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Modeling and Verification of a Diamond-Shape
Narrow-Tilting Vehicle

Jin-Chern Chiou and Chih-Liang Chen

Abstract—The authors use planar multibody system dynamics
to model an intelligent personal mobility (IPM) narrow-tilting ve-
hicle (NTV) with four wheels arranged in a diamond configuration.
A planar multibody system tire model is used to represent ground-
vehicle interaction. In addition to analyzing the roll plane dynam-
ics, the proposed model supports the measuring of joint reaction
forces (a difficult task with actual vehicles) to assist in advanced
controller and mechanical system design. We also propose a sep-
arate calculation method using two acceleration sensors and one
angular position sensor for the purpose of obtaining ground forces.
Results from model verification tests (i.e., comparisons with actual
data from a slalom test) indicate that the proposed IPM model
performed with a high degree of accuracy.

Index Terms—Modeling and verification, multibody dynamics,
narrow-tilting vehicle (NTV).

I. INTRODUCTION

THE PROBLEM of oil shortages is currently a major eco-
nomic concern; another important issue affecting daily

life in many cities is manufacturing vehicles that are energy
efficient. Furthermore, traffic congestion is a growing problem
in cities all over the world. Building highways to match the
growth rate of vehicles is not an easy task; the efficient utiliza-
tion of existing highways can play a major role in addressing
this problem [1], [2]. In the United States, the average number
of occupants per vehicle is 1.58 [3]. This means vehicles in
that country are underutilized in terms of unnecessary weight
and fuel consumption; in addition, the amount of pollution per
vehicle occupant remains high.

One emerging line of research and development is aimed
at creating vehicles for a maximum of two passengers, with a
configuration of one sitting behind the other. Using track widths
as narrow as 1 m, these vehicles have great potential for reducing
fuel consumption, doubling road capacity (since two can fit
side-by-side in the space of a single lane on today’s highways),
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Fig. 1. NTV concept.

and increasing parking capacity (see Fig. 1). However, since
these vehicles are much more narrow than even the smallest
cars in current use [hence the name, narrow-tilting vehicles
(NTVs)], an engineering solution must be found for the problem
of maintaining cornering stability on road surfaces over a wide
range of speeds.

NTVs must be tall enough to provide good highway visibility
for drivers, and since tall narrow vehicles have high centers of
gravity, track width ratios are problematic [4]. If NTVs are to
handle curves at all operating speeds, they require a tilt function
that mimics two-wheeled vehicles, but does not require spe-
cial driver skills (as in the case of motorcycle operators). The
tilt function should also help protect drivers from accidentally
rolling in situations where they suddenly come in contact with
lateral road slopes or potholes.

Several NTV prototypes have been developed by the automo-
tive industry over the past 50 years. The Gyron, Ford’s earliest
NTV design, used a 180 lb gyroscope for cornering stabilization
and featured retractable wheel pods for parked vehicles [5]; the
weight of the gyroscope is now considered excessive. In the
1970s, General Motors developed the three-wheeled Lean Ma-
chine, consisting of a nontilting rear engine pod attached to a ro-
tating body module [5]. A driver-operated foot pedal controlled
a tilt-stabilizing actuator. Also in the 1970s, BSA developed
a vehicle based on James Staley and William Hillman’s Ariel
tricycle, in which driver movement controlled tilt [6]. Yamaha,
Kawasaki, and Honda all developed similar prototypes the fol-
lowing decade [7]–[9].

There are several NTV-concept vehicles currently under de-
velopment. The Mercedes-Benz F-300 Life-jet tilt control sys-
tem makes use of a hydraulic actuator. Design details are pro-
prietary, but reports indicate that the F-300 has a relatively wide
track width (perhaps to accommodate the actuator’s high tilting
torque), which conflicts with the goal of building narrow ve-
hicles to increase the carrying capacities of existing roads and
highways. Carver Europe is working on a Carver One vehicle
that also uses a hydraulic actuator. According to the Carver
Web site (http://www.carver-worldwide.com), its engineers are
trying to find a balance between speed and weight. Toyota’s
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Fig. 2. Overall IPM dimensions.

state-of-the-art i-Swing has a switching function between two
modes: a two-wheel mode for low speeds and a three-wheel
mode for high speeds. The i-Swing also has artificial intel-
ligence software for learning individual driver habits, and a
pedal-controlled tilting mechanism that allows operators to turn
in the same manner as snowboarders. However, it is not con-
sidered convenient for daily use because of its small size, thin
shell, and low power (20 km/h maximum speed). Other pri-
vate firms working on prototypes are the Narrow Car Company
(with its NARO model) and COVCO, Ltd. (Micro Max). Sev-
eral academic research centers are making contributions to the
NTV effort, with perhaps the best known being the European
compact low emission vehicle for urban transport (CLEVER).

