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distributed applications. A bipartite graph G is bipancyclic if it contains a cycle of every even
length from 4 to |V(G)| inclusive. G is vertex-bipancyclic if for any vertex v € V(G), there

ﬁzyn"gozi; b torus exists a cycle of every even length from 4 to |V (G) | that passes v. A bipartite graph Gis called
Panc;,clic k-vertex-bipancyclic if every vertex lies on a cycle of every even length from k to |V (G)|.
Bipancyclic In this article, we prove that GHT(m, n,s) is 6.—b.ipancyclic, anq is pipancyclic for some
Vertex-bipancyclic special cases. Since GHT(m, n, s) is vertex-transitive, the result implies that any vertex of
k-vertex-bipancyclic GHT(m, n, s) lies on a cycle of length [, where | > 6 and is even. Besides, GHT(m, n, s) is

vertex-bipancyclic in some special cases. The result is optimal in the sense that the absence
of cycles of certain lengths on some GHT(m, n, s)’s is inevitable due to their hexagonal
structure.

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Network topology is a crucial factor for an interconnection network since it determines the performance of the
network [1]. Stojmenovic [2] proposed variations of honeycomb tori and those honeycomb tori have been recognized as
an attractive architecture to existing torus interconnection networks in parallel and distributed applications [2-6]. Cho
and Hsu [7] proved that all these honeycomb torus networks can be characterized in a unified way, called the generalized
honeycomb torus. Recently, there have been many studies about honeycomb networks [8-13].

The cycle-embedding problem is one of the most popular research problems [14]. From the applicational point of view,
efficient algorithms and execution methods are required for communication patterns in networks. The study of certain
topological structures on network designs provides a systematic and logical analysis for the desired performance. Since
cycles in networks are useful in embedding linear arrays and rings, the existence of cycles with various lengths on networks
has been largely investigated. (See [ 15-18] and their references.) A graph G is pancyclic if it contains cycles of all lengths from
3to |V(G)|. A graph G is k-pancyclic if it contains cycles of all lengths from k to |V (G)|. A graph G is called vertex-pancyclic
(resp. edge-pancyclic) if every vertex (resp. edge) lies on a cycle of every length from 3 to |V (G)|. Moreover, G is called k-
vertex-pancyclic if every vertex lies on a cycle of every length from k to |V (G) |. These concepts are defined for bipartite graphs
similarly. Let H = (BU W, E) be a bipartite graph, where BUW = V(H) and E C {(u,v) | u € Band v € W}. Obviously,
H has no odd cycles. We say that H is bipancyclic if it has cycles of all even lengths from 4 to |V (G)|. H is k-bipancyclic if
it contains cycles of all even lengths from k to |V (G)|. H is called vertex-bipancyclic (resp. edge-bipancyclic) if every vertex
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Fig. 1. The graph GHT(8, 10, 4). Notice that the dotted lines are crossing edges. For example, the edges ((1, 0), (2, 0)) and ((5, 0), (6, 0)) are the horizontal
edges while the edges ((0, 0), (7, 4)) and ((0, 8), (7, 2)) are crossing edges.

(resp. edge) lies on a cycle of every even length from 4 to |V (G)|. Also, H is called k-vertex-bipancyclic if every vertex lies on
a cycle of every even length from k to |V (G)|. There are numerous studies about the pancyclicity of hypercubes and their
variants [19,20], products of graphs [21-23], and some classes of graphs [24,25]. Vertex-pancyclicity and edge-pancyclicity
were discussed in [26-29], and many related studies were published recently [30-36].

In this article, we prove that the generalized honeycomb tori are vertex-bipancyclic in some special cases and contain
cycles of length [, where | > 6 is an even integer, in most cases. More specifically, let GHT(m, n, s) be a generalized
honeycomb torus, where m > 3 is an integer, n > 6 is an even integer, and s > 0 is an integer with m + s even. We
study the existence of cycles of different lengths in GHT(m, n, s) with various combinations of m, n, and s. The result is
optimal in the sense that the absence of cycles of certain lengths on some GHT(m, n, s)’s is inevitable due to their hexagonal
structure.

