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7 �
xε ¬ yε  õ ü  å /0 � x¬y? �¡ é /

xyε  õ ü  å /

0 � x¬y? � Õ ¡ é /
yzε  õ ü  å /0 � y¬z ? � Õ ¡ é /

xzε  

õ ü  å /0 � x¬z? � Õ ¡ é � 

 

 

2-1.5 ���������������������������� 

 
å Ý � � | Í � � � � õ ü /�� � 3 , | Û �¡ �$¡ é ��

� > � C �  � 

�

	
	
	




	
	
	

�

�

	
	
	



	
	
	

�

�

γ
γ
γ

ε
ε

�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�

�

�

=

	
	
	




	
	
	

�

�

	
	
	



	
	
	

�

�

τ
τ
τ
σ
σ
σ

12

13

23

2

1

66

55

44

332313

232212

131211

12

13

23

3

2

1

0

Q00000
0Q0000
00Q000
000QQQ
000QQQ
000QQQ

  (2.15) 
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  01¬2\ � 3 ,| Û /¥ 	 
 è Í" # � | Û /� 
ijQ  ' H

� ¹ / � � �  � 

∆
νν−

=
32

3223
11 EE

1
Q  

∆
νν+ν=

∆
νν+ν=

31

133212

32

233121
12 EEEE

Q  

∆
νν+ν=

∆
νν+ν=

21

231213

32

322131
13 EEEE

Q  

∆
νν−

=
31

3113
22 EE

1
Q  

∆
νν+ν=

∆
νν+ν=

31

132123

31

311223
23 EEEE

Q  

∆
νν−=

21

2112
33 EE

1
Q  

2344 GQ = ¬
1355 GQ = ¬

1266 GQ =  

7 �
321

133221233231132112

EEE
21 ννν−νν−νν−νν−

=∆  (2.16) 

� � � � � 
ì� � . ª �Í ü ( � �� /F > 5 6 Z 3 , | Û

�� � H O /ñ
 Q Í ü �/0 xDy | Û /�v2-1 F C �n ��

� 3 ,/0 ¯ �å � | Â u (Constitutive equation)  � 

{ } [ ]{ }ε=σ Q                                           (2.17) 

� c Á �  

�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�

�

�

γ
γ
γ

ε
ε

⋅

�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�

�

�

=

�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�

�

�

σ
σ
σ
σ
σ
σ

xy

xz

yz

y

x

66362616

5545

4544

36332313

26232221

16131211

xy

xz

yz

z

y

x

0

Q00QQQ
0QQ000
0QQ000

Q00QQQ
Q00QQQ
Q00QQQ

          (2.18) 
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7 �     4
22

22
6612

4
1111 SQSC)Q2Q(2CQQ +++=  

)SC(QSC)Q4QQ(Q 44
12

22
66221112 ++−+=  

2
23

2
1313 SQCQQ +=  

 4
22

22
6612

4
1122 CQSC)Q2Q(2SQQ +++=  

 2
13

2
2323 SQCQQ +=  

 
3333 QQ =    

 3
662212

3
66121116 CS)Q2QQ(SC)Q2QQ(Q +−+−−=  

 SC)Q2QQ(CS)Q2QQ(Q 3
662212

3
66121126 +−+−−=  

 CS)QQ(Q 231336 −=  

 )SC(QSC)Q2Q2QQ(Q 44
66

22
6612221166 ++−−+=  

 2
55

2
4444 SQCQQ +=  

 2
44

2
5555 SQCQQ +=  

 CS)QQ(Q 445545 −=  

ii sinS,cosC θ=θ=  (2.19) 

�3 , | Û $ xDy | Û - .   θ (�v2-1)/È ý � � � � � Ì

Í ü � Ó /5 6 å Ý è | Íü �¡ �Ö w ª | Û Ì «/� Ð � � � �

Ì Í ü �� �$� � � �/�v2-4F C /7 � 4 �  � 

( )

( )����

��

����

==

=

==

++

+

++

κ+ε=κ+ε=σ=

σσ=

κ+ε=κ+ε=σ=

N

1n

z

z

0
jij

0
jij

0
j

20
j

n
ij

N

1n

z

z

n
ii

N

1n

z

z

n
yz

n
xzyx

N

1n

z

z

0
jij

0
jij

0
j

0
j

n
ij

N

1n

z

z

n
ii

1n

n

1n

n

1n

n

1n

n

1n

n

DBdzzzQzdzM

dz),()Q,Q(

BAdzzQdzN

 (2.20) 