In this paper, we will describe: 1) our proposal for an intelli-
gent personal mobility (IPM) vehicle for urban transportation,
one that features low weight and a vehicular tilting motion and
2) our use of multibody dynamic system theory to construct
a model whose primary purpose is to identify dangerous driv-
ing situations to be addressed in future vehicle design efforts.
We will also report and compare our results from numerical
simulations and actual driving tests.

II. VEHICLE STRUCTURE

A. IPM Prototype Design and Manufacture

The IPM NTV is a major project of the Mechanical Industry
Research Laboratories of the Industrial Technology Research In-
stitute of Taiwan. Our diamond-shaped prototype has one front
wheel for steering, two side wheels, and one castor rear wheel—
each with its own shock absorber. Our IPM’s weight is less than
210 kg; overall dimensions are shown in Fig. 2 (all units in this
paper are in MKS). Top IPM speed is 53 km/h; a rotational
damper mounted on the castor mechanism restricts the castor
rear wheel steering to low speeds, thereby eliminating the po-
tential for shimmying. Its current design does not allow for extra
displacement when cornering (on-spot turning), which is con-
sidered convenient for parking and driving on urban streets. The
parallel four-link suspensions for the two side wheels overcome
roll disturbances caused by camber irregularities on road sur-
faces. As indicated in Figs. 3 and 4, the entire vehicle is capable
of tilting around a roll center (see also Appendix A). Tilting
limiters have been integrated into the system for driver safety.

Fig. 3. Simple IPM roll model.

Fig. 4. Simple IPM left turn roll model.

Fig. 5. Assembled IPM.

The front wheel is powered by a commercially available in-
wheel motor used with electric scooters. Some parts of the
body/chassis were designed and/or built by our project group,
including a frame for mounting the steering mechanism, rear
suspension, and chassis. An original rectangular chassis was
used to mount the tilting mechanism, batteries, dampers, side
wheels, rear wheel frame, and other vehicle parts. The front
fork, shock absorbers, and wheels were taken from commer-
cially available scooters and hand transport carts. A photograph
of the assembled vehicle is shown in Fig. 5.

B. Rollover Resistance

When the IPM tilts, a six-link mechanism provides centripetal
force and increases rollover resistance (see Fig. 3). Rollovers
result from complex interactions of forces acting on and within
vehicles that are influenced by vehicle movement and roadway
characteristics. A considerable amount of empirical research
exists on this issue. Our design is based on the premise that
rollovers can be resisted using quasi-static rollover analysis,
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while neglecting inertial terms and accelerations on the roll
plane [4].

A simple roll model for a left turn by a standard four-wheeled
automobile is presented in Fig. 4. As shown, the left wheels
are closer to the center of the forward-moving track curvature.
Assuming that the roadway cross slope is zero, the rolling mo-
ment during cornering is smaller on a car with slip motion than
on a car without slip motion. Accordingly, at the transience of
cornering, we assume that: 1) vehicle wheels are attached to
the cornering track of the ground (meaning that the lateral force
transmitted from ground friction serves as the centripetal force
for cornering) and 2) the centripetal force is transformed into a
centrifugal force that acts on the mass center. This effect can be
used to obtain the rollover threshold at which a vehicle’s wheels
will leave the ground [4]. Equation (A11) in Appendix A in-
dicates that our IPM tilting mechanism is capable of resisting
larger amounts of lateral acceleration than those experienced
by standard narrow nontilting cars. Furthermore, our data indi-
cate that the cornering stability of our IPM NTV equals that of
today’s mass production cars.

III. VEHICLE MODELING

With its tilting capability and four wheels arranged in a di-
amond shape, the IPM NTV is more complex than standard
three- and four-wheeled vehicles in terms of modeling. Whereas
most modeling methods for standard vehicles only require sys-
tem degree of freedom data, our IPM vehicle requires data on
joint reaction forces for control and design purposes, making
it necessary to adapt a dynamic multibody system modeling
procedure for system analysis. Multibody systems distinguish
between essential moving and nonmoving parts, the selection of
which depends on how they affect system dynamics. They also
require joints to constrain relative motion between vehicle sec-
tions. Current system equations require data on center of mass,
moment of inertia, initial position of mass center, principle body
axes, joint types, and locations of joint-body connections. Once
the data are collected, differential-algebraic equations (DAEs)
are easily constructed and solved [10].

A. Multibody Roll Model

A three-dimensional multibody dynamic model of our 18-
joint IPM is shown in Fig. 6. Numbers in brackets indicate
body parts whose definitions are given in Appendix B. The roll
plane dynamics shown in Fig. 7 were utilized for simplification
purposes to obtain our target tilting and rolling characteristics;
details are also given in Appendix B. To derive the tire force
model for a multibody system, the coordinate system is defined
as shown in Fig. 8 (see Appendix C); for purposes of computing
simplification, system vectors are shown as column vectors in
matrix form [10].