2. Preliminaries

An interconnection network is represented by a graph with vertices and edges symbolizing the processors and
communication links between processors, respectively. In this paper, a network is represented as an undirected graph.
For the graph definition and notation we follow [37]. G = (V,E) is a graph if V is a finite set and E is a subset of
{(u,v) | (u,v)isan unordered pair of V}. We say that V is the vertex set and E is the edge set of G. Two vertices u and
v are adjacent if (u, v) € E. A path is represented by (vg, vq, V2, ..., Ux). We also write the path (vg, vy, v2, ..., V) as
(vo, P1, Vi, Vig1, ..., V), P2, vg, ..., vg), Where P; is the path (vg, vy, ..., vi_1, v;) and P; is the path (v}, vjy1, ..., Ve—1, Ur).
Hence, it is possible to write a path (vg, vy, P, vq, v2, ..., vg) if the length of P is zero. If a path Q = (v, vy, v2, ..., Vk),
then Q ~! denotes the path (vg, vk_1, ..., V1, Vo). A cycle is a path of at least three vertices such that the first vertex and the
last vertex are identical. Let C be a cycle and P a path. We use |C| to denote the total number of distinct vertices/edges on C
and |P| the total number of distinct edges of P.

Throughout this paper, we use the following notations. For any two positive integers r and d, [r]; denotes r (mod d). Let
m, n and s be positive integers with m > 2, n > 4, n and m + s are even. The generalized honeycomb torus GHT(m, n, s) is
the graph with the vertex set {(i,j) | 0 <i < m, 0 < j < n} such that (i, j) and (k, [) with i < k are adjacent if they satisfy
one of the following conditions:

1Lk, D=(, [ £ 1n);
2.0<i<m-—2,i+jisoddand (k, ) = (i+ 1,));
3.i=0,jiseven,and (k,) = (m — 1, [j + s],).

Any edge satisfying the second condition is called a horizontal edge, and any edge satisfying the third condition is called a
crossing edge. Fig. 1 gives an illustration of the graph GHT(8, 10, 4). For example, the edges ((1, 0), (2, 0)) and ((5, 0), (6, 0))
are the horizontal edges while the edges ((0, 0), (7, 4)) and ((0, 8), (7, 2)) are crossing edges. Fig. 2 shows that crossing
edges can become horizontal edges in different layouts for the same graph. Obviously, any generalized honeycomb torus is
a 3-regular bipartite graph. Moreover, any generalized honeycomb torus is vertex-transitive [7].

3. Bipancyclicity of GHT(m, n, s)

Let C; denote a cycle in GHT(m, n, s) with |C;| = i, wherei € {4,6 +2t |0 <t < % — 3}. Since GHT(m, n, s) consists
of hexagons, the existence of C4 is missed in all cases except for n = 4. In addition, GHT(m, n, s) contains mn vertices, so
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Fig. 2. The graph GHT(3, 8, 3). Notice that crossing edges in (a) can become horizontal edges in (b).

we should construct cycles of even lengths from 6 to mn. Yang et al. [13] proved that every generalized honeycomb torus is
Hamiltonian. Therefore, we only need to construct cycles of even lengths from 6 to mn — 2. That is, we should construct C;
in GHT(m, n, s), wherei = 6+2tfor0 <t < %—4.0bviously, 2t:0<t< %—4} ={4t:0<t< %—Z}UHH—Z :
0 < t < T —3}. Thus, it suffices to construct C 4 for0 < t < Zr —2and Cg 4, for 0 < t < 7 — 3 for the 6-bipancyclicity
of GHT(m, n, s). In the following, some path patterns in generalized honeycomb tori are defined in order to construct C; with
various i.

I°G, ) = (G ), G U+ 1), G+ 210, ..o, G I+t =100, (G G+ tl),  t € Z;

Qo.c(i, ) = (G ) I°G 1), G+ tT), G+ LG+t I G+ 1L [+ tl), (+1,), tezZ;

Q@) = (0D, GU—1, (—=1,[—1]), (= 1,)), (= 2,));

PO,[(iaj) = <(17])5 QO,2[+1(i’j)7 (l + 17j)7 Qz(l + ]7j)5 (lv.’ - 1))3 te N7

Pl,[(iaj) = <(l9_’)a QO,2[+1(iﬂj)7 (l + 1’j)7 (l+ 23]))5 te Za

Pyc(i,5) = (0,0, Pre(i, ), (+2,0),(i+2,j— 1), teN.

3.1. miseven

Lemma 1. GHT(4, 4, s) is bipancyclic.
Proof. By brute force, we construct cycles with different lengths in GHT(4, 4, s) below.
Ca = (0, 1),1*(0, 1), (0, 1));
Ce = ((0, 1), (0, 2), Po,0(0, 2), (0, 1));
Cs = {(0,0), P1,0(0,0), (2,0), Q,1(2, 0), (3,0), (0,0)), ifs=0;
or Cg=1{(0,1),(0,2),(3,0),3,1,2,1),02,1,(0,1)), ifs=2;
Cio = ((0, 1), (0, 2), P,9(0, 2), (2, 1), Q1 (2, 1), (0, 1));
C12 = ((0,0), Q,3(0,0), (1,0), (Q1(1,0) ™", (3,0), (0,0)), ifs=0;
or Ci; ={(0,0),P1(0,0),(2,0),(2,1),(3,1),(3,2),(0,0)), ifs=2;
Cia = ((0, 1), (0, 2), P10(0, 2), (2, 2), Po0(2, 2), (2, 1), Q1 (2, 1), (0, 1)).

