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ABSTRACT

In this study, a concentrated force is applied to both adherends bonded by an adhesive
under the pin-pin boundary conditions. First a mathematical model is derived with governing
equations and boundary conditions. These complicated, and analytically problematic, coupled
equations are solved numerically using symbolic manipulation and singular value
decomposition (SVD). Also discussed are the effects of major factors, including the relative
thickness of, material properties of adherends and adhesive, joint length, and the action point
of the concentrated force on the peel and shear stresses in the adhesive layer. As non-
dimensional parametersg, =6.0, E, =6.0, E, =2.75, P=1 and the parameter d = 0, this study
identifies the conditions under which the upper adherend without breakage can be fully
separated from the lower adherend. Particularly, it is found that the thickness of the lower
adherend should be greater than ten times that of the adhesive layer but less than one-third
that of the upper adherend, the adhesive layer should be relatively thin (h, <0.01 mm), and
the adhesive joint should be relatively short (thickness to length ratio , > 0.08).

Subsequently, the aforementioned analysis of adhesive joint is associated with the C++
program of genetic algorithm and is applied to investigate 1C chip pick-up process. As the
thickness of I1C chips subjected to the concentrated force 4.8 N is 0.1 mm, IC chips are easy to
fail in the IC chip pick-up process while as the thickness of IC chips subjected to the
concentrated force 3.5 N is 0.34 mm, IC chips are fully separated from blue tape without
breakage. The two experiments have a great difference in the success rate of the IC pick-up

process. The experimental results are discussed by genetic algorithm searching associated



with analysis of adhesive joint. The former case is as the thickness of the adhesive layer is
0.01mm, the solution to Young’s modulus of the adhesive layer is not found. Additionally, it
is expected that the success rate of the IC pick-up process can be raised by changing the
adhesive’s thickness. However, the searching result does not also find any solution to material
properties and thickness of adhesive. The latter case is as the thickness of the adhesive layer is
0.01mm, Young’s modulus of the adhesive layer is searched and the value of Young’s
modulus obtained is2.46x10" pa. In addition, it is expected that in the IC pick-up process,
radiation-cured adhesives (ultra-violet adhesives) can be replaced by general adhesives. The
searching result can also obtain Young’s modulus of and the thickness of the adhesive layer
which are respectively 2.77x10" pa and 0.027mm. These results are in accordance with
those of the experiments.

In order to reduce the easy failure of the former case regarding IC chip’s thickness 0.1 mm,
the Young’s modulus of blue tape has to be increased. The conclusions are that only if the
Young’s modulus of blue tape is greater than one-tenth that of IC chips, genetic algorithm can
obtain the searching results of adhesive’s Young’s modulus and adhesive’s thickness.
Thereby, only if the mechanical properties of blue tape are changed, the probability of I1C
chips which can be fully separated from blue tape is expected to be able to increase because
the von Mises’s stresses of the searching results are greater than 130Mpa exceeding the

critical value (40-80Mpa) [51] of general adhesive.
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CHAPTER 1 INTRODUCTION

1-1. Background

As technology advances, use of adhesives is becoming ever more widespread because
adhesive can also help make it easier to manufacture products and be used extensively to bond
metallic, ceramic, plastic and composite components in many fields where structures are
subject to high levels of service. Therefore, nowadays, product designers and manufacturing
engineers rely on adhesives more than ever for greater design flexibility, more efficient
production, and improved performance. In addition, adhesives applied to joints have been
used for many years in aircraft structures and in many other applications including particular
aircraft repair, civil engineering, automotive engineering, medical field, and the electronics
industry.

Adhesive bonding has many advantages over the conventional fastening techniques such
as welding, riveting and bolting because its application does not require high temperatures in
welding and hole in structure component like the cases of riveting and bolting. Thereby, stress
concentration in the adhesive joints is less than that caused by high temperature of welding as
well as hole of rivets and bolts; stress distributions of adhesive joints are more uniform.
Additionally, using adhesive bonding has the substantial benefit of weight reduction that is an
important advantage, especially for lightweight structures. Therefore, the use of adhesive
materials as a means for assembly of structure is being accepted as an alternative means to
conventional joining processes. Except weight reduction, the advantages of structural
adhesive bonding over other joining techniques include cost savings (including lower labor
costs), elimination of stress point concentrations by even more uniform distribution of stress
over the entire bonded joint described above, bonding of dissimilar materials, and resistance

to shock as well as vibration et al.. In Addition, adhesive bonding applied to composites is



being increasingly used in structural applications, which is also justified by its well-known
advantages over mechanically fastened joints: fewer sources of stress concentrations, more
uniform distribution of load, and better fatigue properties. Hence, the use of adhesives is more
widespread than ever in technically demanding applications.

Though adhesive bonding has many aforementioned advances and great potential, it,
however, results in some inconveniences. For instance, adhesive bonding is almost always
irreversible; in other words, to disassemble the bonding without damaging the structural

components is not easy.

1-1-1. Adhesive

As for adhesively bonded joints applied to structure component, adhesive selection is very
important. The selection criteria are based upon material information, joint type and loading
condition et al.. Material information involves the characteristics of adhesives and adherends
as well as the boned strength of adhesive. Understanding these characteristics is very
important for selecting suitable adhesive employed in bonded joints. Because there is a great
variety of adhesives over 18 different generic types of adhesives as well as numerous sub-
types and hybrids of the adhesive, the selection of the most suitable adhesive for the adhesive

joint probably is one of the most daunting areas in the design process.

In this research, only radiation-cured adhesives are introduced because they are often
applied to the IC chip pick-up process. They become active and cured when exposed to
radiation, usually ultra-violet (UV) light. The mechanism depends upon special modifications
to the monomer's structure and the inclusion of light-sensitive compounds that start the
reaction. Also, they are also widely used for bonding glass, ceramics and transparent plastics.

However, some tapes of radiation-cured adhesives are applied to the IC pick-up process.



These adhesives make it possible to achieve a higher tack before the exposure of UV light
while ensuring the easy removal of the adhesives and the reduction of boned strength after
exposure. That is to say, as exposure to UV light source breaks adhesive bond, the tack of the

adhesive can be reduced. Specially, the adhesives offer worse resistance to peel force.

1-1-2. Joint Type

There are many sub-types of single lap joints as shown in. Generally speaking, single lap
joints are the simplest joint geometry and usually used in structural joints but its shortcoming
is that peel stresses still arise in this joint. Other joint geometries may be considered to reduce
peel stresses; for example, butt joint, double lap joint and scarf joint as shown in Figs 1.2, 1.3
and 1.4 are better selection to reduce peel stresses. Especially, as scarf joints allow a large
adhesive contact area, the joint is an ideal joint for eliminating peel stresses, but parts joined
in this way must maintain a close fit; however, in practice these joints are harder to create and
are not suitable for use with thin sheet adherends.

Joint design requires selection of the correct joint types depending on loading condition,
geometrical shape and assembly procedures. Joint design should minimize stress
concentrations by ensuring that the load is distributed over the entire bonded area. Some
stresses, such as peel, cleavage, and shear stresses, should be minimized (see Fig. 1.5)
because these stresses will cause the failure of adhesive joint. Most adhesives applied to
structure components withstand tensile stress well, so maximizing the tensile stress and
minimizing others is one of the vital targets in designing the structure components but the
tensile stress is less than the critical stress of adhesives. Joint type should serve to improve
bond strength. It may be important to choose the most suitable joint type of geometrical

structures because this joint type minimizes the peeling or shear stresses at the edges of the



overlap in the well-bonded situation. Nevertheless, in the IC chip pick-up process, it is
expected that at the edges of joint, the peeling and shear stresses can be maximized and their
values also can exceed the critical stresses of adhesive; and IC chips whose stress distribution

can be minimized do not fail during the process.



Flat adherend
™
A

v

Adhesive g5 adherend

Simple single lap

Flat adherend

\.\
A v
Adhesive  glap adherend
Bevel single lap
Flat adherend AQEEEWE
B \ER\L
Flat adherend
Toggle lap
Flat adherend
™
A )
Adhesive  pr¢ o diierend
Strapped lap (+Bevel option)
Flat adherend

N

?..

Adhesive  piat adherend

Corner single lap

Fig. 1.1 Singe lap joints



Flat adherend.

A dhlesi\-'e Flat adherend

Simple buit joint

Flat adherend-.
R
&
l | |
r
Adhesive  ply adherend
Double butt strap
Fig. 1.2 Butt joints
Flat adherend
\
A
' — v !
v \ \
Flat amcrcnd Adhesive  pla adherend
Simple double lap
Flat adherend
~,
A
- * — \ T\
Flat amcrcnd Adhesive  pla adherend

Double lap with beveled adherends

Flat adherend Flat adherend
~,

N
4 A

L *\ : d
Flat a\(mt:n:nd Adbesive Flat adherend

Double lap

Fig. 1.3 Double lap joints



Flat adherend

.
K .
Adhesive %adhunmd
Simple scarf lap
Flat adherend Flat adherend
\ N
A A
AN
Adhgsive Flnﬁdhcmnd
Double scarf lap
Flat adherend Flat adherend
™ \
4 . .

Adheésive

Strapped double scarf lap

Fig. 1.4 Scarf lap joints

e r

Tensile Shear Cleavage Peel

Fig. 1.5 Stress catalogy

Fig. 1.6 depicts the IC manufacture procedure [1], to elucidate the causes of failure. A

wafer is stuck in tape, and polished thinner and flatter. Then, it is removed from the tape and



stuck to the blue tape. The wafer can be fixed to the blue tape by radiation-cured adhesive,
and cut into pieces (called IC chips) by a diamond cutter. Sequentially, in the IC chip pick-up
process, the IC chips must be pierced and broken off by using the piercer, before being
separated from the blue tape without any cracks. However, as IC chips are getting shorter and
thinner, IC chips easily fail during IC manufacture. As shown in Fig. 1.7, adhesively bonded
joint is applied to IC chip pick-up process. In the adhesively bonded joint, both adherends
subjected to a concentrated force, are bonded by an adhesive under the pin-pin boundary
conditions. Because its joint type is different from the aforementioned joint types but this joint
is a three-laminar structure which is similar as that of a single lap joint, this dissertation
mainly investigates the joint. Specially, joint’s adherends are consisted of different materials.

To sum up, the use of adhesively bonded joint keeps increasing but there are still some
important issues, such as stress distributions of the joints, to be explored. In this study, the
stress distributions of the joints are affected by the key factors which involve the
consideration of a variety of geometries, material properties of adhesive and blue tape, and
loading conditions.

To perform stress analysis requires reliable and efficient closed-form solutions (analytical
solutions) to obtain stress distribution of bonded joints. A large variety of models have been
developed to analyze the adhesively bonded joint. Some of these techniques yield closed-form
solutions, which generally involve some simplified assumptions. Many of them are limited to
a certain range of geometries or loading conditions. Therefore, symbolic manipulation was
employed to derive the reliable, efficient and complicated closed-form solutions which can be
linked by the C++ program of genetic algorithm. Though finite element methods have provide
a general tool to analyze arbitrary geometries and loading conditions, and have been
extensively used with success, however, this kind of method requires much finer meshing in

the issue and a large set of nodes in order to obtain reasonably accurate results. This needs a



large investment in engineering time and computer resources.
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Fig. 1.6 Processes in the IC manufacturing procedure. [1]



Upper adherend
Adhesive layer

N

Lower adherend

Fig. 1.7 Two adherends of the adhesively bonded joint bonded by an adhesive layer.

1-2. ODbjectives

The main objective of this study is to derive closed-form solutions (analytic solutions)
linked with the C++ program of genetic algorithm to predict the behavior of the adhesively
bonded joint in the IC chip pick-up process. To achieve the main objective, the following
objectives are indispensable:

1. To obtain closed-form solutions (analytic solutions) to peeling and shear stresses for
the adhesive layer, and to normal stress due to bending moment and longitudinal
force of adherends as well as to displacement and slope of adherends.

2. Close-form solutions applied to cantilever beam strengthened by adhesively bonding
and a single lap joint.

3. The effect of geometric shapes, action point of concentrated force and material
properties of adhesive and adherends on peeling and shear stresses.

4.  Examining whether adhesive joints are in the well-bonded situation or not.

5. To apply Genetic algorithm linked with analysis of adhesive joint in the IC chip pick-
up process, and to discuss the analytical results and experimental results.

6. Investigating how to improve success rate in the IC chip pick-up process.

10



1-3. Significance and Limitations

In this study, a concentrated force is applied to both adherends bonded by an adhesive
under the pin-pin boundary conditions. The aim of the proposed research is to attain closed-
form solutions that will include the most relevant factors of the adhesively bonded joint.
These solutions are able to be linked with the C++ program of genetic algorithm since it is
still somewhat difficult to converge and directly solve the differential equations by using the
numerical method. However, Cornell [29], who claimed that obtaining complete theoretical
solutions (closed-form solutions) to this problem would be very difficult, only considered a
cantilever beam consisting of the same adherends. Only if the characteristic solutions of these
equations have considerable values can his method produce classical solutions for the
differential equations. As obtaining analytical solutions (closed-form solutions) is even more
difficult here than in the work of Cornell [29], the model uses symbolic manipulation to solve
the coupled differential equations in the Mathematica package, thereby enabling to find
complete and complicated solutions that are not limited to solving only the characteristic
solutions having large values (i.e. the characteristic solutions had to have large values [29]).

Estimating the peel and shear stresses of the adhesive between the IC chip and the blue
tape is very important for the adhesive joint in the IC chip pick-up process. The results found
in the experiments [45] are that as the thickness 0.1 mm of IC chips subjected to 4.8N, IC
chips are easy to fail while as thickness, 0.34 mm of IC chips subjected to 3.5N, IC chips
without crack can completely be separated from the blue tape. These closed-form solutions
may be applied to analyze the behavior of adhesive in IC chip pick-up process. Therefore,
genetic algorithm associated with these closed-form solutions aims to seek the suitable
characteristic of adhesive material and blue tape to be able to reduce the failure of IC chips in

the IC chip pick-up process. This research shows that conclusions drawn can increase the
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success rate of IC chips which without crack, can be successfully separated from blue tape
during IC chip pick-up process.

The closed-form solutions are only applied to a single lap joint. Adhesively bonded joint
must be based on linear and elastic theory as well as small-deflection (Euler) beam theory

under small deflection assumption.

1-4. Dissertation Outlines

In order to carry out the objective described before, the following chapters further
illustrate how to accomplish the targets in more details. Here these chapters are briefly
introduced in this section. Chapter 2 is devoted to discussing the related literatures regarding
adhesively bonded joints and genetic algorithm. In regard to adhesively bonded joints, some
published papers, basing on thermal or external load, material properties, plastic behavior,
crack analysis, and strengthening structure, are introduced in order. As for genetic algorithm,
here discuss some articles including penalty function, adaptive search techniques and its
application to adhesively bonded joint. Next, some methods employed to solve the adhesively

bonded joint are investigated.

Chapter 3 is dedicated to analysis of adhesive joint and mainly develops theoretical model
of the adhesively bonded joint applied to the IC chip pick-up process. The use of symbolic
manipulation is employed to solve the closed-form solutions (analytical solutions) to the
adhesively bonded joint. These closed-form solutions involve the expressions of the
transverse and longitudinal displacements, longitudinal and shear forces, moment in the
adherends as well as peel and shear stress of the adhesive. These expressions are also shown

to be correct by re-substituting them into coupled differential equations and by comparing the
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results of the examples in references [29-30] with those obtained by the application of the

expressions to solving those examples.

Sequentially, the IC chip pick-up problem is solved by using these closed-form solutions
on which boundary and constraint conditions are imposed. Then, under some conditions,

examine whether adhesively bonded joints are in the well-bonded situation or not.

Chapter 4 focuses on comparing the results of the experiments [45] with those of the
analysis of adhesive joint and drawing conclusions which can increase the success rate of IC
chips in the process. In the experiments, because of the different thicknesses, 0.1mm, and
0.34mm of IC chips, the success rate of the IC chip pick-up process has a great difference.
The 0.1mm IC chips nearly fail in slower speed but the 0.34mm IC chips without breakage
can almost be completely separated from blue tape. These phenomena are discussed by
theoretical model. However, because the characteristics of the adhesive layer are not easily
found, genetic algorithm with penalty function, associates with analysis of adhesive joint
method to solve the thickness and mechanical properties of the adhesive layer. The program
of the genetic algorithm is written by the C++ language. Some conditions are proposed to

improve the success rate in the pick-up IC process.

Chapter 5 draws conclusions and discussions about further works of this study in the

future.
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CHAPTER 2 LITERATURE REVIEW

2-1. Introduction

Based on some aforementioned facts, the design structure involves adhesively adhesive
joints, and IC chip as well as blue tape stuck together by adhesive. Strictly speaking, in IC
chip pick-up process, an adhesively bonded joint includes two adherends — the IC chip (upper
adherend) and the blue tape (lower adherend) bonded by an adhesive in the IC chip pick-up
process. In the published articles, many methods have been applied to solve the problems of
adhesively bonded joints. Generally speaking, there are mainly several basic approaches, such
as finite element method (FEM), numerical method and analytical method, which are often
employed to solve the problems of adhesively bonded joints. These approaches are also

applied to the following literature and will be discussed in the next sections.

2-2. Adhesively Bonded Joints
2-2-1. Introduction

Adhesively bonded single-lap joints have been widely studied since the 1950s. One of the
most widely quoted papers on stresses in adhesive joints is that of Goland and Reissner [2].
Goland and Reissner have developed the cemented-lap mathematical model and found the
explicit solutions (closed-form solutions) to two limiting cases. One case is that the cement
layer must be so thin that its effect on the flexibility of the joint may be neglected; the other
case is that the joint flexibility results mainly from that of the cement layer.

Some studies that have used and extended the Goland-Reissner theory and have compared
their own results with Goland-Reissner’s are described below. Oplinger [3] has released the

limit of large adherend-to-adhesive layer thickness ratio to obtain the results of the Goland-
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Reissner analysis. Oplinger’s model should give the most accurate results for any overlap
joint length because the edge moment expression was obtained by considering the large
deflections of all the components of the single lap joint structure. Carpenter [4] has verified
the correctness of Goland-Reissner’s formulations by making comparisons between his finite
element results and the results of Goland-Reissner’s original equations. Ojalvo and Eidinoff
[5] have used a more complete shear-strain/displacement equation to solve the single-lap
adhesive joints. They explained that the shear stress is the highest value at two anti-
symmetrical adherend-bound interface points of the layer; the growth of joint failures
originating from these points are consistent with the results obtained from actual experiments.
Carpenter [6] summarized the theories of lap joint behavior of Goland and Reissner and of
Ojalvo and Eidinoff’s equilibrium of a unit width differential element in the adherend-

adhesive layer.

2-2-2. Thermal Loading

Stress distributions of adhesive joint affected by thermal variation are often studied. Suhir
[7-9] have investigated thermal stress in an adhesive layer subjected to temperature variation
for many years. First, he [7] obtained the distribution of the stresses in the interface of the
thermostat bi-metal plate subjected to uniform heating or cooling. Next, in both the
longitudinal and the transverse interfacial compliances of the thermostat strips subjected to
thermal or external loading, he [8] found the interfacial stresses by using the elementary beam
theory. Finally, he [9] developed the thermal stress analysis model in a piecewise continuous
adhesive layer. These stresses are yielded by the thermal expansion (contraction) mismatch
between adhesive material and the material of adherends. In addition, Rossettos [10]
investigated thermal stresses of a single lap joint with identical adherends subjected to

temperature changes.
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2-2-3. Anisotropic and Orthotropic Materials

The effects of various materials on stress distribution of the joint are discussed in the
following. Some authors have treated both the adherend and adhesive materials as anisotropic
and orthotropic by using either a finite element analysis or theoretical analysis. Wah [11],
who found stress distribution in a lap joint, considered the adherends to be anisotropic
whereas the cement was treated as an isotropic material. Renton and Vinson [12] developed a
mathematical model of composite materials and formulated methods of analysis for

determining the behaviors of single-lap joints with orthotropic adherends.

2-2-4. Non-linear FEM and External Loading

Tsai and Morton [13] analyzed the single-lap joint by using a two-dimensional
geometrically non-linear finite element and made comparisons between the solutions of FEM
and those of the theoretical analysis. They analyzed the influence of large deflections of the
overlap joint on the computation of the edge moments. They concluded that the influence of
the deflections on the edge moments is negligible if the joint is short.

Subsequently, Luo and Tong [14] applied linear and higher order displacement theories to
stress analysis of thick adhesive and validated their results through two-dimensional finite
element analysis. In addition, Allman [15] stated that the elastic stresses are obtained in
adhesive bonded lap joints subjected to bending, stretching and_shearing of the adherends and
that the effects of the shearing and tearing actions were accounted for on the stresses of the
adhesive layer. Allman produced a model that allows linear variation of the peel stress
through the adhesive thickness. The comparisons between analytical results and experimental

data were displayed. Additionally, single-lap adhesive joints of dissimilar adherends have
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been subjected to external bending moments and tensile loads [16-17], and a single-lap joint
subjected to tension loading and moments induced by geometric eccentricity was studied

using the finite element method [18].