B. Tire Force Model

In the IPM cycle tire cross section shown in Fig. 9, P des-
ignates the central point of the tire section, and C denotes the
contact point between the tire and ground. Cycle tire modeling

Fig. 6. Three-dimensional multibody IPM model.

Fig. 7. Multibody IPM roll model, front view.

Fig. 8. Cartesian coordinates of point Pi .

assumes that point C always represents the projection of point
P on the ground. In Fig. 10 (illustrating forces that act on the
wheel rim), the body number index of the wheel rim and tire
is represented by the letter j. Point Oj (the ξj ηj axes origin) is
fixed on the mass center of the wheel rim and tire; points Pj and
Cj in this figure are, respectively, similar to points P and C in
Fig. 9. Fj,x and Fj,y denote forces exerted on the mass center of
a wheel rim in x- and y-directions, respectively; Nj denotes the
torque exerted on bodyj; and Fcj,x denotes the force exerted on
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Fig. 9. Cross-sectional view of tire model.

Fig. 10. Model of tire force exerted on wheel rim.

Fig. 11. Flowchart for computing tire force exerted on wheel rim.

the tire from the ground in x-direction. A flowchart for comput-
ing the forces and torque exerted by the tire on the wheel rim
is shown in Fig. 11. How this tire force model was derived for
multibody dynamics is explained in Appendix D [(D1)–(D7)].

C. Model Equations of Motion

In (1), qi denotes the position and orientation of body i.
As shown in (2) for n bodies in a system, vector q denotes
a combination of q1 , q2 , q3 , . . . , qn . System equations can be

Fig. 12. Kinematic IPM motion.

derived using a Lagrange multiplier according to the dynamics
and kinematics of constraint systems [10]. By presenting the
combined dynamic and kinematic constraint equations in matrix
form, it is possible to derive and express an equation of motion
in DAEs form, as shown in (3). In that equation, Im denotes the
body mass matrix, Φ the kinematic constraint equations, Φq the
Jacobian matrix (taking a partial derivative of Φ with respect to
q), a Lagrange multiplier vector, Q the external forces exerted
on the bodies in a system, and γ the right side of kinematic
acceleration equations [10]. This motion equation allows IPM
dynamics and to be obtained via numerical simulations. Using
nc to represent the number of constraints, is a nc × 1 vector.
λk denotes the Lagrange multiplier of the kth element of , and

km is defined as a zero vector with the same dimension as .
As shown in (4), the kth element of km is replaced by λk .
In (5), Rk (a column vector having the same dimension as q)
denotes constraint reaction forces exerted on each body from
the kth constraint of the system. Note that constraint reaction
forces calculated from joints are very useful for controller and
mechanical system design

qi = [xi, yi , ψi ]T (1)

q = [qT
1 qT

2 · · · qT
n]T (2)[

Im ΦT
q

Φq 0

] [
q̈

]
=

[
Q
γ

]
(3)

km = [ 0 . . . 0 λk 0 . . . 0 ]T (4)

Rk = ΦT
q km. (5)

IV. COMPUTING GROUND FORCES

We developed a method for obtaining forces from the ground
to verify our derived model experimentally. The approximate
position of M with respect to J1 must be obtained to approxi-
mate distances between those forces and M . Our tilting mech-
anism can be simplified as a six-link mechanism, as in Fig. 12.
The approximate position of M with vehicular tilting is shown
as Fig. 13, and the flowchart used to obtain this approximate
position is shown as Fig. 14. All notations for Figs. 12–14 and
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Fig. 13. Approximate position of mass center after kinematic motion.

Fig. 14. Flowchart for computing IPM mass center position.

(6)–(13) are given in Appendix E. Since the six-link mechanism
has only one degree of freedom, the kinematic motion of the six-
link mechanism can be obtained when a single system variable
is given. In the present derivation, θd was chosen as an indepen-
dent variable; as shown in (6)–(9), all remaining variables are
functions of θd . In the simplified mechanism, the position of Mb

with respect to J1 approximates a function of θb , and the posi-
tion of Mc with respect to J1 is a function of ϕ. Accordingly,
the position of M with respect to J1 can be calculated using
(10) and (11), and θm can be calculated using (12). As shown in
(13), lmo can be calculated using the square root of the square
sum of Lcj,x and Lcj,y . Note that the following equations are
essential for obtaining reaction forces from the ground:

θb = f(θd) (6)

ϕ = f(θd) (7)

θsl = f(θd) (8)

θsr = f(θd) (9)

Fig. 15. Flowchart for computing forces from ground.

