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Abstract

In this paper we review the renowned constant elasticity of variance (CEV) option pricing model and give the detailed derivations.
There are two purposes of this article. First, we show the details of the formulae needed in deriving the option pricing and bridge the
gaps in deriving the necessary formulae for the model. Second, we use a result by Feller to obtain the transition probability density
function of the stock price at time T given its price at time ¢ with # < T. In addition, some computational considerations are given
for the facilitation of computing the CEV option pricing formula.
© 2007 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Cox [4] has derived the renowned constant elasticity of variance (CEV) option pricing model and Schroder [10] has
subsequently extended the model by expressing the CEV option pricing formula in terms of the noncentral Chi-square
distribution. However, neither of them has given details of their derivations as well as the mathematical and statistical
tools in deriving the formulae. There are two purposes of this article. First, we integrate the results obtained by Cox
[4] and Schroder [10] and bridge the gaps in deriving the necessary formulae for the model. Second, we use a result
by Feller [7] to obtain the transition probability density function of the stock price at time T given its price at time ¢
with t < T. We also show the details of the formulae needed in deriving the option pricing. A proof of Feller’s result
is given in Appendix A.
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2. The CEV diffusion and its transition probability density function

The CEV option pricing model assumes that the stock price is governed by the diffusion process:
dS = uSdt +08P?dz, B <2, 1)

where dZ is a Wiener process and o is a positive constant. The elasticity is 8 — 2 since the return variance v(S, t) =
o2 5P=2 with respect to price S has the following relationship:

du(S, £)/dS
u(S, 1)/S

which implies that dvu(S, 7)/v(S, ) = (8 —2)dS/S. Upon integration on both sides, we have logvu(S, ) = (8 —
2)log S + log o2, or u(S, 1) = o2SP2,

If B = 2, then the elasticity is zero and the stock prices are lognormally distributed as in the Black and Scholes
model. If 8 = 1, then (1) is the model proposed by Cox and Ross [5].

In this article, we will focus on the case of 8 < 2 since many empirical evidences (see Campbell [2], Glosten et al.
[8], Brandt and Kang [1]) have shown that the relationship between the stock price and its return volatility is negative.
The transition density for 8 > 2 is given by Emanuel and Macbeth [6] and the corresponding CEV option pricing
formula can be derived through a similar strategy. For more details, see Chen and Lee [3].

In order to derive the CEV option pricing model, we need the transition probability density function f(S7|S;, T > 1)
of the stock price at time T given the current stock price S;. For the transition probability density function f(St|S;),
we will start with the Kolmogorov forward and backward equations.

Assume X, follows the diffusion process:

dX = pu(X, ) dt + o(X, 1) dZ, 2

=p-2.

and P = P(X,, 1) is the function of X; and 7, then P satisfies the partial differential equations of motion. From (2), we
have the Kolmogorov backward equation:

2

L% (X0, 1) + Ko 1)+ o = 3)
2 X3 dXo oo
and the Kolmogorov forward (or Fokker—Planck) equation:
éggﬁwmwrgimamwrff=a “
Consider the following parabolic equation
(P); = (axP)y, — (bx + W)P),, 0 <x <00, (5)

where P = P(x, t), and a, b, h are constants with a > 0, (P), is the partial derivative of P with respect to ¢, (), and
()., are the first and second partial derivatives of () with respect to x. This can be interpreted as the Fokker—Planck
equation of a diffusion problem in which bx + h represents the drift, and ax represents the diffusion coefficient.

Lemma (Feller [7]). Let f(x, t|xo) be the probability density function for x and t conditional on xo. The explicit form
of the fundamental solution to the above parabolic equation is given by

b ety \ T —b(x + xp ) 2b 12
t, = = I  hhe | ——— (T , 6
f(, x|x0) a1 < ™ > exp{ 2@ D) } 1—h/ (a(l — e_bt)(e xX0) ) 6)

where Ii(x) is the modified Bessel function of the first kind of order k and is defined as

S (x/2)2r+k

Proof. See Appendix A. [
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Before pursuing further, we will first consider the special case in which 8 = 1 which is the model considered by
Cox and Ross [5]. In this situation we have

dS = u(S,)dt + o(S,1)dZ, (3)

where o(S, 1) = o/S.