The lemma is proved. O

Lemma 2. GHT(m, 4, s) contains C; for | € {4,2m + 4t|0 <t < % —1JU{64+4tl0 <t <m-—2},if m>6.

Proof. It is obvious that GHT(m, n, s) consists of many hexagons and any two adjacent hexagons have two vertices in
common. This structure implies the usage of a crossing edge in C44; of GHT(mm, 4, s). The smallest size of C; with [I]; = 0 is
2m. By brute force, we construct cycles with various lengths in GHT(m, 4, s) as follows.
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Cs = ((0,0),1%(0, 0), (0, 0));

Comiar = (0,0, (P11(0,0))", 2£,0), (P1o(2,0)* ™", (m = 2,0), Qo.1(m —2,0), (m — 1,0, (0, 0))
fors = 0;

Comeat = <(o, 0). (P1.1(0,0))", (2t,0), (P1o(2t,0)) 2 '™, (m—2,0). (m—2,1), (m— 1, 1), (m— 1, 2). (0, 0))
fors = 2;

5] t t t
Coyar = ({ (O, 1),(0,2),(1)1,0(0,2)) 22 3 22 ), Py,0| 2 3 20,02 5 +2[t], 1),
¢ L 1+100,
Q (2 LZJ + 2[t]2, 1) , (0, 1)>-

This proves the lemma. 0O

Lemma 3. GHT(m, n, s) is 6-bipancyclic for m > 4,n € {6, 8}.
Proof. By brute force, we construct cycles with various lengths in GHT (i, n, s) for n € {6, 8} as follows.
Case 1. For GHT(m, 6, s).
Case 1.1. Corge for 0 < t < 3m —2:
1 t+1 .
Corar = ((0,1),(0,2), (P11(0,2) 37, @151],2), A, @LE], 1), (L], 1) 7,0, 1)), where A is
Po,re1; (2111, 2) if [t + 1] % 0 and is empty otherwise.

Case 1.2. Cg14 for0 < t < 3m—3:

t=0 ((0, 5), 14(0, 5), (0, 3), (1, 3), (1, 4), (1, 5), (0, 5))

t=1{1,2,3} (0, 5), 14(0, 5), (0, 3), (1, 3), (1, 2), (2,2), A, (2, 1), (Q2(2, 1))2 , (0,5)), where A is
empty if t = 1and is Py ¢_1(2, 2) otherwise.

4<t<3m-3 ((0,5), 1400, 5), 0,3), (1,3), (1,2), 2.2), (P11(2,2))' 7 |, @+ 21511, 2), A, @+
2151, 1), (42150, )7, @, 1), (@2, 1)2, (0, 5)), where
A =Py 2,2 +2[5],2)if [t — 1]5 # 0 and is empty otherwise.

Case 2. For GHT(m, 8, s).
Case 2.1. Cguqe for0 <t < 2m —2:
t+1
Corae = ((0,1),(0,2), (Pr2(0,2) 7, 2151 ],2), A, @151, 1), (2L, 1)
Po 1, (ZL%J, 2) if [t + 1]4 = 0 and is empty otherwise.
Case 2.2.Cg 4 for0 <t <2m — 3:

Lt

,(0,1)), where A =

t=0 ((Oa l),Is,(O, 1))

t=1 ((0,7),1%(0,7), (0, 3), (1,3), (1,2), (2, 2), (2, 1), (Q(2, 1))*, (0, 7))

t =1{2,3,4,5} ((0,7),1(0,7), (0,5), (1,5),I73(1,5), (1, 2), (2, 2), A, (2, 1), (Q2(2, 1)), (0, 7)), where
A is empty if t = 2 and is Py ;—3(2, 2) otherwise.