LcJ,x =
[−Mblb sin(θb) + Mclch sin(ϕ)]

m
(10)

LcJ,y =
[Mblb cos(θb) + Mclch cos(ϕ)]

m
(11)

θm = − tan−1
(

Lc,x

Lc,y

)
= f(θd) (12)

lmo =
√

L2
cJ,x + L2

cJ,y = f(θd). (13)

A flowchart for computing forces from the ground is pre-
sented in Fig. 15. As shown, those forces can be obtained if
the three-axis accelerations of the mass center and θm are avail-
able (see Appendix F). In other words, the combination of (6)–
(13) and (F1)–(F19) can be used to compute all forces from
the ground given the measured θd and three-axis accelerations.
These forces can also be used as input for an IPM multibody
roll model. Note that force Fxc is a summation of forces Fxf

and Fxr .

V. SLALOM TEST

To verify the model, we created the small (single-curve)
slalom course illustrated in Fig. 16. In that figure, R denotes
the curve radius, d its width, H1 the origin and center of the
bottom circle used to design the curve, H2 the center the middle
circle [at position (a, b)], and C1 the point of tangency of two
circles with radius R drawn from H1 and H2 . The position of
C1 is (x, y). A curve can be drawn given R and d; (a, b) can be
solved by (14), after which (15) and (16) can be obtained. In our
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Fig. 16. Curve of designed slalom test.

Fig. 17. Slalom test without tilting motions.

road test, R = 25 m and d = 4 m. Photographs of the course
and IPM road test are shown as Figs. 17 (without tilting motion)
and 18 (with tilting motion).



2R − a = d
x2 + y2 = R2

a2 − 2by − 2ax + b2 + x2 + y2 = R2

x = R − d/2
y = b/2

(14)

a = 2R − d (15)

b =
√

4R2 − a2 . (16)

VI. RESULTS

Table II shows the position of mass center of the model and
the manufactured vehicle in static equilibrium. The result shows
the position of the mass center of the model is close to the real
vehicle.

For dynamic analysis, we drove our assembled IPM NTV with
and without tilting at four speeds: 4.7, 5.5, 6.9, and 8.0 m/s. Since
the tilting actuator and corresponding controller are still being
developed, the tilting motions in these tests were initiated by the
driver. In addition to verifying the model, a second goal for these
tests was to collect data on driver tilting behaviors that can be
used as future design references. Data were collected using one

Fig. 18. Slalom test with tilting motions.

TABLE I
JOINTS, JOINT TYPES, NUMBERS OF CONSTRAINT EQUATIONS,

AND CONNECTING BODIES

angular position sensor and two inertia sensors—one located at
the mass center of mb1 and the other at the approximated mass
center of the other bodies (see Fig. 7). The two Microstrain
3DM-GX1 inertia sensors are capable of measuring three-axis
accelerations, three orientation angles, and three-axis angular
rates; they were used to measure mass center accelerations as
well as the mb1 and mb2 roll angles. The angular position sensor
used to measure the θd angle consisted of a potential meter.

IPM mass center accelerations and angle θd (input for sim-
ulating a driver’s tilting motion) were used with (6)–(13) and
(F1)–(F19) to obtain ground force data, which are necessary
for performing simulations. Acceleration and θd signals were
filtered using a 3 Hz low-pass filter to compensate for vehicle
vibration prior to being fed to the model. Model parameters are
shown in Tables I and III–VIII. The initial orientation angles of
body-fixed coordinates with respect to global coordinates were
set at zero. Comparative data between the model and IPM are
shown as follows: mb1 roll angles at each speed without tilt-
ing motion in Fig. 19, mb1 roll angles at each speed with tilt-
ing motion in Fig. 20, mb2 roll angles at each speed without
tilting motion in Fig. 21, and mb2 roll angles at each speed with
tilting motion in Fig. 22.

As noted in the figures, simulation results were very close to
those from the actual tests. Possible reasons for differences be-
tween the two are: 1) joint frictions were ignored in the model;
2) road roughness violated the force input assumption from
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TABLE II
POSITIONS OF VEHICLE AND MODEL MASS CENTERS

TABLE III
INITIAL MASS CENTER POSITIONS, MASS, AND MOMENTS OF INERTIA OF

FIG. 7 BODIES

TABLE IV
INITIAL RELATIVE POSITIONS OF JOINTS TO MASS CENTERS OF CONNECTING

BODIES IN FIG. 7

TABLE V
ORIGINAL LENGTHS, SPRING CONSTANTS, AND DAMPING COEFFICIENTS

OF SUSPENSIONS IN FIG. 7

TABLE VI
ORIGINAL TIRE SECTION HEIGHTS, SPRING CONSTANTS, AND DAMPING

COEFFICIENTS OF TIRES IN FIG. 7

TABLE VII
INITIAL RELATIVE POSITIONS OF SUSPENSION SYSTEMS TO CONNECTING

BODIES IN FIG. 7

TABLE VIII
INITIAL RELATIVE POSITIONS OF TIRES TO CONNECTING WHEEL RIMS IN FIG. 7

Fig. 19. Roll angle of mb1 for model and vehicle without tilting.