Now suppose also that each unit of the stock pays out in dividends in the continuous stream b(S, t) so that the
required mean becomes u(S, t) = rS — b(S, t) =rS — (aS + h), where b(S, t) = aS + h and r is the risk-free interest
rate. Then dS = [(r — a)S — h]dt + 0+/S dZ and the differential option price equation becomes

*P P  OP

1 2
Ly i S—hl—+—=rP 9
5082 +[(r—a) ] st = )

and the corresponding Kolmogorov forward equation for the diffusion process (8) is

oP
2
StP)+ — —a)S—h)P =0, 10
285,2(0 T )+ [((r a) )P] — r (10)
which is obtained by using (4) with u(x;, 1) = (r — a)S — h.

Comparing with (6), we seta = 02/2, x=8r,x0=S8,b=r— 02/2, h = —handt =t = (T — t). Thus, we have
the following transition probability density function for the Cox—Ross model:

fSTIS. T>1) =

2r — 02/2) ( S, el /2
1]

(142h/0%)/2
0-2 [e(r—az/Z)r _ ST )

1/2
—2(r — 02/2)[S7 + ;"Y1 ; 4 — 02 /2)(8, Sy e~ 2m) !
X exp Uz[e(r—az/Z)r ~ ] 142h/c? gz[e(r_gz/z), — 1102

an
We next consider the constant elasticity of variance diffusion,
dS = u(S, 1) +o(S,1)dZ, (12)
where
wu(S,t)=rS —as (13)
and
oS, ) =082 0<p<2. (14)
Then
S=(r—a)Sdr+oSP?az. (15)
LetY = Y(S, 1) = §2~F. By Ito’s Lemma with
2y
Hee-pst T=o Tloe-pa-ps,
we have
dY = [(r — )2 — P)Y + 30*(B— D(B — )] dt + 0*(2 — )*Y dZ. (16)
The Kolmogorov forward equation for Y becomes
z- %;Yzz[ Q- pyre - { [(r—a)(z B + 30°(B— i - 2)] } (a7)
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Then f(S7|S;, T>1t)= f(Y7|y;, T>1t)|J| where J=2—p)S'"P. By Feller’s Lemma with a=
(1/2)0*Q2 - B>, b=@r—a)2—pB),h=1/2*B—-2)1-B),x=1/T,xgo=1/t and t=1=(T —1), we
have

_ _p 1/Q2- I
FSTIS T > 1) = 2 — B CP (a8 /CC D omxmzy 0 0(x2)1/2), (18)
where

. 2(r — a)
C 22— PlermCHT — 1]’

¥ = k*S,Z_’S er-aQ=pr . _ k*S%_ﬁ.

Cox [4] obtained the following option pricing formula:

s e_”i e X"G(n+1+1/2 — B), k*K>~P) Ke_”i e X" H/CAGn 4+ 1, k¥ K2 P) a9)
T~ r(n+1) ~  Ta+1+12-p)

where  G(m,v) =[I" (m)]_1 f UOO e “u"'du is the standard complementary gamma  distribution
function.

For a proof of the above formula, see Chen and Lee [3]. We next present the detailed derivations of the option
pricing formula as presented by Schroder [10]. Since the option pricing formula is expressed in terms of the noncentral
Chi-square complementary distribution function, a brief review of the noncentral Chi-square distribution is presented
in the next section.

3. Review of noncentral Chi-square distribution

If Zy, ..., Z, are standard normal random variables, and §1, . .., §, are constants, then
v
Y=Y (Zi+8) (20)
i=1

is the noncentral Chi-square distribution with v degrees of freedom and noncentrality parameter A = Z;zl 8%, and is
denoted as x:)z(k). When 6; = 0 for all j, then Y is distributed as the central Chi-square distribution with v degrees of
freedom, and is denoted as X%- The cumulative distribution function of ng()n) is

(r/2)

X
v/24j—1 .—y/2
]’2]}/21—'(1)/2 + ]) 0 y € dyv x> 0. 21

o
F(x;v,3) = PG(70) s x) =7y
j=0
An alternative expression for F(x; v, 1) is
o .
. A/
Flxv, 1) =) (J, P(x 42, < %) (22)
j=0
The complementary distribution function of X{JZ(A) is
Q(x; v, )“) = 1 - F(-x; v, )")7 (23)

where F(x; v, 1) is given in either (21) or (22).
The probability density function of XLZ(A) can be expressed as a mixture of central Chi-square probability density
functions:

- .
_ a2y’ _
Py ® = ¢ /2% T L0/ = " T2+ )2

e—(xH1)/2 X w241y

(24)