6<t<2m-3 ((0,7),15(0,7), (0,5), (1,5),173(1,5), (1, 2), (2, 2), (P12(2, z))L%J ,

t—2

@+201520,2), A, 421521 D, (@@ +2152), D) 7L @, 1), (@@ )%, 0,7),
where A is Py j;_3;,(2 + 2 L%J, 2) if [t — 2], % 0 and is empty otherwise.

g
Theorem 1. Let n > 10 and s > 0 be even integers. GHT(4, n, s) is 6-bipancyclicif s € {0, 2, 4}. And GHT(4, n, s) contains any
cycle with length I for | € {6, 10 + 2t|0 <t < 2n — 6} if s > 6. Moreover, there exists no 8-cycle in GHT(4, n, s) for s > 6.
Proof. The corresponding cycles are constructed below.
Case 1.s € {0, 2, 4}.
Case 1.1.Cgyqe for0 <t <n-—2:



2852 Y.-K. Shih et al. / Computers and Mathematics with Applications 56 (2008) 2848-2860

OS t E % -2 ((07 1)! (Oa 2)7P0,f(07 2)7(0! 1))
t= g —1 ((07 1)5 (07 2)7 PZ,%—2(07 2)7 (25 1)5 Q](zs 1)5 (07 1))
% <tsn-— 2 ((0’ 1)5 (O’ 2)7 P],%—Z(O’ 2)7 (25 2)’ PO,[t]% (2’ 2)7 (25 1)’ Q1(25 1)’ (07 1))

Case 1.2.Cgyqe for0 <t <n-—3:

t =0fors =0 ((0,0), (3,0), (Q1(3,0) ", (2,0), (P10(2,0) ", (0,0))

t=0fors=2 ((0,0), (3,2), (Q2(3,2))*, (1,0), (Qo,1(1, 0))‘1 , (0, 0))

t=0fors=4 ((0,0), (3, 4), (Q2(3,4))*, (0, 1), (0, 0))

1<t=<f-2 ((0,n—1), 1720, n — 1), (0, 1+ 26), (1, 1+ 2t), 7%=V, 1+ 2t), (1, 2), (2, 2), (2, 1),

(Q2,1)*,(0,n = 1))
2—1<t=<n-3 ((0,n—1),I"20,n—1),(0,n—3),(1,n—3),I"">(,n—3), (1,2), (2,2),
Pojesly (2,2), 2, 1), (@2, 1), (0,n— 1))

Notice that the construction of all C;’s except for Cg in Case 1 contains no crossing edge of GHT(4, n, s) for s € {0, 2, 4}.

Case2.s > 6.

It is obvious that GHT(m, n, s) consists of many hexagons and any two adjacent hexagons have two vertices in common.
Therefore, construction of cycles without crossing edges results in cycles with length 6 + 4t,0 < t < n — 2, only. This
implies that the usage of a crossing edge in Cg is necessary. However, when s > 6, the smallest size of C; with [I]; = 0 is
s+ 4+ [s]4 = 12, as shown in Fig. 3. Thus it is impossible to have Cg in GHT(4, n, s) for s > 6. On the other hand, we can
construct C; forl € {6, 10 + 2t|0 <t < 2n — 6} thesame asinCase 1. O

Definition 1. Let f, be a function that maps ((m — 1, 2), (m — 1, 1)) in Gyn—q of GHT(m, n, s) to {((m — 1, 2), (i, 2), (m, 1),
(Qo,—1(m, 1))~ (m — 1, 1)) in Cpy of GHT(m + 2,1, s) and maps ((m — 1,2), (m — 1, 1)) in Cpa—z of GHT(m, n, 5) to
((m—1,2), (m,2), (m, 1), (Qy._1(m, 1)1, (m—1, 1)) in Cng2 of GHT(m+2, n, s). We give an illustration in Figs. 4 and 5.

Definition 2. Let g.(k) be a function that maps ((m—1,2),(m—1,1)) in Cu,_4 of GHT(m,n,s) to ((m —
1,2), (m, 2), Po(m, 2), (m, 1), (Qo_1(m, 1)), (M — 1, 1)) in Gunsa+a of GHT(m + 2, n, 5) and maps ((m — 1, 2), (m —

1,1)) in Gun_p of GHT(m, n,5) to ((m — 1,2), (m, 2), Pox(m, 2), (m, 1), (Qo_1(m, 1)) "', (m — 1,1)) in Cunyesar Of
GHT(m+ 2,n,s)for0 <k < g — 2. Examples are shown in Figs. 6-9.

Theorem 2. Let m > 6,n > 10 and s > 0 be even integers. GHT(m, n, s) contains 6-cycle and all cycles with lengths | for
le{104+2tl0 <t < ? — 6}. Moreover, there exists no 8-cycle in GHT(m, n, s).

