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Abstract

In this thesis, we analyze digital and analog clipping in OFDM
system. We derive the equations that show how digital and analog
clipping affect the average autocorrelation of the transmitted signal.
Earlier analysis of the clipped signals requires the assumption that
input signal of the clipper is WSS. However, this assumption is not
valid in the OFDM system in practice. We show that the clipper
input should adequately be assumed to be WSCS. We will derive the
power spectrum of the clipper output. Numerical simulation will be
given to demonstrate the transmitted spectrum of the OFDM trans-
mitter using analog clipping spreads more widely than the one using
digital clipping. It will also be shown that transmitted spectrum is

underestimated if we assume the clipper input signal is WSS.
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Chapter 1

Introduciton

Orthogonal frequency-division multiplexing (OFDM) is an attractive transceiver
scheme for its high transmission rate for the last several decades [1]-[3]. It has
been well-adopted in many practicals@ppliéation, such as radio environment [4],
mobile communications [5] and.eopperwired.DSL application [6, 7]. In OFDM,
large number of orthogonal subcarriers aresused at the transmitter to transmit
data, which can be achieved by inyerseé Discrete Fourier Transform (IDFT). In
the similar way, Discrete Fourier Transform (DET) demodulates the data at the
receiver. The IDFT-DFT pair can'be implemented by FFT algorithm which
reduces the computational complexity. Easily achieved interblock interference
(IBI) free is one of the major merits of the OFDM system. By inserting the guard
interval, usually known for cyclic prefix (CP), at each block before transmitting,
IBI can be removed if the channel order is not greater than the length of CP.
Simple equalization is another advantage of the OFDM system. When coping
with the frequency-selective channel, each subcarrier can be viewed as suffering
a constant scaling if the subcarrier is enough narrow-banded, hence, the receiver
needs only one-tap equalization.

One of the disadvantages in utilizing OFDM system is the large peak to aver-
age power ratio (PAPR) of the OFDM signal. The large peak at the transmitter
will cause the saturation in power amplifier and may suffer from poor power
efficiency. Amounts of research have been presented to solve this problem. Sev-

eral famous solutions such as selective mapping (SLM) [8], which multiplying the



specific sequence to the input signal, or partial transmit sequence (PTS) [9] that
dividing the input signal into several subblocks then optimally joint them, they
aim the target at how to reduce the probability of generating the large peaks.
The drawbacks of these solutions are computational complicated and the side
information is necessary.

One popular and convenient method is to clip or limit the peak amplitude of
the OFDM signal to a maximum value, called clipping [10]. Clipping is widely
used to reduce the large PAPR of the OFDM signals. Unfortunately, it brings the
side effect called clipping noise, which is introduced additional out-of-band noise
and degrades the performance of the system. Several schemes and investigations
have been made to mitigate and analyze the clipping noise [11]-[16]. Though they
are broadly adopted, several key problems take place on their modulation scheme

and the assumption of the clippersinput signal.
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Figure 1.1: Analog representation of the OFDM transmitter.

The transmitter scheme applied in [11]-[14] is shown in Fig. 1.1 and the com-
moly used digital communication of the OFDM transmitter is shown in Fig. 1.2.
p(t) in Fig. 1.1 is the pulse-shaping filter with length Ty = 27/, and w(n)
and h(t) are the transmitting window with M taps and reconstruction filter with
natural frequency 7 /T, respectively. It is proved that these two kinds of schemes
are equivalent only for special choices of p(t), w(n) and h(t) [17] and the spectral
roll-off of z(¢) and y(¢) can be a significant difference. Hence, applying the analog

representation model in Fig. 1.1 is not adequate for analyzing the out-of-band



noise.
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Figure 1.2: Commonly used DFT-Based implementation of the OFDM transmit-
ter, where wy = 27 /M

Another major problem is the imappropriate agsumption of the clipper input
signal. Under the assumption that clipper input is WSS, an analytical research of
the clipping noise is given in [11; 16},-However, is not appropriate for DFT-Based
implementation and will underestimate the effect of the clipping noise.

In this thesis, we consider digital elipping and analog clipping in OFDM
system. We begin from the model in Fig. 1.2, then digital or analog clipped are
added, respectively. The clipper input y(t) is assumed to be a WSCS process now.
In numerical simulation, the difference between the analog representation and
DFT-Based implementation of the OFDM transmitter will be shown, especially
in spectral roll-off. Also, we will demonstrate that the transmitted spectrum of
the analog clipping spreads more widely than the digital clipping ones in different
clipping ratio. We will show how that the clipping noise will be underestimated

if we assume the clipper input signal is WSS.

1.1 Outline

e Chapter 2:A survey of previous works is given. Including showing the dif-

ference between the analog representation and DFT-based implementation



of OFDM transmitter, and the analysis of clipping process under the as-
sumption that clipper input signal is WSS, and illustration of the statistical
property of DAC output signal when the DAC input is WSS.

e Chapter 3: Advanced analysis on DAC when DAC input is a WSCS process.
A similar result to the case that DAC input is WSS is derived.

e Chapter 4: Each block in the OFDM transmitter with digital clipper is
presented. The properties of the OFDM input signal is also introduced.
Then, we make the discussions on the statistical properties of the modulator
output signal, the digital clipper output signal and the output signal of the

DAC. Thereafter, we focus on deriving their average autocorrelation.

e Chapter 5: The OFDM transmitter with analog clipper is shown, such
as transmitting window, DAC aleng with reconstruction filter and analog
clipper. Next, the analysis on the statistical properties of the DAC output
signal and the output signal of the analog chipper is given. Similarly, this

average autocorrelation will be‘deduced.

e Chapter 6: The simulation will be given in this chapter, including that:
Showing the difference in spectral roll-off between the analog representation
and DFT-Based implementation of the OFDM transmitter. Comparison
of the average spectrum between analog clipping and digital clipping in
different clipping ratio. How a different assumption of the clipper input

signal affects the estimation of the clipping noise.

e Chapter 7: Conclusion.

1.2 Notation

1. R{-} denotes taking real part.
2. ¥{-} denotes the imaginary part is taken.

3. * denotes convolution.



4. yg(n) represents that the real part of y(n), that is, R{y(n)}.
5. yr(n) represents that the imaginary part of y(n), that is, S{y(n)}.

6. d(n) represents the kronecker delta function.

7. Q(z) is given by Q(z) = [* e~ dt.

8. The notation y(n) will be abbreviated as y,, when applying mathematical

deduction, especially the integration is applied.

1.3 Prerequisite [18]

1.3.1 Wide Sense Stationary Process

A random process z(n) is said to bewide sensé stationary(WSS) if x(n) satisfies

the following conditions:
1. Elx(n)] = my,
2. Elz(n)x*(n — k)] = R.(k).

Mean function E[z(n)] is a constant independent of n and the autocorrelation
function E[x(n)z*(n — k)] depends on time difference k, not n. We define the
power spectrum of a WSS process as the Fourier transform of the autocorrelation
function R, (k),
o0
So(¢) £ Y Ry(k)e 7.

k=—o00
For continuous time random processes, WSS property can be define in a similar
manner. We say a continuous time random process y(t) is WSS if the mean
function E[y(t)] is independent of ¢ and the autocorrelation function Ely(t)y*(t —
7)] only depends on 7. The power spectrum of a WSS process is defined as the
Fourier transform of the autocorrelation function,

Sy(jQ)é/ R,(T)e %7 dr.

[e.o]



1.3.2 Wide Sense Cyclostationary Process

A random process z(n) is said to be wide sense cyclostationary with period M

(denoted by WSCS(M)) if it satisfies the following conditions:
1. E[z(n)] = E[z(n+ M)],
2. Elz(n)x*(n — k)] = Elx(n+ M)x*(n + M — k)].

These two properties represents that mean function E[z(n)] and the autocorre-
lation function E[z(n)x*(n — k)] is a periodic function of n with period M. We

define the average autocorrelation function as

R.(k) & % Z_: Elz(n)x*(n — k)].

Also, we define the average powerlspectrum of-a WSCS process as the Fourier

transform of the average autocerrelation function,

Sa () £ TR (k)er .

k=—o00
Similarly, we can define wide sense €yelestationary property for continuous time
random process. We say a continuous time random process y(t) is wide sense

cyclostationary with period T' (denoted by WSCS(T')) if
L Ely(t)] = Ely(t + T,
2. Ely()y*(t = 7)) = Ely(t + T)y*(t + T = 7)].

Mean function E[y(t)] and the autocorrelation function E[y(t)y*(t —7)] is a peri-
odic function of ¢t with period T'. The average autocorrelation function is defined
as
o A 1 Ts:
R 23 [ By -
s Jo
Then we define the average power spectrum of a WSCS process as the Fourier

transform of the average autocorrelation function,

S, (i) é/ R,(T)e " dr.



Chapter 2

A Survey of Previous Works

In this Chapter, we will introduce earlier analysis on analog and digital modula-

tion process, clipping scheme and digital-to-analog conversion.

2.1 Analog Representation and DFT-Based Im-
plementation-of OFDM Transmitter [17]

In this section, we reviewed the tesults relatesto the analog and digital modulator,

the explicit derivations are stated in {17}

Theorem 1 : Let the OFDM transmitter in Fig. 1.2 have a rectangular window

w(n)

w(n) = 1, 0<n<M-1
| 0, othewise

and an ideal lowpass reconstruction filter h(t) with

L9 < £

oy = {

othewise.

The outputs of the two systems, respectively, x(t) in Fig. 1.1 and y(t) in Fig. 1.2,
are not the same for any choice of pulse shaping filter p(t).

Theorem 2 : The analog OFDM transmitter in Fig. 1.1 with a rectangular pulse
p(t) does not admit the DFT-based implementation in Fig. 1.2, regardless of the
choices of w(n) and h(t).



Above two theorems state that for commonly used digital window, reconstruc-
tion filter and pulse shaping filter, the analog representation and DFT-based im-
plementation of OFDM transmitter are not equivalent. The following theorem

will show that these two transmitters are equivalent for only special cases.

Theorem 3 : The OFDM transmitter in Fig. 1.1 can be implemented as in
Fig. 1.2, namely, the two systems are equivalent, if and only if the pulse shaping

filter p(t), the digital window w(n), and the reconstruction filter h(t) satisfy

W () H(j(Q+ ko)) = G(jQ), for k= —M/2,~M/2+1,--- ,M/2 1.

2.2 Spectral Properties'for,a Clipped DMT ADSL
Signal [16]

In this section, the analysis relates to.the clipper’is reviewed. The schematic
diagram of the clipper is shown in“Fig.“2:%:*The clipper input signal z(t¢) is a
DMT signal consists of a sum of modulated sinusoids which can be represented
as a zero mean Gaussian random process. In addition, x(t) is assumed to be

WSS with variance o2. The clipping can be modeled by a clipping function g(-)

as follows " o) > A
y(t) = g(z(t)) = § =(t), —A<z(t)<A .
—A, z(t) < -A

The statistics of the clipper output signal y(¢) is developed in [16], which will be

stated in the following theorem. The explicit derivations are also given in [16].