64 Y.L. Hsu et al. / Mathematics and Computers in Simulation 79 (2008) 60-71

An alternative expression for the probability density function of XLZ(A) is

1 x\(v=2)/4 1 —
pX;jz(A-)(X) = 5 (X) eXp {_2()" + -x)} I(V—2)/2( )"-x)s X > Ov (25)

where I} is the modified Bessel function of the first kind of order k and is defined as

1 \k& (22 /4)1'
L= =z _— 26
K@) <2>§]!F(k+]+l) (20)
It is noted that for integer k:
1 e
I(2) = — / ek cos(kB) do = I_i(2). (27)
T Jo
The noncentral Chi-square distribution satisfies the reproductivity property with respect to n and A. If X1, ..., Xj are

independent random variables with X; distributed as X;iz(ki), then
k 5 k
Y = X~ % A 28
S (3] -

4. The noncentral Chi-square approach to option pricing model

Following Schroder [10], with the transition probability density function given in (18), the option pricing formula
under the CEV model is

C = E(max(0, Sy — K))=¢e™ " /'00 f(S71S:, T > t)(St — K)dST
K

o0 o0
= e*ff/ St F(S7|S,, T> 1)dSy — e*”K/ F(S7IS,, T> 1)dSt = Cy — C». (29)
K K

wheret1 =T — ¢

4.1. Detailed derivations of C1 and Cy

Making the change of variable w = k*S%_ﬁ , we have
dSp = 2 — )~ LTV B=D/C=P) gy,

Thus, with y = k*K>~#, we have

o0
Cp=e'" / e e/ w) 42D 1 gy 2wy (w/ k)P dw
y
o0
=e " / e e/ w) 42D 1 10 gy 2 xw)(w /)Y P (e k)PP duw
y
_ aTT #\1/(2—B) = —X—w —1/@4=2p)
=e ""(x/k") e (x/w) I12—p)(2+/xw) dw
.
o
=e 'S, e(r_a)f/ e_x_w(w/x)1/<4_2’3)11/(2_,3)(2«/xw)dw
v

o
— U, / e (w/0) V42 oy (2/xw) dw 0
y
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and
o k* 1/2-p)
C, = Ke—rr/ Q- ﬂ)k*l/(Z ﬁ)(x 1- 2/3)1/(4 2p) ot wll/(z PYeNE: /xw) wB=12-P qu

¥
o0

 Ke'T / @28 (2B @2B) v o o0 [ duy
¥
o0

= Ke_”/ e_x_w(x/w)l/(4_ﬁ)11/(z_ﬁ)(Za/xw)dw. 31
¥

Recall that the probability density function of the noncentral Chi-square distribution with noncentrality A and degree
of freedom v is

P2y @ = 30/ ) p(VAx) e HHI2 = P(xiv, ).

Let OQ(x;v, 1) = f Py (M(y) dy. Then letting w’ = 2w and x’ = 2x, we have

R w\ 1/(4=28)
Ci =S5 e_‘”/ e—(x—&-w)/Z(;) Io-p) (2«/xw) dw
y

00 1/(4-2p) 1
=5 e_m/ _(X fw )/2< ; ) Iijo-p) (2vx’w’> —dw
2y X 2

2
=S¢ QQ2y;v,x), = S e” " Q <2y;2 + 2 ZX> (32)

obtained by noting that (v — 2)/2 = 1/(2 — B), implying v = 2 + 2/(2 — B). Analogously, with w’ = 2w, x’ = 2x and
I,(z) = I_,(z), we have

*© 1/(4-2p)
Cr = Ke—rr/ e—x—w(%) I1/0-p) (2«/xw) dw
y

% )P ’
_ —rT —(x 4w e — A
=Ke /2y e (w/) Ii/o-p) (2\/ ) dw' = Q <2y,2 2_ﬂ,2x> , (33)
obtained by noting that (v* — 2)/2 = —1/(2 — B), implying v* = 2 — 2/(2 — B). Thus,
2 _ 2
C= S[ 7arQ (2_)7, + ﬂ 2x> Ke TQ <2y, ﬁ 2x) (34)

Itis noted that 2 — 2/(2 — B) can be negative for § < 2. Thus further work is needed. Using the monotone convergence
theorem and the integration by parts, we have

/ P2y 20, 26 dk / " ek k1 VR ”‘li (zb)" dk
320, = e
, ; ‘ © LTty 1+ 1)

e—zzn+v 1 e—kkn o0
= dk = LG+ 1,
/y ra+v Jy Ta+1 };g(wr” WG +1.)