Proof. We prove the theorem by the mathematical induction. For GHT(6, n, s), we can construct C; for [ € {6, 10 + 2t|0 <
t < 2n — 6} the same as in Case 1 of Theorem 1 because there involves no crossing edge in those cycles. Then with
Definitions 1 and 2, we construct C, of GHT(6, n, s) for k € {10 + 2t|2n — 5 < t < 3n — 6} by using f, and g,. Using the
induction hypothesis, we assume GHT(m, n, s) contains any cycle with length [forl € {6, 10+2t|0 <t < %—6}.0bviously,
GHT(m+2, n, s) contains the same Cg, C19, C12, - . . , Cin—4, Cmn—2 as in GHT(m, n, s) since C, 1 € {6, 10+2t[0 <t < % —6},
contains no crossing edge in GHT(m, n, s). Then with Definitions 1 and 2, we construct Cpn4o¢ of GHT(m + 2, n, s) for
0 <t <n—1byusingf, and g.

By induction, we know that GHT(m, n, s) contains any cycle with lengthforl € {6, 10+ 2t|0 < t < 5 — 6}. Moreover,
for the same reason as in Case 2 of Theorem 1, there exists no 8-cycle in GHT(m, n, s) forevenm > 6, evenn > 10 and even
s>0. O

3.2. misodd

Lemma 4. GHT(3, 4, s) is bipancyclic.

Proof. By brute force, we construct cycles with different lengths in GHT(3, 4, s) below.

Ca = ((0, 1),1%(0, 1), (0, 1));
CG = ((07 1)a (07 2)7 PO,O(Oa 2)7 (07 1))7
Gs = ((0,0),1%(0, 0), (0, 3), (1, 3), (1,2), (2, 2), (2, 1), (0, 0));

Cio = ((0, 1), (0, 2), P20(0,2), (2, 1), Q1(2, 1), (0, 1)). O
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Fig.4. Cpn_q of GHT(m, n, s) maps to Cp, of GHT(m + 2, n, s) in Definition 1 for m is even. Example: (a) C44 in GHT(4, 12, 5); (b) C45 in GHT(6, 12, s). Note
that the crossing edges are omitted in this figure, and the edges in C44 (Cyg, resp.) are plotted by thick lines.

b

Fig. 5. Cpun—2 of GHT(m, n, s) maps to Cppi2 of GHT(m + 2, n, s) in Definition 1 for m is even. Example: (a) C4 in GHT(4, 12, s); (b) Cso in GHT(6, 12, s).
Note that the crossing edges are omitted in this figure, and the edges in Cys (Cso, resp.) are plotted by thick lines.

Lemma 5. GHT(m, 4, s) contains C; for | € {4,2m+2 4+ 4t|0 <t < mT_3} U{6+4tl0 <t <m-—2}if m>5.
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a

Fig. 6. Cp;_4 of GHT(m, n, s) maps to Cyyp+4 of GHT(m + 2, n, s) in Definition 2 for m is even. Example: (a) C44 in GHT(4, 12, 5); (b) Cs; in GHT(6, 12, s).
Note that the crossing edges are omitted in this figure, and the edges in C44 (Cs,, resp.) are plotted by thick lines.

Fig. 7. Cpu—4 of GHT(m, n, s) maps to Cyyps of GHT(m + 2, n, s) in Definition 2 for m is even. Example: (a) C44 in GHT(4, 12, 5); (b) Cs¢ in GHT(6, 12, s).
Note that the crossing edges are omitted in this figure, and the edges in C44 (Csg, resp.) are plotted by thick lines.

b

Fig. 8. Cpn—p of GHT(m, n, s) maps to Cypi6 of GHT(m + 2, n, s) in Definition 2 for m is even. Example: (a) C46 in GHT(4, 12, 5); (b) Cs4 in GHT(6, 12, s).
Note that the crossing edges are omitted in this figure, and the edges in C4¢ (Cs4, resp.) are plotted by thick lines.

Proof. It is obvious that GHT(m, n, s) consists of many hexagons and any two adjacent hexagons have two vertices in
common. This structure implies the usage of a crossing edge in C4 4 of GHT(m, 4, s). The smallest size of C; with [[]; = 0 is
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a b

Fig.9. Cnn— of GHT(m, n, s) maps to Cpn410 of GHT(m + 2, n, s) in Definition 2 for m is even. Example: (a) C46 in GHT(4, 12, s); (b) Csg in GHT(6, 12, s).
Note that the crossing edges are omitted in this figure, and the edges in C46 (Csg, resp.) are plotted by thick lines.

2m + 2. By brute force, we construct cycles with various lengths in GHT(im, 4, s) as follows.