Theorem 4 : If the clipper input signal z(t) is a WSS, zero mean Gaussian
random process with variance o2, and we suppose the autocorrelation function of
x(t) is Ry(T), where R,(0) = o2, then the autocorrelation function of the clipper

output y(t) can be expressed as

Ry () = Ra(0) [eer (%) r(7) + n:g Cn[r(T)]nH}



where (1) = R,(7)/R.(0), erf(-) denotes the error function, the sum over the
index n is for even numbers only, and the distortion coefficients C,, is
B 4HZ—1(%) —A?
ST ORI {7}
with H,, a Hermite polynomial of order n.
Notice that the first term of R,(7) is usually called in-band signal which
relates to the spectrum of the clipper input signal z(t), and the second term
often named as clipping noise which comes from the clipping process and distorts

the spectrum of clipper input signal.

9(+)

z(t)—» % oo y(t)

Figure 2.1: Sehematic diagram of-the clipper.

2.3 DAC with WSS Input Signal [18, 19]

We will introduce previous investigations on a WSS signal passing through DAC
in this section. The DAC scheme is shown in Fig. 2.2. The DAC input signal
z(n) is a WSS random process, p(t) is the reconstruction filter and the sampling
period of DAC is 7. We will demonstrate that the DAC output signal x(t)
becomes a WSCS process and give the expression of the average autocorrelation
and average power spectrum of z(t). The explicit derivations have been shown

in [18, 19].

Theorem 5 : Consider the DAC with a reconstruction filter pi(t) and sampling
period T as shown in Fig. 2.2. When the input signal x(n) is WSS, the output
x(t) is a continuous time WSCS(T ) process, that is,

Elz(t)] = Elz(t + T)], Elx(t)z*(t — 7)] = Bla(t + T)z*(t + T — 7).

9



DAC

Convert from
x(n)4> sequenceto > p,(t) > .’L‘(t)
impulse train

A

‘ sampling
period

Figure 2.2: Digital-to-analog conversion scheme.

Theorem 6 : When the input signal of DAC x(n) in Fig. 2.2 is WSS, the output

WSCS(T) random process x(t) has an.average autocorrelation

Rulr) <7 TR (e k)

k=—0c0

where
and

Then function f(7) is defined as
f(r) = pur) xpi(=7)
= [T pi()pa(t — 7)dt
where * denotes convolution.

Taking the Fourier transform of the above conclusion, we obtain the average

power spectrum of x(t) as

: 1 ; :
(i) = (NI GP,

where P;(j€2) is the Fourier transform of the reconstruction filter p;(t).

10



Chapter 3
Advanced Analysis on DAC

In section 2.3, we demonstrate the autocorrelation of the output signal of DAC
when the input signal is a WSS process. We now make an investigation on the
DAC output signal z(t) in Fig. 2.2 while'théinput signal z(n) is a WSCS process.

The following lemma will shéw thattDAC. output signal z(t) is still a WSCS

process even the DAC input signal turns into a WSCS process.

Lemma 1 : If the DAC input-@(n)inFig—2.2 is a WSCS(M ) process, then the
DAC output x(t) in Fig. 2.2 is a W.SCS(MT ) process, where T is the sampling
period of DAC.

Proof: The explicit derivation will be given in Appendix A. ANAN

Next, we will demostrate the average autocorrelation of the DAC output signal
x(t), it can be seen that the expression is almost the same as the case that DAC

input signal is a WSS process.

Lemma 2 : When the input signal of DAC z(n) in Fig. 2.2 is WSCS(M ), the
output WSCS(MT ) random process x(t) has an average autocorrelation

Rr)= 3 Ralk)f(r— kD). (1)
where
Ry(r) 2 o [T Bla(t)a* (t — 7)]dt (3.2)
and
Ra(k) = 45 52 Blan)a(n— b) 33)



Then function f(T) in (3.1) is defined as
f(r) & pr)xpi(=7)

= f_oooo p1(t)p1(t — 7)dt

where x denotes convolution.

Proof: The derivation will be completely shown in Appendix B. ANN

12



Chapter 4

Transmitted Spectrum with
Digital Clipping

We aim our target at deriving R, 4.(7) in this chapter. That is, we wish to derive
the average autocorrelation of the'signal y,.(¢)in Fig. 4.1. Hence, the statistical
properties of each output signal y(n), ys.(n)and y..(t) in Fig. 4.1 should be
discussed, and then the average autocorrelation R,(k), R, 4.(k), and R, 4.(7) can

be derived correspondingly.

4.1 System Model for Digital Clipping

1‘ ; eJwo(=M/2)n
s ) | BT

1 . eJwo(=M/2+1)n

T _Mj2+1 w(n) Y 77
DAC
#711\—16'1.'“)“(111/271)" y(n) Digital ydc(n) Convert from ydc(t)
1’3‘\7/271 w(n) —»X A » Cllpper » sequenceto h(t) >
impulse train
A

sampling
T period

Figure 4.1: The OFDM transmitter with a digital clipper.

In this section, the system model used for digital clipping is presented. Fig. 4.1
is the commonly used DFT-Based OFDM transmitter with a digital clipper. The

13



first part performs the digital modulation of the M subcarriers with frequency
1

spacing wg = 27 /M. The scalar i is the normalized scaling. The input sequence
of the OFDM system xj is a white, Gaussian distributed random process with
zero mean and variance o2. w(n) is a discrete window with real coefficients of
length M. After digital modulating, y(n) is the modulator output as indicated
in Fig. 4.1.

The second part carrying out the digital clipping. The digital clipper limits
the real part of the clipper input sequence yr(n) and imaginary part of the clip-
per input sequence y;(n) separately. The output signals of the limiting processes
are Yger(n) and yg.s(n), respectively. Combining both outputs sequence results
in the digital clipper output sequence y4.(n). The clipping process can be equiv-
alently modeled by two individual and identical clipping functions g(-) shown in

Fig. 4.2. The clipping function g(+)'is defined as

A AR A
y = g(z¥=R e, AR < A . (4.1)

—A, r<-A

9(+)
—> yr(n) —> 7‘}&. > Yaer(n) —»
‘A
v | bigital | Yae(n)  —  w) Yae(n)
> Clipper > — ) >

g(-

A
—> y;(n) —» % > yd(:,l(n) —>
-A

Figure 4.2: Equivalent model for digital clipping.

The last part of the OFDM transmitter with the digital clipper performs a
digital-to-analog conversion, which converting the sequence to the impulse train,
then passing through the reconstruction filter h(¢) and the output signal yg.(t) is
generated eventually . A reconstruction filter is usually a lowpass filter with real

coefficients. Notice that the sampling period of the DAC is T;.

14



4.2 Statistical Properties of the Modulator Out-
put Signal y(n)

In this section, we analyze the statistical properties of the modulator output
signal y(n), including showing that y(n) is a WSCS process, and with jointly

Gaussian distributed.

(—=M/2)n

#71_€ij
L_prj2 —» w(n) — X M

y Vi
T_pjoe1 —» w(n) P

. L ojwo(M/2=1)n y(n)
Lrja—1 —p w(n) —»(gm y »

Figure 4.3: Digital modulator of-the M subcarries for one-shot transmission.
w(n) is the discrete window of-lenth M. and wy = 27 /M

The output of the modulator y(n) in'Fig. 4.3 is given by

M_q

2 om

y(n) =w(n)- ﬁ ZM Tkt B(n)M * eIk n e Z (4.2)
k=—%

where w(n) is the transmitting window with M coefficients, B(n) = | 7] is the

block indicator. x; can be expressed as a,+7b;, where a; and by, can be reasonably

assumed that

Elaan,) = Ebby) = 30201 —m)
(4.3)
E[(llbm] = 0 \V/l, m € 7.

Firstly, it can be shown that y(n) is a WSCS process under the assumption

that x is a white process.

Lemma 3 : If the input of the OFDM system xy is a white process, then the
output of the modulator y(n) in Fig. 4.8 is WSCS. Especially, if the M point IDF'T

15



is used, then y(n) is a WSCS process with period M, denoted as WSCS(M )
Proof: The explicit derivation will be given in Appendix C. ANAN
Secondly, we demonstrate the prrof that y(n) is a jointly Gaussian random

process.

Lemma 4 : If x is a jointly Gaussian random process, then y(n) in Fig. 4.3 is

also a jointly Gaussian random process.
M
M_y

T kn

2 .
Proof: Since y(n) = w(n) - ﬁ Y. ThiBm)M - /3% which is a linear com-
k=—M

2
bination of x, therefore indeed a jointly Gaussian distributed random process.

JAVAVAN

4.3 Derivation of R, (k)

We now derive R, (k), which is the avefageautocorrelation of y(n) in Fig. 4.3.

w|§

—1

Lemma 5 : y(n) = w(n) - <= S| @i - A 2 ya(n) + jyi(n), where
k=—

yr(n) = R{y(n)} and yr(n) = Hy(n)}. It canbe shown that

1. yr(n) and yr(n) are uncorrelated, that is, Elyr(n)y;(m)] = 0,Yn,m € Z.
2. The joint pdf f(Yrmns Yrm, Y1ns Yr.m) can be separated as

f(yR,n7 YR,m> YI n, y[,m) = f(yR,na yR,m) : f(y[,na y[,m>

3. Elyn(mya(m)] = Elyr(n)yr(m)] = SoZw(n)w(m)s(m —n).
1 Ry = Ryl) + Foa ) = & 3 oZulm)uln — B)3(H).

where R, (k) is defined as

ByfK) = - 3 Ely(n)y’ (n 1)

, which is a function independent of n.

Proof: The derivation is demonstrated in Appendix D. ANAN
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4.4 Statistical Properties of the Digital Clipper
Output Signal y4.(n)

In this section, we discuss the statistical properties of the clipper output sig-
nal yq.(n) in Fig. 4.2, including giving the proof that yu.r(n) and y4.r(n) are

uncorrelated and showing that yg.(n) is also a WSCS process.

Lemma 6 : ]f the jOint pdff<yR,n7 YRn—k> YIn, y],n—k) - f(yR,m yR,n—k)'f(yI,m yl,n—k);
then the real and imaginary part in the output of the digital clipper, ys.r(n) and
Yac1(n) in Fig. 4.2, should be uncorrelated. Accordingly, we have

ElYac(n)ygc(n — k)| = Elyacr(n)yacr(n — k)] + ElYac(n)yacs(n — k)].

Then obviously,

Ry.ac(k) = Ryagr(k)=t Ryacr (k).

Notice that
Yae,r(n) = glyr(1))

Yae,r(n) = g(Yr(n))

_ M—1
Ry k) = & Elyael)y(n = k)
_ M-1
Ry aer(k) = 57 Zo ElYac,r(n)Yac,r(n — k)]
_ M—1
Ry,dc,[<k) = % Z{) E[ydc,l(n)ydc,l<n - k)]
Proof: The derivation will be given in Appendix E. ANAN

Lemma 7 : If the input sequence of the digital clipper y(n) is a Gaussian dis-
tributed WSCS(M ) process, then the output sequence of the digital clipper yq.(n)
is also WSCS(M ).

Proof: The derivation will be presented in Appendix F. YAVAVAN
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4.5 Derivation of R, 4.(k)

We then focus on the relationship between the input and the output of the digital
clipper, i.e., y(n) and yq.(n) in Fig. 4.2, especially the relationship of the average

autocorrelation. We then give the explicit derivation of R, 4.(k).