7 �  6,2,1j,i = /znn  S n Í ü �  � ö Q � H ö � 9 : /

�v2-6F C /A ij¬B ij¬D ij « % \ � ; ý X ª � 3 (extensional stiffness 
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matrix)¬ < � X ª � 3 (Coupling stiffness matrix)¬ ü ] X ª � 3

(Bending stiffness matrix)� 

( ) ( )��
=

+=
N

1n

z

z

2n
ijijijij

1n

n

dzz,z,1QD,B,A   6,2,1j,i =       (2.21) 

 

 

2-2 �������������������������������� 

 
M R �õ ü � < ? o ' H 5 6 � á � / � � � � �v2-5 F C /

� < �' H 5 6 > E Û (Translation)L & ñ(Rotation)'2G > � C /

�7 F � � �¡ é Ï  � 

dSwV
2
1

U
s nT �=                                   (2.22) 

� �
=

φ=
3

1k
S

)i(
nR dSM

2
1

U                               (2.23) 

7 � /UT E Û '2 F � � �¡ é Ï /UR & ñ'2 F � � �

¡ é Ï /S ' H 5 6 �� < /
nV  E Û �/ nM  ü � � 

E Û �
nV L ü � nM � «% � C  � 

wKV Lnn =                                        (2.24) 

�
=

φ=
3

1i

)i(
Rnn KM                                       (2.25) 

Z u(2.26)�(2.27)\ l u(2.24)L(2.25) � Z ¡ é Ï � C  � 

��

��

==

==

++

+=

a

0 by

24La

0 0y

23L

b

0 ax

22Lb

0 0x

21L
T

dxw
2

K
dxw

2
K

dyw
2

K
dyw

2
K

U
             (2.26) 



 15

( ) ( )

( ) ( ) ��

�φ+φ+

��

� φ+φ=

��

� ��

==

= ==

a

0 by

2)i(
y

4Ra

0 0y

2)i(
y

3R

3

1i

b

0 ax

2)i(
x

2Rb

0 0x

2)i(
x

1R
R

dx
2

K
dx0

2
K

dy
2

K
dy

2
K

U
        (2.27) 

7 � / LnK  õ ü F �� E Û « H ( Translational stiffness)/ RnK  

õ ü F �� & ñ« H (Rotational stiffness)� 

 

 

2-3 ������������������������ 

 

    � G S Ç � � � � Í ü �¡ é Ï $û Ï �

å Ý H �� | Í� � � � Íü /¡ é Ï � � C  � 

[ ] [ ]� εσ=
V

)i(T)i()i(
p dV

2
1

U     3,2,1i =                (2.28) 

¡ � ? u$(2.14)¬(2.19)u/� z Ð )1(
pU ¬ )2(

pU L )3(
pU /� � � �

Í ü ü ] �¡ é Ï  � 

�
=

=
3

1k

)k(
pp UU                                    (2.29) 

I ¡ é Ï U � � � � Í ü ü ] �¡ é Ï (
pU )$' H 5 6 � �

�¡ é Ï (
TU ¬ RU )� I �� 

RTp UUUU ++=                               (2.30) 

) �| Íü �û Ï )i(T  � 
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dxdy
t
w

t
v

t
u

2
T

22)i(
0

2)i(
0

)i(
)i(

��
�
�
�

�

�
�
�

�
�
�

�
�
�

�

∂
∂+�

�

�
�
�

�

∂
∂+�

�

�
�
�

�

∂
∂ρ=  

dxdy
tt2

2)i(
y

2)i(
x

)i(

��
�
�
�

�

�
�
�

�

��
�

�
��
�

�

∂
φ∂

+�
�

�
�
�

�

∂
φ∂ρ+    Ò 3,2,1i =  (2.31) 

¡ � ? u$(2.14)u/� z Ð )1(T ¬ )2(T L )3(T /� � � � Íü �

� û Ï  � 

�
=

=
3

1i

)i(TT                                      (2.32) 

� � � � Í ü �I Ï 8 Ó J Π � � C  � 

TU −=Π                                       (2.33) 

 
 

2-4 �������������������������������� 

 
    �� R S � å ¯  � � . � � /�Þ ß  K ¤ L � �   �°ìú

û � � /7 Ì û | Â u� Á  � 

        0}X]{K[}X]{M[ =+��                             (2.34) 