= g +v—1.2Y gl.y. (35)

Now we also have the result G(n, y) = >, g(i, y), which can be shown by observing that

n

B oo e—kkn—l B le's] kn—l e yn—le—y 00 kn—Ze—k B yl 1 eV
G("’”_/y I dk__/y e ‘r<n)+/y %=X _Zg(’ %
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The above result can also be expressed as
Gm+1,0)=gm+1,t)+ G(m,1).

Next, applying the monotone convergence theorem, we have

00 1/ y\ (=24 B
Q(Z; v, k) = / E (%) Iu—2/2 (m) e (k+y)/2 dy
Z

% | y\-2)/4 [ ] V=222 (ky/4)"
= Vk Y k24
/Z Z(k) (2 y) r;)n!['(v+2n/2) ¢ Y

r'n+1) (1/2)" (”+2”)/21"(v +2n/2)

e —-y/2 v+2n/2 1

dy

_ Ze_k/z (k/z)n o0 (1/2)(V+2n)/2 e—y/Zy(v+2n/2)—1 dy
I'm+1) /), TI'(v+2n/2)

n=0
B —kpp (k/2)" )
_Eje — L O(z;v + 2, 0),
— I'(n +1)Q( )
n=0
where
9] v+2n)/2
(1/2)* /2 vian/a
: 2 70 — v/2 v+2n/ ld
Qv+ 2n.0) /Z rw+2n2)°  ° Y
* 1 2n/2)—1
=/ P FoTay S YT =Gk w2 2/2)
Z

Furthermore, from the property of G(-, -) as shown in (36), we have

ad k v oz > k v—2 z
Q(z;v,k)=;g<n+l,2>G(n+2,2)=;g<n,2>G<n+ 5 ,2).

Hence:

0(2z:2v,2k) = > g(n. k)G +v—1,2).
n=0

Using the property of G(-, -) as given in (36) again, we have
0Q2z;2v,2k) = g(1, k)G, 2) + g2, ) G(v+1,2) + g3, k) G(Wv +2,2) + - - -
=g, OGOV — 1,2+ g0, D+ g2, DGV — 1, 2) + g + 1, 2)] + g3, KI[G(v — 1, 2)

e, D+ 80+ 1, D)+ g0 +2, 9]+ =[G — 1,2) + g, D]Y_g(n, k)
n=1
+eW+ 1,2 g k) + 80 +2,2Y g, k) + -+ =G —1,2)+ g1, 2)
n=2 n=3

+sw+ 1,91 —g(1, k)] +g(v+2,2)[1 — g(1, k) — g(2, k)] +

=Glv—-1,2+ Zg(v +n,2)—gw+1,2[g(1, k)] —gw+2, g1, k) + g2, k)] + -

n=0
=1-gv+ 1L, lgll, k)] —gv+2,2Mg(l, k) + g2, k)] —---.

(36)

(37

(38)
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‘We conclude that

o0 n
00z:20.20) = 1- Y g +v.2)> g k). (39)
n=1 i=1
From (35) and (39) we observe that
o
/ PQ2z;2v,2k)dk =1 — Q(2z;2(v — 1), 2y). (40)
)7

Thus, we can write C, as

C2=Ke_”/oo 2x;2 4+ —— 2 dw=Ke Q0 (2y;2 in
y 9 _ ﬁ s 2—ﬂ’

=Ke " (1 -0 <2x; i, 2y>) . 41
2-8
From (41) we immediately obtain
Q(2y;2—2,2x> +Q(2x; 2 ,Zy) =1 (42)
2-p 2-p
implying that
0@z 2n, k) + Q(k;2 —2n,2) = 1, (43)

with degrees of freedom 2 — 2n of Q(k;2 — 2n, z) can be a non-integer.

From (42), we can obtain that the noncentral Chi-square Q(2y;2 — 2/(2 — ), 2x) with 2 — 2/(2 — B) degrees of
freedom and the noncentrality parameter 2x can be represented by another noncentral Chi-square distribution 1 —
0Q2x;2/(2 — B), 2y) with degrees of freedom 2/(2 — B) and the noncentrality parameter 2y. The standard definition
of noncentral Chi-square distribution in Section 3 has integer degrees of freedom. If the degree of freedom is not an
integer, we can use (43) to transfer the original noncentral Chi-square distribution into another noncentral Chi-square
distribution. Thus, we obtain an option pricing formula for the CEV model in terms of the complementary noncentral
Chi-square distribution function Q(z; v, k) which is valid for any value of j less than 2, as required by the model.