Lemma 8 : If the digital clipper input signal y(n) is WSCS, then R, 4.(k), the

average autocorrelation of clipper output signal yga.(n), can be expressed as

M-—1
¥5) A
Ry,dc(k) = % Z: erf(ﬁ;:R )erf(\/ioyR L )E[yR,nyR,n—k]
n=0 n n
M-—1 o)
+% Z Z DmEm+1[yR7nyR,n—k]
n=0 m=2/4,--
where
4Hm—1(ﬁ‘: )Hm—l(ﬁ 4 ) Py 2
. °YR,n YR, W=k gt A . A
Dm - W'Zm'(m—’_l)!'ULnR,n'U;nR,n eXp( 20513,71 ) eXP( 2G§R,n—k )
Proof: The explicit derivation will'be given in Appendix G. ANAN

4.6 Statistical Properties of the DAC Output
Signal y,.(1)

We have shown the equation of R, 4.(k), which is the average autocorrelation
of the input singal of DAC y4(n). In this section, we are going to make an
analysis on the statistical properties of the DAC output signal yu.(t). We are
going to show that the output of DAC yg.(t) is also a WSCS process, then the
derivation average autocorrelation of the DAC output R, 4.(7) would be stated

in next section.

Lemma 9 : If the DAC input yq.(n) in Fig. 4.4 is a WSCS(M ) sequence, then
the DAC output ya.(t) in Fig. 4.4 is a WSCS(MT;) process, where Ty is the sam-
pling period of DAC.

Proof: The conclusion can be directly derived from Lemma 1. ANAN
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DAC

ydc(n) Convert from ydc(t>
» sequenceto h(t) »
impulse train

A

sampling

T, period

Figure 4.4: digital-to-analog converter in the OFDM transmitter with digital
clipper.

4.7 Derivation of R, 4.(7)

We then derive R, 4.(7), the average,autocorrelation of y4.(t) in Fig. 4.4.

Lemma 10 : If ys.(n) in Fig: 4.4-is\a WSCS(M ) sequence and yq.(t) is the
output signal that yq.(n) passing throug the DAC in Fig. 4.4, then

o0

Ryac(r) = TLS ) > Ryac(R)Jf(T — KT), (4.4)
where
Ryac(r) & 5tz o' Elyac(t)yi(t — 7))t (4.5)
and
_ M-1
Ry ac(k) = 3 };O Elyac(n)yge(n — k)] (4.6)
f(7) is defined as
f(r) = h(7)*h(-T)
(4.7)
= [ h(t)h(t —T)dt
where x denotes convolution.
Proof: The conclusion can be apparently made from Lemma 2. YAVAVAN
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Chapter 5

Transmitted Spectrum with
Analog Clipping

In this chapter, our focus is to derive R, ,..(7), i.e., to derive the average au-
tocorrelation of the signal y,.(t)4n Fig. 5.1° Hence, the statistical properties
of the each output signal y(n); y(£) and 4..(t) in-Fig. 5.1 should be discussed,
then the average autocorrelation R, (k), R,(7) and R, ..(7) are able to be derived
correspondingly. However, we have investigatéd the properties y(n) and derived
the representation of R, (k) in chapter 4, therefore, the following paragraph will

be concentrated on the statistical properties of y(t), y..(t) and the derivation of

Ry (1) and }_%y,(w(T).

1 : e,jw“(ff\[/Q)n

1L_ojwo(=M/2+1)n
+ V¢
T 241 w(n)

Analog
Clipper

. L ojwo(M/2=1)n y(n) t
L ar/2-1 w(n) —Pim v > DAC y( ) g
T sampling
T period

Figure 5.1: DFT-Based OFDM transmitter with analog clipper
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5.1 System Model for Analog Clipping

In this section, the system model used for analog clipping is presented. Fig. 5.1 is
the commonly used DFT-Based OFDM transmitter with analog clipper. Similar
to the structure in Fig. 4.1, the first part performs the digital modulation of the
M subcarriers with frequency spacing wy = 2w /M. The assumption of x; and the
parameters of w(n) are the same as those in Fig. 4.1. y(n) is also the modulator

output as indicated in Fig. 5.1.

Convert from
sequence to

—>» yH(n) —> impulse train i h’(t) I y”(t)gb

i
i
y(n) yt) —  wn) T, Samene y(t)
5 pac M= M, AN
1 cam
T zae??gdmg Convert from ¢
: —> yl(n) — P sequence to [P ]L(t) —> y[( )4}
impulse train
A
J‘ﬂ sampling

s period

Figure 5.2:7 Equivalent-model for DAC.

The second part carrying out the digital-to-analog converting now. The struc-
ture of the DAC is shown in Fig. 5.2, which applying digital-to-analog conversion
individually on both the real part and imaginary part of the input signal, yg(n)
and y;(n). And the output signal of the DAC y(¢) is the combination of the
output of the converted signal yg(t) and y;(¢). The reconstruction filter h(t)and
the sampling period T} is the same as what we presented in section 4.1.

The last part is the analog clipper. It is similar that analog clipper limits
the real part of the clipper input signal yg(¢) and imaginary part of the clipper
input sequence y;(t) separately. The output signal of the process are y,. r(t) and
Yac,1(t), respectively. The output of the analog clipper y,.(t) is the combination
Of Yae,r(t) and yucr(t). The clipping process can also be equivalently modeled
by two individual and identical clipping functions g(-) shown in Fig. 5.3. The
clipping function g(-) is defined in (4.1).
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q()

A
—» yl?(t) —> % —» ya(gR(t) —>»
‘A

v e q Yac(t) y(t) Yac(t)
g(+)

Clipper
A
—> yl(t) —> —» yau,l(t) —
A

Figure 5.3: Equivalent model for analog clipping.

5.2 Statistical Properties of the DAC Output
Signal y(¢) and the Derivation of R,(7)

In this section, the analysis on thei§tatistical properties of the DAC output signal
y(t) in Fig. 5.2 is given. We are going to show that: yg(t) and y;(¢) are uncor-
rlated, y(¢) is a Gaussian WSCS process, the joint pdf f(yrt, Yri—r, Yrt, Yr1—r) =
FYrt, Yri—r) - f(Yyr+,yr+—r). Then, thederivation on the average autocorrelation

of the DAC output R,(7) are also te.be shown in this section.

Lemma 11 : The real part and the imaginary part of the DAC output in Fig. 5.2,
yr(t) and y;(t), are uncorrelated. Thus,

Ely(t)y*(t — 7)) = Elyr(t)yr(t — 7)] + Elyr(t)yr(t — 7)].

Proof: From Fig. 5.2, we have

yr(t) = 3 yr(m)h(t —nT.)
= (5.1)
yi(t—71) = ; yr(m)h(t — 7 —mTy).

And their cross correlation will be

Elyr(®ui(t=7)] = 5 5 Elya(my(m)h(t = nTh(t = = mT.)
(5.2)
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From Lemma 5, we know that E[yr(n)y;(m)] = 0, therefore, we have the first
conclusion that Elyr(t)y;(t —7)] =0, V7 € R.
Therefore, the autocorrelation of y(t) becomes
Bly(ow = 7)) = El{um0)+ i) (st = 1) nle =)
(5.3)

= Elyr(t)yr(t — )] + Elyr(t)y:(t — 7)].
We have given the proof of all the statement. AAA

We are going to demonstrate the proof that y(¢) is a jointly Gaussian process

and independence of the joint pdf.

Lemma 12 : The DAC output y(t) in Fig. 5.2 is a jointly Gaussian process and
the joint pdf

Tt Yrt—rs Y0, Ytsier) = - [ WR s YRa—r) - (Y14, Yre—r)-

Proof: From Fig. 5.2, we have
y(t) = yr(t) +jur(t)
(5.4)

o0

= > (yR(n) +jy1(n)>h(t —nTy).

Since ygr(n) and yy(n) are both jointly Gaussian distributed, therefore, y(t) is a
linear combination of yg(n) and y;(n), which is a jointly Gaussian process. This

is the demonstration of the first statement. And from Lemma 11, we know that
Elyr(t)y;(t —7)] =0, VreR. (5.5)
Hence, the joint pdf f(yrt, Yri—rs Y11, Y1,t—-) apparently turns into

f(yR,t7 yR,thv y[,t7 yI,th) = f(yR,ta yR,th) : f(y[,h yI,tf‘r)- (56)

AAA

Next, the proof the y(t) is a WSCS process is given. In fact, the following

proof is based on the former deduction results.
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Lemma 13 : The DAC output y(t) in Fig. 5.2 is a WSCS process with period
MT;.

Proof: This result is a direct conclusion from Lemma 1. VAVAVAN

Now, the final paragraph of this section is to show the average autocorrealtion

R,(7). The derivation is also based on the results in Chapter 3.

Lemma 14 : If y(n) is a WSCS(M ) process and y(t) is the output signal that
y(n) passing throug the DAC in Fig. 5.2, then

E ( ) k_z_:ooR ( ) (T_ kTs)a (57)
where
R(1) 2 =i Ely@y: (t — 7))dt, (5.8)
Ry (k) 25 E Bl (- k). (5.9)
and f(1) is defined as
F(r) Z0iz) ()
(5.10)

= [T h(t)h(t —T)dt,
where x denotes convolution.

Proof: It is an apparent conclusion can be made from Lemma 2. ANAN

5.3 Statistical Properties of the Analog Clipper
Output Signal y,.(t) and the Derivation of
Ry ac(T)

In this section, firstly we will show the statistical properties of the analog clipper
output signal y,.(t), more explicitly, to prove that E[y.c r(t)Yacs(t)] =0, Vt € R.
Then, the derivation of R, ..(7) will be given.

Lemma 15 : If the joint pdf f(Yr.t; Yrit—rs Y1t Y1i—) = f(YRr Yri—r) f Yre, Y10—+),
then the real and imaginary part in the output of the digital clipper, Yuer(t) and
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Yac1(t) in Fig. 5.3, should be uncorrelated. Accordingly, we have

ElYac)ype(t = 7)) = ElYac,2(t)Yac,r(t = 7)) + ElYac,s ()Yac1(t — 7)].