Cs = ((0,0),1(0, 0), (0, 0));

Comzrac = <(0, 0), (P1.1(0,0))", 2¢,0), (Pro(2t,0)) T ", (m—1,0),17*(m — 1,0), (m — 1, 1), (0, 0)>;

LLJ t t t
Corae = ((0,1),(0,2), (P1,0(0,2)) %", (2 \;2J ,2> s Pajegy 0 (2 \‘ZJ ,2> ; (2 \;2J +2[t]y, 1) ;
¢ L5 1+tl2
Q (2 LZJ + 2[t]y, 1) , (0, 1)>-

The lemma is proved. O

Lemma 6. GHT(m, n, s) is 6-bipancyclic for m > 3, n € {6, 8}.
Proof. By brute force, we construct cycles with various lengths in GHT(m, n, s) for n € {6, 8} as follows.
Case 1. For GHT(m, 6, s).
Case 1.1. Copqe for0 < t < 3m — 3:
t1 =t .
Gorae = (01,02, (Pri(0,2)" * . @151, 2), A, @LE LD, (QELE. 1) 7 0, 1), where A is
Po 1115 (2L%J, 2) if [t + 1]5 = 0 and is empty otherwise.

Case 1.2.Cg1ge for0 <t < 3m— 3:

=0 ((0,0), (0, 5), (1,5), (1, 4), (1, 3), (0, 3), I3(0, 3), (0, 0))
((0,0), (0,5), (Q:(0,5)5), 21%],5), @LLJ +1,5), @LL] + 1,4), A, 2141 +1,3),
(Pr—21%]+1,3)) 737, (1,3), (0,3),172(0, 3), (0, 0)), where A is

QLL+2,4), RLL1+2,3), (Qo 211511 QLE] +2,3)) " if [t]s % 0 and is empty
otherwise.

t
1

IA

t=

NwW

m —

N

Case 2. For GHT(m, 8, s).
Case 2.1. Cgyqe for 0 <t <2m — 2:

t= {07 1} ((Os 1)7 (09 2)5 PO,t(Os 2), (07 1))
2<t<2m-2 (0,0, (0,7), (0, ) VT, L1, 7), @USE] + 1,7), @LEE + 1,6), A,

=1
@ +1.5), (P @LSH +1.59) 17, (1,5), (0,5, 175(0,5), (0, 0)), where A i
QL5 +2.6), L5 +2,5),
(Qo,_z[f_1]4+1(2L%J +2, 5))_1 if [t — 1]4 # 0 and is empty otherwise.
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Case 2.2.Cgy4¢ for0 <t <2m — 3:

t = 0 ((07 1)a 18(03 1)7 (07 1))

t=({1,2} ((0, 1), I’(0, 1), (0, 4), P,.,—1(0, 4), (2, 3), (Q2(2, 3)), (0, 1))

t=3 ((0, 1), (0,0), (0,7), (1,7), (1,6), (2, 6), (2, 5), Q(2, 5), (0, 5), (0, 4), (0, 3), (1, 3),
(1,2),(2,2), (2, 1), Qi(2, 1), (0, 1))

4<t<2m-3 (0, 1), (0,0), (0,7), (Q:(0, )"}, 2141, 7), 1 +21£],7), (1 +2[%],6), A,

k
(A +2(51,5), (Pr_s(1+21£1,9) 77, (3,5), (2,5), (2. 5). (0, 5), (0, ), (0, 3),
(1,3),(1,2), (2,2), (2,1),04(2, 1), (0, 1)), where A is
(2+21%1,6), 2+21%1,5), (Qo—21e14+1(2 + 251, 5))71 if [t]4 2 0 and is empty
otherwise.
O

Theorem 3. Let n > 10 be an even integer and s > 1 be an odd integer. GHT(3, n, s) is 6-bipancyclic if s € {1, 3, 5}. And
GHT(3, n, s) contains any cycle with length I for | € {6, 10 + 2t|0 < t < %n — 6} if s > 7. Moreover, there exists no 8-cycle in
GHT(3, n,s) for s > 7.

Proof. The corresponding cycles are constructed below. C;; of GHT(3, n, s) forl; € {6, 10 +2t|0 < t < % — 5} is the same

as in GHT(4, n, s). And C;, of GHT(3, nn, s) for I, € {n + 2 + 2t|0 < t < n — 2} is constructed as follows.
Case 1.s € {1, 3, 5}.
Case 1.1. Cg:

s = ((0,0), I*(0,0), (0, 3), (1,3), (1,2), (2, 2), (2, 1), (0,0)), ifs=1
sl
Q:<@ﬂ)ﬁmﬂL®3LOL;mJD Z,Qﬁxmﬂ»,ihz{iﬂ.