    7 � /[M] O 8 � 3 Ò[K] X ª � 3 Ò{X} } $ Û 8 Ò� M

H W ^ H � å ¯  � Ó (M ¯  � N �$é � �� ^ H )/? u� �

[M]¬[K]O  � ¹ M � (Real Symmetric)� 3 � 

    z � H W Ĥ � å ¯  V /P � Þ ß �� å ¯  � /è � � ß }

�ú û  Ë Q Ì û /r 7 ú � $@ } O  @ � /Å 

        iwte}{}X{ Φ=                                    (2.35) 

        }X{}X{}X{ 2 λ−=ω−=��                            (2.36) 

    7 � }{Φ  � Û 8 Òω Ë Q Ì û �. � � Ò 2ω=λ � 

    \ . u(2.36)� Ð� 



 17

        }0{e}]){M[]K([ iwt2 =Φω−                        (2.37) 

    ? u� }{Φ o � R � � S T  [K]- 2ω [M] U 4 H (Singular)/�

Å � 

        0|]M[]K[|det 2 =ω−                             (2.38) 

    ? uÅ � ¯  �G V | Â u/ rω  ¯  �S r è °� � � /�

@ M ¡ � r}{Φ  G V Û 8 / Á � � 3  u � 

         

        
�
�
�

�

�

�
�
�

�

�

ω
�

�

0

0
2
r / ]}{}[{][ r1 �� ΦΦΦΦΦΦΦΦΨΨΨΨ =  

 

 
2-5 �������������������������������� 

 
    Þ ß � ¯  ¨ o y W ¤ L (Proportional Damping) 

        ]K[]M[]C[ β+α=                               (2.39) 

    7 � α¬β Z >   � � Bandwidth Method� Rayleigh DampingÜ

Ð: 

 

(�)Bandwidth Method 

    �v 2-6 F C  �ú û ü � û � � � - O ¡ v/7 � Peak 

response Ý � > ú � � @ M ¡ �ú X / 1f L 2f  ] ^� /peak 2

� � ¤ �- �   uz Ð> ú � � �¤ L y � 

2 1

2 1

f f
f f

ξ −=
+

                                          (2-40) 

   ξ � > ú � � �¤ L y � 
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(w)Rayleigh Damping 

    ì Bandwidth MethodÐ ¾ ) � > ú � � @ M ¡ �¤ L y j /

� È H w� > ú � � O ¡ Ð¾ ¯  ¤ L y (�v 2-7 F C )�- �  

u� > z Ð¯  Y-damping�Z-damping� 

( )( )
i

i
i2 2

αξ β Ω= +Ω                (2-41) 

iξ �S i � � � �¤ L y  

iΩ :S i � � � �. °� � �  

Y�$O 8 � 3 o �� ¤ L y  

Z�$ X ª � 3 o �� ¤ L y  

  

    ú û ¯  �Ì û | Â u� Á  : 

        t{F}sin[K]{X}}X[C]{}X{]M[ ϖ=++ ���              (2.42) 

    �  [M]¬[K]¬[C] � M � � 3 /F > � � Z 7 M . h  � 

        
�
�
�

�

�

�
�
�

�

�

=ΨΨ
�

�

0
m

0
]][M[][ 2

r
T  

�
�
�

�

�

�
�
�

�

�

=ΨΨ
�

�

0
k

0
]][K[][ 2

r
T                       (2.43) 

�
�
�

�

�

�
�
�

�

�

=ΨΨ
�

�

0
c

0
]][C[][ 2

r
T  

    � � Z {X}= ][Ψ {x}\ l (2.43)u§ [ ? T][ΨΨΨΨ � + Á �  � 

     t{F}sin][]{x}[k}x]{[c}x{]m[ T
rrr ϖϖϖϖΨ=++ ���    n,...,2,1r =  (2.44) 

Å� z Ð 
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��
�

�
��
�

�

η+η−
η+

η+η−
η−=

2
r

22
r

2
r

22

2

r

r
r )c2()1(

c2
j

)c2()1(
1

k
F

x     (2.45) 

7 �  / rη ω ω=  

� � / ¯  O ¡ {X}� Ð: 

            {X}= ][Ψ {x}= rr

n

1r

x}{�
=

Φ                       (2.46) 
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����������������� �� �� �� � � � 	 
 � �  � � � �� � 	 
 � �  � � � �� � 	 
 � �  � � � �� � 	 
 � �  � � � � ����

����

����������������. P � � � o À þ � «¬ \ þ  ´ µ ¡ ¶ ¡ �. � Y 
 � � ý �

´ µ ¡ ¶ ¡ �  � · ] | u¬� � ? «¬  ¹ �ÜÐ/̂ o � � ´ µ ¡ ¶ ¡ «

¬ � � ÷ø ù ø � ] ^ V F � 4 �ø � p u� j � ± ´ µ ¡ ¶ ¡ �  �

ã ë H �����

 