Then obviously,

Ry,ac(T) = Ry,ac,R(T) + Ey,ac,I(T)'

Notice that
Yac,r(t) = g(yr(t))

Yac,1 (t) = g(yr(t))

Sy MTs
Ry,ac MT f E yac yac(t - T)]dt

s

Ry,ac,R(T) = M;Ts fOMTS E[yac,R(t)yac,R(t - T)]dt

5} MTs
Ry,acJ(T) = ﬁ fo E[yac,l(t)yac,l(t - T)]dt'
Proof: Since the analog clipper in Fig.:5.3 can-be also modeled by the two

identical and individual clipping funetion g(-), which are the same as digital

clipper, and f(yR,tvyR,t—TvyI,tayl,t—‘r) = f(yR,tayR,t—’r) : f(yl,tyy],t—r) has been

given in Lemma 12, therefore, the first.conclusion can directly made from Lemma

6. Next, since

E[yac(t)ch(t - 7—)] = E[yac,R(t)yac,R(t - 7—)] + E[yac,l(t)yac,l(t - T)]? (511)
integration on both side still remains the same, that is,

MTs £ MT,
MlTS fo E[yac<t>yac(t - T)]dt = ]\/leS fo E[yac,R(t>yac,R(t - T)]dt

MTs
+ﬁ fo E[yac,l(t>yac,l(t - T)]dt,

(5.12)

Hence, according to the definition, we have
Ry oe(T) = Ryac.r(T) + Ryaci(7). (5.13)
ANN

Now we put the focus on deriving the average autocorrelation of y,.(t) in

Fig. 5.3, that is, derivation of R, 4.(7).
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Lemma 16 : If the analog clipper input signal y(t) is WSCS, then R, q.(T), the

average autocorrelation of clipper output signal yu.(t), can be expressed as

D MT; A A *
Ryace(T) = % 0 erf(\/io'th)erf(\/io—yﬂ,ti‘r)E[yRytyR,th]dt
MT, X m
+MLTS 0 > DnE" ' yriyr.—)dt
m=2,4,--
where
4Hm*1(\/§2 )Hmfl(\/ﬁ . ) 2 2
_ TYR,t “YR,t—7 __A A
Dy = T2 (A oy oy exp( 2020, ) exp( 207, )-
Proof: The explicit derivation will be given in Appendix H. ANAN
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Chapter 6

Numerical Simulation

6.1 Spectrums of Analog Representation and DFT-
Based Implementation of OFDM Transmit-
ters

Notice that we mentioned before that analog representation and commonly used
DFT-Based implementation QFDM |transmitter differs in spectral roll-off [17],
and hence it is improper to usé. the analog representation modeling to analyze
the clipping noise. To see how much thedifference is, we then display both the
spectrum of z(¢) and y(¢) in Fig. 1.1 and Fig. 1.2.

Consider the DFT size M = 64. The OFDM input signal x is a white,
Gaussian distributed random process with zero mean and variance o2. In the

analog representation of the OFDM transmitter, p(t) is a rectangular pulse given

by
1, 0<t<T

po={ g oal T 6.1

where Ty = 27/. The frequency response of p(t) is shown in Fig. 6.1.
As to the commonly used DFT-Based implementation, the window w(n) in

OFDM system realization is a discrete rectangular window with coefficients

1, 0<n<M-—1
w(n) = { 0, othewise ' (6.2)

The reconstruction filter h(t) of the DAC is chosen to be a zero-order hold followed
by a second-order elliptical filter [22], that is, h(t) = hzom(t) * henip(t), where the
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zero-order hold hzopy(t) can be expressed as

1, 0<t < T}

0, o.w. ) (6.3)

hzon(t) = {

where Ty is the sampling period, and the parameters of the elliptical filter hey,(t)
as follows: Passband ripple size = 1 dB, stopband attenuation = 20 dB, and
natural frequency = 0.5Q;, where Q, = 27 /T,. We plot the frequency response
of the reconstruction filter h(t) in Fig. 6.2.

Now we are able to compare the average power spectrum of the output of
these two transmitters in Fig. 6.3. The maximum value of these two spectrums
has been normalized to one and we can see that the spectral roll-off are quite
different. Hence, analog representation modeling is not suitable for analyzing
the out-of-band noise for its spectral rolloff is way imprecise from the commonly

used model.

10

Frquency response (dB)
i
[6)]

-0.3 -0.2 -0.1 0 0.1 0.2 0.3
Frequency normalized by QS.

Figure 6.1: Frequency response of the pulse shaping filter p(¢) in Fig. 1.1.

28



10

Frquency response (dB)
b b s
o o o

|
N
o

|
[
o
T

N | A

-2 -1 0 1 2 3
Frequency normalized by QS.

|
(o2}
o

|
w

Figure 6.2: Frequency response of reeonstruetion filter h(t) in Fig. 1.2.
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average spectrum of x(t)
10t — gverage spectrum of y(t) [
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Normalized average spectrum (dB)

qu o yl" | ‘IW'MW
" \ n
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Figure 6.3: Average power spectral densities of the output of the two modulation
models z(t) and y(t).
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6.2 Digital Clipping in OFDM system

We will use results derived in earlier chapters to plot the average power spectrum
of proposed conclusion on the digital clipped OFDM signal.

We will use the models of the OFDM transmitter with digital and analog
clipper in Fig. 4.1. The parameters of w(n) and h(t) are the same as the previous
section. According to the block diagram in Fig. 4.2, we know that a digital clipper
can be modeled by two identical and separate clipping functions g(-) that clips
the real and imaginary part of the clipper input signal individually. The clipping
function g(-) is as defined in (4.1).

Firstly, consider the parameters M = 64, the clipping ratio A/0,,  can be
reduced to A/o, from (G.37), which is independent of the variable n. Hence, the
notation n can be dropped. The spectrum 6f 4,;.(n), which is the digital clipper
output in Fig. 4.1, is shown in-Fig, 647 The clipping ratio A/o,,, = 1. Notice
that ya.(n) is the digitally clippedssignal of %(n). From Lemma 5, we know that

the average autocorrelation of (n)stated in(D.11L) is
_ M1
k) = & Sadu(@ln - k)i(h), (6.4
n=0

since w(n) is a rectangular window, R,(k) becomes o2§(k) and its spectrum
S, (e’*) is white. Hence, from (G.36), we know that S, 4.(¢/*), the average spec-
trum the digital clipper output y4.(n), is also white with only scaling difference
from S, (e/*).
Next, The average spectrum of y4.(t) is considered. Since R, 4.(k) is a single
pulse, R, 4.(7) in (B.10) becomes
Roaer) = §1(7)
(6.5)
= T%h(T) x h(—T)
where C' is a known constant from the combination of Hermite polynomials and

h(7) is the reconstruction filter in Fig. 4.1. S, 4.(j©2) then becomes

Sy ac(i) = £H(GQ)P, (6.6)
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where H(j€2) is the frequency response of the reconstruction filter h(t). The
figures given in Fig. 6.5 -6.8 are the figures for clipping ratio 0.1, 0.5, 1, 3,
respectively. The spectrum of In-band Signal is the first term in (G.36) which
relates to the spectrum of clipper input signal. The spectrums of Dy, D4 and Dy
are the second term in (G.36) with m = 2, m = 4 and m = 6, which consists in
clipping noise. We can see that as the clipping ratio increases, the in-band signal

is enlarged and the clipping noise is suppressed.

5
o
2 ot
1S
=
©
@
o
(%]
@
(o))
o
o 51
>
<
_10 I I I
-1 -0.5 0 0.5 1

Frequency normalized by 1t

Figure 6.4: Average power spectrum of the digital clipper output S, 4.(¢7).
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In-band Signal

Average spectrum (dB)

Frequency normalized by QS.

Figure 6.5: Average power specttum of.the OFDM trasnmitter with digital clip-
per S, 4.(e’?). The clipping ratio A/ey,; = 0.1

In-band Signal

Average spectrum (dB)

0
Frequency normalized by QS.

Figure 6.6: Average power spectrum of the OFDM trasnmitter with digital clip-
per S, q4.(¢’?). The clipping ratio A/o,, = 0.5.
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Figure 6.7: Average power specttum of the OFDM trasnmitter with digital clip-
per S, 4.(e’?). The clipping ratio A/e,-=1

In-band Signal
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Frequency normalized by QS.

Figure 6.8: Average power spectrum of the OFDM trasnmitter with digital clip-
per S, 4.(¢’?). The clipping ratio A/o,, = 3.

33



6.3 Analog Clipping in OFDM system

We will plot the average power spectrum of proposed conclusion on the analog
clipped OFDM signal.

We will use the models of the OFDM transmitter with digital and analog
clipper in Fig. 5.1. The parameters of w(n) and h(t) are the same as the previous
section. According to the block diagram in Fig. 5.3, we know that an analog
clipper can also be modeled by two identical and separate clipping functions g(+)
that clips the real and imaginary part of the clipper input signal individually.

As to R, q.(7) in (H.36), since E™*[ygyr: .| convolves itself for m + 1
times in frequency domain, it is predictable that the spectrum of the OFDM
tansmitter with the analog clipper output y,.(¢) will spread much more broadly
then that y,.(t). However, (H.36) isinot a closed form solution, hence, numerical
computation is used to resolve the equation. Consider the case DFT size M = 64.
The clipping ratio A/o,, , hercisafunctionof time-t, therefore, we take the time

average on oy, ,, where the average,clipping ratio/is defined as

- A

A
<oy i N T S 1NB/2 o 6.7
\/ YRt ﬁleoofB Zhy2 UyR,tdt ( )

A7, =

The figures given in Fig. 6.9 - 6.12 are the figure for clipping ratio 0.1, 0.5, 1,
3, respectively. The spectrum of In-band Signal is the first term in (H.36) which
relates to the spectrum of clipper input signal. The spectrums of Dy, Dy and Dg
are the second term in (H.36) with m = 2, m = 4 and m = 6, which consists
in clipping noise. A similar result to the digital clipping, as the clipping ratio
increases, the in-band signal is enlarged and the clipping noise is suppressed.

Before the end of this section, the comparisons between the ODFM transmitter
with two clippers are also shown in Fig. 6.13-6.15. The clipping ratio for the figure
are 1, 3, 10. We can see that the spectrum of the system with the analog clipper
indeed spreads more broadly than the one with the digital clipper. Furthermore,
the increasing the value of clipping ratio, the more similar the two spectrums.
The reason why they become so similar due to that larger clipping ratio means

clipping free, therefore, the OFDM transmitter with two clippers in Fig. 4.1 and
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Fig. 5.1 are simply reduced to the model in Fig. 1.2.

_35 T
= |n—-band Signal

Average spectrum (dB)

0
Frequency normalized by QS.

Figure 6.9: Average power spectrum of the OFDM trasnmitter with analog clip-
per Sy qc(7§2). The clipping ratio 4/, =0:1.

35



-20 ‘

—|n-band Signal

Average spectrum (dB)

_70 L L L
-2 -1 0 1 2
Frequency normalized by QS.

Figure 6.10: Average power spéetrum.of the ‘OFDM trasnmitter with analog
clipper Sy 4c(j€2). The clippingratio A/@y,, = 0.5
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Figure 6.11: Average power spectrum of the OFDM trasnmitter with analog
clipper Sy 4.(j€?). The clipping ratio A/7,, =1
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Figure 6.12: Average power spectrum of the OFDM trasnmitter with analog
clipper Sy 4.(j§2). The clipping-ratio A/ay;, =:3.