2-2-5. Plastic Behavior of Adhesive Joints

Some studies have investigated the plastic behavior in adhesive joints using FEM and
analytical methods; for example, a recent elastoplastic stress analysis of a single-lap joint
subjected to bending moment was carried out using the finite element method [19]. The
significant effects of adherend thickness and overlap length on the joint’s strength were
observed. Early on, Chen and Cheng [20] analyzed an adhesively bonded single-lap joint by
minimizing the functional of the variational principle of complementary energy. Subsequently,
Alexandrov and Richmond [21] addressed the approaching methods to solve three-
dimensional, kinematically admissible velocity fields in a flat layer of an ideally rigid plastic
material subjected to tension, while Mortensen and Thomsen [22] applied the multi-segment

method of integration to solve the multiple-point boundary value problem.

2-2-6. Crack Analysis and Stress Singularity

When subjected to loading or thermal loading, debonding or failure may occur at different
locations in the adhesive joint. The fracture of the adhesive joint often occurs in the interface;
that is to say, debonding occurs between the adhesive and the adherent. At the scale of
engineering structures, many systems are built by adhesively bonding different components,
and the mechanical failure of such systems often occurs because of the failure of the bonded
interfaces [23].

In fact, the stress concentrations at critical regions such as adherend-adhesive interfaces or
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the fillet of an adhesive joint can be a source of damage due to interfacial shear and transverse
normal stresses. Some researchers, for instance, Gleich et al. [24], Qiao and Wang [25] and
Qian and Akisanya[26], have addressed cracks resulting in failure or the stress singularity in

the fillet of an adhesive joint.

2-2-7. Strengthening Structures

Adhesively bonded joints are also applied to strengthen structure. Some technical studies
have presented that a structure is strengthened by adhesively bonding the steel plates to the
tension face of the beam [27-28]. Li et al. [27] have shown the influence of the adhesive
thickness and the steel plate thickness on the behavior of strengthened concrete beam.
Taljsten [28] derived the shear and peel stresses in the adhesive layer of beam bonding by a
strengthening plate whose bending stiffness was neglected. That is to say, the bending
moment of the plate is neglected when the shear stress of the adhesive and the strain of the
plate were during derivation. Nevertheless, the plate really had the bending moment when the
peel stress of the adhesive was formulated. He simplified this issue and made it easy to be
solved. However, Cornell [29], who claimed that obtaining complete theoretical solutions to
this problem would be very difficult, only considered a cantilever beam consisting of the same
adherends. Only if the characteristic solutions of these equations have appropriately large

values can his method produce classical solutions for the differential equations.

2-3. Genetic Algorithm and Penalty Function Method
2-3-1. Introduction

Genetic algorithms are used in search and optimization, such as finding the maximum

(minimum) of a function over some domain space. Genetic algorithms are less susceptible to
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getting ‘stuck’ at local optima than gradient search methods. But they tend to be
computationally expensive. Genetic algorithm with penalty function is adopted by this study
because the geometrical dimensions and material properties of adhesive and adherends deeply
affect stress distributions of the adhesively bonded joint in IC chip pick-up process (see Figs.
3.10 and 3.16); and choosing the most suitable adhesive among numerous types of adhesive is

difficult.

2-3-2. Penalty Function Method without Any Penalty Parameters

Some authors employed genetic algorithms (GAs) and the penalty function method which
does not require any penalty parameter to solve real-world search and optimization problems
involving inequality and/or equality constraints.

Deb [32], for example, devised a penalty function approach by using the approach of
making pair-wise comparison in a tournament selection operator. Lin and Wu [33-34]
proposed a selforganizing adaptive penalty function strategy (SOAPS) without penalty
parameters, and provided a robust and efficient means for constrained genetic searches but its
performance occasionally fails to reach the expectation on some highly constrained problems.
Also, SOAPS also often failed to attain the optimum when the optimization problems involve
equality constraints. Subsequently, They developed a new generation of the self-organizing
adaptive penalty function strategy (SOAPSII) that can be effectively applied to diverse
problems with inequality and equality constraints genetic algorithms. Nanakorn and
Meesomklin [35] developed a new penalty scheme that is free from the disadvantages. Those
disadvantages of most penalty schemes have included that (1) some coefficients of penalty
function had to be specified at the beginning of the calculation, (2) the coefficients usually
had no clear physical meanings, and (3) furthermore, appropriate values of the coefficients

were estimated even by experience. Nevertheless, their penalty function was able to adjust
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itself during the evolution so that the desired degree of penalty was always obtained. The

coefficient of their penalty scheme had a clear physical meaning.

2-3-3. Adaptive Search Techniques

Some penalty schemes and adaptive search techniques are proposed to improve the
efficiency of genetic algorithm. Barbosa and Lemonge [36] proposed a parameter-less
adaptive penalty scheme for genetic algorithms applied to constrained optimization problems.
They examined the performance of this scheme by using test problems from the related
literature and constrained optimization problems of structural engineering. Coit and Smith [37]
presented a penalty guided genetic algorithm which identified a final, feasible optimal, or near
optimal solution in effective and efficient search of promising feasible and infeasible regions
of reliability optimization with the highly constrained nature. Their proposed penalty function
was adaptive and responds to the search history. Bullock et al. [38] presented that increasingly
efficient and cost effective hybrid approaches incorporate an adaptive search and knowledge-
based techniques of genetic algorithm, and outlined design sensitivity. Hasancebi and Erbatur
[39] have obtained a better efficiency of GAs by developing two new crossover techniques.
Comparative results are fully discussed between the proposed and the common crossover
techniques.

The other technique methods improving genetic algorithm were also listed some
literatures here. Kwon et al. [40] proposed a successive zooming genetic algorithm (SZGA)
for identifying global solutions by using continuous zooming factors. The algorithm was that
the search space was zoomed around the design point with the best fitness per 100 generations
and compared with a simple genetic algorithm and a micro-genetic algorithm for their ability
to minimize multi-modal continuous functions and simple continuous functions. The results

showed that the SZGA significantly improved the ability of a GA to identify a precise global
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minimum and identified a more exact optimum value than the conventional GAs. Wu and
Chow [41] applied genetic algorithms to a constrained nonlinear optimization problem with a
mix of discrete sizing and continuous configuration variables. The discrete sizing variable was
formed by mapping relationships between binary digit strings and discrete values by the

medium or unsigned decimal integers.

2-3-4. Genetic Algorithm Application to Adhesively Bonded Joints

Genetic algorithm was applied to the subjects related to the studies of adhesively bonded
joints. Govindaraj and Ramasamy [42] applied Genetic Algorithms to optimize the design of
reinforced concrete continuous beams, which satisfied the strength, serviceability, ductility,
durability and other constraints. Their optimum design considered the cross-sectional
dimensions of the beam alone as the design variables and design results are compared with
those in the available and related literature. Cho and Rhee [43] optimized the maximum
interlaminar stresses of laminated composites with free edges under extension, bending, and
twisting loads by using genetic algorithm (GA) in which a repair strategy was adopted to
satisfy given constraints. Moreover, uncertainties were taken into account in lightweight

design of laminated composite structures.

2-4. Methods Applied to Solve the Issues of Adhesively Bonded

Joints

Three basic approaches presented by the aforementioned literatures including direct
numerical method, finite element method (FEM) and analytical method are often employed to
solve the issues of adhesively bonded joint. These approaches are discussed as follows.

In the first approach, solutions of differential equations with boundary conditions are
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obtained by iteration methods or finite difference methods. Nevertheless, the use of numerical
methods in real applications is under many limitations because these methods are based on a
very limited number of geometries. Furthermore, it is easily divergent to solve the coupled
differential equations by using direct numerical method.

The second approach employs finite element method which is widely used in many
scientific and engineering fields including fluid flow, heat conduction, and structural analysis.
The finite element method is often applied to the determination of stresses in adhesively
bonded joint structures. The continuum model is firstly discretized and represented by a
discrete model. (i.e. a discretization procedure is to divide the structure into small parts and to
formulate the model of each one of these parts and then to re-assemble those small parts to
model the whole structure.) Subsequently, a system of algebraic equations is derived,
commonly from energy functionals. Consequently, no general expressions are obtained for the
solution and, therefore, stresses are given at specific points, such as Gauss points. The rapid
development of computers has made the use of numerical techniques more appealing and
feasible. Finite element methods can be used to analyze models with arbitrary geometries and
loading conditions. They are suitable for the analysis of structures comprised of different
materials. However, if one dimension value in the geometrical model is much greater than the
others (i.e. dimension values have the great differences in the geometrical shape), numerical
solutions (such as values of peel and shear stresses) become much more difficult to be
accurately achieved by FEM because of the mesh problem. In other words, it is a little bit
difficult to generate the finer mesh of adhesive and adherends if either the ratio of adhesive’s
thickness to joint length or the ratio of adherend’s thickness to joint length is very large.
Additionally, because the stresses of this joint are obtained more accurate solutions of FEM,
the much finer mesh is required. However, if this joint with the much finer mesh is accurately

solved, much more CPU run time of the computer is required and taken.
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In the last approach, a set of differential equations and boundary conditions is formulated.
The solutions of these equations are analytical expressions which give values of stresses at
any point of the joint. Analytical solutions (closed-form solutions), such as those presented
here for single lap joint, provide a good insight into the behavior of adhesively bonded joints.
They are also useful for analysis and planning of tests and for parametric analysis which can
lead to the establishment of design criteria. However, the use of the method in real
applications is very much limited because they are based on restrictive assumptions and a
very limited number of geometries. In addition, the closed-form solutions are difficult to be
found. Especially, as the governing equations are coupled differential equations, the closed-

form solutions are still more difficult to be obtained.

2-5. Concluding Remarks

In this present study both adhesively bonded adherends are subjected to a concentrated
force and the peel and shear stress distributions in the adhesive layer joining the two
adherends are examined. Such stress distributions are affected by geometric conditions,
including the thicknesses of adherends and the length and thickness of the adhesive layer, as
well as by the action point of the concentrated force.

These preceding advantages are the reasons why the close-formed solutions are adopted in
this research while the aforementioned disadvantages of coupled differential equations die out
by the application of symbolic manipulation. Additionally, FEM is not suitable to solve this
issue because of the mesh problem described before. That is to say, if the ratio of adhesive’s
thickness to joint length is large and if the stresses of the joint are accurately solved, the joint
must have much finer mesh and much more CPU run time of the computer is required and

taken.
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Under some limited conditions, close-formed solutions may be derived by some literatures
described before. For examples, two adherends have to have the same material properties.
Furthermore, many literatures only investigate the relations of force (or moment) to stresses.
However, in this present study, the relations of the displacements to force (or moment) have
to be derived because of boundary and constraint conditions.

Cornell [29] claimed that obtaining complete theoretical solutions to this problem would
be very difficult. As obtaining analytical solutions is even more difficult here than in the work
of Cornell, the model uses symbolic manipulation to solve the coupled differential equations
in the Mathematica package, thereby enabling to find complete and complicated solutions that
are not limited to solving only the characteristic solutions with large values (i.e. the
characteristic solutions had to have large values [29]). In this analysis, 31 constraint and
boundary conditions are imposed on the analytical solutions. Thus, the numerical solutions
can be found by singular value decomposition (SVD) [31] employed as the basis for finding
the inverse matrix of a matrix in which the magnitude of the matrix elements varies much.
Nevertheless, it is still somewhat difficult to converge and directly solve the coupled
differential equations by using the numerical method.

This theoretical model can be easily linked with genetic algorithm with penalty function
and be applied to solve the IC chip pick-up problem. This method also can decrease the CPU

run time of this problem.
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CHAPTER 3 ANALYSIS OF ADHESIVE JOINT

3-1. Introduction

Basing on the preceding descriptions, the theoretical model is developed and the closed-

form solutions also are found. In this present study both adhesively bonded adherends are

subjected to a concentrated force and the peel and shear stress distributions in the adhesive

layer joining the two adherends are examined as shown in Fig. 3.1. Such stress distributions

are affected by geometric conditions, including the thicknesses and Young’s modulus

adherends and the length, thickness, and Young’s modulus of the adhesive layer, as well as by

the action point of the concentrated force. These stress distributions are investigated and the

closed-form solutions are obtained by symbolic manipulation in the following sections.

Upper adherend

Lower adherend

Fig. 3.1 The sketch showing two adherends bonded by an adhesive layer.

3-2. Mathematical Model

In this model the two adherends — the upper adherend and lower adherend — are bonded by

an adhesive layer with the center coinciding with the origin of the coordinate system. (see Fig.

3.1). The thicknesses of the upper adherend, lower adherend, and adhesive layer are denoted
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by hi, h, and h,, respectively. Their lengths are represented, respectively, by 2c, (L;+L,), and

2c. The lower adherend is subjected to a concentrated force P under the pin-pin boundary

conditions.
The governing equations for this study are based on the following assumptions:

(@) The transverse displacements of both the upper adherend and of the lower adherend
subjected to the concentrated force P are much smaller than their dimensions, and their
transverse displacements are presumed to be linear and small.

(b) The upper adherend and the lower adherend deform under a plane-stress condition; in
other words, the plane section remains plane and the deformation of the cross sections is
correspondingly normal to the neutral surfaces.

(c) The variations in both longitudinal and transverse displacements are linear in the adhesive
layer.

(d) In the adhesive layer, the stress resulting from the longitudinal force is ignored when

compared with stresses in the upper adherend and lower adherend. [14].

Based on the preceding assumptions, the governing equations are derived as follows. First,
the lower adherend is divided into four segments whose ranges are —L, <x<-c,
—c<x<-d, -d<x<c, and c<x<L,, respectively on the x-axis. Next, the upper
adherend is divided into two segments whose ranges are —c < x<-d and —d < x<c on the

x-axis. Finally, the adhesive layer is also divided into two segments, each of which has the

same range as the corresponding segment in the upper adherend.
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3-2-1. Bending moment, Shear force, and Longitudinal Force in the Upper

Adherend and Lower adherend

The free-body diagram for the first segment (- L, < x <—c) is shown in Fig. 3.2— where
N, and F_ represent the longitudinal force and reaction force, respectively, of the left-end
support — and the bending moment, shear force, and longitudinal force of the first segment’s
right-hand section are denoted by M, Q,, ,and N, in which the 1x subscript refers to the
first segment of the lower adherend. According to force and moment equilibrium equations,

the bending moment M, , the shear force Q,,, and the longitudinal force N,, can be derived

interms of N, and F_as.

M, =-F (L +X), (3.1)
le = I:L' (32)
and
N, =N, (3.3)
Li+x
‘ My
Nfﬁ PN
L
L

Fig. 3.2 Free-body diagram for the first segment — L, < x < —c, of lower adherend.

Similarly, in the free-body diagrams for the second, third, and fourth segments (displayed

in Figs. 3.3, 3.4 and 3.5, respectively), the bending moment, shear force, and longitudinal
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force of the section for the ith (i =2~ 4) segment, denoted by M, , Q, , and N, ,

respectively, can be written as shown below.

I_,1+JC
‘ Oho
sz
N| -—l} Eaf m ? N:_.\x
F ‘ sz
Cc—X

Fig. 3.3 Free body diagram for the second segment —c < x <—d , of lower adherend.

Li+Xx
Oa;
v M_‘
T 3X
N | = - H_m D“N3x
FL P wa
d+x

C+X

Fig. 3.4 Free body diagram for the third segment —d < x < c, of lower adherend

Lz-x
Max ‘
N, x“{* ¢_" Nk
Q4x Fy

Fig. 3.5 Free body diagram for the fourth segment of ¢ < x < L,, of lower adherend.

Specifically, the bending moment, shear force, and longitudinal force of the second

segment’s right-hand section (— ¢ < x <—d) are as follows:

M, =—F (L +X)+ IXGaZdX+%jfa2dX, (3.4)

—C
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Q, =F — [o,dx, (3.5)

and
X

N, =N, = [ 7,0, (3.6)

—C

where o,, and z,, are the peel stress and shear stress for the first segment of the adhesive

layer.
Similarly, the bending moment, shear force, and longitudinal force of the third segment’s

right-hand section (—d < x<c) are

M, =-F (L +Xx)+ jXO‘a3dX +h?2 Iragdx +P(d +x), 3.7)
Qs =FL - Jaa3dx_ P, (3.8)
and

Ny, = N = [z,qdx, (3.9)

—C

where o,, and r,, are the peel stress and shear stress for the second segment of the adhesive
layer.
Lastly, the bending moment, shear force, and longitudinal force of the fourth segment’s

left-hand section (c < x<L,) are

M., =—Fs(L, —=X) = (F, = P)(L, - X), (3.10)
Q. =—Fq =(F_—P). (3.11)
and

N, =Ng =N, (3.12)
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The upper adherend, whose range is —c¢ < x < ¢ on the x-axis, must be divided into two
segments whose ranges are—c < x<-d and —d < x <c, respectively. Free-body diagrams
of these two segments are presented in Figs. 3.6 and 3.7. The bending moment, shear force,

and longitudinal force of the right section of the ith segment of the upper adherend, denoted as

M,, Q,,and N,, respectively, are as follows:

M, =_jcx%dx+%_jcraidx i=2or3, (3.13)
Q = j o dxi=2or3, (3.14)
N, = [z dx i=20r3. (3.15)

When i = 2, the range of the upper adherend is — ¢ < x < —d (i.e. the first segment of the upper

adherend). However, when i = 3, the range of the upper adherend is —d < x<c (i.e. the

second segment of the upper adherend).

T Trm’% N

Fig. 3.6 Free body diagram for the first segment —c < x <-d, of upper adherend.
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Fig. 3.7 Free body diagram for the second segment —d < x <c, of upper adherend.

3-2-2. Relationship between Displacement and Stress

When the range of the adhesive layer for bonding the upper adherend to the lower
adherend is —c¢ < x < c, the equations adopted from Ref. [5] are simplified by the small strain

(i.e. the slope of the beam = 0) and are expressed as follows:

(W,

-E ;—W) i—20r3, (3.16)

ai a

7, = Ga(ui(hza)h_uix (—hTa)) i—20r3, (3.17)

a

where u, and w, represent longitudinal and transverse displacements when i = 2 represents

the first segment (— ¢ < x < —d ) of the upper adherend and i = 3 represents its second segment

(—-d<x<c). In equations (3.16) —(3.17), when i = 2, transverse and longitudinal
displacements for the second segment of the lower adherend are denoted by w,,, u,,, and
when i = 3, those for the third segment of the lower adherend are denoted by w,, , us,, .

These variables, which are either functions of both x and z or only a function of x, are

expressed as u; =u;(X,z), U, =U,(X,z), W, =w,(x), and w, =w,(X) (i = 2 or 3). The

longitudinal displacement u, (%) of the upper adherend and the longitudinal displacement
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U, (—“—;) of the lower adherend are then represented as a function of x and are expressed as

either z=h7a or z=—h?a. The symbols G,, E_, and h,, respectively, denote the shear

a’ a!

modulus, Young’s modulus, and the thickness of the adhesive layer.

The stresses of the upper adhered and lower adherend are expressed as follows:

o= =203 (3.18)
dx

when i = 2 represents the first segment (—c <x<-d) of the upper adherend and i = 3
represents its second segment (—d < x<c)

The stresses of the lower adherend are expressed in

o =3 =123 0r4, (3.19)
dx

when i =1, 2, 3 or 4 represents the first, second, third, or forth segments of the lower adherend.

3-2-3. Relationships among Displacement, Longitudinal Force, and Bending

Moment

Following the beam theory, the transverse displacementsw, of the upper adherend and

w,, of the lower adherend are written as shown below:

2
IWy 1M ora, (3.20)
dx E,h,

2
aw M oo, (3.21)
dx E, h

where E;=E,, E, =E, represent Young’s modulus of the upper adherend and of the lower

adherend in plane stress.
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The longitudinal displacements u, of the upper adherend , and u,, of the lower adherend

can then be written as follows:

ix 1 N, 12M, 7"

i=1or4, 3.22
dx E, h, hg ) ( )

du, N, 12M,7', .
b b N 1Mz s ars, (3.23)
dx E, h h;

h, +h

a

h, +h
where z":z+% and z'=z-

To obtain the longitudinal displacements, transverse displacements, and slopes of the first

and fourth segments in the lower adherend, Egs. (3.1)—(3.3) and (3.10)—(3.12) are

substituted into Egs. (3.20) and (3.22) which are integrated over x to produce the following

expressions:

dw,  6F (2Lx+x*)

o TR SEAAE ¢, (3.24)
21l
2,3
x = L (3;1*:]3 +X) +Cp X+ Cypy,s —-L <x<-c, (3.25)
2112
2\ 5"
U - 1* (&X_GFL(ZLIXJFX )Z )+C.., L <x<-—c (3.26)
1x E h h3 13 1
2 ' 2
B 2
d\(;v)z(1X :_6(P FLE)E?;ZX : )"' 41 c<x<L,, (3.27)
22
_ 2,3
=_2(P F)BL X" —x )+c41x+c42, c<x<L,, (3.28)

4x * 3
E2h2

1 &x— 6(P - F_)(2L,x—x?)z"

c<x<L,, 3.29
h2 h23 2 ( )

)+ Cus
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where ¢, are constants. The subscripts i and k of c, represent the ith segment of the lower

adherend and the index of the constants.