Case 1.2. Cpypyq for0 <t <3 —1:

=0 ((0,0), (0,n—1),(1,n—1),(1,n—2), (1,n—3), (0, n — 3), 70, n — 3), (0, 0))

-1 ((0,0), 0,n—1),(1,n—1),(1,n—2),(2,n—2), (2,n — 3),
=i

Qg #1211 =3)) ., (Ln=3),(0,n=3),1"">(0,n=3),(0,0)

t
1

IA

t=<

NS

Case 1.3. Coygyae for0 <t < 5 —2:
t=20 ((07 0)5 (07 n— 1)’ (1s n— ])7 (15 n— 2)7 (19 n— 3)7 (0» n— 3)’ (07 n— 4)5 (07 n— 5)5
(1,n—=5),(1,n—6),(1,n—7),(0,n—7),I-"7(0,n —7), (0, 0))
1§t§ % =2 ((070)5 (Ovn_ 1)’(1sn_])7(15n_2)7(zsn_z)v(z»n_B)’Q1(25n_3)v(09n_3)7

(0,n—4),(0,n=5), (1,n=5), (1,n—6), A, (1,n=7), (0,n—7),I-"7(0,n—7), (0, 0)),
-1
where Ais (2,n —6), (2,n—7), (QO,—Z[t—]]n+1(25 n— 7)) ift # 1 and is empty
2

otherwise.

Notice that the construction of all C;’s except for Cg in Case 1 contains no crossing edge of GHT(3, n, s) for s € {1, 3, 5}.

Case2.s > 7.

It is obvious that GHT(m, n, s) consists of many hexagons and any two adjacent hexagons have two vertices in common.
Therefore, construction of cycles without crossing edges result in cycles with length 6 + 4t,0 < t < %n — 2, only. This
implies that the usage of a crossing edge in Cg is necessary. However, when s > 7, the smallest size of C; with [I]; = O is
s+ 34 [s+ 3]s > 12, as shown in Fig. 10. Thus it is impossible to have Cg in GHT(3, n, s) for s > 7. On the other hand, we
can construct G forl € {6, 10+ 2t|0 <t < %n — 6} thesameasinCase 1. O

Definition 3. Let f, be a function that maps ((im—1,n—2),(m—1,n—3)) in Cyu,_4 of GHT(m,n,s) to ((m —
1,n — 2),Q(m — 1,n — 2),(myn — 2),(m,n — 3),(m — 1,n — 3)) in Cy, of GHT(m + 2,n,s) and maps
((m—-1,n—-2),(m—1,n—3))in Cup—z of GHT(m, n, s) to ((m—1,n—2), Qp1(m—1,n—-2), (m,n—2), (m,n—3), (m—
1, n — 3)) in Gyupyo of GHT(m + 2, n, 5). Examples are given in Figs. 11 and 12.



Y.-K. Shih et al. / Computers and Mathematics with Applications 56 (2008) 2848-2860 2857

Fig. 11. Cpy_4 of GHT(m, n, s) maps to Cp, of GHT(m + 2, n, s) in Definition 3 for m is odd. Example: (a) C3, in GHT(3, 12, s); (b) C3¢ in GHT(5, 12, s). Note
that the crossing edges are omitted in this figure, and the edges in Cs; (Cs6, resp.) are plotted by thick lines.

By f,

Fig. 12. Cpyp—y of GHT(m, n, s) maps to Cpp42 of GHT(m + 2, n, s) in Definition 3 for m is odd. Example: (a) C34 in GHT(3, 12, 5); (b) C35 in GHT(5, 12, 5).
Note that the crossing edges are omitted in this figure, and the edges in C34 (Csg, resp.) are plotted by thick lines.

Definition 4. Let g,(k) be a function that maps ((m — 1,n — 2), (m — 1, n — 3)) in Cyp—4 of GHT(m, n, s) to ((m — 1,n —

2),Qo1(m—1,n—2), (m,n—2), (m+1,n-2), m+1,n—3), (Q—@sny(m+1.n—=3)) "', (m,n—3), (m—1,n—3)) in
Crnntatak f GHT(m+-2, n, s) and maps ((m — 1, n — 2), (m — 1, n — 3)) in Gyp—2 of GHT(m, n, s) to ((m—1, n—2), Qo1 (m—
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By g,(0)
—_—

Fig. 13. Cpp—4 of GHT(m, n, s) maps to Cpp+a of GHT(m + 2, n, s) in Definition 4 for m is odd. Example: (a) C3; in GHT(3, 12, 5); (b) C4 in GHT(5, 12, s).
Note that the crossing edges are omitted in this figure, and the edges in Cs; (Cqo, resp.) are plotted by thick lines.