(F5)–(F19); and/or 3) sensor signals were inaccurate. Still, the
combined results suggest that the model did accurately approx-
imate the roll plane motion of the vehicle. We therefore sug-
gest that the model can be used to simulate hazardous driving
conditions.
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Fig. 20. Roll angle of mb1 for model and vehicle with tilting.

Fig. 21. Roll angle of mb2 for model and vehicle without tilting.

Fig. 22. Roll angle of mb2 for model and vehicle with tilting.

Fig. 23. Torque acting on mb1 at constraint Jr,d for model without tilting.

VII. MODEL APPLICATIONS

A. Controller Design

Model-derived data for the x-direction acceleration of mb2
and torque at constraint Jr,d acting on mb1 during the simu-
lated slalom test at a speed of 8.0 m/s are shown in Figs. 23
(without tilting) and 24 (with tilting). The results indicate a
lower torque, and therefore, greater stability, for the simu-
lated tilting model. In other words, the results suggest that
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Fig. 24. Torque acting on mb1 at constraint Jr,d for model with tilting.

Fig. 25. Reaction forces acting on mb1 at joint J2 for model without tilting.

Fig. 26. Reaction forces acting on mb1 at joint J2 for model with tilting.

when an extreme tilting motion is executed, the vehicle still
maintains a low torque. This conclusion agrees with Kidane et
al.’s [1] results from a project in which they designed a tilt an-
gle controller to minimize the aforementioned torque for driver
comfort.

B. Mechanical System Design

Model-derived data for the x-direction acceleration of mb2
and reaction forces acting at joint J2 on mb1 during the simulated
slalom test at a speed of 8.0 m/s are shown in Figs. 25 (without
tilting) and 26 (with tilting); “x-dir force” and “y-dir force”
denote x- and y-direction reaction forces. A comparison of the
two figures indicates that the reaction forces for the model with
tilting were more stable, and that reaction forces for all joints can
be obtained for either tilting or nontilting motions. Accordingly,
we believe that our NTV model is a valid tool for vehicle design
tasks involving joint strength and that it can extend to other
mechanical systems.

VIII. CONCLUSION

In this paper, we described our proposal for a multibody
NTV model with four wheels arranged in a diamond shape.
This model was used to derive a tire force model for multibody
systems. We also discussed our proposed method for obtaining
approximate forces from the ground using two acceleration sen-
sors and one angular position sensor, and compared data from
a multibody model simulation and an actual slalom test using
an IPM prototype. Results indicate that the multibody model is
capable of simulating IPM vehicle driving characteristics, and
that the resulting information can be used to design a tilting
angle controller with driver comfort as a priority. Our next task
is to build a tilting angle controller after verifying a design using
the model described in this paper.

APPENDIX A

Figs. 3 and 4 notations:
θb Angle between vertical axis of body and normal

direction of ground.
θw Wheel camber angle.
Mc Chassis mass center. Chassis mass is mc .
M Vehicle mass center. Vehicle mass is m.
Mb Non-chassis mass center. Non-chassis mass is mb .
t Half wheel track.
hb Distance between Mb and revolute joint J.
hc Distance between Mc and revolute joint J.
hw Height from wheel center to ground in static

situation.
hcw Height from wheel center to revolute joint J in static

situation.
xm Distance in x-direction from M to bottom of right

wheel.
ym Distance in y-direction from M to bottom of right

wheel.
al Virtual centrifugal acceleration according to the

assumption given in Section II-B.
g Gravity acceleration.
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Fy1 , Fy2 Normal forces acting on the two side wheels.
Fx1 , Fx2 Lateral forces acting on the two side wheels.
Equations (A1)–(A11), where (A4) and (A8) are as set at

the bottom of this page, can be obtained from fundamental
mechanics:

m = mb + mc (A1)

mb : mc = e : f e + f = 1 e > 0, f > 0 (A2)

xm =
[e(hw sin θw +t+hb sin θb)+f(hw sin θw +t)]

(e + f)

(A3)

∑
Fx = 0 Fx1 + Fx2 = mal (A5)∑
Fy = 0 Fy1 + Fy2 = mg (A6)∑
M = 0 malym + 2Fy1t = mgxm

al =
(mgxm − 2Fy1t)

mym
. (A7)

If rollover just happened Fy1 = 0, then(
al

g

)
half-car-tilt,θw =0

=
[e(t + hb sin θb) + ft]

[e(hw−hcw +hb cos θb)+f(hw−hcw +hc)]
(A9)

(
al

g

)
nontilting,θw =0,θb =0

=
t

[e(hw − hcw + hb) + f(hw − hcw + hc)]
. (A10)

If tilts to the left side, 0 < θw < 1/2π and 0 < θb < 1/2π.
Then, (

al

g

)
whole-car-tilt

>

(
al

g

)
half-car-tilt,θw =0

>

(
al

g

)
nontilting,θw =0,θb =0

. (A11)

APPENDIX B

In Fig. 6, numbers in brackets indicate the following body
parts.