Substituting M, and N, from Egs. (3.20—3.23) into Egs. (3.4), (3.6), (3.7), and (3.9),

where o,,, 7,,, 0,5, and 7, are replaced by Egs. (3.16)—(3.17), gives the following

a2’ a2 a3

equations for the second and third segments of the lower adherend:

d*w. 12 |E h2 ,dfw  dlu,

M= A (W — W - i=2o0r3, 3.30
dx* Ezhf{ha ( )+ “(2 dx* dx® )} (3:30)
d’u, _ 12| G, u (=) -u (-2) |- z”—d W, i=20r3 (3.31)
dXz E;hz ha i\2 ix 2 dX3 - ) '

Using the previous procedure, the formulas for the first and second segments of the upper

adherend can be obtained as follows:

d*w. 12 d W, d3U-

i a ¢ i=20r3, 3.32
' E h3{ (- + TURT )} .
du 12 G diw
= {—h—wui(%)—uix (—%»}—z oo i=2ors (3:33)

11 a

3-3. Non-dimensionalization and Symbolic manipulation

To regulate the magnitude of some parameters and illustrate clearly the detailed
relationships among them, the parameters are non-dimensionalized and are listed in Table 1.

For the first and fourth segments of the lower adherend, Egs. (3.24)—(3.29) may be non-

dimensionalized and rearranged as follows:

- 2
dw,, _ 6F, (2L1X3+ X“) ey, L <x<—c, (3.34)
dx E,h;
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~ 2F, (BL,x% +x%)

= = +Cy X +Cyp, ~-L, <x<-c (3.39)
2
T — 2\ n
U, :i(mx_GFL(ZLl);—i_x )2 )+ Cis, -L, <x<-c, (3.36)
E, h, h,
D [ 2
dw,, __6(P FL)(2I3_2x X°) e c<x<L, (3.37)
dx E,h,
5 E 2 3
Y= _Z(P FL)(3I—32X X )+C41X+C42, c<x< LZ' (338)
E,h,
1 iy — RV AN
Uy = = (Noy BPZRICLX=XDZY [ caxsL, (3.39)
E, h, h,
. E , ~ N = F ~
where Elzi’Eoz—a,EZZE,NL=—L,FL=—L,and P=i
G, G, G, G, G, G,

Egs. (3.30)—(3.33) can then be rewritten in the matrix form as:

I 2 1 1 _ ﬂlha D3 L 1 D O ]
Elﬂlha2 Elﬂlh: 2 Elﬂlha -~
l']i
1 -~ D? b 5 0 Plaps, 1 p|-
E,B,h: E,B,h: 2 E,BN, | Ui (3.40)
° pr 0 —4pt- L L Wi
ﬂlha hadl hadl Wi,
0 % pe : —4pt -t
L ﬂzha hadz hadz i
=[Ao][u]=0,
. h,, =~ h, d . : : :
where U, =u, (7), U, = U, (—7) and D = e i may be either 2 or 3, the non-dimensional
X

WE , _ME;
12E," % 12E,°

h h
terms are S, = h—l and B, = h—2 and other parameters are d, =

a a

The characteristic equation, det| Ap |=0, of coupled differential equations (40) can then be

derived as follows:
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[D™ —( 4 ~+ 4 -)D* +( t 1 YD® —( L —+ 4 —+ 23ﬂ2 —+
BEN,  BLE N, d;h, d,h, Ad.Eh; pd,Ehy Brd,Eh; (3_41)
34, 4 1

+ +
ﬂzzdlEZha3 ﬂzdlEZh: ﬂZdZEZh:

)DOa,, w,,0,,w, }=0, i=2o0r3,

Assuming that «, and +a,; i, are the roots of the characteristic Eq. (3.41), the
transverse displacements w, of the upper adherend are written in the following form:

W, = C,y +C, X +C,, X2 +CiX® +C,, X" +C,sX° +C,,Ch+

T _ _ _ i=2or3, (3.42)
C;; Sh+Chi(c;;C +¢,4S) + Shi(c,,, C +¢;;, S),

where Ch =cosh(ax), Sh=sinh(ax), Chi =cosh(e,X), Shi =sinh(e,,X), and the
unknown constants are ¢;, i=2or3, j=0~11, C =cos(a,X), and S = sin(a,,X).
As the complete solutions of the model are extremely complex, this study employed

dw; dw, .
%, and —in terms of c;,

Mathematica’s symbolic manipulation to solve u;, U, w,, g |
X X

and easily keyed in error, they taken from the output results of Mathematica package are
pasted in Appendix A. To prove these analytical solutions are correct, they are once again

substituted into the system differential equation (3.41), which shows c,, and c,; to be equal to

ZEro.

The analytical solutions U, U,, w;,and w, (from Appendix: Egs. A.1, A.2, A.15 and Eq.

3.40), which are substituted into Eqgs. (3.16—3.17), and the adhesive layer’s non-dimensional

— , - 2CT, .. .
peel and shear stresses oai = 260, and 74 = ;"’” (listed in Table 3.1) are then formulated

in terms of c;,

are revealed in Appendix B).
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The analytical stress solutions, oa and 7a, (from Appendix: Egs. B1, B2)are substituted

into Egs. (3.4—3.9, 3.13—3.15). The shear force 6i = % the bending moment M =2M—i,

Pc

and the longitudinal force N =%for the upper adherend, as well as the shear force

ray _Qix
Qix_ P

. — . - — N.
, the bending moment M ix = IZ\AP'X , and the longitudinal force Ni = PIX for the
c

lower adherend (all listed in Table 3.1 are also expressed in terms of c;, S, C, Ch, Sh,

Chi, and Shs. These equations are shown in Appendix C.
The preceding bending moments M;, M, and longitudinal forces N;, N, are substituted

2Co;,

into Egs (3.18)-(3.19). The non-dimensional stresses, o ~ 2% and o = of upper

and lower adherends can be found in terms of the coefficients of bending moments M, ,
M. and of longitudinal forces N;, N, .

For the first and fourth segments, Egs. (3.1—3.3, 3.10—3.12) are rewritten and non-
dimensionalized. The resulting non-dimensional bending moment, shear force, and

longitudinal force (M1, Q,,, Nu, M, Q,,,and Nu), are formulated as shown

below:

— M F F

My =—2=——L (L +X)=——2(L, +X), 3.43
%= ope T ape TR = o (bt (3.43)

= Qy F IEL (3.44)

le P - P - 5 ’ .

— N, N, N

Ny =—%=—L—-_L (3.45)

P P P
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Table 3.1 The non-dimensional terms and equations for upper adherend, adhesive layer and

lower adherend.

Non-dimensional terms Equation Non-dimensional terms Equation
for upper adherend for lower adherend
Thickness ratio h, Thickness ratio h,
:Bl = h_ ﬂz =T
a h
a
Thickness to length ratio h, Thickness to length ratio h,
Sulvey Vo =77
2c 2¢C
Elastic modulus E” Elastic modulus Er
E,=—* E,=—2%
G, G,
Shear force 9. = Q, Shear force 9. - Q,
i~ P ix P
M — : — _
oment M = M. Moment Mo = M,
2Pc 2Pc
Longitudinal force N N Longitudinal force N = '
! P ix — P
Normal stress e 2Co; Normal stress p 2co,,
1 P IX P
Non-dimensional terms Equation
for adhesive layer
Peel stress — 2Co,
Cai =———
P
Shear stress - 2C7,;
Tai =
P
Elastic modulus E.
E,=—"
G,
X axis o X
X ==
C
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3-4. Constraint and Boundary Conditions

The constraint and boundary conditions for this study, shown in Fig. 3.1, can be identified
and described in the following manner.

At the left-end pin support (x =-L;) of the lower adherend, there are two boundary
conditions, i.e. zero transverse displacement and zero longitudinal displacement of the lower
adherend. At x=—c, there are eight constraint conditions, six of which are continuity
conditions for the lower adherend. That is, at junction point (x = —c) between the first and
second segments of the lower adherend, both segments must have the same values of
transverse displacement, slope, bending moment, shear force, longitudinal force, and
longitudinal displacement. The other two conditions at x = —c are that both the bending
moment and longitudinal force of the upper adherend must be equal to zero.

At junction point (x =-d ) between the second and third segments, there are eleven
conditions, eight of which are continuity conditions. First, in both upper and lower adherends,
both segments must again have the same values of transverse displacement, slope, bending

moment, and longitudinal displacement. Three other conditions are written as follows: (i) the

total shear force in the left neighborhood of the junction point (x =-d ") is IEL/5, (i) the

total shear force in the right neighborhood of the junction point (x=-d ") is (IEL - 5)/ P, and

(iii) the total longitudinal force has the same value at junction point (x = —d) for both second
and third segments.

The model also is subjected to eight constraint conditions at x = c. At the junction point
(X =c) between the third and fourth segments of the lower adherend, both segments must
have the same values of transverse displacement, slope, bending moment, shear force,
longitudinal force, and longitudinal displacement. In addition, the bending moment and

longitudinal force of the upper adherend must be equal to zero.
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At the right-end pin support (X = L,) of the lower adherend, there are again two boundary
conditions, i.e. the transverse displacement and longitudinal displacement for the lower
adherend must be zero.

Overall, the number of boundary and constraint conditions totals 31, equal to the number

of unknown constants. The unknown constants include c;, c Ch»s Cys Cy , and

ail!
N, — where subscript i is equal to 2 or 3, k ranges from 1 to 3, and j ranges from 1 to 12 — but

c,, and c,; (found in the preceding descriptions) equal zero. c,, and c,, are the unknown

ail ai2
constants of the longitudinal displacements and result from substituting the analytical

solutions u;, u,, w. and w, (from Appendix: Egs. A.1, A.2, A.15 and Eq. 3.46) into the

integrated Eqgs. (3.29) and (3.31).
Imposing 31 constraint and boundary equations on the analytical solutions through
symbolic manipulation produces 31 system equations expressed in the following matrix form.
[AI[C]=[B] (3.49)
where matrix [A] has 31 rows and 31 columns, denoted by [A]six31, and matrices [B] and [C]
have 31 rows and 1 column, denoted by [B]six1 and [Clasix, respectively. The elements in

matrix[CJsix consist of 31 unknown constants, ¢;, C,;, Cuay Cy» Cy»@nd Ny . [Alsia,

[B]s1x1 and [C]six; are shown in the Appendix D

The matrix [C]su« is solved using Mathematica’s SVD algorithm because matrix [A] has a

greater variation in the magnitude of the matrix elements . If one eigenvalue in the

characteristic equation (3.39) is large, some elements of matrix [A] that involve

sh, Ch, Shi,and Ch; become much larger. However, the magnitude of those elements in

matrix [A] that do not involve Sh, Ch, Sh: and Chi is much smaller. Thus, there is a

discrepancy in the magnitude of matrix [A] elements exceeding the exponential order of 10s.
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In addition, because of computer truncation errors, the inverse of matrix [A] cannot be

obtained by the adjoint method. Therefore, matrix [C]six is solved by SVD algorithm and the
non-dimensional peel stress and shear stress in the adhesive layer can be obtained by

substituting matrix [C]six into the expressions oa and 7ai.

3-5. Results and Discussion

3-5-1. Application of Closed-form Solutions

It is depicted below in more details that the preceding close-formed solutions are applied
to cantilever beam strengthened by adhesively bonding [29] and a single lap joint [30].

Cornell [29] proposed the model of a cantilever beam strengthened by adhesively
bonding. The sketch of Cornell’s model is shown in Fig. 3.8 and the symbolsh,, h,, and h,
are denoted as the thicknesses of the two adherends and the thickness of the adhesive. Fig. 3.9
shows the analytical solutions of this model employed to solve the problem proposed by

Cornell, using the following values: (i) h, =0.04 in (1.016mm), h, =0.25 in (6.35mm), and

h, =0.1 in (2.54mm), 0.01 in (0.254mm), and 0.001 in (0.0254mm), (ii) Young’s modulus of
two adherends and adhesive are respectively 30x10° psi, 30x10° psi, and 15x10° psi, and

(i) shear modulus of adhesive layer is 5x10° psi. Because Cornell’s Fig. 6 shown in the
bottom diagram of Fig. 3.9 has used inch (in) as length units, Fig. 3.9 also uses inch as length
units. All figures except Fig. 3.9 use mm as length units. It should be noted that the symbol

h, in this study is synonymous with Cornell’s h, and the profiles of Fig. 3.9 are nearly

consistent with those of Cornell’s Fig. 6. Single lap joint shown in Fig. 3.10 is one of Zou et
al.’s examples [30] and the sketch of Zou et al.’s example shows the dimensions of the single

lap joint. The Aluminum adherends bonded by adhesive are subjected to bending moment
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100N.m in the Zou et al.’s example. Zou et al.’s example uses the following values: (i)
Young’s modulus of Aluminum adherends and adhesive are 75GPa and 2.5GPa, and (ii) shear
modulus of Aluminum adherends and adhesive are 28.846GPa and 1.0GPa. The numerical
results obtained by employing the analytical solutions to solve the problem in Zou et al. are
shown in Fig. 3.11. These data are almost consistent with those of Fig. 5 in the Zou et al.’s
paper, except that for this study, the maximum shear stress is 4.38, while in Zou et al. it is

4.30 (MPa).

] a

+ ¢

11h

T T T

9.1in

Fig. 3.8 The sketch of the Cornell’s model [29] showing cantilever beam strengthened by
adhesively bonding
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Fig. 3.9 Comparison of the results between the present study (top) and figure 6 of the
Cornell’s paper [29] (bottom).
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100N.m

Smmi —J
50mm

Fig. 3.10 The sketch of the Zou et al. model [30] showing a single lap joint

10
A Zou et al.- peel stress
8 - . fou et al - shear stress
Present-peel stress
64 |----- Present-shear stress

Stress{MPa)

=25 -15 -5 5 15 25
Distance from center (mm)

Fig. 3.11 Comparison of the results between figure 5 of the Zou et al.’s paper [30] and the
present study.

3-5-2. Case Studies
The values E, =6.0, E, =6.0, E, =2.75, P =1, and d = 0 are used as the following case

1-4. The symbols E;, E,, and E, (listed in Table 3.1) represent the ratios of the elastic

modulus of the upper adherend, lower adherend, and adhesive layer, respectively, to the shear
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modulus of the adhesive layer. The symbol d represents the distance from the center of the

adhesive layer to the action point of the force.

Case 1: Upper adherend (h,) and lower adherend (h,) with the same thickness

Fig. 3.12 shows distributions of the non-dimensional peel stress and shear stress in the

h

adhesive layer, whose thickness is h, =0.0lmm . The thickness ratios ﬂlzh—lzlo and
/32=E—2=10 are defined as the thickness of the upper adherend and lower adherend

. . i . _ X . . .
respectively relative to the adhesive layer’s thickness. X = — is both the normalized axis and
C

the non-dimensional term of the adhesive layer, where —1<X <1. The thickness to length
ratio y =y, =y, =+ is the ratio of the thickness h=h, =h, of the upper adherend to the
length (2c) of the adhesive layer: y =0.01667 and y =0.06667 are used in this case.
Moreover, when y =0.01667 , the length of the adhesive layer is four times that when
y =0.06667 . Thus, the non-dimensional peel and shear stress distributions for an adhesive
layer when y =0.01667 are different from those when y =0.06667 . As the thickness to
length ratio decreases —y =0.06667 to y =0.01667 — the non-dimensional peel and shear

stresses in the adhesive layer become slightly less than 0.1.

Fig. 3.12 also illustrates that the non-dimensional maximum peel and shear stresses may
occur either in the center or at the ends of the adhesive layer. Therefore, the values and
positions of the non-dimensional maximum peel and shear stresses are the focus of the
following paragraphs.

For the adhesive layer, as shown in Fig. 3.13, the non-dimensional peel stress occurs

either in the center (X =0) or at the ends (X==1), and the non-dimensional shear stress
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occurs at the ends versus the thickness to length ratio . As y becomes larger — i.e. the length

(2c) of the adhesive layer becomes smaller in the same thickness ratios 5 = g, = 5, — the peel

stress in the center (X = 0) is at first positive and smaller (i.e. tensile stress) but then becomes

larger and then negative and even larger (i.e. compressive stress). As also shown in Fig. 3.13,

the different thickness ratios g = hl produce the same results — 8= g, = S, =10, 20, or 30-

meaning that the thickness of the upper adherend as well as of the lower adherend can be 10,
20, or 30 times that of the adhesive layer. Thus, if both the upper adherend and lower

adherend become thinner (i.e. § decreases from 30 to 10), the peel stress in the center
becomes even larger as the thickness to length ratio y increases. Moreover, since the

maximum peel stress is always located either in the center (X =0) or at the ends (X =1), as

the thickness to length ratio y gradually becomes larger, the location of the maximum peel

stresses in the adhesive layer changes from the ends to the center (see Fig. 3.13).
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Fig. 3.12 Non-dimensional peel and shear stresses distributions in the adhesive layer
(X = x/c) for the thickness to length ratio y = y, = y, with the same thickness of both
adherends g, = #, =10and (h, =0.01mm)

48



—6— Peel siress at the ends
= === Shear stress al the ends
— A+ Peel stress in the center

5
f:= f=10
3 00
b ' o 0
g P i
£ f A
=1 f /s -
= f o,
E | L .
Z0 | MEA——A
E-1 Y
7 .,
= ™,
z ~,
_ —_—
j— =
\-\.
A
-1200——-——————7——7—

0.01 003 0.05 0,07 (.04 0.11
Thickness o length ratio},)

10 A
5 _: =20 B.=20 -
2 3~
£
- [ & - 2 - ~
g 1 o "_'__?___‘___'_E
20 aEA—d-
2
= E— —
]
Z 1
-100 | =
0,01 0.05 .09 0.13
Thickness to length ratiof7)
P,=30 Py=30
s
e S
g T Wl =¥
S0 kA A
E-1-
=
=
P
-3
A
-10 ..
0.01 0.05 009 0.13

Thickness to length ratiofT,)

Fig. 3.13 Non-dimensional peel and shear stresses versus the thickness to length ratio
y =y, =, for the same thickness of the adherends as for Case 1 (h, =0.01mm).
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Case 2: Upper adherend (h,) and lower adherend (h,) with different thicknesses

As Fig. 3.14(a) shows, in this case, the thickness of the upper adherend is three times that
of the lower adherend, meaning that the thickness of the upper adherend in Fig. 3.14(a) is

three times that in Fig. 3.12 even though the two figures have the same conditions otherwise. .

For y, =0.05 and y, :%7/1 =0.01667 in Fig. 3.14(a), the non-dimensional peel stress and

shear stress distributions are very similar to those in Fig. 3.12 (y = 0.01667 ). However, for
7, =0.2 and y, =0.06667, the non-dimensional peel stress in Fig. 3.14(a), in total contrast
to the larger compressive peel stress in the center in Fig. 3.12 (y =0.06667 ), vanishes in the
center of the adhesive layer. In Fig. 3.14(a), the maximum peel stress at the ends is about one-
and-a-quarter times that in Fig. 3.12, while the maximum shear stress at the ends in Fig.
3.14(a) is about 1.5 which is close to that in Fig. 3.12.

As Fig. 3.14(b) indicates, the thickness of the lower adherend is three times that of the
lower adherend in Fig. 3.12, even though otherwise the two figures have the same conditions.
However, whether y, =0.06667 or y, =0.01667, the non-dimensional peel stress vanishes in
the center of the adhesive layer. Moreover, the maximum peel stress at the ends of the
adhesive layer in Fig. 3.14(b) is about one-seventh of that in Fig. 3.14(a), while the maximum
shear stress at the ends in Fig. 3.14(b) is about one-fifth of that in Fig. 3.14(a).

Fig. 3.15 shows the relationships among non-dimensional peel and shear stresses (at the
ends and in the center), as different condition between Fig. 3.15(a) and the top diagram of
Fig. 3.13 is that the thickness of the upper adherend in the former is three times that in the
latter. However, in Fig. 3.15(a), in contrast to Fig. 3.13, the compressive peel stress in the

center does not occur for y,. Consequently, in Fig. 3.15(b) the peel stress in the center again

vanishes fory, and the maximum peel and shear stresses occur only at the ends. Moreover,
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whether y, =3y, or y, :%72, the maximum peel and shear stresses for the various lengths

of the adhesive layer always occur at the ends. Nevertheless, the maximum peel and shear

stresses in Fig. 3.15(a) are larger than those in Fig. 3.15(b). well as the thickness to length

ratio y, for the upper adherend: y, is equal to 3y, for Fig. 3.15(a) and to %yz for Fig.

3.15(b). The only

Case 3: Adhesive layer with different thickness (h,)

Comparisons between Fig. 3.15(c) and 3.15(d) with the h, =0.05 mm thickness of the
adhesive layer and between Fig. 3.15(a) and 3.15(b) with h, =0.01 mm adhesive layer
thickness are made and described as follows. The only difference between the two sets of

figures is the different thickness and the other conditions are the same. Again, the peel stress

almost vanishes in the center for Fig. 3.15(a-d), and whether y, =3y, or y, :%7/2, the

maximum peel and shear stresses occur at the ends. The thicknesses h, =0.05 mm and
h, =0.01 mm of the adhesive layer are compared in Fig. 3.15(a)(b) and 3.15(c)(d). The

maximum peel and shear stresses occur at the ends in Fig. 3.15(a-d), but their maximum

values in Fig. 3.15(a)(b) (h, =0.01 mm) are larger than those in Fig. 3.15(c)(d) (h, =0.05

mm). In Fig. 3.15(a) (b) (c), and (d), », values of 0.08, 0.025, 0.05, and 0.015, respectively,
begin to bring about the maximum peel and shear stresses at the ends. However, when the

adhesive layer is relatively thicker (i.e. h, =0.05 mm), the thickness to length ratios ( y,=0.05,

0.015) that begin to bring about the maximum peel and shear stresses at the ends is smaller.