By g.(1)
—l

Fig. 14. Cpp—4 of GHT(m, n, s) maps to Cppis of GHT(m + 2, n, s) in Definition 4 for m is odd. Example: (a) C3; in GHT(3, 12, 5); (b) C44 in GHT(5, 12, s).
Note that the crossing edges are omitted in this figure, and the edges in Cs; (Ca4, resp.) are plotted by thick lines.

n—2),(m,n—2), (m+1,n—-2),((m+1,n—-3), (Qo—rn(m+1,n— 3))71 ,(myn—3),(m—1,n—3))in CGante+ak
of GHT(m + 2,n,s) for0 < k < g — 2. We give illustrations in Figs. 13-16.

Theorem 4. Let m > 5 and s > 1 be odd integers and n > 10 be an even integer. GHT(m, n, s) contains 6-cycle and all cycles
with lengths [ where | = 10+ 2t for 0 <t < % — 6. Moreover, there exists no 8-cycle in GHT (i, n, s).

Proof. We prove the theorem by the mathematical induction. For GHT(5, n, s) we can construct C; forl € {6, 10+2t|0 <t <
%n — 6} the same as in Case 1 of Theorem 3 because there involves no crossing edge in those cycles. Then with Definitions 3
and 4, we construct C, of GHT(5, n, s) fork € {10+2t]| %n—S <t< %n—G} by using f, and g,. Using the induction hypothesis,
we assume that GHT(m, n, s) contains any cycle with length [for[ € {6, 104+2t|0 <t < % —6}. Obviously, GHT(m+2, n, s)
contains the same Cg, C1g, C12, - . . , Cmn—4, Gn—2 as in GHT(m, n, s) since C;, | € {6, 10 +2t|0 < t < % — 6}, contains no
crossing edge in GHT(m, n, s). Then with Definitions 3 and 4, we construct Cy42; of GHT(m 4 2, n,s) for0 <t <n— 1by
using f,, Zo.

By induction, we know that GHT(m, n, s) contains 6-cycle and all cycles with lengths [forl € {10+ 2t|0 <t < % —6}.
Moreover, for the same reason as in Case 2 of Theorem 3, there exists no 8-cycle in GHT(m, n, s) forodd m > 5,evenn > 10
andodds >1. O

4. Conclusion

In this article, we study the vertex-bipancyclicity of the generalized honeycomb tori. In Section 3, we prove that
GHT(m, n, s) is 6-bipancyclic, and is bipancyclic for some special cases. Moreover, some GHT(m, n, s) contains cycles with
length [ for any even integer | > 6 except 8 due to its hexagonal structure. Since GHT(m, n, s) is vertex-transitive, our
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Fig. 15. Cpy— of GHT(m, n, s) maps to Cpnis of GHT(m + 2, n, s) in Definition 4 for m is odd. Example: (a) C34 in GHT(3, 12, 5); (b) C4 in GHT(5, 12, s).
Note that the crossing edges are omitted in this figure, and the edges in C34 (C42, resp.) are plotted by thick lines.

Fig. 16. Cpy;,—» of GHT(m, n, s) maps to Cyypi10 of GHT(m + 2, n, s) in Definition 4 for m is odd. Example: (a) Cs4 in GHT(3, 12, s); (b) C46 in GHT(5, 12, s).
Note that the crossing edges are omitted in this figure, and the edges in C34 (Cy¢, resp.) are plotted by thick lines.

theorems in Section 3 imply that given any vertex v of GHT(m, n, s), there exists a cycle with the required lengths that
contains v. The results are summarized in the following tables and are shown to be optimal in the sense that the absence of
cycles of certain lengths on some GHT(m, n, s)’s is inevitable due to their hexagonal structure. Let G be GHT(m, n, s).

When m is even:

n\m m=4 m>6
n=4 Lemma 1. G is vertex-bipancyclic. Lemma 2. G contains C; for
l € {4,2m + 4t, 6 + 4t|t € N}
n = {6, 8} Lemma 3. G is 6-vertex-bipancyclic. Lemma 3. G is 6-vertex-bipancyclic.
n>10 Theorem 1. G is 6-vertex-bipancyclic for Theorem 2. G contains a 6-cycle and is
s € {0, 2, 4}; G contains a 6-cycle and is 10-vertex-bipancyclic.
10-vertex-bipancyclic for s > 6.
When m is odd:
n\m m=3 m>5
n=4 Lemma 4. G is vertex-bipancyclic. Lemma 5. G contains C; for
le{4,2m+ 2 + 4t, 6 + 4t|t € N}.
n = {6, 8} Lemma 6. G is 6-vertex-bipancyclic. Lemma 6. G is 6-vertex-bipancyclic.
n>10 Theorem 3. G is 6-vertex-bipancyclic for Theorem 4. G contains a 6-cycle and is
s € {1, 3, 5}; G contains a 6-cycle and is 10-vertex-bipancyclic.
10-vertex-bipancyclic for s > 7.
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