1 Front wheel.
2 Front fork.
3 Driver and frame.
4 Left wheel and assembler.
5 Left link of six-link system.
6 Upper link of six-link system.
7 Chassis.
8 Right link of six-link system.
9 Right wheel and assembler.
10 Body connection between rear wheel and chassis.
11 Rear wheel.

Fig. 7 notations are the following.
mb1 Body 7 in Fig. 6.
mb2 Combination of bodies 2, 3, and 10 in Fig. 6.

The combination of bodies means that the mass
value represents a summation of the correspond-
ing bodies. New mass center positions and re-
calculated moments of inertia with respect to
the new mass center must be determined. In ad-
dition, the combination coordinates need to be
redefined.

mb3 Body 6 in Fig. 6.
mb4 Body 8 in Fig. 6.
mb5 Body 9 in Fig. 6.
mb6 Body 5 in Fig. 6.
mb7 Body 4 in Fig. 6.
mb8 Combination of bodies 1 and 11 in Fig. 6.
S1 Front and rear suspension system, consisting of

springs and dampers.
S2 Right side suspension system.
S3 Left side suspension system.
W1 Front and rear tire force model, consisting of

springs and dampers.
W2 Right side tire force model.
W3 Left side tire force model.
Fxc Force from ground exerted on W1 in x-direction.
Fxsr Force from ground exerted on W2 in x-direction.
Fxsl Force from ground exerted on W3 in x-direction.
Jr,d Relative revolute driving constraint between mb1

and mb2 for simulating a driver’s tilting motion.
Note:
1) J1 , J2 , J3 , J4 , J5 , J6 , J7 , J8 , J9 , J10 , and J11 are joints.

Joint type, number of constraint equations, and connecting
bodies are shown in Table I.

ym =
[e((hw − hcw ) cos θw + hb cos θb) + f((hw − hcw ) cos θw + hc)]

(e + f)
(A4)

(
al

g

)
whole-car-tilt

=
xm

ym

=
[e(hw sin θw + t + hb sin θb) + f(hw sin θw + t)]

[e((hw − hcw ) cos θw + hb cos θb) + f((hw − hcw ) cos θw + hc)]
(A8)
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APPENDIX C

Fig. 8 is an illustration of the multibody system coordinates.
Definitions are as follows.

x–y coordinate Fixed on reference point as a global co-
ordinate.

ξiηi coordinate Body-fixed coordinate on body i. The
original point of ξiηi axes is Oi .

Ψi Orientation angle of ξiηi coordinate with
respect to global coordinate.

vector ri Position vector of point Oi with respect
to x–y coordinate system. As shown in
(C1), ri components are xi and yi .

Pi Arbitrary point on body i located from
point Oi by the si,p vector with respect
to xy coordinate system. Pi coordinates
in relation to the ξiηi coordinate system
are ξi,p and ηi,p .

s′
i,p Body-fixed components of vector si,p

shown in (C2). Since Pi is a fixed point
on body i, s′

i,p components are con-
stants, and s′

i,p is a constant vector. Pi

can also be located via global coordinate,
as shown in (C6).

ri,p Global coordinates of Pi . Its components,
xi,p and yi,p , can be computed using (C3)
and (C4), respectively.

Notes:
1) Defined coordinates can be used to obtain the transforma-

tion matrix Ai shown in (C5).
2) The relationship between the global and body-fixed coor-

dinates of Pi is shown in (C6). Accordingly, si,p in (C6)
can be computed using (C7).

3) si,px and si,py are si,p components.
4) Pi velocity can be further derived using a time derivative

of (C6), which yields (C8)

ri = [xi yi ]T (C1)

s′
i,p = [ ξi,p ηi,p ]T (C2)

xi,p = xi + ξi,p cos Ψi − ηi,p sin Ψi (C3)

yi,p = yi + ξi,p sin Ψi + ηi,p cos Ψi (C4)

Ai =
[

cos Ψi − sin Ψi

sin Ψi cos Ψi

]
(C5)

ri,p = [xi,p yi,p ]T = ri + Ais
′
i,p (C6)

si,p = Ais
′
i,p = [ si,px si,py ]T (C7)

ṙi,p = [ ẋi,p ẏi,p ]T = ṙi + ṡi,p = ṙi + Ψ̇iBis
′
i,p (C8)