3-1 ANSYS � � � � � � � � �� � � � � � � � �� � � � � � � � �� � � � � � � � �  

 

3-1.1 � � � � � � �� � � � � � �� � � � � � �� � � � � � �  

. G � � � ´ µ ¡ ¶ ¡ o À þ � � � «¬ ÷ø ù ú û ü �Â Â /

7 � Z _� ³ � � Í� Ü Õ é � Æ Ç � ` þ � ab c d d �e � � � � ú

û ü ó ~ ô G X �� � /L| Í � � � û Í � G X � � � � % � n


> { ` þ � ab c d d e e � � �÷ø ü ? m G �f T ^ o � g � 5

6 �� � /�  � g ß � �� � P ª x ÷ø ü ? /� � «¬ � �

Â Â � Þ ß � g � N O ü ä �� å � � � g ß � h > O ¤ þ �

� i aa � � � � � � g �O 8 m G �ú û ü � G ¤ ? /�5 6 � Q 8

x ú û ü  I / j rù ú 5 6 Q 8 � N O / k " ' H 5 6 n > '

2þ � al m n o p �q i � l c m � r � � ��

�

3-1.2 � �� �� �� � � � �� � �� � �� � � � �� �� �� �  

¡ b c d d e e  � ��s { ` þ � /7 � R �� v $w ª y � R � t

 > ? �õ ö � { ` � å / � � å ��� $ w ª y x \ V · u �

� þ � av d n q r��¿ ab c d d e e w o § ab c d d e � ¨ o � ^ H �G H /
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F > 7 � � 4 x ? � � 3 p u x y V $ � ¡ b c d d e e  � ( Í� �

� z t Í/� { Â � z t Í V /� � æ � > ¸ l � å � 3 · ] �¡ b c d d e e

) � G ¤ ¨ o � � °ìª �õ $ � ?/@/B | Û � | ?/@/B ,

& ñ��

¡ b c d d e � $ ¡ b c d d e e � } ? @ 1 /¿ � � > } Ù - Í¹  

� t t Í/¡ b c d d e � � � R ~ H ¬� �¡ é *  ��� G % � ó ~ ô

_� 
 ¡ b c d d e e F w o ��¡ b c d d e � ¥ � > � R «¬ � é � *  �

� ¡ b c d d e � 4 � � � ó ~ ô ü V /4 � � 5 � 4 � � û Íw ª �

R ( Í I w ª � z � � / · � R z � �/rö Í� × Ø ¯ ¹ � R û Í

× Ø ¯ ¹ r  / · 
 { Â � t t  �¡ b c d d e � ) � G ¤ ¨ o � � °

ìª � õ $ � ?/@/B | Û � | ?/@/B,& ñ��

�� 

3-1.3 ANSYS � � � � � �� � � � � �� � � � � �� � � � � �  

º � Æ ß «� 

1. Preprocessor � Element type�_� ú û ü shell91/ % �þ �

shell99/'2þ � spring-damper 14/ � g ¬ 5 6 � � �O ¤

mass21 

2. Preprocessor � Real constant�ß � þ� �  ¹ /�'2� ¹ ÷� 

3. Preprocessor � Material Props � Material Models�ß � ú û ü þ

� � è � � H O � 

4. Preprocessor � Modeling�ì¤ ¬^¬ö · ] ú û ü ��  " � � 

5. Preprocessor � MeshTool�_� þ�  ¹ ¬� � H O ¬è þ � �
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g h � \ / § «� þ � � 

6. Preprocessor � Modeling � Copy � Nodes�Z 5 6 · ] % �('

2)�, | � $ � / / � $ �9 : Å '2�v ª � 

7. Preprocessor � Modeling � Create � Elements � Auto 

Numbered � Thru Nodea���¤ _ > ' � G ¤  �� �G ¤

� · ] '2þ � /� � ì � g Â u� � � � � Q � H û ` � 

8. Preprocessor � Modeling � Create � Keypoints �on Node��

�¤ _ � g ¬ 5 6 ß � �} � · ] Keypointa� 

9. Preprocessor � MeshTool�_� � g ¬ 5 6 �þ �  ¹ � 

10. Preprocessor � Coupling/Ceqn � Coincident Nodes� Z � g þ

� $ú û ü �  ? @ � } � � G ¤ ß � � ¨ o @ � �°ìª /

� � � ú û ü ? m G � g � � � � � � · ] � � � �  (�v

3-1 F C )�¾ � º � Æ Åí � � / 8   � � > ; � � «¬ � 


ø ø «¬ ß «� 

X Y ¸ ~ � � «¬ ß «� 

11. Solution � Analysis Type � New Analysis�_� «¬  � /°

� � � � � «¬ ¤ _“Modal”� 

12. Solution � Analysis Type �Analysis Options�No. of modes to 

extract 4 «¬ �� � � ¹ � 

13. Solution � Define Loads � Apply � Structural � Displace- 
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ment � On Nodes� À 	 '2þ � k �� G ¤ �: ß °ìª � 