-10 ‘ ‘
Average spectrum Sy, 4. (5§2)

"""" Average spectrum Sy 4. (782)
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Figure 6.13: Average power spectrum of the two OFDM trasnmitters with dig-
ital and analog clipper, Sy 4.(7€) and S, 4(j€?),respectively. The clipping ratio
A/UyR :A/EyR =1.
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Figure 6.14: Average power spectium of the'two OFDM trasnmitters with dig-
ital and analog clipper, Sy 4.(79) andpSy .(72) respectively. The clipping ratio
Aloy, = Aloy, =3.
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Average spectrum Sy, 4. (5§2)

"""" Average spectrum Sy 4. (7§2)
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Figure 6.15: Average power spectrum of the two OFDM trasnmitters with dig-
ital and analog clipper, Sy 4.(7€) and S, 4(j€?),respectively. The clipping ratio
Aoy, =A/5,, =10 .
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6.4 Different Assumption for the Clipper Input
Signal

We mentioned that the inappropriate assumption of the clipper input signal also
results in a imprecise analysis. In earlier investigations [11, 16], the clipper input
signal is assumed to be WSS. According to Lemma 13, the clipper input signal
y(t) in Fig. 5.1 is not a WSS process but a WSCS process. If we assume the
clipper input signal y(t) in Fig. 5.1 is WSS, then the parameters 0, , and oy,

in (H.36) becomes a constant and

MLTS OMTS Elyrtyri—rdt = ElYyrYri—r| = h(T) * h(—T). (6.8)

We denote o,,, = 0y,, . = 0. This inadequate assumption will underestimate
the out-of-band noise. This effectiis shown i Fig. 6.16- 6.19. We can observe
that the out-of-band noise for WSCS tase is greater than the WSS case, hence,
one wish to mitigate the clipping noise especially on suppressing the out-of-band

noise should not use the WSS assumption-for-design.

-30

—Sy.0c(§€2) With WSS assumption

"""" Sy.ac(j82) with WSCS assumption

|
5
o

|
a
o

-60+}

Normalized average spectrum (dB)

-3 -2 -1 0 1 2 3
Frequency normalized by QS.

Figure 6.16: S, 4.(j2) with the clipper input under the WSS and WSCS assump-
tion. The clipping ratio A/o = A/7,, = 0.1.
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-20 \ :
o5 — gy,ac (5€) with WSS assumption
"""" Sy.ac(7Q) with WSCS assumption

Normalized average spectrum (dB)
A
(6]

_70 L L L I L
-3 -2 -1 0 1 2 3
Frequency normalized by QS.

Figure 6.17: S, 4.(j) with the clipper inputander the WSS and WSCS assump-
tion. The clipping ratio A/oc =A/7,, = 0.5.

-10 \ ‘
Syac(3) with WSS assumption

------- Syac (7€) with WSCS assumption

Normalized average spectrum (dB)

-70 ! ! ! ! !

-3 -2 -1 0 1 2 3
Frequency normalized by Qs.

Figure 6.18: S, 4.(j€2) with the clipper input under the WSS and WSCS assump-
tion. The clipping ratio A/oc = A/7,,, = 1.
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-10 \ ‘
—Sy.0c () With WSS assumption

------- Sy.ac(j§) with WSCS assumption

_20 L

Normalized average spectrum (dB)
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-60+}

-70 [\'\T L L L ‘r\/\

-3 -2 -1 0 1 2 3
Frequency normalized by QS.

Figure 6.19: S, 4.(j€2) with the clipper input under the WSS and WSCS assump-
tion. The clipping ratio A/o = A/7,, = 3.
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Chapter 7

Conclusion

In this thesis, we proposed the analysis of digital and analog clipping in OFDM
system. The proposed analysis derives the autocorrelation of the two transmit-
ters under the assumption the clippet inputssignal is WSCS. Simulation shows
the difference of spectral roll-off. betweenrthednodulators that are of analog repre-
sentation and DFT-Based implementation .“The spectrums of the OFDM trans-
mitter with the digital and analog_clipping are shown. The comparison shows
that the OFDM transmitter with the analog clipper spreads more widely than
digital clipper one in the spectrum. Tt'is shown that digital clipping is a preferred
choice especially when clipping ratio is small. The simulation also demonstrates
that the assumption that the input signal of the clipper is WSS is inadequate

and the clipping noise will be underestimated.
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Appendix A

Proof of Lemma 1

From the block diagram in Fig. 2.2, we know that

z(t)= >, z(n)pi(t —nT). (A.1)

nN=00

Hence, the mean of z(t) and z (& + MT)-are

o0

El®)] 5 28w p e - nT), (A.2)
Ela(t + MT)] = “SowBlEm)|p: (t + MT — nT)
S (A.3)
= n:z—:oo Elx(n + M)]p:(t — nT).
Since z(n) is a WSCS(M) process, we have
E[z(n)] = Elxz(n+ M)]. (A4)

Therefore, (A.2) and (A.3) are the same, that is, their means are the same. We

then check the autocorrelation of x(t) and z(t + MT)

Bla@a'(t=7) = 3 % Bla(m)e (m)lpa(t = nTpu(t =7 = mT)
- (A.5)
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Elet+ MT)a*(t—7+MT)] = S 3 Elz(n)a(m))-

n=—00 M=—00

p(t—nT+MT)p(t —7 —mT + MT)

— S S Ela(n+ M)z (m+ M))-

pi(t —nT)pi(t — 7 —mT)

(A.6)
For x(n) is WSCS(M), we also have

Elz(n)z*(m)] = Elz(n + M)z*(m + M)]. (A7)

Hence, we also know that (A.5) and (A.6)sate the same. From above two conclu-

sion, we know that x(t) is a WSGS process, with*period MT.
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Appendix B

Proof of Lemma 2

Ry(1) = w5 [

According to (A.5), we have

RI(T) = MT Z Z E

nN=—00 M=—00

Let m =n — k, (B.2) becomes

fOMT p1(t —nT)pi(t — 7 —nT + k:T)dt) :

Bla(t)z*(t — 7)]dt.

(B.1)

fo pr(t — nT)p(t — 7 — mT)dt.

n=—oo
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Gathering M terms of index n in a group, we have

b5 Bl B i - (o~ 7 T+ T

+ 3 Elz(n)zt(n— k)] [T pi(t —nT)py(t — 7 — nT + kT)dt

N
[

4 Mz_ Elz(n)a*(n — k)] [T pi(t — nD)pi(t — 7 — nT + kT)dt

n‘>

+ .
(B.4)
The index of n can be changed as
o
M—1
+ > Elx(n — M)x*(n=k—="M)]-
n=0
JME pi(t = nT + MT)py(t — 7 — nT + kT + MT's)dt
M—1 e
+ Y Elx(n)z*(n—k)] [, pi(t —nT)py(t —7 —nT 4+ kT)dt
n=0
M—1
+ > Elx(n+ M)x*(n — k+ M)]-
n=0
S pi(t —nT — MT)py(t — 7 — nT + kT — MT)dt
)
(B.5)
we know that x(n) is a WSCS(M) process, therefore,
Elz(n)z*(n — k)] = Elx(n +~yM)x*(n —k +~yM)], Vv € Z. (B.6)
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Then (B.5) is reduced as

SN py(t = nT + MT)py(t — 7 — nT + kT + MTs)dt

+ > Elz(n)x*(n — k)] fMTpl(t —nT)pi(t — 7 —nT + kT)dt

+ Y Ble(n)at(n — b))

n=0

S py(t — 0T — PPy (tLtp — 0T + KT — MT)dt

n )
(B.7)

Moreover, the intervals of the integrals can also'be changed, then (B.7) becomes

4 Mz_ol Elz(n)a*(n — k)] [20l pi(t — nT)py(t — 7 — nT + kT)dt
+ M:_OI Elz(n)a*(n — k)] [T pi(t = nT)py(t — 7 — nT + kT)dt
+ Mz_ol Elz(n)z*(n — k)] [*,7p1(t = nT)pi(t — 7 — nT + kT)dt

47



We collect all the other intervals of the integrals, (B.8) results in

Rir) = 3 5 & & Blela(n-0]( -

k=—o00 n=0

+ Jyor prlt =nD)pi(t — 7 —nT + kT)dt

(B.9)
+ fo p1(t —nT)p1(t — 7 —nT + KT)dt
+ fi)MTpl(t—nT)pl(t—T—nT—i—kT)dt—l—---),
then the conclusion can derived as
_ 00 M-1 .
R.(1) = % > (ﬁ > Elz(n)z*(n — k)]) . (f_oopl(t —nT)p1(t — 7 —nT + k:T)dt)
k=—0o0 n=0

S @ASIE[Q;@):U( ) <f i plt—T+kT)dt>

= %ki_ () - [T p Wpilt —(r — KT))dt
_ %ki B (k) f(r — kT)

(B.10)
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Appendix C

Proof of Lemma 3

At the beginning, we wish to show that E[y(n)] = Ely(n + m)].

M
M_y

Blol) = wlo) S SBlg ol
= 0
(C.1)
_ 1 s § 2T k(n+M)
Ely(n+M)] = w(n): 72 S B+ B+ an )€’ v
=0

Next, we are going to show that Ely(n)y*(m)] = E[y(n + M)y*(m + M)].

M
M_y

2

Ely(n)y*(m)] = E[(w(n)- Tht Bln )M@JMkn>

—_M
k*z

M
2

(wm) 5 z apae 5 )

M M
-1 ¥

— ﬁw(n)w*( ) Z Z E[.I]H_B(n)MxH_B(m)M] ejM(kn im)

k=—2 1=—2
(C.2)
We know that xj is a white sequence and possesses the property that
Elxizm,] = 026(1 —m), (C.3)
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therefore, (C.2) becomes

By ()] = otumu(m) 55 8=+ (Bln) = Bn))
o725 (kn—tm) o

Now we make an observation on E[y(n + M)y*(m + M)].

Ely(n + M)y*(m + M)]

M 1

2

/\
??‘

Il

|
SIS

( (m + M) - \ﬁ Z T1y B(mt MM E le(nHM))]

=M

2

Srotuln+ Myu(m + ) : 2_ E S(ks 1 (B(n+ M) — B(m + M))M).
Sy ==

o3 37 (k(n+M)—1(m+M)
(C.5)

Since B(n) = | {%], it is evident that B(n + M) = B(n) + 1, hence, (C.5) results
in
Ely(n + M)y*(m + M)]

M_q4 M_4q

= Lo2u(n+ Myw (m+M) Y S 0k -1+ (B(n)+1— (B(m) +1))M)-
k=—2 1=-2

I 37 (kn—lm+(k—1)M)

]W -1 ZVI -1
= Lolw(n + M)w*(m + M) Z Z d(k =1+ (B(n)— B(m))M)-
k=—21=—21

el ?V—}r (kn—Ilm) )

(C.6)

Since the same window is used in each block, that is, w(n) = w(n + M), Vn,

therefore in (C.4) and (C.6), we have Ely(n)y*(m)] = Ely(n + M)y*(m + M)],

and from (C.1), we know E[y(n)] = E[y(n + M)], thus the conclusion is made.
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Appendix D

Proof of Lemma 5

Define a(k,n) as

a(k,n) = w(n)vg s = ar(k,n) + jor(k,n) (D.1)
where
agr(k,n) = w(n)agsam > arll,m) = w(m)b g (D.2)
Then from (4.3), we can derive that
Elag(k,n)ar(l,m)] = w(n)w(m)E[ak+B(n)Mbl+B(m)M]
=0
(D.3)
E[QR(ka n)aR(lv m)} = E[Oé](l{?, n)Oé](l, m)]
= 1oZw(n)w(m)d(k — 1+ (B(n) — B(m))M).
Now, we focus on yg(n) and yr(n),
M
_ 1 2T s 2
yr(n) = NiTi k:¥M ag(k,n)cos §rkn — ar(k,n)sin $7kn
%712 (D.4)
yr(m) = \/LM l:¥1;f ag(l,m)sin 2Zim + a;(l,m) cos Zlm
And the cross correlation between ygr(n) and yr(n) would be
M M
Blun(un(m)] = shgotwlmulm) 55 6k~ 1+ (Bw) ~ Bam)M)
k=AM - _M
(cos 2Zkn sin 22lm — sin 2% kn cos 321m).
(D.5)
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Since —M +1 < k—1< M —1, it is obvious that delta function takes value with
only k = [ and B(n) = B(m), consequently, (D.5) becomes