That is, the adhesive layer with h, =0.05 mm thickness may be longer than that with

h, =0.01 mm thickness, but its maximum peel and shear stresses may still occur at the ends.
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Fig. 3.14 Non-dimensional peel and shear stress distributions in the adhesive layer (X = x/c)
versus the thickness to length ratioy, for various thicknesses of the adherends for Case 2,
(h, =0.01mm).
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Fig. 3.15 Non-dimensional peel and shear stresses versus the thickness to length ratio of the
upper adherend y, for various thicknesses of the adherends for Cases 2 and 3.

Case 4: Force P action point

As Fig. 3.16 shows, when £=10, h,=0.01 mm, and y=y, =y, =0.01667 , the

distributions of the non-dimensional peel and shear stresses are relative to the distance d from
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the center of the adhesive layer to the action point of force P. Most particularly, the non-
dimensional peel and shear stress distributions have a great effect on the distance d for an

adhesive layer with a thickness of 0.01lmm. However, as Fig. 3.17 illustrates, when g =10,
h, =0.02 mm, and y =y, =y, =0.05, the non-dimensional peel stress distribution has only

little effect on the distance d for an adhesive layer with a thickness of 0.02 mm. In Fig. 3.17,
not only does the distribution of the peel stress lead to change in only a small region of the
action point, but also it causes virtually no change at the ends. The non-dimensional shear
stress at the right end does not change because it is located far from the action point of the
force. At the same time, the change in shear stress is due to the action point of the force near

the left end.

Case 5: Young’s modulus of adherends and adhesive layer

Fig. 3.18 shows non-dimensional stress distributions relative to Young’s modulus ratio.
Then, Young modulus ratio is defined as Young’s modulus of the upper adherend divided by
that of the lower adherend. The data values of the dashed line in Fig. 3.18 are the same as
those in Fig. 3.12 with the same Young’s modulus of adherends. As Young’s modulus ratio is
equal to 10.0, except that the Young’s modulus of the upper adherend is ten times that of the
dashed line, the other parameters’ values are the same as those of the dotted line. Young’s
modulus ratio 10.0 at both ends has nearly the same peel and shear stresses’ value as Young’s
modulus ratio 1.0 but its peel stress in the center is about zero. Similarly, As Young’s
modulus ratio is equal to 0.1, only one condition is changed i.e. the Young’s modulus of the
lower adherend is changed into 0.1 times of that of the dashed line. Then, its peel and shear
stresses at both ends are about one-third and one-forth of those of the dashed line. However,
its peel stress in the center is about zero. Hence, the stress distributions of this model should

be affected by the change of the adherend’s mechanical properties.
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Fig. 3.16 Non-dimensional peel and shear stress distributions for the distance d from the
center of the adhesive layer to the action point of the force (h, =0.01mm, y =0.01667 ).
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Fig. 3.17 Non-dimensional peel and shear stress distributions for different distances d from
the center of the adhesive layer to the action point of force (h, =0.02mm, y =0.05).
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Fig. 3.19 shows non-dimensional stresses versus adhesive Young’s modulus ratio.
Adhesive Young’s modulus ratio is defined as the ratio of adhesive Young’s modulus to
adhesive Young’s modulus of the dashed line in Fig. 3.12. Young’s modulus of the adhesive
layer in the Fig. 3.19 only is relatively changed for Young’s modulus of the dashed line in Fig.
3.12. The peel and shear stresses at both ends do not have obvious variance relative to
adhesive Young’s modulus ratio but the peel stress in the center varies from compressive
stress to tensile stress and then become once again compressive stress. Thus, the effects of
adhesive mechanical properties on the stress distributions of this model are significant and

apparent.
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0 L A
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Fig. 3.19 Non-dimensional peel and shear stresses versus the adhesive Young’s modulus ratio
with the same thickness of both adherends g, = £, =10and (h, =0.01mm)
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Fig. 3.20 Non-dimensional peel and shear stresses distributions in the adhesive layer
(X = x/c) for the thickness to length ratio y = y, = 7, with the different Young’s modulus of

both adherends E, =4.5, E, =6.0, E, = 2.75and with the same thickness of both adherends
B, =B, =10and (h, =0.01mm)
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Fig. 3.21 Non-dimensional peel and shear stresses versus the thickness to length ratio
y =y, =y, for the same thickness of the adherends with the different Young’s

modulusE, =4.5, E, =6.0, E, =2.75 (h, =0.01mm).

The values E, =45, E,=6.0, E,=2.75, P=1,and d =0 are used as Figs. 3.20 and 3.21.
The upper and lower adherends of these figures have the different Young’s modulus and the
same thickness g, = £, =10. Fig. 3.20 shows distributions of the non-dimensional peel stress
and shear stress in the adhesive layer, whose thickness is h, = 0.01mm. Comparisons between

the dashed line of Fig. 3.12 and of Fig. 3.20 are made and described as follows. The only
difference between Fig. 3.12 with E =6.0 and Fig. 3.20 with E, =4.5 is the different

Young’s modulus of the upper adherends. The peel stress almost vanishes in the center for Fig.
3.20 and the maximum peel and shear stresses occur at the ends for Fig. 3.20 while the

maximum peel stress occurs in the center for Fig. 3.12.
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Fig. 3.21 shows the relationships among non-dimensional peel and shear stresses (at the
ends and in the center), as well as the thickness to length ratio y, for the upper adherend. The
Young’s modulus of the upper adherend is compared in Fig. 3.13 and Fig. 3.21. Except that

the only difference between the top figure of Fig. 3.13 with E, =6.0 and Fig. 3.21 with
E, =4.5 is the different Young’s modulus of the upper adherends, these figures have the

same conditions. The peel stress almost vanishes in the center for Fig. 3.21 and the maximum
peel and shear stresses occur at the ends for Fig. 3.21 while the maximum peel stress occurs in

the center for the top figure of Fig. 3.13.

3-6. Summary

When the maximum peel stress occurring in the center of the adhesive layer is much
larger than the peel and shear stresses at the ends, the upper adherend (an IC chip) can easily
break. Moreover, according to the preceding results, when both the upper and lower

adherends have the same thickness, the thinner adhesive layer h, =0.01 mm, the thicker

adherends, and the shorter joint (i.e. thickness to length ratio y =y, =y, is larger), the

adhesively bonded upper adherend (the IC chip) easily breaks.

Additionally, when the ends and the center of the adhesive layer have small peel and shear
stresses, lower adherend subjected to the concentrated force will also be well joined with the
upper adherend. Such joint should be possible under the following conditions: the thickness of
the lower adherend is different from that of the upper adherend, and the adhesive layer is
thicker and longer. For example, the thicker adhesive layer is 0.05 mm and its length is longer,
while the upper and lower adherends are twice and six times thicker than the adhesive layer.

Conversely, the upper adherend (an IC chip) without breakage can be completely

separated from the lower adherend subjected to the concentrated force when the maximum
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peel and shear stresses in the adhesive layer at the ends are greater than adhesive criteria
stresses. Additionally, when the maximum peel and shear stresses occurring at the ends of the
joint are large and the compressive stress in the center of the joint is small, the probability of
the upper adherend (an IC chip) being easily separated from the lower adherend increases [44].
Thus, the following conditions can satisfy the IC chip pick-up process. The thickness of the
lower adherend should be greater than ten times that of the adhesive layer and less than one-

third that of the upper adherend; and a thin adhesive layer h, <0.01 mm and a short joint

(7,20.08) should be used.

3-7. Concluding Remarks

For two adhesively bonded adherends, the peel and shear stresses in the adhesive layer are
affected by the layer’s thickness Young’s modulus and length, as well as by the thicknesses
and Young’s modulus of the adherends and the action point of the concentrated force. The
complicated coupled equations for this problem were numerically solved using SVD and
symbolic manipulation which finds closed- form solutions. The maximum peel and shear
stresses occurring at the ends of the adhesive layer were analyzed because they dictate
whether or not the upper adherend (an IC chip) without breakage can be fully separated from
the lower adherend (blue tape). The results indicate that the upper adherend can be completely,
easily, and fully separated from the lower adherend under the following conditions: (i) the
thickness of the lower adherend should be greater than ten times that of the adhesive layer but
less than one-third that of the upper adherend and (ii) the adhesive layer should be relatively

thin (h, <0.01 mm) and the adhesive joint relatively short (i.e. , should be greater than 0.08).

These results can be applied to the IC chip pick-up process.
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CHAPTER 4 APPLICATION OF GENETIC
ALGORITHM TO IC CHIP PICK-UP PROCESS

4-1. Introduction

As mentioned above, the closed-form solutions and some conclusions of the adhesive
joint are employed to investigate stress distribution during pick-up I1C process. Particularly, as
IC chips became thinner, IC chips were easy to fail in the IC chip pick-up process. When the
thickness of IC chips is 0.1mm, IC chips most likely fail during the IC chip pick-up process.
However, when IC chip’s thickness is 0.34 mm, success rate is nearly 100% for the same
adhesive and blue tape. These data and results were obtained from the experiments [45]. The
experiments have been done in IC chip pick-up machine, MIRI CP602, produced by the
Industrial Technology Research Institute (ITRI). Especially, as the thickness of IC chips is
0.1mm, IC chips are easy to fail. In order to improve success rate of 0.1mm IC chips in pick-
up IC process, the preceding analysis of adhesive joint associated with optimum search
method is applied in IC chip pick-up process.

As the preceding chapters discussed, many factors can affect stresses distribution of the
adhesive layer. Although the geometrical shape and properties of IC chips (upper adherend)
have already been determined in the IC chip pick-up process, the factors including the
mechanical properties and the thickness of the adhesive, and the mechanical properties of blue
tape (lower adherend) are discussed to analyze peel and shear stresses of the adhesive layer
and stresses of adherends (IC chips and blue tape). This work mainly investigates these
factors to improve success rate of the 0.1 mm IC chips in IC chip pick-up process, and the
different results regarding the IC chip’s thickness 0.1mm and 0.34mm during the IC chip

pick-up process. As mentioned above, it is difficult to select the most suitable adhesive among
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numerous types of adhesive; consequently, two-variable optimum search method is employed
to investigate the characteristics of the adhesive and the effect of various Young’s modulus on
blue tape. As for optimum search method [46-48], genetic algorithm with penalty function
and Multifunctional Optimization System Tool (MOST) software designed by Tseng [50] are
adopted in this research. The genetic algorithm sources modified from GAlib A C++ Library
of Genetic Algorithm Components of M. I. T. [49] incorporates penalty function and links the
Mathematics package which mainly analyzes peel and shear stresses of the adhesive and
stresses of the adherends in pick-up IC process by using the analysis of adhesive joint (i.e. the
preceding chapter has discussed). Simultaneously, the genetic algorithm results are examined
and identified by MOST which was employed, generally speaking, sometimes not to easily
find optimum solutions of such a problem sensitively affected by initial design values, side
constraints and design variables.

In this work, the optimum problem is mainly used to search the appropriate value of
Young’s modulus and thickness of the adhesive layer. Therefore, Elastic ratio A and
thickness ratio £, are design variables of the optimum problem and are applicable to analysis
of adhesive joint. Elastic ratio and thickness ratio are defined as the ratio of the Young’s

modulus and thickness ( E,;and h,) of the upper adherend (IC chips) to the Young’s modulus
and the thickness (E, and h,) of the adhesive layer, respectively. Because the Poisson’s ratio

of plastic materials is mostly about 0.35~0.4 and the middle value, 0.375 of these materials is

adopted.
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4-2. Optimum problem

This section outlines some of the basics of genetic algorithms [47-48]. The three important
aspects of using genetic algorithms are: (1) definition of the objective (cost) function, (2)
constraint conditions, and (3) crossover probability, mute probability, population size and
generations given.

Because in experimental study [45], mechanical properties and thickness of adhesive are
assumed for two unknown variables, optimum problem includes two design variables - Elastic

ratio A and thickness ratio S,. The cost function and constrained conditions of optimum

problem are described in the following equations.
Cost function minimizes von Mises’s stress of the adhesive layer at both ends of the upper

adherend (IC chips) and is written down below.

f=—\ou+3ra i=2,3 (4.1)

Constraint conditions are described and shown in the expression as follows:

1. The largest value of the upper adherend’s stress is not greater than the allowance stress of
the IC chips.

2. The largest value of the lower adherend’s is not greater than allowance stress of blue tape.

3. The peel stress is the positive value in the adhesive; i.e. the tension stress.

Oul

o|-Z2<0 =23 (4.2)
Fs

ow| -2 <0 i=2,3 (4.3)
Fs

~0a <0 i=2, 3 (4.4)
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Then, similarly the non-dimensional yielding stresses of the upper adherend (IC chips)

2co,,

.= 2 —
and lower adherend (blue tape) are expressed in cu = C:m and oy = . o, and

o, are depicted in the critical stresses of the IC chips and the yielding stresses of blue tape.

Expressions (4.2-4.4) are rewritten in equations (4.5-4.7)

:‘Ei‘Fs_ y

9,(8,,A) ="=—-1<0 (4.5)
O ul
_ix F

sy 2 1o (4.6)
O ypx

9,(B,,4) =—0ai <0 (4.7)

The values of material constants and of the parameters listed in Table 4.1 are used in the
numerical solution. Based on the cost values of this issue with sensitively violent variance in
the margin of the upper adherend (IC chips), the genetic algorithm is employed in search for
the optimum problem. The C++ program of the genetic algorithm modifying from the C++
source of MIT [49], incorporates penalty function and links Mathematics package. The
program of genetic algorithm is applied to solve these stresses including normal stresses of
the upper and lower adherends as well as peel and shear stresses of the adhesive layer. The

penalty function is expressed in
3

P(R,4,,4) =2 Rlg:(8.,4) if 9;(5,4)>0. (4.8)
1

where R is penalty parameter. As genetic algorithm incorporates constraint equations, original
minimization of the cost function f (von Mises’s stress of the adhesive layer) is modified into
minimizing

F=f+P (4.9)
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Table 4.1 Mechanical properties and dimensions for IC chip and blue tape. [45],[52]

Material Young’s Poisson’s | Thickness |Critical stress Dimension
Modulus (Pa) Ratio |(mm) (Yielding stress) (mm)
(IS(i:Ii(:(:rg)lrﬁ)) 1.29x10" 0.28 |0.10r0.34 130Mpa 2?(2
Blue tape
UE- 3x10° 0.38 0.07 30Mpa r=15
1085GX
Adhesive 5.9Mpa (before UV)
(radiation- 0.375 0.01
cured) 1.45Mpa (after UV)
----- Unknown

The genetic algorithm of this problem using roulette wheel scheme and encoding the
values of design variables into 16 binary is written in C++ language. Flow char of its
calculation process, shown in Fig. 4.1 is described in more detail and illustrated as follows.

First, generate randomly populations whose values are assigned to the thickness and

elastic ratios ( 3,, A) which are employed to calculate normal stresses of the upper and lower

adherends as well as von Mises stress of the adhesive layer in Mathematics package. Next,
the genetic program reads the values of these stresses to computer cost function F (with
penalty function) whose values are used to determine fitness of gene and to test convergence
criteria. If the results satisfy convergence criteria, the program is perfectly ended. If the
satisfying result is not achieved, the better phenotype left will be selected to generate new
populations to go backward to the second step again by using crossover and mute technigues.
Additionally, some parameters of genetic algorithm include penalty parameter= 10" ;
crossover probability=0.6 or 0.8; mute probability=0.01; population size=50 and 100
generations [40]. However, when the program runs in Duo-Core T2300 PC computer with
512Mbyte ram and 1.6 GMz CPU, it spends about 16~30 hours. This program is, in fact, quite

time-consuming.
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Fig. 4.1 Scheme of genetic algorithm linked with Mathematics package to compute stresses of
the adhesive and adherends.
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4-3. Results and Discussion

Three cases discussed are listed below. Case A analyzes and discusses the failure
regarding the thickness, 0.1mm, and length, 5mm, of IC chips in IC chip pick-up process [45].
Case B investigates the situation of IC chips with regard to the thickness, 0.34 mm and length
5mm of IC chips in IC chip pick-up process. Case C discusses the way to improve the success

rate of Case A.

Case A: Analysis of IC chip’s thickness 0.1mm and length 5mm

Analysis of the failure regarding IC chip’s thickness as 0.1mm and length as 5mm adopted
from the reference [45] is made and some mechanical properties and geometrical shape are
listed in Table 4.1. According to the reference [45], the critical stresses of IC chip, blue tape
and adhesive are 130Mpa, 30 Mpa and 1.45 Mpa (after exposure of UV light), respectively
and the thickness of the adhesive layer is 0.01mm. Additionally, the concentrated force is 4.8
N and Safety factor is 1.1. The Young’s modulus of the adhesive layer is searched and ranges

from hundred to one-fiftieth times that of IC chip (That is, side constraints: 0.01< A <50 or

the Young’s modulus of the adhesive layer varies form 1.29x10" pato 2.58x10° pa). As the
thickness of the adhesive layer is 0.01mm, the employment of genetic algorithm aims only to
search for the Young’s modulus of the adhesive layer, no solution to Young’s modulus of the
adhesive layer and to satisfying constraint conditions is obtained.

Subsequently, it is expected that the success rate of the IC pick-up process can be raised
through the change of adhesives’ thickness. Therefore, the employment of genetic algorithm
aims to search for two variables including Young’s modulus of and thickness of the adhesive
layer. The Young’s modulus of the adhesive layer is searched and still ranges from hundred to
one-fiftieth times that of IC chip. The thickness of the adhesive layer is also searched and

ranges from one to one-fiftieth times that of IC chips. (That is, 1< £, <50 or the thickness of
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the adhesive layer varies form 0.1mm to 0.002 mm.) The employment of genetic algorithm
aims to search for the side-constraint ranges; however, no solutions to Young’s modulus and
thickness of the adhesive layer and to satisfying constraint conditions is found after running
the program about more than 10 times. Therefore, in such a situation, it is very difficult and

nearly impossible that IC chips without breakage, can be fully separated from blue tape.

Case B: Analysis of IC chip’s thickness 0.34 mm and length 5 mm

Similarly, except IC chip’s thickness as 0.34mm and the concentrated force as 3.5N
adopted from the reference [45], these parameter’s value and mechanical properties are the
same as those of case A. As the thickness of the adhesive layer is 0.01mm, the employment of
genetic algorithm aims only to search for the Young’s modulus of the adhesive layer. The
ranges of adhesive’s Young’s modulus are searched from 1.29 x10" pa to 2.58x10° pa (That
is, side constraints: 1< A4 <50). The searching result of von Mises stress 4.05 Mpa is obtained
over the critical stress 1.45 Mpa (after exposure of UV light) of radiation-cured adhesive
listed in Table 4.1. The solution to Young’s modulus of the adhesive layer and to satisfying
constraint conditions is 2.46x10" .

Subsequently, it is expected that general adhesives can be used in the IC pick-up process.
The employment of genetic algorithm aims to search for Young’s modulus of and thickness of
the adhesive layer. Furthermore, the ranges of adhesive’s Young’s modulus and thickness are
searched from 1.29x10" pa to 2.58x10° pa and form 0.1mm to 0.002mm (That is, side

constraints: 1< A <50 1< g, <50). The results show that Young’s modulus and the thickness

of the adhesive layer are, respectively 2.77x10" pa and 0.027mm. Moreover, those results
also reveal that the optimum value of von Mises’s stress of the adhesive layer is 352Mpa

exceeding a lot more than the critical value of general adhesive (40-80Mpa) [51]. Thus, under

70



constraint conditions and the von Mises’s stress, it is extremely possible that IC chips without

failure can be successfully and entirely separated from blue tape.

Case C: Effects of various elastic modulus of blue tape and various adhesive layers on
stresses of 1C chips (thickness 0.1 m and length 5 mm)

Based on Case A, the failure of IC chips easily occurs in IC chip pick-up process. In order
to improve the success rate of Case A in the process, various mechanical properties of the

adhesive layer and of blue tape need to be considered. In Case A, as adhesive’s Young’s
modulus ranges from 2.58x10° Mpa to 1.29x10" Mpa and adhesive’s thickness ranges from
0.1mm to 0.002mm. (That is, 0.01< A <50 1< B, <50), the solutions to Young’s modulus

and thickness in the adhesive layer are not found. Sequentially, Young’s modulus of blue tape
is increased to one-twentieth, one-tenth, one-fifth, one, five times, ten times, twenty times,
and forty-three times that of IC chips; and adhesive’s Young’s modulus is changed and ranges
from 2.58x10™ Mpa to 1.29x10" Mpa (That is, 0.01< A1 <5, from one-fifth to a hundred
times that of IC chips). On the other hand, the search range of adhesive’s thickness from
0.1mm to 0.002mm is not changed. The optimum values of von Mises stresses, the values of

adhesive Young’s modulus and of thickness are listed in Table 3. As the Young’s modulus of
blue tape is 3.0x10° paand 6.45x10° pa (i.e. the ratio, 1/43.3 and 1/20 of Young’s modulus

of blue tape to Young’s modulus of IC chip), the ranges of Young’s modulus and thickness of
adhesive have been searched about ten times but no answers can be obtained to satisfy such

constraint conditions mentioned above. Nevertheless, as Young’s modulus of blue tape is
increased to greater than 8.6x10° pa (i.e. the ratio is greater than 1/15), the Young’s modulus
and thickness of adhesive can be found by genetic algorithm under the constraint conditions.
As Young’s modulus of blue tape is only 8.6x10° pa, the value 44.45Mpa of von Mises

stress is less than 100 Mpa and the other values is greater than 130 Mpa. Then, the range of

71



Young’s modulus of adhesive is from 9x10% to 10'. Therefore, as Young’s modulus of blue

tape is greater than one-tenth that of IC chips, the probability of IC chips being fully separated

from blue tape can be raised because the von Mises’s values is greater than 130Mpa.