Substituting (41) into (34), we obtain

2 2
C=S[e‘"Q(Zy;2+2_ﬁ,2x)—l(e”<l Q<2x2 5 )) (44)

where y = k* K27, x = k*§7 7P er=0Q=B)t kx = 2(r — a) /(622 — B)(e"~2=PT _ 1)) and ais the continuous pro-
portional dividend rate. The corresponding CEV option pricing formula for § > 2 can be derived through the same
fashion. When § > 2 (see, Emanuel and MacBeth [6] and Chen and Lee [3]), the call option formula is as follows:

2 2
C:Ste_“tQ(2x;18_2,2y>—Ke‘”(l Q(2y,2+18 22x>). (45)

We note that from the evaluation of the option pricing formula C, especially C», as given in (34), we have

2— 2
2UFS7F ~ 200, (46)
where
A el
2-p !
Thus, the option pricing formula for the CEV model (44) can be obtained directly from the payoff function:
St —K, ifSt>K
max(St — K, 0) = , (47)
0, otherwise

by taking the expectation of (47), with ST having the distribution given by (46).
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Before concluding this subsection we consider that the noncentral Chi-square distribution will approach log-normal
as B tends to 2. When either A or v approaches to infinity, the standardized variable

X200 — W+ 1)
V200 +2%)

tends to N(0, 1) as either v — 0o or A — oo. Using the fact that (x* — 1)/a will approach to In x as a — 0, it can be
verified that

. X0 —(w+A) . 2%*837P —(w+ 1)
po2- 20 +20)  po2- L2+ 2h)

282 (1 = Bod(e TP 1) — 252 P )

= lim

f—2- o2(e” T 2P — 1)
y o2(e” 728 — 1)/(2 — B) ISy —[InS; + (r* — 0?/2)1]
(1 = Bo(ert@=F) — 1) 4 45> P erva-p o/t ’
where r* = r — a. Thus:
0.2
InS7|InS; ~ N (1ns,+ (r—a— 2) T, 621) (48)

as B — 27. Similarly, (48) also holds when 8 — 2. From (45), we have 2k* S;ﬁﬁ ~ XLZ(A), wherev =2 +2/(8 —2)
if B > 2. Thus, we clarify the result of (48).

4.2. Some computational considerations

As noted by Schroder [10], (39) allows the following iterative algorithm to be used in computing the infinite sum
when z and & are not large. First initialize the following four variables (withn = 1)

e 7Y

=— = —e(1+v,2), B=¢%=g(1,k),Se = gB, R=1—(gA)Sg).
Fa+v) gl +v,2) g e g(1,k),Sg=¢g (gA)(Sg)

gA

Then repeat the following loop beginning with » = 2 and increase increment n by one after each iteration. The loop is
terminated when the contribution to the sum, R, is declining and is very small.

z k
BA=8A | —— | =g+, 2), §B=gB | —— ) =g, k),
n+v—1 n—1
Sg=Sg+ gB=g(l,k)+ g(n, k), R = R — (gA)(Sg) = the nth partial sum.

At each iteration, gA equals g(n + v, 2), gB equals g(n, k) and Sg equals g(1, k) + - - - 4 g(n, k). The computation is
easily done.

h
As for an approximation, Sankaran [9] showed that the distribution of ( Xﬁjz /(v +k)) isapproximately normal with
the expected value o = 1 + h(h — 1)P — h(2 — h)m P?>/2 and variance 6> = h*> P(1 + m P), where h = 1 — (2/3)(v +
k(v + 3+ 2k)_2, P=Ww+2k)/(v+ k)2 and m = (h — 1)(1 — 3h). Therefore we have

h
O(z:v, k) = PV(X/ZZ) _pr X/2 . Z _ pr X’2 . z h
v+ k v+k v+ k v+ k

1 —hP[l —h+0.52—hmP] - (z/v+ k)"
h/2P(1 + mP) '
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5. Concluding remarks

The option pricing formula under the CEV model is quite complex because it involves the cumulative distribution
function of the noncentral Chi-square distribution Q(z; v, k). Some computational considerations given in the article
which will facilitate the computation of the CEV option pricing formula. Hence, the computation will no longer be a
difficult problem in practice.
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Appendix A. Proof of Feller’s Lemma

We need some preliminary results in order to prove (6).