Elyr(n)yr(m)] = soaw(n)w(m) jz_:M sin 2 k(m — n)
= sosw(n)w(m) ]\:Z_Ol sin 22k (m — n)

M-1
= sorw(n)w(m){ Y eHknmy
k=0

1—ed2m(m—n) }

= —aiw(n)w(m)%{ 1ol 35 (m—n)

Under the condition B(n) = B(m), we have —M +1 < m —n < M — 1, for
} = {My(mr=sn)} = 0. Thus, the first conclusion
Elyr(n)yr(m)] = 0,Yn, m € Z is;made.

j2m(m—mn)

. xS 1—e
this reason, { Y —

Secondly, From Lemma 4 and _the previous conclusion, we know that y(n) is
jointly Gaussian distributed and Elyg(n)yi(m)] = 0,Vn,m € Z, therefore, the
joint pdf f(Yr.n, Yrm: Yin, Y1.m) evidentlyturns into

f(yR,’rw Yrm> YI n, yI,m> = f(yR,nu yR,m) . f(yf,na yI,m) (D7)

This is the conclusion of the second statement.

Next, we concentrate on both the autocorrelations of yr(n) and y;(n).

Elyr(n)yr(m)] = spoiw(n)w(m) 0(k =1+ (B(n) — B(m))M):-

o
27 27 i 21 i 2m
(cos $7kn cos Fflm + sin $7kn sin $7Im)

M
My

= sosw(n)w(m) cos 22 k(n — m)

(D.8)
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M_1 M

2

Elyi(n)yr(m)] = syozw(n)w(m) 2

1
k=—% l=—%

i 2w ta 2m 2 2w
(sin 57 kn sin F7Im + cos Frkn cos $7Im)

= $o2w(n)w(m)d[m — n]

The third statement has been proved.

Finally, we can see that R, (k) becomes

R0 = 3 % Bly(n)y (o — )
_ 1 Aj_ol (E[yR(n)yR(n — )+ Elyr(n)ys(n— k)]

T Elya(n)ys) B PR e — k)]) .

From the previous conclusion, we know'that

Elyr(n)yi(n — Bl = Elyda)yr(n — k)] = 0,

hence, we can demonstrate the last statement that

R, (k) = {”z_:E[mmy*(n—kn

M=l
:MZ

n=0

(E[yR<n>yR<n )+ Ely (m)ya(n — k)])

_ L Mol (%in(n)w(n ~ R)8(k) + Lo2w(n)w(n — k)a(k;))
= L N o2wmwn — k)s(k)

This completes all the statements stated above.
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Appendix E

Proof of Lemma 6

Denote Y4.(n) = Yden, the other similar subscripts are defined in the same manner.
E[ydc(n)y:lc(n - k)] = ffooo U ffooo ydc,ny:lc,n—k'

f(yR,m YI.nsYRm—~k, yl,nfk)dyR,ndyI,ndyR,nfkdyI,nfk

oo o0
= f_oo k. - f_oo (ydc,R,nydc,R,n—lc + Yde,InYde, I n—k

+1Yde,RnYde,In—k — jydc,l,nydc,R,n—k> :

f(yR,m YIn, YRn—k> yI,nfk)dyR,ndyI,ndyR,nfkdyI,nfk

(E.1)
We make the substitution that yg. r(n) = g(yr(n)) and yg.r1(n) = g(yr(n)), then
(E.1) becomes

o0

Elyac(n)yz.(n —k)] = [Z - [7 <g(yR,n)9(yR,n_k) + 9Wr.n)9Wrn—r)

+79(YRrn)9(Y1,0k) — jg(yf,n)g(yR,n_k)) :

f(yR,m YIn, YRn—k> yI,nfk)dyR,ndyI,ndyR,nfkdyI,nfk
(E.2)
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Further simpliﬁcation can be made to derive the marginal pdf as

E [ydc( )Zldc n— f f yR n yR,nfk)f (yR,m yR,nfk)dyR,ndyR,nfk
+ f f yl n yI,nfk>f(yI,n7 yI,nfk)dyI,ndyI,nfk
+5 /5 7 9WR) 9 Yra—k) f YR Yin—k) QYR YL 0k

—3 S 2 9Win) 9 rn—) f YL, YRk Y10 Y R
(E.3)

Now we make an Observation on the first term of the imaginary part in (E.3).

From (D.7), we have

S YR YRt Yims Yrn—k) = J YR Yrm—k) = f (YL Y1m—t), (E.4)

therefore, f(yrn,Yrn—k) in (E.3) becomes

F R, yrn—k) =l Y ) T r.0—1), (E.5)
therefore, the the first term of-the imaginary part in (E.3) becomes

] f f yR n y[,n—k>f(yR,n7 yLn—k’)dyR,ndyI,n—k
= 5 9 Wrn) 9 W) R F 1) Ay R Y1k

= ] f an yR,n)dyR,n : ffooo g(y[,nfk)f(yl,nfk)dyl,nfk
_ j(f‘oi(—A)f(yR,n)dyR,n N g )y + [ Af(yR,myR,n) ~

ffooo g(ylm—kz)f(yl,n—k:)dyl,n—kz
(E.6)

According to the definition of ) function, we know that (E.6) results in

.7 f f yR n y[,n—k)f(yR,n7 yI,n—k’)dyR,ndyI,n—k:

= j((—A)Q((,yi,n) +0+ AQ(ayin )) e 9 a—1) F Yrn—k) Y10k

= j 0- f yln k f(yl,n—k)dyl,n—k

= 0.
(E.7)
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For the similar reason, it is the same that
_.7/ / g(y[,n)g<yR,n7k)f(yI,n> yR,nfk)dyI,ndyR,nfk = 0. (ES)
—o0 J —0oo

Hence,(E.3) becomes
E[ydc(TL)ch(n - k)] = fjooo e ffooo g(yR,n)g(yR,n—k>f(yR,m yR,n—k)dyR,ndyR,n—k
+ S 2 9Wrn) 9 W) f (YL Y1) QY0 YL

= EWYicr(n)Yicr(n — k)] + ElYacs(n)Yacr(n — k)).
(E.9)

This is the conclusion of the first statement, and from (E.9), it is evident that

M-1 M-—1 M-1
ZO E[ydc(”)yﬁc(n - /f)] = ZO E[ydc,R(n)ydc,R(n - k’)] + ZO E[ydc,l(n)ydc,z(n - k)]-
(E.10)
Thus, by the definition,
Ryac(k) = Rydornlk) + Ryaer(k). (E.11)
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Appendix F

Proof of Lemma 7

We know that y(n) is jointly WSCS with period M and Gaussian distributed.
For this reason, the real and imaginary part of y(n), yr(n) and y;(n), are also
WSCS(M) and Gaussian distributediAs xe,know, Gaussian distribution only
relates to the first and the second, moment statistics, and the WSCS property

specifies these two statistics that

Ely(n)] = Elyn + M) .
Ely(n)y*(n — k)] Blyln 400" (n — k + M)]. |

Hence, the joint pdf possesses the following relationship

F YR Yrns YRn—tks Yrn—k) = fURntss YIns sty YRn—ktss Yrn—k+nr)-  (F.2)

And also, the other joint relationships such as

fWrn) = f(Yrninr)

fra) = f(Yrnem)
(F.3)

FYrns Yrn—k) = f(YRn+M, YR -4 M)
S yin—k) = fYrnenr, Yrn—wrm)
exist as well. We here wish to prove two properties to show that yg.(n) is

WSCS(M), which are

Elyac(n)] = Elyac(n + M)]
(F.4)
Elyac(n)ys(n — k)] = Elyac(n + M)y;.(n —k + M)].
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Firstly,

Elyac(n)] = Elyac,r(n)] + jE[Yae,r(n)]
o e 4 L o) S
where g(-) is the clipping function.
Elys(n+ M) = EYicr(n+ M)+ jEYdcr(n+ M)]
= o 9Wrns 1) f (YR s 20) YRt (F.6)
5 S 9 10) (Y1 rr)Ayrsr
From (F.3), we have
FWra) = fWrnsat) g @urn) = f(Yrnenr) (F.7)

Thus, the integrals in (F.5) and (F.6)-are exact-the same except for dummy
variables, which results in Elyge(n)] = Elys(n+ M)]. Hence we have shown the
first part of the statement.

Secondly, it is shown in Lemma 6.that

Elyac(n)yi.(n — k)] = E[ydc,R(”)ydc,R(n — B) + EYac,1(n)Yac1(n — k)],
(F.8)

therefore, to prove that
Elyac(n)yz(n — k)] = Elya(n + M)yz(n —k+ M)], (F.9)

we only need to show that

ElYaer(n)Yae,r(n — k)] = EYie,r(n + M)yae,r(n —k + M)]
(F.10)
EWac,i(n)Yacr(n — k)] = Elyaer(n+ M)yaer(n —k+ M)].
The first statement in (F.10) is taken into consideration:
Eyae,r(n)Yacr(n — k) = [7 [%0 9Wrn)9Wrn—k)f Wi Yrn—k)AY R0 dY Rk
(F.11)

o8



EYie,r(n+ M)yger(n —k+M)] = ffooo ffooo I Yrn20)9 YRkt )"
JWRrna 2 YR -kt 20) QY Rt MAY R p— k4 M1
(F.12)
From (F.3), we have

TWrnsYrn—k) = FYRn+M> YRn—k+M ), (F.13)

therefore, in (F.11) and (F.12), the integrals becomes the same, therefore, we
have shown that E[yaer(n)Yacr(n — k)] = ElYicr(n + M)yser(n — k + M)].
The similar deduction can be used to prove E[ygc1(n)Yaer(n — k)| = EYaer(n +
M)yaer(n — k + M)] for that joint relationship

FWrnsYrn—k) = [Yrntns Yrn—k+rr) (F.14)

in (F.3) exists. Eventually, both equations’in (¥.10) are satisfied. According
to the conclusion proved in Lemma 6 in (F.8); we have verified the equation
Elyac(n)ys.(n — k)] = Elyac(n 4 M)ysn="k+ M)] holds, and thus we finished
the second part of the statement.