Table 4.2 Optimum points and values of adhesive for various Young’s modulus of blue tape

(E2)
Young’s modulus | Ratio of | Young’s Thickness | Optimum value
of Blue tape(E>) E,to E; modulus of of adhesive | (von Mises’s
adhesive stress)
3.0x10° pa 1/433 | | e e
6.45x10° pa 120 | 00— | -
8.6x10° pa 1/15 6.47 x10" pa 0.097mm 44.45Mpa
1.29x10% pa 1/10 2.51x10" pa 0.007mm 138.18Mpa
2.58x10" pa 1/5 1.08x10" pa 0.01mm 157.84Mpa
1.29x10" pa 1 2.06x10" pa 0.011mm 218.46Mpa
6.45x10" pa 5 1.17x10" pa 0.095mm 334.37Mpa
1.29%10" pa 10 1.20x10% pa 0.093mm 329.68Mpa
1.935x10* pa 15 1.27%10% pa 0.081mm 474.25Mpa
2.58x10% pa 20 2.13x10" pa 0.005mm 464.56Mpa
5.55x10" pa 43.3 1.01x10" pa 0.003mm 334.08Mpa

Young’s modulus of IC chips (E;=1.29 x 10™ pa)
Searching domain:

2.58x10" pa<Young's modulus of adhesive <1.29x10" pa,
0.002mm <thickness of adhesive <0.1mm
* e No solution

4-4. Concluding Remarks

The results of the experiments and the dimensions of IC chips used in the experiments are
described as follows. The experiments reveal that as the thickness and length of IC chips are
respectively 0.1mm and 5mm, these chips nearly fail in the IC pick-up process if the IC chips

are subjected to the force, 4.8N. As the size of IC chips is used in this model, the stress
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distributions of adhesive and adherends is investigated by genetic algorithm associated with
the analysis of adhesive joint. As the thickness of the adhesive layer is 0.01mm, Young’s
modulus of adhesive are searched in the range from 1.29x10" pa to 2.58x10° pa. No
solution to Young’s modulus of the adhesive layer and to satisfying constraint conditions is
obtained. Subsequently, it is expected that the success rate of the IC pick-up process can be
raised through the change of adhesives’ thickness. The Young’s modulus and thickness of
adhesive are searched in the range from 1.29x10™ pa to 2.58x10° pa and from 0.1mm to
0.002 mm, respectively. No solutions to Young’s modulus and the thickness of the adhesive
layer are found under the constraint conditions described above. These results are in
accordance with those of the experiments.

As the thickness of I1C chips is changed to 0.34mm and IC chips are subjected to the force,
3.5N, the results from the experiments show that all IC chips can be successful to be separated
from blue tape (i.e. the probability of success rate is nearly 100 percent). Similarly, this model
is also applied to such a case: the remaining conditions are the same as the preceding IC
chip’s thickness as 0.1 mm case except the force as 3.5N and IC chips’ thickness as 0.34mm.
As the thickness of the adhesive layer is 0.01mm, the solution to Young’s modulus of the
adhesive layer and to satisfying constraint conditions is 2.46x10' pa. von Mises stress 4.05
Mpa is also obtained over the critical stress 1.45 Mpa (after exposure of UV light) of
radiation-cured adhesive. Subsequently, it is expected that general adhesives can replace the
radiation-cured adhesive and can be used in the IC pick-up process. The research results are
that as Young’s modulus and the thickness of the adhesive layer are 2.77x10" pa and
0.027mm, respectively, the optimum value of von Mises’s stress of the adhesive layer is
352Mpa exceeding a lot more than the critical value of general adhesive. Under such

constraint conditions and the von Mises’s stress, it is extremely possible and obvious that IC
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chips without failure can be successfully and fully separated from blue tape. The results are
totally different from the case of IC chip’s thickness as 0.1mm.

Since it is apparent that when the IC chip is subjected to 4.8N force, and its thickness is
0.1 mm, the IC chip is very easy to fail, thus, the result of this study is expected to improve
the success rate of IC chips in IC chip pick-up process. The conclusions are drawn that as
Young’s modulus of blue tape is greater than one-fiftieth that of IC chips, the success rate of
IC chips increases in IC chip pick-up process. The values of Young’s modulus, thickness of
and the von Mises stresses of the adhesive layer attained by genetic algorithm are listed in
Table 4.2. Because the von Mises stresses of the adhesive layer are greater than 130Mpa
exceeding the critical value (40-80 Mpa) [51] of the general adhesive, the probability of IC
chips without any crack, being fully separated from blue tape in the pick-up IC process is
expected to be able to increase. In other words, only if the mechanical properties of blue tape

are changed, the success rate of IC chips is expected to increase.
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CHAPTER 5 CONCLUSIONS AND FUTURE WORKS

5-1. Conclusions

Two adhesively bonded adherends subjected to a concentrated force are applied to the IC
chip pick-up process. Based some assumptions described before, some conclusions drawn in
this work are depicted in the followings:

1. Stress distributions of the adhesive layer are deeply affected by geometric conditions and
material properties including the thicknesses and Young’s modulus of adherends and the
length, thickness, and Young’s modulus of the adhesive, as well as by the action point of
the concentrated force.

2. Complete and complicated closed-form solutions (analytical solutions) may be formulated
with the aforementioned relevant factors of the adhesively bonded joint and are obtained
by using symbolic manipulation to solve the coupled differential equations in the
Mathematica package. These solutions are not limited to solving only the characteristic
solutions having large values and the same adherends. The solutions, in fact, include
analytical solutions to peeling and shear stresses for the adhesive layer as well as to
bending moment, shear force and longitudinal force for upper and lower adherends.
Moreover, these solutions also include analytical solutions to displacement and slope of
upper and lower adherends. These analytical solutions are applicable to analyzing single
lap joints and the strengthening beam. These closed-formed solutions incorporating
boundary and constraint conditions are applied to numerically solve peel and shear
stresses of the adhesive joints by SVD. That is applicable to analyzing stress distributions
of IC chip pick-up process.

3. ltis also under discussion that whether the adhesively bonded joint is in the well-bonded

situation or not. When both the upper and lower adherends have the same thickness, the
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thinner adhesive layer h, =0.01 mm, the thicker adherends, and the shorter joint (i.e.

thickness to length ratioy = y, =y, is larger), the adhesively bonded upper adherend (the

IC chip) breaks easily. In another condition, the lower adherend is well joined with the
upper adherend. The thickness of the lower adherend is different from that of the upper
adherend, and the adhesive layer is thicker and longer. (The thicker adhesive layer is 0.05
mm and its length is longer, while the upper and lower adherends are twice and six times
thicker than the adhesive layer.) In still another conditions, as the maximum peel and
shear stresses occur at the ends of the adhesive layer, they dictate the upper adherend (IC
chips) without breakage can be separated from the lower adherend (blue tape). This result
is generated by satisfying the following conditions: (i) the thickness of the lower adherend
should be greater than ten times that of the adhesive layer but less than one-third that of

the upper adherend and (ii) the adhesive layer should be relatively thin (h, <0.01 mm)

and the adhesive joint relatively short (i.e. », should be greater than 0.08). Thus, the

numerical results of this study outline the characteristics of the adhesive layer relative to
the adherends, which can be used to develop adhesive joints in the IC chip pick-up
process.

. The experiments present two cases: one case is that as the IC chips are subjected to the
force 4.8N, with 0.1mm thickness and 5mm length, these chips are much likely to fail in
the IC chip pick-up process. The other case is that as the IC chips with 0.34 mm thickness
and 5 mm length are subjected to the force 3.5N, the chips without any breakage can be
entirely separated from blue tape. Subsequently, the genetic algorithm associated with the
analysis of adhesive joint is applied to analyze stress distributions of the adhesive layer for
two cases in the experiments. As the thickness of the adhesive layer is 0.01mm, for the
former case, no solutions to Young’s modulus of the adhesive layer can be obtained; for

the latter case, the solution to Young’s modulus of the adhesive layer and to satisfying
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constraint conditions is2.46x10" . Additionally, the Young’s modulus and thickness of

adhesive are searched in the range from 1.29 x10" pato 2.58x10° pa and form 0.1mm to
0.002 mm, respectively. For the former case, as it is expected that the success rate of the
IC pick-up process can be raised through the change of adhesives’ thickness, no solutions
to Young’s modulus and the thickness of the adhesive layer can be obtained. However, for
the latter case, as it is expected that general adhesives can be used in the IC pick-up
process, the searching result is found and described as follows. As Young’s modulus and
the thickness of the adhesive layer are 2.77x10™ pa and 0.027mm respectively, the
optimum value of von Mises’s stress of the adhesive layer is 352Mpa exceeding a lot
more than the critical value of general adhesive (40-80Mpa) [51]. Hence, under constraint
conditions and the von Mises’s stress, it is extremely possible that IC chips without failure
can be successfully and completely separated from blue tape.

. On account of the former case, IC chips are easy to fail in the IC chip pick-up process. To
improve the failure occurring while I1C chips’ thickness is 0.1 mm, Young’s modulus of
blue tape needs to be adjusted. Adhesive’s Young’s modulus is searched in the range from

2.58x10° Mpa to 1.29x10" Mpa and adhesive’s thickness is searched in the range of

from 0.Imm to 0.002mm. As the Young’s modulus of blue tape is 3.0x10° pa or

6.45x10° pa and that is to say, the ratio of Young’s modulus of blue tape to Young’s
modulus of IC chip is 1/43.3 or 1/20, no solution to Young’s modulus and the thickness of
the adhesive layer can be obtained to satisfy such constraint conditions mentioned above.
However, as the Young’s modulus of blue tape is increased to greater than 8.6x10° pa
(i.e. the ratio is greater than 1/15 of Young’s modulus of IC chips), the Young’s modulus
and thickness of adhesive can be attained by genetic algorithm search under the constraint
conditions. When the von Mises stress of the adhesive layer is greater than 130Mpa

exceeding a lot more than the critical value (40-80 Mpa) [51] of general adhesive (i.e. the
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ratio is greater than 1/10 of Young’s modulus of IC chips), the probability of IC chips
without crack, fully separated from blue tape in the IC chip pick-up process can be
expected to increase. That is to say, only if the mechanical properties of blue tape are
changed, IC chips without any breakage can be completely separated from blue tape;

moreover, the success rate of IC chips is expected to increase.

On the whole, the numerical results of this study outline the characteristics of the
adhesive layer relative to the adherends, which can be used to develop adhesive joints in the

IC chip pick-up process.

5-2. Future works

The effects of many key factors on stress distributions of the adhesively bonded joint in
the IC chip pick-up process are still investigated because of this complicated issue. The full
description and analysis of the IC chip pick-up process actually pose severely practical and
computational difficulties. This study only is a static beam model to consider the IC chip pick-
up process in lower speed. Therefore, there are many issues for further study about the IC
chip pick-up problem.

In the future, this study can be extended to the topics described as follows

1. This model does not take thermal effects on stress distribution of the adhesive layer

into consideration. As the boned strength of the adhesively bonded joint varies much
with temperature, the adhesively bonded joint is deeply affected by thermal loading.
Especially, thermal loading significantly influences the adhesive application to IC
package. Moreover, thermal variation has a lot of effects on the characteristic of
adhesive. If thermal factor can furthermore be considered in this model, the model can

be applicable to 1C package.
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If the small deformation assumption is omitted in the study, the application of the
model can still be widely used in the adhesively bonded joint. That is, as the adhesive
layer is thicker, large deformation of adhesive is concerned but this study is not
appropriately employed in this condition.

Use plate theory instead of beam theory because of a two-dimension problem in the IC
chip pick-up process

. The IC chip pick-up process is a dynamical system. This study can be extended to
consider the dynamical effect of the pick-up process. The results of this study can
approach to the practical problem more deeply.

. Considering the facture of the fillet in this problem can approach to the practical
problem of adhesive bonded joints because deflects may exist in the curing process of

adhesive.
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APPENDICES

Some equations for the adherends joined by the adhesive layer are complex and
difficultly expressed. These equations and their coefficients are written in the

Appendices.

Appendix A

The equations and their coefficients of longitudinal displacements, transverse
displacement and slope for the upper adherend and for the lower adherend are shown

as follows.

Longitudinal displacements
The equations of longitudinal displacements (z=h_/2) for the upper adherend

and (z=-h, /2) for the lower adherend are formulated in the followings.

Uj = Cyig + CyigX + Ci5 (3C, +3C,0X") +Cyg (Ciﬁg + Ci7ﬁ) +
Cig (—C 3o Ch1S + €y SN1C) + €, (C,yo Ch1C + C g Sh1S) + (A1)
Cito (CugalE ~Curo %1§) +Cin (Cusaal§ +Curo %16),

Ui = Coig + CoigX + Cig (3Cy; +3CpuX”) + Cyg (Ci6§ +¢,Ch) +
Cig (—Cyoyo CN1S + €y S1C) + €, (C,yo Ch1C + C,y S1 S) + (A2)
Citg (Cos CN1C = Cyy SN1S) + €y (o CN1S + €y SH1C),

where
Ch =cosh(ax), Sh=sinh(ax), Chi =cosh(e,,X), Shi =sinh(ay,X),

C = cos(a,X) and S =sin(ay,X).
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Their coefficients of longitudinal displacements (z=h, /2) for the upper adherend

and (z=-h, /2) for the lower adherend are

Co =28, (A3)
&
_ Caait (A4)
Chiop =——»
bi0 ao
2 2
C. =c. = BB -BE, (A_5)
" o ﬂlﬂzagEiEzha
C.
Ciiz = Cpiz =~ ;2 , (A.6)
0
cC,=¢C :M (A7)
e ﬂlﬂzaoElEzha,
Cup = Bia (B1°E; (-1+ B8:E;h,%a?) + §,2E, (1+4d;h,a?)) .

2B82Ez (3B2d1at+B12E1h, (-ag+ a?))
Cus = (B1 (-3 B1% B2 d1Eq (a11® + @12?) (@11’ - 3 azg a12?) + 3 B2 d1Ez a11 (@117 + a12%)
(a12® + 4dihy a11® - 3 ag2® + 12 dyhy aga? @12 + 12 dy by @14® @12 + 4 A1y a12%) +
B1* E1’ haays (a0 (1 - B2E2ha? (@11? - 3 @12%)) + (ana® + @12%) (-1 + B2 Ez ha?
(a1® + a12?))) + B1? B2 EaEs haagy ((ana® + a12%) (1 +dih,
(7T aus* - 2 a1a® 012 - 9 @2*)) - ap (1+ 4diha (ann® - 10.0 ana? a1,% + 5 @12*))))) /
(282E2 (9 82° A1® (ans® + a12?)* + f1* E1%h,? (0% - 2 ap (@12® - @12®) + {ana® + ﬂ122)2] -
681 B2d1Exh, (— (11” - @12?) (ana® + CT122)2 +ag (@1 - 6 ay? a1.” + asn?) ] ] ] g
Cuo = (B1 (-3 1% B2 d1Ex e (-3 ana® + a12®) (@u1® + @12%) + 3 853 A1 E» ataz (o1? + a12?)
(4diha a11® + a15” + 12 dy b, ana? @12® + Adahy @12 + 3 a@a? (-1 + 4dih, asx?)) +
B1E:® haasz (ap (1 +B2Eaha? (-3 @11” + @12%)) + (@12 + a122) (1 + B2Ez ha?
(@12 + @12"))) - 8,2 B2 E1Ep haagy (- (ans® + ar2?) (-1 +diha
(9 au* + 2 a1a® @12 - T a?)) + a0 (L+4daha (5an® -10.0 ana® a,® + a12*))))) /
(2 B2E2 [9 £2% ds” (Cl112 + a122)4 + A1 E17h? (aoz -2 ap (Otn2 - Gizz) + (Otn2 + Gizz)z] S

2
681 B2d1Exha (— (a11? - a12?) (a2’ + a12®) " + a0 (@nn* - 6 ana? a12? + az2*) ] ) ) 5

(A.8)
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Cpe = - (fra (B1°E1 (-as+ a’) + 2" Ez (ag +d agdahaa® -a? (L +dihaa®)) +
BifzEih.a® (3dia*+B,Ezh, (-ag+a® -dagdyhaa® +dih,a®)))) 7
(282Ez (-ao+a®) (3B2daa’+$1°Erha (-a0+a’)));
Che = (.31(—0(11 (-a0 + a11” + az2?) + [2 dih, a11 @iz [—ﬁzz Ez iz (ap+ a1’ + a2?) -
$182°E1E2ha? arp (a0 (-3 ann® + a12?) + (ana®+ 0122)2] ] (—3 £1° E1 (—2 ap
(a12® - a12”) + (@ua® + ﬂ122)2] + £1% B2 E1Eaha® (-8 a0” (ana” - @12%) - 2 (ann? - a1o?)
(ana® + a12?)® + a0 (7 aas® - 2 @11® @22? + 7 a12")) - 382 E; (2 a0 (aua® - ae”) +
(et1a” + G1zz)2 [-1 +dih, (an”+ 11122)2] ] ” /(ﬁz E: [9 B2 di® (ad® + 0t122:l‘1 +
£1* E1® ha® [a0® - 2 a0 (a11? - @12?) + (ana® + ﬂ1zz)2] - 681° F2d1E1h,
((-a11® + @12®) (@2a® + @12’ + a0 (a1a? - 6 ana? @azo® + azs?) ))) +
(B2 @11 [-a0+ @1a® + @12® + B1Eaha?® (a0 (@1a® - 3 a.?) - (@na® + 0f122)2”
(9 Bzdi? (aza®+ l‘-h::z)‘l -38,°d1E1 h, [ (-a1® + a12?) (ana® + ﬂizz)z +
ao (a1 - 6 ana® aze® + c(124)] + f1° B2 E1E2hy? ((ﬂnz + C't122)2 {1+dih,
(C'f11‘l -6 ﬂ112 ﬂ122 + Ct124)) + t'=ln2 (1+4dih, (c.tu‘1 -6 anz alzz + a124)) -
ao (@11” - @12%) (2 + daha (5 ana® - 6 a11” a1.” + 5 asp?)) ) -
3 B2° d1Ez ha ((—anz + a12?) (@’ + a12?)® [1 +diha (a1d® + ﬂ122)2] + ap
(4dyh, a13® + 16 dyhy a30® @12 + a® + 4dahy ag,® +
a1r* (1+24di1ha a12®) + ann’® (-6 a12® + 16 daha a12°))) ) ) /
(9 B2% da? (a1a® + @122)? + B12E1?h,? (auz -2 ap (a11” - a12®) + (a1’ + ﬂ122)2) -
6 81° B2d1Esh, [(—ﬂuz +a12”) (oaa® + 0t122)2 +ap (a11? - 6 a11® ar2” + ar?) ] ] ] ) /
[2 f2E2ha (anz -2 ag (a11® - a12?) + (axa® + ﬂ1zz)2] ] 5
Chio = (31(012 {ag + a11® + a12?) +(2 B2dihs a1’ asz (—ao + 11 + a2” + B1 E1 .’
(an (a11® - 3 a12”) - (ana® + a122)2] ] (3 $1° Ex (—2 ao (a2’ - a2®) + (ana® + a122)2] +
B1° B2E1 E2h,? [3 ao? (a11? - a12®) + 2 (a11® - @12?) (a1a® + 0t122)z + ao
(-7 a1 + 2 a1a® ar® - 7 G124)] + 38" Es [2 ap (0117 - a127) + (ana® + aizz)z
[—1 +diha (a11” + 0122)2] ] ] ] / [9 B22 di? (ana® + a12®)? + B1*E1® h,? [anz =
2 ap (a11® - a12”) + (ana® + 0122)2] - 681> f2d1Erh, ((—0112 +a12?) (ana® + a2?)” +
ao (a1a® - 6 a0a” ap” + @) ]] + [(—322 Ez a1z (a9 + a11® + a12”) - B1 B, E1E2 ha? age

2 4
{0 (-3 @11? + a12?) + (@1a® + @12%)“) ) {9 B2 da? (@12® + @22®)" -3 1% d1Eaha
((-aaa® + @12%) (@11® + @12®) " + @0 (@ana® - 6 ana® ao? + @x2*) ) +

B1° B2E1E2h,? ((ﬂnz +a122)? (L + dihy (@ - 6 a1x® a2? + as2?)) + ao®
(1+4diha (aa® - 6 ana® a2® + a12*)) - a0 (@12® - @12?)