14. Solution � Solve � Current Ls� z � � 

15. General Postproc �Results Summary�+ � F o �°� � � � 

16. General Postproc �Read Results �By Pick�_ � ã ¾ Mode 

Shapes�° � � � � 

17. General Postproc �Plot Results �Contour Plot �Nodal Solu�á

_ Nodal Solution �Z-Component of displacement/ + � Z | Û

�} $ � 

Å� Ð ¾ ° � � � L � � � 

� 4 4 «¬ ø � /� ANSYS ß «�  � 

11.Solution � Analysis Type � New Analysis�_� «¬  � /Ë Q

� � O ¡ «¬ ¤ _“Harmonic”� 

12. Solution � Define Loads � Apply � Structural � Displacement 

� On Nodes� À 	 '2þ � k � � G ¤ �: ß °ìª � 

13. Solution �Define Loads � Apply � Structural � Force/Moment 

� On Nodes��} R � g } � ? �G ¤ � � Z | Û r@ .  R

�I�� 

14. Solution � Load Step Opts � Time/Frequenc � Damping� ¸ l

¯  ¤ L α ¬β��� 

15. Solution � Load Step Opts � Time/Frequenc � Freq and 
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Substps� ¸ l � «¬ � � O ¡ � � � � 

16. Solution � Solve � Current Ls� z � � 

17. TimeHist Postpro � List Variables�̧ � ú û ü �  : ß G ¤ �

ú X L@ . � 

ì? ö Ë Q � ú «¬ � Ð ¾ >   � � � 

1.G ¤ x ª NodeNo(i)L} � x(i),y(i),z(i) 

2.S i G ¤ �S j � � �ú X Amplitude(i,j)L@ . phase(i,j) 

 

3-2 ANSYS � � 	 
 �  ! " � # $� � 	 
 �  ! " � # $� � 	 
 �  ! " � # $� � 	 
 �  ! " � # $  
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3-2.2 ' ( � � � ! "' ( � � � ! "' ( � � � ! "' ( � � � ! "  
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-damping/ ^ o �© � � 10KHz � j � � � ~ H � Ä � ��v
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����« ¼ ? � ���¬��� G � � � � ´ µ ¡ ¶ ¡ � · ] � | u�· ]
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3-4  ANSYS � � � C D� � � C D� � � C D� � � C D  

 

3-4.1 � � � � �� �  E F G� � � � �� �  E F G� � � � �� �  E F G� � � � �� �  E F G  

    ì  å P õ [15]�� ó ~ ô � å � ± /7 g h  	 È " # | Û
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# $ [15] 

%& � ' ' � � �

�( ) * + ,

- . � 

Shell91 
�/ ( ) * +

, - . � 
Shell99 

Mode 1(Hz) 23.05 23.275 23.464 23.464 

Mode 2(Hz) 43.91 44.649 45.167 45.167 

Mode 3(Hz) 71.06 70.092 72.1 72.1 

Mode 4(Hz) 78.37 79.926 81.311 81.311 

Mode 5(Hz) 90.85 90.887 93.795 93.795 

Mode 6(Hz) 123.82 125.22 129.92 129.92 
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Mass Added to Cone=    2.89 Gram 

 

------------------- Electrical/Mechanical Parameters -------------------- 

Revc(DC VC Res ) =   7.60 Ohm             Qms (Mech  Q)  =   2.539 

Fo  (Res Freq  ) = 163.5751 Hz              Qes (Elec  Q)  =   0.839 

Zo  (Zmax at Fo) =  12.5498 Ohm           Qts (Total Q)  =   0.631 

Sd  (Piston Area)=   0.0011 sqM            Vas(Acous Vol) =   727.239 uM 

BL  (Flux*Length)=   3.96 TM           Cms(Compliance)=   569.044 uM/N 

no  (Ref Effncy) =   0.0741 %               Mms(Total Mass)=   1.72 Gram 

SPLo(SPL at 1W ) =  85.7168 dB              Mmd(DiaphmMass)=   1.68 Gram 
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