For these two parts of proofs, we canmow claim that the output sequence of the

digital clipper y4.(n) is WSCS(M).
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Appendix G

Proof of Lemma 8

Base on the conclusion of Lemma 6, we know that

Elyac(n)ys.(n — k)]

= EWic,r(n)Yac,r(n — k)] + EYde,1(n)Yde,1(n — k)]
= 7 ) 9wra) 9 Wrmek) f (YR n Yrn—k) YR Y Rk

+ f_oooo ffooo g(yI,n)g(yI,n—k>f(yI,n7 y],n—k)dy],ndyl,n—k.
(G.1)

Since f(Yrns Yrn—k) and f (Y1 Yin—%) are both Gaussian distributed, and from
(D.8) and (D.9), we have the relationship that

ElyrnYrn—t] = ElYrnYrn—kl, (G.2)

therefore, f(yrn:Yrn—t) = f(Yrn,Yrn—k) and hence the following deduction can

only focus on the first integral in (G.1), and the second integral can be derived

in the similar manner.

We now emphasize the derivation of E[y4. r(n)Yac,r(n — k)|, that is, to derive the

closed form of

I 7 9WrA) 9Wrn—k) f YR, YRn—k) WY R Y Rk (G.3)

The joint pdf of f(yrn, Yrn—k) is

f(yR,na yR,n—k) -

1

270y R W OYR \/177‘2 (n,k)

2 2
1 Yr,n YrR,n YRn—k Yr,n
exp (| — (== = 2r(n, k) == : :
p 2(177'2(71:]‘3)) (U?%R,n ( ’ )JyR,n %YR,n—k T 9YR,n )
(G.4)
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where

T(n,k‘) _  Elyrnmyrn_k] (G.5)

9YRnYR,n—k

By Price’s Theorem[18, 20]

B(E[ydc,R,nydc,R,nka — E aydc,R,n 8ydc,R,n7k
8(E[yR,nyR,n—k]) 8yR,n ayR,nfk

_ 99(yr,n) 99(YR,n—k)
= F
OYrn  OYRn—k

_ f [ 99(yr.n) 99(YR.n—k)
oo OYrn OYRr,n—k

f (yR,n7 yR,nfk)dyR,ndyR,nfk .
(G.6)

Due to the clipping function g(-), the intervals of the integrals can be divided
into several regions, which lies on the linear and the nonlinear intervals of the

clipping function. Thus, (G.6) begomes

E c,RnYdc,R,n— A O na s
OBy, r.nbde.R, k] f f Yin L kf(anaan k)dandan k

I(E[YRnYR,n—k]) A OYR.n OYRm—k

A OA OYR.n- ]
+ 3w o L Whas YRk YR YRk

L L o) e
—i—f f 9(=4) Oyr, kf(yRm,yRyn,k)dyR,ndyR,n*k

00 Ban OYR n—k

+ f:o fjo ML (yR,rw yR,nfk)dyR,ndyR,nfk

00 OYyrn OYRn—k

o 0 n) O(—
+ f f 00 %(Z,,y:n 3y;,:1_)k f(yR,na yR,n—k)dyR,ndyR,nEk- )
G.7

It is evident that all the integrals are zero except for the first one, therefore, only

the first term is left in (G.7), that is,

a(E[ydc,R,nydc,R,nfk])
8(E[yR,nyR,n—kD

fj‘A f_AA f(yR,m yR,nfk)dyR,ndyR,nfk (G8)

By Mehler’s formula [21], we know that

—w2a22waf—w? G2 > m () Hpm (B)w™
i exp(raRefoel) o 7 Ml (G.9)

m=0
where «, f,w € R and H,,(z) is the Hermite polynomial and defined as
dm
Hyp(z) = (=1)™ exp(wQ)d —exp(—a?). (G.10)
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Therefore, the joint pdf in (G.8) becomes

1

f(yR,nv yR,nfk) = 2Ty p 1 Tun :
’ ’ 2 _YRn 2 YR.n YRn—k y_ .2 _YRn—k 2
ex i (mk)(ﬁ”yR,n) +2r(n’k)(\/§f’yR,n ﬁayR,nfk) i k)(f”yzan k) .
1-r2(n,k) P 1-r2(n,k)
YR,n—k

(r2(nk)—1)(52en—)? (2 () =) ( =t )?
exXp 1—r2( nk) e 1 eXp 1-72(n,k) .

YR,n YR,n—k
H, H 2 r™(n,k
1 0. Hn (A Hon (ke (n )

= D mm— ™. 1
2Ty g YR m—k o 2™M.m/!

v () o (),

(G.11)
and (G.8) can be simplified as
O(EYde,R,nYde, Rn—k]) _ 1 i nk)
I(E[YR,nYRn—k)) QWJyR nUan G 2,
AT YRin YR \2 .
SO H (foan)eXp ( (V2o )dyR,n
A YR,n—k YRn—k  \2
Jo Hm (\fgan k)exp( (ﬁUyR,nfk_) )dyR,n—k~
(G.12)
Let u = £ the first integral in (G.12) becomes
an
fA H ( YR.n )exp ( YR,n )2 dyR \/_0' ff"an ( )exp( Q)du
- \nyRn \/ﬁayR,n " Yhon V2oyp 7
(G.13)
then, (G.12) turns into
0o %
a(E[ydc,R,nydc,R,nka _ l ,,,m( k?) . 2oyR,n _ 2 X
I EYRnYR_K]) — Z:: 2 ] f_ﬁ Hm(u) exp( U )du (G 14)

A
f_ﬂcyR;,"’k H,,(v) exp(—v?)dv.

V20yp nek

According to the definition of the Hermite polynomial H,,(z) in (G.10), we know

that
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even function, m is even

odd function, m is odd (G.15)

Hy(2) = {

When m is odd, the integrand H,,(u)exp(—u?) becomes an odd function. Due

to the symmetry of the integral interval,

A
fﬂayf’" H,,(u) exp(—u?)du = 0, if m is odd.

\/ﬁayR,n
A

A4 2A
fﬂcyf H,,(u) exp(—u?)du = fOﬂJyR’” H,,(u) exp(—u?)du, if m is even.

B \/igyR,n
(G.16)

Similar deduction process can be applied to the second integral in (G.14), then

the further simplification of (G.14) can be derived as

A

O(Elydc,ronYde,rn—t)) _ 1 e k. T RN 2
D Elimomas] 7 AR LEmn 'f—mi Hy,(u) exp(—u®)du-
5 YR,n
=
I 2ayR;,”_’“ Hn(v) exp(-v?)dv.
Vaey ik ‘

A

oo \/io'
= % _224 T;VET;S) - Jo T Hyp(u) exp(—u?)du-
m—OA, yoe

foﬁayR’"’k H,,(v) exp(—v?)dv.

(G.17)
We wish to isolate the m = 0 term now. Since the error function er f(z) is defined
as
erf(z) = 7= Jo exp(—t?)dt (G.18)
and
Ho(z) =1, Vo eR (G.19)
(G.17) becomes
S = TN GE e ) R Y
A A
Jo 7 H () exp(—ut)du - [ Hy (v) exp(—?)do
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A

To reduce (G.20), the integral foﬁoyR’" H,,(u) exp(—u?)du is the significant prob-

lem to resolve. According to the definition of H,,(u) in (G.10), we are able to
transform (G.20) into

A A

S Hy(w) exp(—u?)du = fy7 7 (<) exp(—u?)du,  (G21)
and let
R (u) & % exp(—u?), (G.22)
(G.21) then becomes
fA \fA
29YRn m d™ 29YR,n mi(m
Jo (=) exp(—ut)du = [y (1) R (w)du

= (=)™ [h<m—1>(ﬁ+m) _ pm=1(0)]
(G.23)
Since exp(—u?) is an even function, it is evident that 2"~V (0) = 0 if m is even,
therefore,

) :
fO\/?OyRm Hm(u) exp(—uQ)du & (_1)771 N h(m—l)(ﬁo—#)
S (G.24)

= (=)™ fm=r exp(—u?) .

___ A
ﬁayR,’n

Again, according to the definition of Hermite polynomial in (G.10), we know that
(G.21) can be converted into

A

V2o

Jo T Ho(uw) exp(=u?)du = (=1) - Hypor (52— exp(—57—).  (G:25)

YR,n YR,n
As a result, (G.8) becomes

a(E[ydc,R,nydc,R,nfk]) _ A A 4 = Tm(nyk)
IE[Yyr,nYR,n—k]) o erf(\/ioymn)erf( 20y, nfk) + ;m:;llm 2amoml

A A A2 2

Hon1( 75— Hin1 (57 —) - oxP(— 555 —) exp(— g5 —
(G.26)

Then we can derive E[Yie rnYde.rn—k) by integrating on the both sides of (G.26),

64



it would be

E n n—
Blyac.(n)yacr(n = k)] = [0 er f(mher (524 —)dg
+fE[anan k] _22:4 Cmqmdq
+ C}
(G.27)
where
4Hm_1(f%)Hm—1(\/§a )
Cm - —5. m| ULnR U;};% nyR,nfk eXp(—%) eXp( 25;:%) (G.28)

and (] is the constant to be determined.
Notice that we can determine C) from (G.3), (G.4) and (G.5). By letting
Elyrnyrn—k] =0 in (G.4), we have

E[ydc,R(n)ydc,R(n - k)] = f f an yR,n—k)f(yR,n7 yR,n—k)dyR,ndyR,n—k

= f f an yR,n—k)f(yR,n)f(yR,n—k)dyR,ndyR,n—k;-
(G.29)

According to the similar discussion in (E:7), we kifow that the above integral is

0, hence,
ElYyae,r(n)Yac,r(n — k)] = 07 7if Blyr(n)yr(n — k)] = 0, (G.30)

(G.27) then becomes

_ A A
ElYaer(n)yacer(n — k)] = erf(\/icryR,n>€Tf(\/§oyR,n,k)E[yR’"yR’”_k’] s
+ > DunE™" yraYrn-k '
m=2,4,
where
(755, -1 —— a2 22
Dm = Tom. (m+l)' o O';"Rj k eXP( SR,n ) exp(—m). (G32)

The above equation clearly shows the result of E[yser(n)Yicr(n — k).
M—1

What we wish to derive is the average autocorrelation of y4.(n), that is, > Elya.(n)y}.(n—
=0

k)]. We know that second integral in (G.1) also has the similar analytigal result

as (G.31), hence

_ A A
Elyac,1(n)yac,i(n — k)] = €Tf(£0ylyn )Grf(ﬁgylynik VEWY1.0Yr .0k )
+ Z DmEm—H[yI,nyI,nfk] .
m=24,
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and from the conclusion in (G.2), we are aware of that (G.31) and (G.33) are the

same, that is,

ElYacr(n)Yac,r(n — k)| = ElYac1(n)yacr(n — k). (G.34)
Hence, by the conclusion shown in (G.1), E[yg.(n)y}.(n — k)] results in

Elyac(n)yge(n — k)] = erf(ﬁm)erf(m)ff[yny;_k]

+ Dy (E™ MyrnYrn—k] + E™ Y1 nyrn—k))

m=24,

= 2- @rf(\/g;:Rn )erf(\/ggyi . )E[yR,nyR,n—k]

+ 2- Z DmEm+1[yR,nyR,n—k]>

m=24,-
(G.35)
and finally, the average autocorrelation of yg.(n)s i.e., R, 4.(k), can be derived as
o g & A A
Ry,dc(k) = M nZ::O erf(\/inR’n )erf(ﬂay&n_;k )E[yR,nyR,nfk]
9 M—-1 o (G36)
+37 X "D BNy oy ]
n=0 m=24,-:
where D,, has been defined in (G.32).
Notice that from Lemma 5, when w(n) =1, 0 <n < M — 1, we have
Oyrn = Oypp-r — \/5;07 Vn,k € Z
(G.37)
E[yR,nyR,n—k] = 0-32:6(]{:)
And (G.36) can be simplified as
Rya(k) = %0267“]“2(%)5(16) +2Z > Dporé(k) (G.38)
m=2,4,--
where D,, can also be reduced as
AHR o (5))
D, = W : exp(—?—g). (G.39)
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Appendix H

Proof of Lemma 16

Base on the conclusion of Lemma 15, we know that
ElYac()ze(t =) = ElYac,r()Yac,r(t — 7)] + ElYac,r ()Yac,i (t — 7)]
= f f th yR,t—T)f(yR,t, ?JR,t—T)dyR,tdyR,t—r
+ f f yI t yI,t—r)f(Z/I,t> y[,tfr)dyf,tdyl,tfr
(H.1)

Since f(yrt, Yri—r) and f(yre, Yre—-) are both Gaussian distributed, and from
(5.6), we have the relationship that

E[yR,t?/R,t—r] = E[y[,ty[,t—T]’ (HQ)

therefore, f(ymt, Yri—r) = f(yrs,yri—r) and hence the following deduction can
only focus on the first integral in (H.1), and the second integral can be derived
in the similar manner.