(2 +diha (5 an’ - 6 ana® @12® + 5 a12"))) - 38,° d1Ep ha [ (-ana® + a12?)

(a1a®+ a12?)” (1 + diha (ana® + @12°) %) + a0 (4 diha @12® + 16 daha ana® aza? +

@12* + 4diha a2’ + @ (1 +24d1ha a1o*) + ana® (-6 arp” + 16 daha @12*))))) /

[.ﬂz Ez [9 82" da? (a1d® + Otizz)‘l +8: B % w2 (auz -2 ag (@112 - @122) + (@17 + alzz)Z) -
681" f2d1E1hy ((—(:(112 + a12?) (@ua® + a12?) % + ag (@ - 6 ann® a1o® + ara?) ] ] ] ” /
(282E2ha (a0® - 2 2 (@1d® - az2?) + (an® + 0122)2” ;

(A.9)

Where Caair = Cair _3(181 + ﬁz)haCiS' and a, Z% + %
Elﬁlha EZﬂZha

The equations of longitudinal displacements (z = %) for the upper adherend

h
and(z = — —2 &) for the lower adherend are expressed in the followings.
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ui(hl +h,
2

Cig (_ubnal§ Uy, Sh.C)+ Cig (ubnalE Uy, Sh:S) +
Cizo (Upgo Ch:C - ubn%lg) + Cigy (Upy ChiS + ubngla)

) _ _
) =U,o + U, X+CyU,, +C,U,X+C;(3U,, +U,X")+Uy(CisSh+c,,Ch) +

(A.10)

e h, +h,
2

Cig (~Up, Ch1S — Uy, SNiC) + €, (Uy,, ChiC + Uy, ShiS) +
Cito (UbnalE —Uppp ShiS) +Cyyy (ubnal§ FUppo sh:C),

, — —
) = ubiO + ub4X +Cilubl + Ci2ub5x+ Ci3(3ub2 + ub7x )+ ublO (Ci6 Sh + C|7(:h) +

(A.11)
. . . h, +h,
The coefficients of the longitudinal displacement (Z=T) for the upper
h, + h, :
adherend and (z = - 2—) for the lower adherend are expressed in the

followings.
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Cail

Wuin= — ;
dp
Blha .

Uyl = - T r

{$17Ey - 8,2 E;)

Uyz = -
B1B2a02E1Ez by
Caiz
Uyg = — ;
ap
Uys = -fr has
u _[3312131—3322132 3B1ha]_
7= = 5
* 2B1B2a0E1E2h, 2
N Bia (B1*Ex (-1+8; agEz h?) + 8,7 E; (1 +dyhaa?))
e 28:Ez (382d10a%+ 817 Esha (-ag+ a?)) ‘
Waar = (B (-3 27 F2 da By aaz (-3 ann? + a12?) (ana® + ag2?) -

B1'Es?ha (-1+ 82 agEz ha®) @z (a0 + aza” + @12%) + 38, d1Ez a1z (11% + a12?)
(dihy @11® + @12 + 3dshy a1y® @12” + dihg @12% + 3 aga® (-1 +dyhy as?)) -
$12 82" E1Es haatsy (a0 (1+2daha (7 ana® - 2 ana® a12® - @) -
(a11” + @12°) (-1 +daha (3 an* + 2 an® a? - @12*))))) /
(2 B2E2 (9 822 ds? (a12® + @12?)* + B2 E1? h,? [anz -2 ap (a11? - a12®) + (an® + 0122)2) -
681 B2d1E1hy [— (a1a? - a12?) (@1a® + @122) % + ag (@a® - 6 aa? a1o? + aza?) ] ] ] 5
Wuiz = (B1 (B1*E1?ha (-1 + B2a0E2ha?) anr (a0 + ana? + a12?) -
382 B2 da By (ana? + a12®) (ana® - 3 agy @15") + 3 822 1 Ep aur (a1a” + @12%)
(a112 +diha a11® - 3 @12” + 3daha an® a1’ + 3diha, a1 as.? +daha alzs) +
$12 2" E1Er haaus (a0 (-1+2daiha (ona* + 2 ana® ase? - 7 ar)) +
(a12® + a12?) (1 +dahy (ans* - 2 ana® a1, -3 @2*))))) /
[2 f2E2 [9 B2% di? (a1a® + 0t122)4 +B1*E 7 h? (anz -2 ap (o11? - @12”) + (@aa® + ﬂ1zz)2] S

6 $1° B2d1Esh, [- (a11” - a12?) (a1a® + G122)2 +ag (a11* - 6 aza? a® + agp?) ] ] ] 5 (A12)

Caail |
Ubin= - ;
do
ﬁz ha .
7
(B12E4 - 27 E;)
B1f2a02E1Eah,
Caiz |

Ubg = - .
an

Upi =

Upz =

ups = 2 ha;
[33121‘31—33221‘32 3ﬁzha]
upq = + 5
281H82a0E1E2 hy 2
Upio = (B1a& (B1°E1 (ap-a®) + B2 Ez (a® +dahaa® - ap (L +4dsh,a*)) +
B1B2a0E1h, (-3dsa®+ B;Ezh, (ag-a’+4apdihaa® -dyhaa%)))) 7
(282E2 (~as+a’®) (3B2daa*+B17Erha (-a0+a’)));
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1
Ubi1 =m(ﬂ1((ﬂ1ﬁz Ei1ha? an (9 B2ds? (ana® + a12%)" - 3822 d1Er b,

(— (a11? - 3 @12%) (@11?+ @12%)” + ao (ana - 10.0 ags® @z’ + 5 0124)] - 382,°d1Ez ha
(a11® + a127) (an (a12® + 4 dihaan® -3 a2 + 12 dahaann® a12® + 12 dg hy a11” ag2® +
4diha a12%) - (@12® + @122)7 (1 + d1 ha (@11 - 2 @11? @12® - 3 a12?) )] + 812 B2 E1 E; ha?
((11112 + (1122)2 (1+diha (@11 - 10.0 a12® @12 + 5 a12?)) + a,? (1+4dih,
(o112 - 10.0 a11® @12 + 5 a12*)) + ap (-5 d1hy @11° + 25 dy hy a11® a12® -
az1? (2 + 15 daha a12?) + @12’ (2+19dih, 0124))]]]/
[9 B22 da? (@11® + a12%)* + 1P E1% h,? (anz -2 ag (a11? - a12”) + (oaa® + ﬂ122)2] -
6 f1° B2d1E1ha ((—Ctu2 +a12%) (@n® + a12®)? + Ao (@ - 6 a11® an® + a1e?) ]] +
[ﬂ11(an - ana? - a2® + [2 d1 ha a2 (—BzzEz a1z (a0 + @11” + @12%) - B1 B2 E1 E>ha? axs
(an (-3 ana® + a12?) + (@’ + ﬂ1zz)2] 1(-3 81°Ex1 (-2 ap (@11® - @12?) + (an® + 0122)2] +
B1® B2E1Ezha® [-8 a0® (a11® - @12%) - 2 (@11® - @12®) (@na® + a12®)” +
ao (7 a11? - 2 a1 ® a2 ® + 7 ﬂ124)] - 38:,"E: [2 ao (o11? - @127) + (@12 + 0122)2
(—1+d1ha (oaa® + 0122)2]]]] / (ﬁz E; (9 B22 da? (ans® + a2®)* + B2 Ea? ha?
(anz -2 ap (a11® - a12%) + (a2’ + ﬂ122)2] - 6B1?B2d1E1h, ( (-a11® + a12”)
(‘1112 + ‘1122)2 + Ao (6‘11‘1 -6 0112 Ct122 + ‘1124) ) ]] + [Bz [—an + 0112 + 0122 +
A1E1 hy® (an (@117 - 3 @12?) - (a2a® + a1zz)2]] (9 B2ds? (ana® + a122)* -
3 81°d1E1 h, [(—0112 + a12?) (a1’ + a12")° + ao (a12® - 6 @11® az® + (1124)] +
B1® B2E1Ezh,? ((‘1112 + ‘1122)2 (1+diha (o112 - 6 a1a® a1,” + a12®)) +
ag® (L+4dih, (ann® - 6 aa® a12” + a12*)) - ae (a11? - @12%) (2 +diha
(5 az1? - 6 ay1? a12® + 5 a1z} )] - 38;°d1Ez h, ((—Ctu2 + a12?) (ana? + (1122]2
(1 +daha (o2a® + 0122)2] + ag (4dihaa11®+ 16 di by a11% a12? + a1t +
ddahaaiz’+ an® (1+24daha are®) + ana® (-6 @12® + 16 dihaa12®))))) /
(9 22 d4® (ad® + 0t122)4 + A1 E1?ha? [a0? - 2 a0 (@12” - @127) + (ana? + G122)2] =
6 f1° B2d1Esh, ( (-a11” + a12®) (@1a® + @12°) ” + a0 (@1a® - 6 @11® are® + asp”) ) ] ] ) /
(a0® - 2 ap (@12® - @12?) + (@12®+ 0122)2] IE (A 13)

1

a
Upiz = 2 E,E, hL [ﬁl((ﬁ1ﬁz Eiha” @12 (9 B2d1” (a1a” + @12%)7 - 3 812 d1E1h,

((—3 a12% + @12%) (@22” + @122)7 + ag (5 @12 - 10. 0 @12® @1® + 0124)) -
38:°d1Ez hy (a11? + a12®) [* (oaa® + 0122)2 (-L+dahs (3 ann® + 2 a11? a12® - @12*)) + ao
{(4di1h, a11® + @12® + 12 dy ha a1 @127 + Adiha a12° + 3 @42 (-1 + 4 dy ha a12?) 1)+
B1% B2 E1Ezha® [(ana? + @12?)” (1 + daha (5 an® - 10.0 a11? a1:® + arz*)) +
ae® (1+4diha (5 aa® - 10.0 as1? @12? + @122)) + ap (-19 daha a1a® +
15 diha @11 @12® + @12® (2 + 5dahg a12?) - @’ (2 + 25d1haa1)) )] )/
(9 B2? di? (a1a® + ('1122)‘1 +B1*E1?h,? [auz -2 ap (@12° - @12”) + (aa® + 0122)2] -
6 817 B2d1 E1ha ((*allz + a12”) (a1a® + ('I122)2 + ae (12 - 6 a11® @12® + as2™) )] +
[Ct12 (a0 + aza® + a1p®) + (2 Badahy a11” asz (—an + @11 + @12 + B1 E1ho*
[an (o11? - 3 @12?) - (@2a® + 0122)2])(3 B17 Ey (—2 as (a12® - a12%) + (a11® + (1122)2] +
B1% B2 E1E;z hy® (3 ao® (@11® - @12%) + 2 (a12® - @127) (@1” + 0122)2 +
ag (-7 (:t;u_cl + 2 a112 alzz -7 alzq)] + 3 ﬁzzEz (2 ao (G112 - 0122) + (0112 + ('»!122)2
(—1 +daha (a1a® + ﬂ1zz)2] ) ) ) / (9 B2 di® (a11® + a122) + 12 E1? b,
(auz - 2 ag (a11® - @12®) + (a11® + ﬂ122)2] - 681" B2d1E1ha ((—0112 + a12%)
(@11” + (1122)2 + ap (@12 - 6 @11 a12” + @12?) ]] + [[_ﬁzz Ez a1z (ap + @112 + @122} -
F1 B2 E1Ez ha? ags (ao (-3 ana® + a12%) + (ana® + Ct122)2] ] [9 Bzda? (a11® + a12?)* -
3 B1°d1Eq h, ((—a112 + aizz) (a112 + aizz)z + ag ((1114 -6 a11” a12® + a124)] + 842
BzE1Ez ha? (((1112 + (1122)2 (1 +dihs (a11® - 6 a11® a12® + a12*)) +
as” (L + 4diha (anr* - 6 ana”® aze” + az2)) -
ao (@11® - @12?) (2 + daba (5 ax* - 6 ann® a12® + 5 ar*y) ) -3
B2 d1Ez hy ((—(1112 + a12®) (a11? + 0122)2 [1 +dibha (a12® + 0122)2] +
ap (Adihaa11®+ 16 dy ha 11 @12° + a1z + 4 dg ha a2 +
a11* (1 + 24 daha a12*) + o14® (-6 @12” + 16 daha @12°)) )] ) /
(.32 Ez (9 £22 d1? (@11% + Gt122)‘1 +B1*E1? 0.2
[anz - Z ag (012 - @12%) + (@1a® + Ct122)2] -6 81" B2d1Esha
[(—C'f11z +a12®) (a11® + a12%)7 + a0 (@11’ - 6 a1a® @12® + az2?) ] ] ] :I /
[aoz -2 ap (a11% - a12%) + (o11® + 0122)2] ] ] ;

(Al14)
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Transverse displacement
The equation of transverse displacement for the lower adherend is

W, =Cy +Cyy X+ CiX2 +CaX® + €, X+, X° +C,, (C,,Ch+C,, Sh) +
Cig (C,e CN1C — €, s Sh1S) +Cyg (s ChiS +C, 5 SNiC) + (A.15)
Cizo (Cug sh:C - Cus a1§) +Cip1 (Cue Ch:C + Cug %1§)

Their coefficients of transverse displacement for the lower adherend are shown in

the followings.

Guwr = (-B1° B220E1Es ha + 17 B2 E1Es haa®? + 3 8:° d1Era* -3 8, d1Ez a® -
481%Brasd1E1Exha®a* + 812 B2 d1E1Ex ha? a®) 7 (B1? B2 E1Es ha (-2 + a?)) ;
2
Cug = (312131 [6 $1°d1 E1ha an arz (—2 ap (a11? - @12?) + (an? + a12?) ] +
2
2 512 B2d1 E1E2 ha? a1 a12(8 a0® (a11® - @127) + 2 (@11® - @12®) (@na® + a®) "+
ag (-7 a1 + 2 @11 a1a? - 7 G124)] + 683" d1Ez hy @11 sz
2 2
[2 dp ((1112 o (1122) + (Ct]_]_z + (1122) (—1 + d]_ha (Ct]_lz + (1122) ]]]] /
4 2
(.32 Ez [9 B2% d4% (a11® + a12¥) " + B1*Eq? h.? (auz -2 ag (ana® - a12®) + (aa? + ag?) ] =
2
681" B2d1E1h, (- (a11” - a12”) (oed® + @12") + a0 (a1s® - 6 a1s” a1r” + age*) ] ” 5
2 4
Cyg = (ﬁi Ej [9 B2 dlz (Ct112 + (1122) - 3 ﬁlz dyEq hy [— (a112 - 0122) (a112 + (1122) 2+
ao (o1 - 6 ana® a2 + C‘124)] + B12 B2 E1Ezh,’ ((ﬂuz + ﬂizz)z {1+dih,
(a11? - 6 a1a? a1? + as2?)) + ag? (L+4dihy (@ - 6 ana” a1z” + a127)) -
ap (ﬂ112 o ﬂ]_zz) (2 + d1 ha (5 Ct]_]_‘1 -6 (1112 (1122 +h (1124) )] -
2 z
382 d1Ez2 ha (— (a11? - a12?) (ana® + a12?) [1 +diha (a11® + a12?) ] +
dp (-'1 d]_ ha a11s + 16 d]_ ha Ct]_]_‘ Ct]_zz + C\!:|_z‘l + 4 d]_ ha O.‘]_zs +
a1 (1+24dih, a1o*) + ann® (-6 a1.” + 16 dy hg @12°)) ] ]] /
4 2
[ﬁz | o (9 B2% d4% (a11® + a12?)" + B1*E4? h.? (auz - 2 ag (a12® - a12®) + (ana? + as.?) ] =

z
6 B1° B2d1E1h, (- (a11” - a12”) (aa® + @12") % + a0 (anr® - 6 a11® a1p® + asa?) ] ] ] 5

(A.17)

Slope

The equations of the slope for the upper adherend and for the lower adherend are

expressed in the followings.

dw, S .
P 2C,, X +3C,,X* +C,;aCh +c,aSh+ ¢4 (—a,,Chi S +a;, SNiC) + (A18)
Cig (alz af + allglg) +Cipo (allaf — %1§) +Cpy (allalg +a, %1 6)
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dw.

X — ¢ +2C,X+3C,,X2 +d, (C,g Sh+C;; Ch) + ¢, (~d,,Ch:S +d,, Sh:C) + A19)

Cio (d,5Ch:C +d,, ShiS) +c,(d,,Ch:C —d,;ShiS) +¢,,(d,,ChiS +d,,Sh:C)

Their coefficients of the slope for the lower adherend are obtained as shown.

dpe = (B12 Esa (3dya® + 8,E,h, (a®+dyihaa®-ag (L+4dyh,a*)))) 7/
(B2E2 (3 B2d1a®+ $17Exha (-a9 +a’)));
dp7 = [512 E1{9 B2d1? a11 (a11® + 0t122)4 - 38:2d1E1 hy a1y
(- (a11® - 3 az2®) (@’ + a2”) + ap (@ - 10.0 a1s® aze® + 5 aze*) ) -
3 $2° d1E2 ha ana (a1a® + @12) (@0 (@12® + 4 A1 ha a11® - 3 @12® + 12 dy ha aas® a2 +

12dihaan? arz*+ 4dyha a12%) - (a2 + a12%) 2 {1+dshs (a11? - 2 a11® a12? -
3 az”) )] + B1? BrE1Eshaan ((0112 + C't122:|2 (1+diha (a11* -10.0 a11? a12? +
Ba1z?)) + ap? (L+4dih, (@1’ - 10.0 ag2® az2® + 5 ar2*)) + ap (-5dihaan®+
25 dg h, a11® @12? - a11® (2 + 15 da h, ar2?) + a1z (2 + 19 dy ha a12*)) ) ] ] /
(ﬂz Ez (9 B22 di? (a1n® + a12?)  + 1 E4% 0,2 [anz - 2ap (a1a” - a12®) + (@’ + a122)2] -
6 f1° B2d1E1h, (— (a11? - a12%) (@1d® + 0122)2 +ap (a11® - 6 a11? as2? + as2?) ] ]] 5
dpsg = (312 E: (9 Bz da® azz (and® + at1zz)4 -38:°d1E1 hy axs (— (3 a11® - a12%)
(@1 + a12%) 7 + a0 (5 aas® - 10.0 azs® as2® + G124)] -3 827 d1Ez ha a1z (a01” + a12%)
[— (anz + alzz)z (-1+dih, (3 a11* + 2 @11? ag2? - a1z4)) +ag (4dih, a1+
a12” + 12 dshaags® @1a® + 4 dihaa1a®+ 3 a4® (-1 + 4 diha a.?) )) +
B1’ B2 E1Ez ha? are ((ﬂnz +a122)? (1+diha (5 a1 -10.0 azs® az2® + ar2?)) +
ao® (1+4diha (5 ann® -10.0 a12? az2? + @12*)) + ag (-19dr haan®+
15 dy hy a11® a12? + @12” (2 + 5dy hy aq2?) - a1 (2 + 25 diha a1z*)) ] ] ] /
{ﬂz E» [9 827 d1? (azd® + 0t122)‘1 +B1*E1?h? [auz -2 ap (a11® - a12?) + (a1d® + ﬂ122)2] =

681" B2d1E1h, (— (@12® - @12%) (and® + fJ't122)2 +ap (a11” - 6 ana® a’ + az2*) ) ] ) 5 (A 20)
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Appendix B

The equations of and their coefficients of peel stress, shear stress and shear force

for the adhesive layer are shown as follows.

The equations of peel stress and shear stress for the adhesive layer are formulated

as follows.

2C§a (Sa5(CisC + €17 Sh) + Cig (S35 CiC =54 SN S) + €9 (5,6 Chu S +5,, ShiC) +

Ciao (=Sas Ch:S + Sas 516) +Cigy (Sas Ch:C + Sas ﬁlg))

Oai = (Bl)

Tai = 2cC, (Ssio + Sss (Cieg +GCy a) +Cig (Sa1o ShiC - Sso alg) +

P (B.2)
Cio (Si1oChiC + 5,4 S S) + €y (S.eChiC — 5,5 ShiS) + €y, (5,0 Chi S +5,4ShiC))

Their coefficients are expressed below.

dyEga? (-3 8,2 E,+ £,7E; (3+8,E,h? (-4ag+a?)))
B B2Ezh, (382dyat+ B12E1 hy (—ag + a?)) ’
Sa1 = - (2 B1° d1EgE1 any a1z [3 B1Z E1 [—2 ag (@11° - a12%) + (@12 + alzz)z] +
B1° B2E1Ezh,? (3 ao? (a11? - a122) + 2 (ana® - a12%) (ana® + @2?)® +
ap (-7 a11® + 2 aza® @12? - 7 0124)] +
3827 E2 (2 a0 (@11® - a12”) + (@1d® + asn?y? (-1+diha (@ + ﬂ122)2]]” /
[ﬁz E; [9 B2% da® (@12® + @122)* + B2 E12h.? [anz -2 ag (a11® - @12®) + (aa® + ﬂ122)2] -
6 2% B2 d1Exha ((-aud® + @12®) (ana® + a12°)” + ag (@a* - 6 ana® @® + arp?) K
Has = h_la [Eﬂ[l - [)312 Ei (9‘ Bz da® (an® + ﬂ122)‘l -
3 $1° d1E1 h, ((-0112 +a12?) (@11? + @12%) % + a0 (anr® - 6 aza® az? + G124)) +
B1° B2E1Ez ha? [(0112 +a122)? (1 +daha (@11? - 6 ana® a12® + a12*)) + a0’
(1+4diha (@11 - 6 a11® a12? + a12*) ) - a0 (@11” - @12?)