Bi =
[
− sin Ψi − cos Ψi

cos Ψi − sin Ψi

]
. (C9)

APPENDIX D
Fj,ys Force exerted on body j from spring.
Fj,yd Force exerted on body j from damper.

yj,c Point Cj component with respect to y-axis.
Ct Damping coefficient.
Kt Spring constant.
lo Original distance between Pj and Cj .
rcj Position vector of point Cj with respect to global

coordinate. It can be computed using (D4).
sj,c Location of point Cj from point Oj with respect to

global coordinate. It can be computed using (D5).
Notes:
1) In Fig. 9, the position vector components of point Cj

with respect to the xy-axes can be calculated if the road
profile is given. Equivalent spring and damper forces can
be computed using (D1) and (D2).

2) As per (D3), Fj,x is equal to Fcj,x , and Fj,y is the summa-
tion of Fj,ys and Fj,yd . However, according to the dynamic
properties of tires, if Fj,ys ≤ 0, Fj,x and Fj,y are also 0.
Also, if Fj,yd ≤ 0, Fj,yd = 0.

3) To obtain the torque value exerted on the wheel rim from
the tire, the location vector of point Cj from point Oj must
be obtained.

4) As shown in (D6), an operator tilde was added to com-
pute the torque on bodyj in matrix form. Torque Nj can
therefore be derived as shown in (D7).

Fj,ys = −Kt(yj,p − yj,c − lo) (D1)

Fj,yd = −Ct(ẏj,p − ẏj,c) (D2)

If Fj,ys ≤ 0, Fj,y , Fj,x and Nj are zero,

else (D3)

Fj,y = Fj,ys + Fj,yd (if Fj,yd < 0, Fj,yd = 0)

Fj,x = Fcj,x

rcj = [xj,p ycj ]T (D4)

sj,c = rcj − rj = [ sj,px (ycj − yj ) ]T (D5)

If a = [ ax ay ]T , then ã = [−ay ax ] (D6)

Nj = s̃j,c [ F j,x F j,y ]T . (D7)

APPENDIX E

Notations for Figs. 12–14 and (6)–(13) are the following.
θsl Camber angle of left side wheel.
θsr Camber angle of right side wheel.
ϕ Chassis roll angle.
θd Angle between mb2 vertical axis and mb1 horizon-

tal axis.
θm Angle between line from M to joint J1 (see Fig. 7)

and normal ground direction.
Lcj,x Component of M location from joint J1 in

x-direction.
Lcj,y Component of M location from joint J1 in

y-direction.
lb Distance between Mb and joint J1 .
lch Distance between Mc and joint J1 .
lmo Distance between M and joint J1 .
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Fig. 27. Forces exerted on IPM from the ground.

Fig. 28. Definition of wheel v-axis.

APPENDIX F

Notations for Figs. 27–29 and (F1)–(F19) are the following.

O Position where mass center M is projected on
the cross (in the x–z plane) in the initial state.

v-axis Axis of intersection of median coronal plane and
wheel plane (see Fig. 28).

hj1 Joint J1 height (see Fig. 7).
PA Front end of cross (i.e., intersection of cross and

front wheel v-axis).
PC Rear end point of cross, similar to PA end point.
PD Left end point of cross, similar to PA end point.
PE Right end point of cross, similar to PA end point.
PB Cross intersection.
la Distance between points PA and O.
lob Distance between points O and PB .
lc Distance between points PB and PC .
w Distance between points PD and PE .
O2 Projection point of point O on ground.

Fig. 29. Spring deflection caused by forces from ground and kinematic motion.

∆z Vertical displacement of O.
ψ Cross pitch angle by spring deflection.
∆ϕ Cross roll angle by spring deflection.
ψf and ψr Respective assembled angles of front and rear

suspension systems rotated around x-axis.
ax, ay ,

and az
Respective measured accelerations in x-, y-, and

z-directions.
Fxf x-direction force from front tire ground.
Fxr x-direction force from rear tire ground.
Fxsl x-direction force from left side tire ground.
Fxsr x-direction force from right side tire ground.
Fyf y-direction force from front tire ground.
Fyr y-direction force from rear tire ground.
Fysl y-direction force from left side tire ground.
Fysr y-direction force from right side tire ground.
Fzf z-direction force from front tire ground.
Fzr z-direction force from rear tire ground.
Fzsl z-direction force from left side tire ground.
Fzsr z-direction force from right side tire ground.
F1 Front equivalent spring internal force.
F2 Rear equivalent spring internal force.
F3 Left side equivalent spring internal force.
F4 Right side equivalent spring internal force.
kf,v Front equivalent spring vertical spring constant.
kr,v Rear equivalent spring vertical spring constant.
ksl,v Left side equivalent spring vertical spring

constant.
ksr,v Right side equivalent spring vertical spring

constant.
kf Front suspension system spring constant.
kr Rear suspension system spring constant.
ksl Left side suspension system spring constant.
ksr Right side suspension system spring constant.
ktf Front tire vertical spring constant.
ktr Rear tire vertical spring constant.
ktsl Left side tire vertical spring constant.
ktsr Right side tire vertical spring constant.
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Fig. 27 illustrates actual external forces acting on the IPM
vehicle prior to deflection, assuming steady-state cornering on
a flat road. Thus, all steady-state maneuvering motions can be
treated as special cases of steady-state cornering. Angular ac-
celeration and rotational wheel motion are disregarded due to
their insignificant values.