We now emphasize the derivation of E[yac r(t)Yac,r(t — 7)], that is, to derive the

closed form of

f f ?JRt yR,t—T)f(yR,t7 yR,t—T)dyRﬂfdyR,t—T- (H3)

The joint pdf of f(yrt, Yri—r) 1S

1

2mOy R (Tup, T\/l r2( tT)

2
exp{—3 2(1— r2(t ) (gyft — 2 (t, ) LRt YRtz | YRt )y

YR, %YR,t TYRt—7 YRt

(H.4)

f(yR,ta yR,t—T)

67



where

rlt, ) = Elyr,tyrt—r) (H5)

OyRr,tOYR,t—T

By Price’s Theorem[18, 20]

8(E[yac,R,tyac,R,thD — E{ ayac,R,t ayac,R,tff }
O(E[YR,tYR,t—r]) OYyrt OYRit—r

d9(yr,t) O9(yR,t—r)
E{ 8th 8th T }

09(yn.s) 99(yntr
- f foooo gayy:: %5:; - )f(yR,h yR,t—T)dyR,tdyR,t—T-

(H.6)
Due to the clipping function g(-), the intervals of the integrals can be divided

into several regions, which lies on the linear and the nonlinear intervals of the

clipping function. Thus, (H.6) becomes

8(E[yathyath ‘r f fA athath T
O(E[YR,tYR,t—7] A Oyr;t OYR,t=7

TWrt Yrt—r) YR AYR1—r

A OA OYR,i— :
+ f_A fjo E az:;: f(yR,t» yRﬂf—’T)dyR,tdyRﬂf—’T

i
+f ooy Oy IR (g YRt )AYRAY R+

00 3th OYRsi—7

oo roo 9
S %(;/—th:’ta&/i—i- (YRt YRt~ ) QYR AAYR 1~

oo 0 t) 0(-A
+ f f 00 %;y}ft 8y(R . )T fYre, yR,tT)dyR,tdyR,tf(- )
H.7

It is evident that all the integrals are zero except for the first one, therefore, only

the first term is left in (H.7), that is,

8(E[yac, tYac,R, 77’}) _ A A
W) A-atoafWne YR ) dyridyr e (H.8)

By Mehler’s formula [21], we know that

—w?a?+2waf—w? 32 s Hp () Hp (B)w™
i exp(Freede ) = ) Al Pl (H.9)

m=0
where o, 3,w € R and H,,(x) is the Hermite polynomial and defined as
m 2 dm 2
Hyn(2) = (=1)" exp(a”) 7 exp(—a7). (H.10)
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Therefore, the joint pdf in (H.8) becomes

1
27ra-yR,ta—yR,t7-r

f(yR,ta yR,t—T)

YR,t YRt YRt—T y_
o {_rz(m)(m) AN T (T ) (=
1-7r2(t,T) b 1—7r2(t,T)
(r2(t7) 1) (Fgaet—)? (r2 (7)) gt
exp{ 121, T)th } - exp{ 1_r2(t,T§R'H }

YR,t YR, t—7
H, H, s rm (T
1 L Hn (e Hn T )

mM.m)
2M0y R YR s 2m.m/!

m=0

exp{ ( — )} exp{ (\/y:y;:T)QL

(H.11)
and (H.8) can be simplified as
8(E[yac,R,tyac,R,t—‘rD . 1 | t '7')
I(EYR,tYR,t—r]) B 27"‘7th‘7th —~ Z_: zm
m
f =i th )exp{ (&) tyre (H.12)
H YR,t—7 _ YR,t—7 2 d .
f \/‘Uth )exp{ (ﬂUyR,t77—> tyr.
Let u = £~ the first integral in (H.12) becomes
OYR,¢
\/’A
A 20
Joa (=) exoi= (=) byre = V2045, [O_ 3" Hu(w) exp(—u)du,
it YRt
(H.13)
then, (H.12) turns into
%
a(E ac tYac t—1 m 2o ’
Gl = L3 G [ Hy(w) exp(—)du
20'yR +
(H.14)

fifayRAt " H,,(v)exp(—v?)dv.

\/ﬁo-yR,tf'r

According to the definition of the Hermite polynomial H,,(x) in (H.10), we know
that
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(H.15)

H,(z) = even function, m is even
mn odd function, m is odd

When m is odd, the integrand H,,(u)exp(—u?) becomes an odd function. Due

to the symmetry of the integral interval,

A
fﬂgyf’t H,,(u) exp(—u?)du = 0, if m is odd.

\/EUyR,t
A

2A

S Hy () exp(—u?)du = [y Hy(u) exp(—u?)du, if m is even.
ﬂUyR,t

(H.16)
Similar deduction process can be applied to the second integral in (H.14), then
the further simplification of (H.14) can be derived as

A

a(E[yac, tYac,R, —T]) _ 1 - m(t7 ) \/ﬁa'y b 2
B 7w 2a [ fe s Hin(u) ep(—ut)du
- ,Zl, b) vt‘
V2oip o
I fyRAt wi{v) exp(—v%)dv.
20YR b T ]
’ (H.17)
0o %
m 20
= 2 GO Hyw) exp(—u?)du-
m=0.2.4,.-

foﬂoyR’t” H,,(v) exp(—v?)dv.

The m = 0 term is isolated now. Since the error function erf(x) is defined as

erf(z) = 7= [y exp(—t?)dt (H.18)
and
Ho(z) =1, VzeR (H.19)
(H.17) becomes
St = G e L
foﬂaz’“ H,,(u) exp(—u?)du - fOJ%;;’t_T H,,(v) exp(zUQ)d;).
H.20
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A

To reduce (H.20), the integral fOﬁUyR’t H,,(u) exp(—u?)du is the significant prob-

lem to resolve. According to the definition of H,,(u) in (H.10), we are able to

transform (H.20) into

A A

Jo T H () exp(—ufdu = [y (1) i exp(—ut)du, (2D
and let
™ (u) 2§75 exp(—u?), (H.22)
(H.21) then becomes
fA \fA
fo 20y Rt (_1)mdcz_mm eXp(—uz)du _ f() 20yRt (_1)mh(m)(u)du
— )y D () — (o)
(H.23)
Since exp(—u?) is an even function, it is evident that 2"~V (0) = 0 if m is even,
therefore,
A
V2ouR, 2 £ m . p(m=1) A
Jo Hp(u) exp(—u?)du =0 (=1)" - & (\/50—)
m dmfl vatQ (H24)
= (=1) 'WGXP(—U ) N
u:m

Again, according to the definition of Hermite polynomial in (H.10), we know that

(H.21) can be converted into

Jo 7 Hy () exp(—u?)du = (~1) - Hyor (52— exp(—ga—).  (H:25)

N p)
\/EoyR,t 20y R

As a result, (H.8) becomes

8(E[yac,R,tyac,R,t77']) _ A A é = Tm(t,'r) .
TG vy R A S A et R D DR
2 2
Hmil(\/i”yR,t )Hmil ( \/éo—yR,th ) exp( 2 2R t ) exp( 2‘75R,t—r
(H.26)

Then we can derive E[YuertYac.ri—r) Dy integrating on the both sides of (H.26),
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it would be

Blyackocnl(t = )] = J§ " erf(gA—)er f( 54— dq
+f0E[yR,tyR,H} _5:34 émqmdq | (H.27)
Lo T
where
O = L T o) 4 Jenp( ) (H9)
YRt YR t—r YR, YR,t—7

and C] is the constant to be determined.
Notice that we can determine C from (H.3), (H.4) and (H.5). By letting E|yr:yri—r| =
0 in (H.4), we have

o0

E[yac,R(t)yac,R(t - 7—)] = f_oo ffooo g(yR,t)g(yR,t—T)f(yR,t7 yR,t—T)dyR,tdyR,t—T

= [ dn) 9uri) f(yre) f (YR ) dYridyme -
‘ (H.29)

According to the similar discussionsin’(E.7),-we know that the above integral is

0, hence,

E[yac,R(t)yac,R(t - 7—)] = 07 Zf E[yR(t)yR(t - T)] - O’ (HBO)

(H.27) then becomes

E[yac,R(t)yac,R(t - 7_)] = erf( \/5213 . )67"f( \/50;; . )E[yR,tyR,t—T]
x o H.31
+ DmEm+1[yR,tyR,t—T] ( )
m=24,---
where
4Hm71(‘/§%t)Hmfl(ﬁ A2 A2
D = — i o, P gz ) exp(=g7 —). (H.32)

The above equation clearly shows the result of E[yucr(t)Yacr(t — 7))

What we wish to derive is the average autocorrelation of y,.(t), that is,

1
MT

/0 " Elyac (£t — 7).
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We know that second integral in (H.1) also has the similar analytical result as

(H.31), hence

E[yac,l(t)yac,l(t -7)] = erf(\/ﬁfyl’t )erf(ﬁai,t,f )E[y[,tth—'r] |
x H.33
+ Z DmEm+1[yI,tyI,t—T] (
m=24,

and from the conclusion in (H.2), we are aware of that (H.31) and (H.33) are the

same, that is,

E[yac,R<t>yac,R<t - T)] = E[yac,l(t)yac,1<t - T)] (H34)

Hence, by the conclusion shown in (H.1), Ely..(t)y:.(t — 7)] results in

+
m=24

Elyac(t)yze(t —7)] = eTf(ﬁm)Wf(ﬁm)E[ynyfq]
Do (E™ ™My yri—r] + E™ M yryri—-))

= 2-erf( 2;‘ )erf(ﬂaj;t_ VEWR YR 7]

V2oy
+ 25 S M ),
- (H.35)
and finally, the average autocorrelation of yu.(t), i.e., Ry ..(7), can be derived as
Ryaolr) = st ly - erf(Ga—)erf(—) Elynie-ldt
+MLTS OMTS > Dy E™ M YR 1yr i )dt (H.36)

m=2,4,

where D,, has been defined in (H.32).
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