(2 +daha (5 a11® - 6 @12” a2” + 5 axr?) )] -

Saz =

2 z
3 8,°d1Es h, ((—0112 + a12?) (o1a® + a12?) [1 +diha (a11® + a15?) ] + ao
(4 dl ha ans + 16 d]_ ha a116 ﬂlzz + a124 + 4 d]_ ha alzs +
a11* (1+24dsha a12*) + a11® (-6 a12® + 16 d1 ha @12%)) ] )] /
4
[ﬁz Ez (9 B22dr? (a1 + a12®) + B, E4Z b2 (anz -2 ap (@112 - a127) +
2

(a1n® + @12°) ") - 6 82® B2 d1Eaha ((-an® + az2?) (aua® + a2®)* + a0

(a1 - 6 ana? a10” + ao*) ] ] ] ” /
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~Cai1 e + Caail Ap
anz ha

Ssi0=

i

Sss = (81 a® (382d1E20a” + 817 E1Es hy (-ag + a®) +
B1E1 (3dia® + B2E2h, (-ae+a® -4 apdiha a*+dihaa®)))) /
(ZEz (-ap + o®) (3f2daa® + 27 Esha (a0 +a’)));

Ss9 = 5 A E,ha [ﬁi [ (@12 (-3 B12 B2 d1E1 (-3 an® + a12?) (au® + a12?) +

382 d1Es (@11? + @12?) (4diha a1a® + a12® + 12 dahy an® @ + 2
diha a2’ +3 a2 (-1+4dihaa?)) +
B1°E1® ha (a0 (1+$2E2ha” (-3 ana® + a12?)) + (@1a® + a12”)
(1+82E2ha” (@11 + a12?))) -
£1° B2 E1Ez ha (- (a2 + 012%) (-1 +daha (9 ann® + 2 ana® @12 - 7 as2*) ) +
ag (1+4dsh, (5an*-10.0 an® a2 + @12*))))) /
(9 B25 da? (@ + Ct122)4 +B1 E1%h,? [anz -2 ag (a12® - a2?) + (@n® + 0122)2] -
6 £1° B2d1E1h, [(—(1112 +a12?) (au® + a12?) * + a0 (ann® - 6 ana? as® + ar®) ]] -
(Ot1z (a0 + a2’ + az2®) + [2 B2dihaaii® asz [—au +a11” + @127+ B1E1hy?
[an (a12® - 3 a12?) - (a2a® + aizz)zl ](3 B1°E1 [—2 ao (o12® - @12”) + (aaa® + aizz)zl +
£1° B2 E1E2 ha® (8 ap® (aur’® - a12®) + 2 (ana® - ax2®) (aua® + a12?) " +
ao (-7 au* + 2 an® a12® - 7 a12?) ] +3 27 Eqz
(2 a0 (@11® - @12®) + (aza®+ ai?)’ (-1+diha (e’ + 0122)2] 1))/
(9 B22 dy? (a1a® + a12®)* + 1 E1?h,? (auz -2 ag (au’ - a1’) + (a1’ + 0122)2] -
6 f1” f2d1 Erh, ((-0112 + a12®) (ann® + a12?) " +
ao (a11* - 6 a11? a12? + a12?) )] + ( (—ﬂzz Ezaiz (ao+ an® + a12°) - 1 82" E1Ea ha? aas
(an (-3 a1a® + a12?) + (ana®+ ﬂ122)2]] (9 B2di? (aa? + Ct122)4 -3 81" d1Esh,
[(—anz + a127) (ena® + (1122)2 +ap (a11? - 6 @12 a? + 0124)] + B4t
B2E1Ez2ha” ((6(112 +@12?)? (1 +diha (aur® - 6 ans? ar2® + @) +
as® (1+4dihy (aa® - 6 ana® a2® + a12*)) -
ag (@11” - @12%) (2 +diha (5 ann” - 6 011® @12® + 5 @12?))) -3
B:°diEs h, ((—0112 + a12?) (ana®+ (1122)2 (1 +daha (a1a® + ﬂ122)2] +
ap (4dihaa1a®+ 16 dyha 11® az2? + a12* + 4 da hy a® +
ar® (1 +24dihg @2?) + @12’ (-6 @2” + 16 dahaa12®)) )] ) /
(ﬁz E; [9 B22 d1? (ana® + ar2?)* + B1*E1’hy?
(anz - 2 ap (117 - @127) + (@1a? + ﬂ122)2] -68:°B2d1Eq1h,
[(—anz + a12?) (ena® + (1122)2 +ap (ann® - 6 a11? a1,? + a2 ] ] ] ] /

(ha (élu2 -2 ap (@11’ - ax’) + (aa® + “122)2) ] ] ) :

(B.3)
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Ss10 = m (31((-3 £1° B2d1 Ex (ana® + a12?) (a1’ - 3 aga as0?) +
38,  d1Es gy (@1’ + @12°) (@12 + Adaiha @11® - 3 a1.” + 12 dih, aa® @’ +
12dih, ayi® a12* + 4dyh, @12°) + f1* E1® ha atar (@0 (1 - B2 Bz ha? (a11? - 3 as2?)) +
(a2 + a12?) (-1 + B2Ez ha? (ans® + a1’} ) ) +
£1° B2* E1Ex haagy ((aaa® + a12?) (1 +diha (7 an® - 2 and? a12? - 9 ar2*)) -
ag (1+4dyh, (an* - 10.0 a1s? azp” + 5 a12*)))) /
(9 B2 da? (ass® + a2?)* + B1? E4® h.? (auz -2 ay (an’® - a12?) + (owa® + 0t122)2] -

6 f1° B2 d1 E1ha [ (-an® + a1o®) (@ad® + a?)” + ap (a1s® - 6 ans? arp? + axp?) 1) -
(011(30 - 0f112 - 0f122 +(2 dy ha a2 (—ﬂzzEz a2z (ao + a1’ + alzz) -f1B E1E b ag
(au (-3 ana® + a12?) + (aps” + 0122)2] ](-3 B1°Eq (-2 ap (a11” - a12?) + (ana® + 0f122)2]
81> B2E1Exha? [—3 ao? (@’ - a12%) - 2 (an® - a12?) (an®+ i'hzz)2 +
ag (T ag* - 2 agy? agp? +7 0124)] -3 E; [2 a0 (a11® - a12?) + (s’ + a12)”
(-1+daha (@aa® + @12) "))} ) / (B2E2 (9 822 di? (@na? + cu2®)* + B1* B P ha?

(anz -2 ap (a12® - a12?) + (@ + 0122)2] - 6812 f2d1 Erhy
[(—Ctn2 +a12®) (@ar® + @2?) 7+ a0 (@nn® - 6 ana® ann® + axe?) ] ” +
[ﬁz (—an + a1’ + a2 + f1E1 by’ (an (an? -3 a12?) - (ana®+ ﬂ122)2]]
(9 Bzdi? (axa® + C(122)4 -3B1°d1E1ha
[(—Gtu2 + 0122) ((1112 + 0122) 2y ag (('»!114 -6 a11” g2’ + 0124)] +
812 B2E1Exha’? [(Ctn2 + Ct122)2 (1+diha (aun® - 6 an? @’ + a®)) +
ap? (L+4dih, (an - 6 ans® a? + a*)) -
ap (011® - a12%) (2 +diha (5 an® - 6 ann® a” + 5 a12”) )] -
38,2d1E2 h, [(—('In2 +a12%) (a11? + 0122)2 (1 +diha (an’ + 0122)2) +
ap (4ds hy a1a® + 16 dy hy @11 @12 + agp? + 4dy by ag® +
air* (1+24diha @2?) + an® (-6 a12” + 16 diha a12°)) )] ) /
[9 B22 da? (ana? + @) + B1* E2? ha? (anz -2 ap (an? - a2?) + (a1a® + 0122)2] -
6 f1° f2d1 Ex1h, [(-0112 + a12?) (aar® + a12?)* + ag (anr® - 6 ans® ara? + ar?) ] ] ” /

(ha (anz -2 ap ((‘I112 - 0122) + (allz + alzz)z) ) ] ) :

(B.4)

The equations of shear force for the adhesive layer are expressed in the followings.

A z-aha Ga Ch ~h ~h.C Ch.

Q,= 5 ZF(faiO + fg(CisSh+c,;Ch)+cig(—f,,,ChiS + f g ShiC) + (B.5)
Cio (f,;oChiC + f,gShiS) + ¢y (f,oChiC — £, Sh:S) +cpy (f,oChiS + .., ShiC))
where

faiO = Ssioha' (BG)
f.e =Sh,, (B.7)
fa9 = Ss9 ha’ (BS)
fa0 = Saoh, - (B.9)
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Appendix C

The coefficients of moment and of shear force for the upper adherend, the

adhesive layer and the lower adherend are shown as follows.

The equations of the moment for the upper adherend and for lower adherend are

expressed in the followings.

Mi = ZGTa(Cizmuo +3C,5M,oX + Mg (€, Ch+C, Sh) +Cig (M,;Chi.C —m, s ShiS) +
c

(C.1)
Cio(M,;Ch1S +m,ShiC) + ¢y (—my¢ ChiS +my, ShiC) + ¢y, (M ChiC + m, ShiS))
_ G, _ _ _ _
Mix = ﬁ(cizmbo +3C;;M, X+ M, (C;s Ch+c;, Sh) + ¢, (m,,Ch:C —m,, Sh:S) + €2)
Cio(My; Ch1S +m, ShiC) +C,yy (~M,sChS +m,, Sh:C) + ¢,y (M, Ch:C +m,, Sh: S))
Their coefficients are
Myg = % B1®E1h.?;
1
my5 = 1z B Eih,?a?;
1
My = = B1PE1ha® a11 oz
My7 = % B1¥E1ha? (aa® - a12?) ;
1
My = 3 B2*Eah,?;
Mmps = (817 B2°E1E2h®a® (3dya® + B2Eah, (0 +dihaa®-ag (L+4dihya?)))) /s
(12E2 (3A2d1a* + 1% E1h, (-ap+ a®))); (C.3)
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Mpg = (312 B2 E1Ez h,® [13 B2di® ass ass (@1a® + a12?)? - 6 12 d1Es hy azy ass
(—2 (@11® - @12%) (@1a® + @12%) + a0 (3 ans® - 10. 0 axy® @12% + 3 a124)) -
6 A% d1E2 ha @y ag2 (a11® + az2%)” [-2 diha (@a11? - @12?) (@2a® + a2?)* +
ap (-1+4diha (@11’ + 022°)°)) + 2 812 B E1 E2 ha? ass aso
(Ca11® + @22”)* (1 + daha (3 @1a® - 10.0 a1a® @12” + 3 as?) ) +
ae® (L+4dihs (3 anr® -10.0 a11® a12” + 3 a2*)) -
2 ap (@11? - @12%) (1+2daha (3 anr’ - 2 a1a? a1,® + 3 ar2?)) ] ] ] /
(12 E> (9 827 da? (@aa® + a12®)* + B2* Ea® ha? (a0® - 2 ap (ann? - a12®) + (ans® + ar2?)?) -
6812 B2d1E1ha (— (a1 - a12?) (@a? + a12?)” + ag (ann? - 6 a1s? @2? + @sr*) ] ] ] &
my7 = (81° B2° E1E2 ha’ (9 82 ds” (@ua” - a12®) (@ua® + @12®)* - 384 Ay By ha (- (ans® + €12?)’
{ann? - 6 a11? a® + ax*) + a, (o11® - 15 a11® @12? + 15 a11® a2 - ﬂ126)] +
3822 d1Ez ha (112 + 0(122)2 [—au (a11? - @127) (1 +4dyh, (@’ + ﬂ122)2] +
(@’ + a12”)® (1+daha (@11’ - 6 ana® azo” + arp?) )) +
B1® B2E1Ezha’ [(ana® - az2®) (ana® + a12%)® (1+diha (an’ - 14 a1a® a12® + @2’y ) +
ao® (ana® - @12”) (1+4dyhy (agy?* - 14 a3s® ag? + az*)) -
ag (5dyhaan® - 44dy hy a1 @12% + agp? (2 + 5dy hy ) +
az1 (2 +30.0 diha @1s*) - 4 @1a® (a2® + 11d1ha a12°))))) /
(12 Ez (9 B22d1? (a11? + a12?)? + B2 Ea? b2 [anz - 2ap (an? - a12?) + (an®+ 0122)2) -

2
6 B1° B2d1E1h, (— (a12? - a12?) (ana® + a12®)° + a0 (an® - 8 a1d® a12? + ag,?) ) ] ] "

(C.4)

The equations of longitudinal force for the upper adherend and for the lower

adherend are expressed in the followings.

Ni = % (nuiO +CipNyy +C3Nys X+ Ny, (Cieﬁ + Ci7%) +Cig ('"u&)al6 - nusﬁlg) +

(C.5)
Cio (N,oCh1S + 1, ShiC) + ¢,y (=N 3 ChiS + N ShiC) + ¢y, (N, CiC + Ny Shi S))

Nix = %(nbio +CipNpy +CigNpg X+ Ny, (Cicaa + Ci7§) +Cig (anale - nbsglg) + (C.6)
Cio (Nyo Ch1S + s ShiC) + €0 (—Nyg ChiS + Ny ShiC) + €,y (s ChiC + Ny S S))

Their coefficients are obtained as shown.
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Caiz B1E; hy
Nyjigp= - —m /
o

Ny = -$1°E1ha?;
nes = 3E; (B2?Ea+ B17Ey (-1+B;a30E2h,?%))

F- - r

* B2a0E1E;
Nyr = (B1°Ex1haa® (1% Ex (-1+ 82 a0E2h,") + 82" Ep (L+dihaa*))) /

(2B2E> (382dra*+B12Er1h, (—as+a)));

Neg = [.ﬂ].z Eph, [-2 Bt agEa"hy (-1 + frapEhy’) ogy aga + 6 fy® fa Ay By g gz
2
(02 + 022%) " 4 6 8" daEa s a3z (@aa® + 0227)° (-1 + daha (@aa® + @227 -
2 B4% 82" E1 B hy oas aan [—2 daha {e1a® - @e®) (oaa® + @12) "
ap (1+2dyha (3an' -2 an® e’ + 302" ) ) ) /
" 2
(28282 (2827 0% (onn® + 812" )" + B2 Er¥ ha® (a0® - 2 g (on® - @22”) + (a0n® + ")) -
z
681" fadaEsh, [— (maa® - o02®) Qoaa® + @a2®) 7 4 A (oraa” - 6 @aa® wa2® + ea2") ] ] I:
- F
fyg _{ﬁiiﬁlhi ['3 Ba® Bz da By (e’ - or2”) (an® o+ a’)’ -
s
Br"Er®ha (-1 + Bz acEzha®) (a0 (@1a® - o02®) - (an® ¢ @x2”)) +
3 8:° d1Er (omas® - @1s®) (o’ + 111!2.'!2 I:l +d1 ha (oae® s lqu]?:l +
B15 8" E1Eah, (Laua + Eluz:l : {1+ diha ['lit:u‘I - 6 @12’ oaa® +E12"]} +
ap l:l:I';u_z - D:;lzz} [-1+&dsh, [u_u_‘i + 10,0 t‘.l';|_;|_z l]j_z! + lI;u"} | ] ].] j
[2 BaEz [5 Aa® ds® I:I:ln2 + 'tln‘“'.'!1 + B2 Bt h.E [Elru2 - 2 an (':Irj.2 - an:l + i:'lIuE +a122:lz:| -
6 8% Bsdy By ha [— {n‘nz - lx:ua] Ifl:ln2 + anz}z + ag {ﬂ‘n‘ -6 1”@t 4 ﬂ'ia‘]]j] H
C Eaiz HpBphy
nhln‘_ - ¢
ag
fipy = B22Ez ha®;
SE; (847 Ey - B:7E; + B4 8.7 ag B3 Ex hy')
8188 E1E;z !
e 2 z 2 2 2 6 4
BT = [(B1Ezhaa” (B2"Ex (@ -a") + 82" Epx (0" +dahaa” -ap (L+ddahaa”)) =
Bifs AsEihe (-3daa®+ f2Esh, {(an-a® +dapdihaa® -dihaa®})]) 7/
(ZEz (-ag+a”) (3fadaa’ + B2 Eaha (-a0+ a®))) (C.7)

MNpz =

Tihe = [ﬂ1 E: ha [13131 B2 ae® da® Esha as ase (a0a® = as2®) " +
2 B4 asBa¥ ha aaq aae [anz - 2ap (eaa® - mae®) + (et aizalzj +
z z
B B1® Bady Ey @y @3z [@12® + m927) fauz -2 ap (@’ - 212%) + (an® + @2’} ] =
B IBJ:: fiz apdy E12 haz dryy dryg [‘d e ':'31'12 - "11*21 ['1'11-! + *1122}2 + [':!'1'12 + Elnz}d +
an’ (3 an' - 10 @’ ogp® + 3 0'12‘]] + 602" da B aun @ap (mas® + maa®)”
2
[—2 ag (11 - aee®) [—1 sy ha (a1 + aea®) ] + (ot e ana]z [—1 +di ha
F] 2,2 H H 2,2 E] z
[ota2” + @12") ] + dp ['1"' ddih, {om” +a@i2”) ]] - G  apdeEsEx hy” gy oryz
I:I'.'I1_-_|_2 + I'I;l':a_zjz[—f an [11112 - 111_:!:! [—1 +elq hy (atlz + Eija:l'z] -
z z H
(ana® + 2157) [-1+dih, {an® + a127) ] + ayt f-i +ddiha (a1 + a1:’) ” -
2 f1” B2" E1Eo ha aaq oz [—2 diha (o - oa2®) (ot 4 a“zli +
ag’ (1+4dih, (Fan' - 10 a3’ ap:® + 3 a*)) +
ao (o’ + @12%)" (1+2daha (5 an’ - 6 an’ a® + 5 aa)) -
2 a0 (o - aap?) (1o 2diha (Ban®+ 2 an®an? e 5 u;z‘}]] +
. 4
2 81" B2 agEx®Ez hy” ayy oo ['2 dihy (8’ - 012") (@n® + @) 4
ap’ {1+ a4dyh, (3 an? - 10 a50® a2® + 3 a12*) ) +
ap (@a3® + a1e’)? (L5 2dihy (5 aa® - 6 830 aas® + 5 215™)) -
2 ap” [uuz = u'j_zz} (L+2dyha (5 aaa® ¢ P eaa® appt 4 B l:[j_!.i}}] ] ] !
[2 Ez [anz - 2 ag (oas® - @12%) + (eraa® + as”) 2]
lgﬂrgdit {oa® + 1:!-122}‘l + BV B R, P I:anx -2 ag (a1’ - @ae®) + (o + 'lxna:lz] S

681" B2di Eqh, [- (a11® - a1z’) (@1’ + a12’) i an (on? - 6 an’ a12” + ana) ] ]] ; (CS)
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Npe = (B1Ez ha (-3 B1% B2d1Ey (a1” - a12?) (aaa® + a12®)” (anz -2 ag (a11® - a12?) +
2 2,2 2
(a11° + @y127) ] + g1 B ha (an (a1 - a12?) - (ana® + a12?) ]
2
[aoz -2 ag (a11? - a12%) + (and® + as?) ] - 98:8%a0d:" Exhy (aw® + a122)4
2
(an (-a12? + a12%) + (@na? + a1o?) ] - 38 Bra0d1E.7 1,7
4 2
((l‘an2 - a12”) (@12’ + a127)7 - 2 ap (a1a® + @207 (@na? - 6 @na? @ 4 @2?) +
ag? (@11 - 15 ana® a12? + 15 a12® @ - 0126)] + 38, A1E; (and® + alzz)z
((0f112 - az?) (aar® + agr®)’ (1 +dyha (an’ + 0122)2] + ap® (a1r? - arp?) (1 +
4dih, (a1’ + a:2?) 2] - ag (5dihaana®+12dyhya11® @127 + 4 @11? @0
(-1+3dihaaiz®) + az? (2+5daha ap?) + 2 aur? (1 + 7 doha asz?) )) -
2
38182 a0 d1E1 Exha? (ana? + ar2®) ( (a11? - @12?) (a11? + a12?) z
2
(1 +dihy (‘1112 + ﬂ122) ] + anz (a112 S (1122) [1 + 4 dihy ((1112 + (1122)2] =
dg (5 d]_ ha Ct]_]_s + 12 d]_ ha ('.t]_]_6 (1122 + 4 (1112 (1122 (—1 +3 d]_ ha (1124) +
ai:* (2 +5diha a1p*) + 2 ayr® (1+7 diha ae?) )] =
B1¥ B2 E1E> h, (303 {o12? - a12%) (1 + 4 dyhy (ann? - 14 a1a® a® + a1y -
a
(a1a® + a12?)” (1 + diha (ana® - 6 aua® @® + @)y +
2
ag (a11% - @12?) (@11 + @12%)° (3 + 2diha (3 ana’ - 10. 0 a11® a1® + 3 @12*) ) +
ap® (-9diha a12® + 60.0dsha a11® as2? + ann® (-3 +10.0d1h, a?) +
2 a12? (@12 +30.0d1hy @12°) -3 (a2* + 3diha a®)) ) +
513 ﬁzz dn E12 E2 h33 (303 (ﬂ112 S ﬂlzz) (1 +4 d]_ha (au‘l -14 (1112 6122 + a124)) S
1
((I]_lz + 0122) (1 + d]_ ha ((Zt]_]_‘l -6 (1112 (I]_zz + (I]_z‘l) ) +
2 2 2 2,2 4 2 2 4
ao {(@11” - @12”) (@na" +a12”) (3+2diha (3a1r -10.0 ann” a12” +3 a2 )) +
ag? (-9diha a11® + 60.0d1h, @11 @122 + ann? (-3 + 10.0d1h, a12?) +
2 a11® (a12® +30.0d1ha a12f) - 3 (@ +3dahaae’))))) /
[2 Ez (anz -2 ag (ana® - @12?) + (a2d® + 0122)2]
4 2
(9 B27 di? (ana® + @12®)" + B Ea* hA? (anz -2 ag (au® - a12%) + (an’ + az’) ] -

2
681°B2d1Er1h, (— (a12? - a12?) (oaa® + @12®) " + a0 (ana® - 6 a1r® a12® + ae*) ] ] ] 5

(C.9)

The equations of shear force for the upper adherend and for the lower adherend

are expressed in the followings.

ai = %( fuio +Cia fur + fig (Ci6§+ Ci7a) +Cig(— fuloalg + fugﬁla) + (C.10)
Cio (f20ChiC + f,4Sh1S) + €y ( f,oChiC — 40 Sh1S) + ¢y, (f,oChiS + f, ShiC))

— G, — — — —
Q.. =?(fbio +¢,;f, + fg(CigSh+c,,Ch) + 5 (—f, ;o ChiS + f,,ShiC) + ©11)
Cio (fo10Ch1iC + fL4 SN S) + ¢,y (f,,ChiC — f,;oShiS) +Cyyy (o ChiS + f,,, ShiC))
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Their coefficients are formulated as shown.

