit formula for ® as well as the explicit solution for the
optimal level L*. For examples in which the (semi-)explicit solutions of
® are available, we refer to Asmussen et al. [5], Chen et al. [7] and Lewis
and Modecki [8].

In order to determine the optimal level, we impose the smooth-
pasting condition which is conventionally assumed in literature of
finance. (It is possible to show that the condition is necessary for the
optimality.) We show that the smooth-pasting condition is equivalent to
some condition on the first-order derivative of V(s, L) with respect to L
(see (3.10) below) and then derive an equation for the optimal level.

We start from the renewal equation

V(s, L) = ®(x, L) = g(L)e " + [ : ®(x — v, L)G(v)dv
—et | : ®(—v, L)G(v)dv. (3.6)
Then we have
%V(s, L) = —gg(L)e*ﬂx + é /_: g(x — v, L)G(v)dv

4B / " ®(—v, L)G(v)dv (3.7)
N —o0
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and

aiLV(s, L) = |:g/(L) + gg(L)}e_ﬂx — % _: z;f(x —v, L)G(v)dv

[ S0 60— Eer [ b, )Gy

—et | ) Zif(—u, L)G(v)dv (3.8)

(Here as in Gerber and Landry [2], we have to impose some suitable
conditions on i—{) The smooth pasting condition (i.e., £ V(s, L*) =+ =
g (L*)) and (3.7) imply that

1 > od )
— /_w (0. L)G()dv

gy =—Lga
n Lﬁ [~ @016 (3.9)

By (3.8) and (3.9), we conclude that the smooth-pasting condition is
equivalent to the first-order condition

0
A VL L) ey = 0. (3.10)

Note that %V(s, L) |, = @(0,L);. By Proposition 2.1 and the smooth-
pasting condition, we obtain that the optimal level L* satisfies the
equation

Lg() = ~Bg() + 5 [ av [ ar)e s g(ret)

i 0 -y _p*
-5/ dF(y)/0 dve """ ®(v, L). (3.11)

In particular, if there are no upward jumps for X, then the equation
(3.11) becomes

i 0o 9 . !
Lg'(L) = — (L) + = / dv / dF(y)e " g(Le"™). (3.12)
D Jy v
Consider the special case that g(s) = (K — s)™, where K is the strike

price, and there are no upward jumps. Recall that p* = 1 (see Section 2).
We then get that, for L < K,

—L=Lg(L)=d(0,L)

— BK—L)+ % /0 " dv f T dF(y) e (K — Le"™)
A o> y
= —pK-L)+5 /0 dF(y) /0 (e'K — Le™)dv

A e AL o
= —pK-L)+ = fo dF()K(1 — &™) — BL /0 dF(y)ye™.
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The optimal level L* is given by

Lo BK =8 i1 = ey
p+1-— %fow ye v dF(y)
_ PK+3(r=D-o)
L2 £ [*yevdF(y)
Kr

= . 3.13
c+2D - [; yedF(y) 3.13)

(In the last two equations we use respectively the fact (1) = r and
B = 5+ 1.) The formula for the optimal level L* coincides with (36) in
Gerber and Landry [2].
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