Proposition 1. f(z) = e2"/2z 7 Vis the Laplace transformation of Io(2(Avx)'/?), where I (x) is the Bessel function:

= @/rtt
Ity = ;r!f'(r T4k

Proof. By the definition of Laplace transformation and the monotone convergence theorem, we have

o S % 1/2
@)= / e o(2(Av) /) dx = / e—zxz%
0 0

rzor!F(r—i— 1)
[e9] 2 n
_ (Avx)  (Avx) (Avx)
= @ ST Gl A
/o ) { TTro Tare T T ararn * }
1 Av (A (Av)"
Tz 2213 T g
1 Av Av)? Av)?
= 1+*+%+---+( L
Z Z 21z nlzh

Proposition 2. Consider the parabolic differential equation

P =(axP),, — (bx+h)P),, 0<x< o0, (A1)

where a, b, h are constants, 0 < h < a, then the Laplace transformation of f(t, x, xo) with respect to x takes the

Sform
- b h/a
. _ —S8X . =
w(t, s;x0) = /o e St X x0) dx = (sa(ebf—l)-i-b>

e —sbxg e rl1 h brxg et (A2)
Xpy —————— - = : :
Pl 1D +b @’ a@ — Dsae + 1)+ b)

where I'(n;z) = ' 1(n) I e~ x"Ldx.

Proof. The proof of (A.2) is referred to Lemma 7 of Feller [7]. O
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We now turn to prove (6). From (A.2), let

_ be
T a(l —e b

The w(t, s; xg) in (A.2) can be rewritten as

1 bt
and z = Z(sa(e — 1)+ b).

—hja .—(1=1/DA  [A/z “hja a—(1=1/DA 1 ) ~
wit, 5 %0) = ——— / ey Mgy =2 % / e M2 (AX 12 M A ) e dx
rad-nh/a) Jo rad—-nhn/ay Jo
Al-h/a g—A Al-hjag-A [l

1
eA(l—x’)/Z(x/)—h/!lZ—l dy =

== 4 & Av/ziy _ n—hja_—1
I —h/a) Jy =T —hjm ), & Ao v (A3)

By Proposition 1 now that f(z) = edv/27=1 is the Laplace transformation of Io(2(Avx)Y/?) and by the Fubini
theorem, we have

Al-h/a g
w(t, 5;x0) = Ta=ha / (1 —v)~e [ / e_”Io(2(Avx)1/2)dx} dv
Al—h/ae—A

(1 —h/a)

/oo/ (1 —v) M e [32(Avx)/?) dx dv

AZh/ag=A i A oD b 1/2
A= h o / / (1 — vy Mag=sx"e=AX/0e™) o [y oA ™ vy /x0) ') dvdx'.  (A4)

Hence, upon comparing the two formulae for w(?, s; xog) and by the monotone convergence theorem, we have

b bxo ]
I'(1 — hja)a(e? — 1) [a(eb’ _ 1)}

_ 172
—b(x + xg eb’) yh 2b(e P vxxg)
X exp { a(eb’ / (1-— ) —a(l — efbt) dv

b X0 1-h/a
= T = hjaae — 1) [a(ebt — 1)}

f@t, x;x0) =

2r
e { b(x+xoebf>} / (1 =y hies b ) " a — ey

a(eb! r\rC'(r+1)
B b bxo 1-h/a
© (1 — h/a)a(eb — 1) [a(ebt — 1)}

. B 12 B 2r
s exp { —b(x 4 xpe”) } 5 [be™"xx0)""* /(a(1 — e~b1))] / : (1 — vy dy
r=0 0

a(eb — 1) r'iC'(r+1)
B b [ bxo T‘h/“
(1 — hja)a(eb — 1) [a(eb’ — 1)

b+ x0e") | S [be P ax) 2 fa(l — e T+ DI — h/a)
XEXPY T — 1) 2 AT+ 1) Fr+1+1—hja)

bt (h—a)/2a bt
_ b e "'x ox —b(x + xpe”") I 2b (e_btxx )1/2 (A.5)
T ae— D\ xo Pl ae = [\ e = e o) '

This completes the proof.
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