B1 (Cai1 A0 - €aai170)
2 anz

fuio= -

1
fur = - 7 B E1h,?;

1 2 3 2 a 2 2
fus =Eﬁl haa” (-B1E1ha” + (3 (382d1Eza” + B1" E1Ez ha (-ap+a”) +
B1E; (3d1ﬂ4+ﬂzEz ha (-a0 + a® - 4 apdih, ﬂ4+d1haa6)))) !
(Ez2 (-ag +a’) (3B2dya’ +B1°Erha (-ag+a’)))); (C.12)

1 z
fus = 12 Ba [2 B1E1ha® an1 a12” - B1E1ha® an (a1 - a12®) + 5B [3
2Ez

((—3 B4 B2 d1Ey (a11” + a12?) (a11® - 3 ag a12’) + 3 B2 d1Ez a11 (@11” + a127)
(@11 + 4 diha a13® - 3 a12” + 12 da ha a11® «12® + 12 daha @11® a3,* + 4 dy ha a12®) +
B1*Ei’ haass (a0 (1 - B2Ez2ha? (a1 -3 a12%)) + (ana® + a12®) (-1 + B2 Ex h.?
(o1 + @12%)) ) + 842 .2 E1Es ha s ((a11® + a122) (1 +dqha
(7 ana® - 2 @1a® @12® - 9 @12®)) - a9 (1 + 4dsha (a2 - 10.0 azs® as2? + 5 a12*)))) /
(9 B2 dy? (@12® + a12%) " + B2 Ea®h,? (anz -2 ap (a11® - a12”) + (ona® + ﬂ122)2] -
6 B1° f2d1Erha ((—0112 + a12®) (@1a® + a122) 2 + ao (a11® - 8 a11® a12” + a2?) ]] =
{a11 (a0 - @12® - @12” + (2 daha a2 [-B27 Ez auz (@0 + aua? + au2?) -
B1f2’E1Ezh % as (an (-3 a1a® + @12?) + (@ + ﬂ122)2]]
(-381%E1 (-2 a0 (@11 - @12®) + (ana® + 0122)2] +
B1% B2E1 Ezh.? (—3 ao? (a11” - a12?) - 2 (a11® - a12?) (@na® + as2?)* +
ap (7 ana? - 2 anr? a2 + 7 a1z4)) -3 82E, (2 ap (a11? - a12%) + (e@1a® + (:t122)2
(—1+d1ha (o1a® + ﬂ122)2]]]]/ [ﬂz Ez [9 B2% d1? (ana® + a12®)* + B1*E1% ha?
(302 - 2ag (a11? - a12?) + (ana®+ G122)2] - 6p1° B2d1E1h, [(—(1112 + a12%)
(@11 + a12?) ¥ + a0 (@ua* - 6 a1a® a12” + @12?) ] ]] +(B2 [-20 + ana® + a12® + B1E1 ha?
(an (a11? - 3 @12%) - (ana® + ﬂ122)2]] (9 B2dis® (a11® + a12%)* -3 8:° d1E1 ha
((—Ctu2 +a12?) (@1n® + @122) 2 + a0 (@a? - 6 a1a® aga® + ﬂ124)] +
B1° B2E1Ezh,? ((('»‘112 +a12%)? (1 + diha (a12® - 6 aui® a12? + a12?)) +
ae® (1+4dih, (@11 - 6 a11? @1o” + a12*)) - ae (@12? - a12%) (2 + diha
(5 a11® - 6 a12® @12” + 5 a12*) )] - 38 d1Ez h, ((—0112 +az2?) (@11?+ az2?)?
[1 +dihy (auz + a122)2] + ag (4d1hy ans + 16 d; hy an‘ alzz + a124 +4d; h, a1zs +
a1 (1+ 24 d1h, a2?) + @1a® (-6 a2’ + 16 daha a12°)) )] ) /
(9 B22 da? (@12® + a12%)* + 1P Ea®h,? (302 - 2ag (a11? - a12?) + (ana®+ 0122)2] -
6 f1° f2da Erha [ (-@aa® + @12?) (ana® + @12®)” + ag (@ - 6 aa? @12? + @12?) 1))/

[ha [auz -2 ap (a11® - a12?) + (ana® + a122)2] ] ] ] ) 2
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Fuie =i 817 [—2 B1Eih’aza? a2 + B1E1 hi® ase (-a1a? + a12?) + (3
u 1z = = bzE;
((G12 (-3 817 B2 d1Ex (-3 ana® + 012?) (awd® + @12?) + 3 82> d1Ez (aud? + a12?)

(4diha ana® + @12® + 12 diha az1® a12” + 4 dy by a42° + 3 ana? (-1+4dih, a12*)) +
B1*E1" ha (a0 (1 + B2E2ha? (-3 an? + a1%)) + {@11? + @12%) (1 + B2Ez2 h.?
(o12® + 12%))) - B22 B2 E1Ez ha (- (@11® + a12®) (-1 + diha (2 ana + 2 @11 ® @s2?
-7 a12*)) + ap (1L + 4dy ha (5 @11 - 10. 0 a11? a12? + 12*)))2) /
(9 B2% ds® (a1a® + @122)* + B1? B2 h,? (anz -2 ag (a1 - a12?) + (o’ + 0122)2] -
681° B2d1E1h, ((—C'tn2 + a12”) (ana® + (1122)2 + ao(an? - 6 @11? ag2? + arx?) ]] S
(012 (ao + a1a? + a12%) + [2 Bz2dihaan’ as [—au +a11® + a12% + B1 E1ha?
(au (a11% - 3 a12®) - (ana® + ﬂ122)2] ] (3 B1® Ex [—2 ao (o1® - @12?) + (ana® + 0122)2] +
£1° B2 E1Ez h,? [3 ae® (ana? - a12?) + 2 (an® - a12?) (an® + a2?)? +
ap (-7 a11? + 2 @1a® @12® -7 a124)] +3 827 Ez (2 ap (@11? - a12%) + (a1 + (1122)2
(—1 +dihy (ad® + ﬂ122)2] ] ] ] / (9 B2% d4? (aaa® + ('I122)‘l + A1 E1?h,?
[anz -2 ag (a11® - a12?) + (aa® + 0122)2] -6 81" F2d1Er1hy
[(-Guz +a12?) (e’ + @12?) % + a0 (an® - 6 an’® an® + a*) ” +
((—ﬂzz Ez a1z (ap + a11? + @12%) - 1 B2° E1E2 ha? aqp
(an (-3 a11? + a12%) + (@ + 0122)2] ] (9 Ba2da? (an®+ ('I122)‘l -3 81" d1Erha
[(—Otu2 +a12®) (an® + a2®)® + a0 (ana® - 6 an® az® + 0124)] +
B1° B2 E1 Eaha? [(ﬂnz +a122)® (1+diha (ana® - 6 aza® az2® + az*)) +
ae® (1+4dih, (a11® - 6 a1a? a® + a*)) -
ap (a11? - @12%) (2 + daha (5 a1a* - 6 a11? @2 + 5 az?) )] -
382" d1Ez2 ha [(—0112 + a12%) (@11® + az2%)? (1 +daiha (a1® + ﬂ122)2] +
ap (4diha a12®+ 16 dy hy @12% @127 + a2 + 4 dy ho ar® +
an* (1+24diha a2*) + aga? (-6 az2? + 16 dihs a12°)))) ) /
[ﬁz E2z (9 B2% da? (a1d® + (1122)‘l +B1*E17h,? [anz -2 ap (a11” - a12°) +
(o1a® + 0122)2] - 681" B2d1E1h, ((—auz + a12”) (a1 + Ct122)2 +ap (a1 -

L ('»!112 0122 + 0124) ] ] ]] / (ha (anz -2 ay ((:t112 - alzz) + (a112 + a122)2] ] ] ] ] ; (C 13)
B2 (Cai1 A0 ~ Caaiide)
2 anz }

frio= -

1
fr1= - ) B2 E2hi?;

fos = (B1B2hac® (9 F2d1Era* -3 81 E1Ezha (a0 - a®) - B1Ey (3 + 2E, ha? (ag - a?))
(-3dya* +B2Ezha (ap+dapdihaa* -a® (L +dihaa®))))) 7
(12Ez (a0 + @) (3Bz2dra® + B1°Esh. (-as+a®)));
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12115:2 (ﬁl( [2 B1B2"E1Exha® an azn’ [9 B2ds? (a1 ® + a122)4 -3 8:2d1E1hy
(—2 (@11® - @12?) (@22® + @122)* + a0 (3 ans® - 10.0 a1s® a12? + 3 0124)] =

3 822 d1Ez ha (@11 + ar2?)’ (—2 diha (an® - a12?) (au® + a2?)” + ae [—1 +

4diha (a1’ + alzz)z” + By’ B2E1Eph,? (("»‘112 + ﬂ122)2 (1+dihs (3 an* -

10.0 a11% @12 + 3 a12*)) + ao® (1 +4dih, (3 a11® - 10.0 a11? a12? + 3 ax*)) -

2 ag (@11’ - a12?) (1+2diha (3 an® - 2 a1a? a1o® + 3 ar)) ] ] ] /
(9 B22di® (a1a® + a2)? + B1*E4%h,? (auz -2 ag (e11® - a12%) + (and® + ﬂ122)2] -
6 #1° B2d1E1h, ((-6112 + a12?) (@’ + @122) + a0 (an® - 6 ana® az2? + az?) ]] -
(31322131 Ezha® ana (9 B2d1? (a11? - @12%) (ana® + 61122)‘l - 3P+ d1Eq ha
[— (a12” + Gt1::z)2 (a11* - 6 a11® ar2? + a12?) + ag (a12® - 15 ann® apn® +
15 az2” a1* - 0126)] + 3822 d1Es ha (a11? + a122)” [-an (12 - @12?)
[1 +4diha (a1’ + aizz)z] * (@12? + a12?)® (1 + daha (au1? - 6 @11® @12? + a12?) )] +
B1’ B2E1Exh,? ( (@11® - a12?) (a12® + @12)” (L + dyha (an® - 14 agi® as? + az2?)) +
ag® (a1’ - ar2?) (1+ 4dyh, (an® - 14 @3y agp® + ag2*)) -
ap (5dihaair® - 44 ds haa11® a12% + a12® (2 + 5dy ha a2?) +
au® (2 +30.0daha ar2*) - 4 and? (a1? + 11 daha ar2%)))])) /

(2 822 a1® (ana® + a12?)* + B1* E1’h,? (a0® - 2 ap (@1a® - @12?) + (@ad® + c'f122)2] -

681" B2d1 Exha ((-an® + a1o®) (@n® + a1,®)* + ap (an® - 6 an® a” + az') ))+
3 ((-3 B12 B2d1Eq (a11® + a12?) (@11’ - 3 a11 @12?) + 3 B2 d1E; @y (@117 + a127)
(@11 + 4 dahy @11® - 3 a12” + 12 d1h, ann® a2 + 12 da b, asa® a,® + 4 dy ha a12°) +

B1*Es? haayy (a0 (1 - B2z Ezha® (a11? - 3 @12%)) + (ana® + @12?) (-1 + B2 E2 ha?
(a12® + @12%))) + B2% B2° E1Ez ha @z ((012” + @12} (L +daha (7 aur” -

2 aga® @12? - 9 @12*)) - a9 (L+ 4dih, (@nr® - 10.0 a10® a2® + 5 @12?)))) /
1 2
[9 g2 ad? (Otu2 + Clizz) + A1 E1?n,? [anz -2 ao (Cl112 - 0122) + (11112 + ﬂizz) ] S
2
6 B1° B2 d1 Exhg [ (-@1a® + a12”) (@12 + @12”) " + ag (@as® - 6 ana® az2” + ax*) )] -

z 2 2 2 2
(ﬂ11 (an -an” - A+ (2 diha aiz (-ﬂz Ez a1z (@0 + @11 + a12") -

2
B1B22E1E2h % axs (an (-3 ana® + @12?) + (@11’ + a12?) ”

[—3 B1PEq [—2 ap (e11” - @12°) + (azd® + ﬂ122)2] + B12A2E1Eahg’

[-3 ao? (@11? - a12?) - 2 (@n1® - a12?) (ana®+ a12®)” + ag (7 an® - 2 ana® a? +
7 a124)] -38,%E, (2 ao (a12® - @) + (@ + ﬂ122)2 (—1 +diha (e +
0122)2]”]/[32 E; [9 £22 ds® (ana® + a12?) " + B2 Ea?h,?

[aoz -2 ag (o’ - a12%) + (an® + 0122)2] - @f1°B2d1Erh, ((—(1112 + a12”)

(a12® + a122)2 + ap (an? - 6 ann’ a? + ax?) ] ]] + (ﬁz (—au + a1 + a1’ +

2 4
B1E1h,’ (an (a11® - 3 a12?) - (a1? + @12?) ” (9 Bzdi? (a11? + a1?)” -3 815 daExhy
((-auz +a12?) (ann® + a122) " + ag (ann? - 6 @1a? ago? + Ct124)] +

2
B1% B2E1E hy? ((('Inz +a12%)° (1 +diha (an® - 6 a11® a® + a*)) +

ao® (1+4diha (an® - 6 a11® a12” + @12*) ) - ap (@11” - @12?) (2 +daha (5 ann® -
6 a1’ a12? + 5 age?) )] - 38,7 d1E, b, [(-ﬂtn2 + @12?) (an®+ az?)’

(1 + dlha (‘1112 + a122)2] + ap (4 d1 ha O.‘]_]_s + 16 d]_ ha Gl.‘:|_:|_6 Ct]_zz + a124 + 4 d]_ ha Ct]_zs +
a12* (1 + 24 diha a12?) + a1r® (-6 aro? + 16 daha a1,%)) ] ] ] /

4
(2 82% d2? (a1a® + @12”) " + B2* B2’ h,? (a0® - 2 ap (@11? - @12?) + (ana® + a122)2] -

6 F1° B2 d1Erha [(-au® + a?) (ana® + a12®) + ao (ann’ - 6 a1a® a12® + a12?) ] ] ] ] /
(ha [anz -2 ap (a11® - @12%) + (an® + alzz)zl ] ] ] ] :

(C.14)
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1 1
(;‘31 [— [2 B1B2°E1Eoh.® a11? ase [9 B2ds? (a11” + @12?)” -3 815 d1E1 h,
12 E»
2
[-2 (a1r® - @12?) (@’ + @12®) "+ ap (Ban® -10.0 apy® a? + 3 ﬂizq)] =

frio =

38, d1Ea b, (a112+ a122)2 (—2 dy hy (o:;,_;,_2 - aizz) (ot;|_;|_2 + a122)2+ ag (—1+
4dih, (an’ + ﬂizz)z]] * B1 BrE1Esh,? [(auz +a122) (1 +diha (3 an® -
10.0 aur® a12” + 3 @12 ) + ap? (L + 4 daha (3 ana? - 10.0 a11? a12? + 3 ar®)) - 2 ap
(@11® - @12°) (1+2diha (3 an’ - 2 ana® a.” + 3 @s*)) ] ) ] /
(9 B22 ds® (a12® + a122)* + B1* E1? 2 (anz -2 ap (@11’ - @2®) + (an® + ﬂ122)2] -
6 f2° B2 d1Eaha [ (-a1a® + az2®) (aud® + a12”)” + ap (an’ - 6 a11® azo® + arz*) ))+
(ﬁ1ﬁzzE1E2 h.? ase [—9 Bada? (@11? - a12®) (ana® + 0t122)4 =
3825 daEsha [ (and®+ 0122)2 (au* - 6 ana? a® + ax?) +
ap (o112 + 15 a0 @12 - 15 an2® ara® + 0126)] - 385 d1Es hy (a1 + (1122)2
[—an ((1112 - a122) [1 +4dyh, (0(112 + a122)2] +
(asa® + 0t122)2 (1+diha (anr? - 6 a11? a12? + asn?) )] + B1° B2E1E2h,?
((-Guz + a12?) (@1r® + a12?)” (1 + daha (ana® - 14 ana® ar? + a2?)) -
ap® (ana® - ar2?) (1+4diha (an* - 14 an® ap,” + a)) +
ag (5dish,asn® - 44 dy hy @11® @12% + a12? (2 + 5ds ha ane?) +
azs® (2 +30.0dahg a2?) - 4 @aa® (@r2® + 11di1haa12?)))])) /
(9 B2° d1® (as® + 0t122)4 +$1*E1?h.? [auz - 2 ag (a11” - as2?) + (ana® + ﬂ122)2] =
6 815 B2d1E1hy ((—Otn2 + a12?) (@0 + a12?)’ + ao (aur? - 6 an? @o? + @) ” +
3((a12 (-3 817 B2 d1Ea (-3 ans® + a12”) (a1s® + ara®) +
382 A1E; (ann® + a12”’) (4dihy ans® + ap® + 12 dihg any® a,® +
4dih, asp® + 3 ags® (-1 +4dih, @) +
1 E1’ha (ap (1 + F2E2hs? (-3 ann? + ar?)) +

(a2’ + @12%) (1 +B2Ez ha? (a1d® + a12”))) -
B17 F2"E1Ez by (- (oma® + a12?) (-1 +daha (2 an® + 2 ana® ap® - 7 ™)) +

ap (1+4diha (5 ana® -10.0 ags® @ + a12*))))) /
(9 £22 di® (@11® + a122) " + §12 B4 h,? (auz -2ap (an -2di1E1hy
((-l‘Jtn2 +a12”) (@1n® + 012°) + ag (@aa* - 6 aa® ane? + (1124)) + 812 B2 E1E2 ha”
((ﬂuz + 0122)2 (1+dshy (a1 - 6 a1 ag2? + @12*)) + 2% (1+ 4 d1ha
(a11® - 6 ana® @r2® + @12*)) - ag (@11” - @12%) (2 +diha (5 aur* - 6 @’ a2’ +
5 as.) )] -3 §2°d1Ez ha ((—C’tnz +a2?) (an’+ a?)’ (1 +diha (an + ﬂ122)2) +
ap (4dih,aa® + 16ds hy a11% a12” + @g2 + 4dy hy ag® +
aur’ (1+24d1ha a12”) + an® (-6 a” + 16diha @12°))))) /
(22 (982" ds® (aus® + a12”)* + B2 E1" 1o’ 6 8,2 B, d1 Ex by [ (-@0a® + a12”)
(aaa” + @12”) * + ag (a11® - 6 a12® €12® + a2?) 1NN/

(e (0% - 2 20 (ass” - axz”) + (o’ + 02)7) )))) (C.15)

Appendix D

The [A], [B], [C] matrix of conditions are shown as follows.
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where

She =sinh(ac), Shg =sinh(ed), Che =cosh(ac), Cha = cosh(ed),
Shie =sinh(a,¢), Shu =sinh(ay,d), Chic = cosh(a,,c), Chis = cosh(ery,d)

S¢ =sin(a,c), S =sinh(a;,d), Cc =cos(a,c) and Cq = cos(a,,d).
Then, fublO = falO + fulO + fblO’ fub9 = fa9 + fu9 + fb9’ fub8 = faa + fu8 + fb8 ,
bo = Ny + Ny F_L: F /G, and

Nz =Nyz N7y Nyg = Nyg +Nygy Ny

N.=N, /G,
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