Assuming that actual motions can be divided into fragments
of steady-state motion, numerical simulations can be used to
calculate ground forces for each state. Due to its small variance,
note that during the suspension and tire deflecting stages, the
wheel-ground contact point is assumed as being a fixed point.

For the sake of efficiency, the vehicle chassis was treated
as a rigid body cross directly attached to four equivalent
springs. Spring constants are equivalent to those for the cor-
responding suspensions and tires. The final constants for the
four equivalent springs are derived using (F1)–(F4); the equa-
tions indicate that the spring constants change with the IPM
mechanism angles. The cross in Fig. 7 is parallel to the x–
z plane, with the same height as the J1 joint. The cross was
assumed as having no mass and no moment of inertia. M
(the IPM mass center) moves with θm and the suspension/tire
deflection.

Fig. 29 is an equivalent cross with the deflection of equiva-
lent springs via cornering. According to the mechanism, point
O is assumed as the rotation center of the pitch and roll mo-
tions caused by the deflection of the four springs. In a steady
state, those deflections can be replaced by ∆z, ψ, and ∆ϕ.
Furthermore, F1 , F2 , F3 , and F4 represent overall forces from
the ground acting on each individual spring direction, lead-
ing to (F5)–(F8). Next, (F9)–(F11) are derived using the force
and torque equilibrium principle. Note that according to the
dynamic property of tires, the normal forces cannot be neg-
ative. If a normal force is negative or zero, its value is reset
as zero. Assuming normal operating conditions, friction forces
from the ground will be proportional to the corresponding nor-
mal forces, and lead to (F12)–(F19). Fig. 15 contains a proposed
method for calculating forces from the ground induced by the
measured accelerations ax , ay , and az . Gravity is considered
in ay .

kf,v =
kf ktf

(ktf + kf cos θb)
(F1)

kr,v =
krktr

(ktr + kr cos θb)
(F2)

ksl,v =
kslktsl

(ktsl + ksl cos θsl)
(F3)

ksr,v =
ksrktsr

(ktsr + ksr cos θsr )
(F4)

F1 = Fzf sin ψf−Fxf cos ψf sin θb+Fyf cos ψf cos θb

=
kf,v (∆z + laψ)
(cos ψf cos θb)

(F5)

F2 = Fzr sinψr−Fxr cos ψr sin θb+Fyr cos ψr cos θb

=
kr,v [∆z − (lob + lc)ψ]

(cos ψr cos θb)
(F6)

F3 = −Fxsl sin θsl + Fysl cos θsl

=
ksl,v (∆z − lcψ − w∆ϕ/2)

cos θsl
(F7)

F4 = −Fxsr sin θsr + Fysr cos θsr

=
ksr,v (∆z − lcψ + w∆ϕ/2)

cos θsr
(F8)

∑
Fy = may

Fyf + Fyr + Fysl + Fysr − may = 0 (F9)∑
Mz,o2 = 0, then

[−(Fyf +Fyr+Fysl+Fysr ) tan θb − max ]∆z

+ [−maxlmo sin θm + may lmo cos θm ]∆ϕ

+
[
(Fyf + Fyr + Fysl + Fysr )ho sin θb

+
(Fysl − Fysr )w

2

]
+ maxho cos θb

+ maxlmo cos θm + may lmo sin θm = 0 (F10)∑
Mx,o2 = 0

maz∆z + may lmoψ + (maz lmo sin θm )∆ϕ

+ [−laFyf +(lob+lc)Fyr+lc(Fysl + Fysr )]

+ [−mazho cos θb−maz lmo cos θm ] = 0 (F11)

Fzf =
Fyf maz

(may )
=

Fyf az

ay
(F12)

Fzr =
Fyraz

ay
(F13)

Fzsl =
Fyslaz

ay
(F14)

Fzsr =
Fysraz

ay
(F15)

Fxf =
Fyf max

(may )
=

Fyf ax

ay
(F16)

Fxr =
Fyrax

ay
(F17)

Fxsl =
Fyslax

ay
(F18)

Fxsr =
Fysrax

ay
. (F19)
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