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Asymmetries in intrinsic spin-Hall effect in low in-plane magnetic field
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Effects of low in-plane magnetic field on bulk spin densities and edge spin accumulations of a diffusive
two-dimensional semiconductor stripe are studied. Focusing upon the Dresselhaus-type intrinsic spin-orbit
interaction (SOI), we look for the symmetry, or asymmetry, characteristics in two magnetic-field orientations:
along and transverse to the stripe. For longitudinal field, the out-of-plane spin density S, exhibits odd parity
across the stripe and even parity in the magnetic field and is an edge accumulation. For transverse field, the
out-of-plane S, becomes asymmetric in both spatial and field dependencies and has finite bulk values for finite
magnetic fields. Our results support utilizing low in-plane magnetic fields for the probing of the underlying
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I. INTRODUCTION

Generation and manipulation of spin densities by electri-
cal means are major goals of semiconductor spintronics that
are made possible by spin-orbit interactions (SOI).!-® SOIs
being considered are either intrinsiclike: the Rashba®>7:-11
and the Dresselhaus SOIs*3!213 or extrinsiclike: the
impurity-induced SOI.'361014 These SOIs contribute, in an
external electric field, to either spin densities in the bulk or
spin accumulations at lateral edges, or both.

Out-of-plane spin polarization is of particular interest be-
cause it permits efficient optical probe by Kerr rotation. The
edge spin accumulation, according to the spin-Hall effect
(SHE), has an out-of-plane component and is resulted from a
transverse spin current induced by the electric field.!*-¢
However, for the case of intrinsic SOI, it is understood that
the SHE is quenched by background scatterers, be they iso-
tropic or anisotropic,' as long as the intrinsic SOIs consist
of only linear-momentum dependence term. Meanwhile, no
out-of-plane bulk spin densities are expected in an electric
field.>!%!® When applying an in-plane magnetic field to a
two-dimensional (2D) system, one might be led by the in-
plane nature of the effective spin-orbit magnetic field h g
=(hy)#0, obtained by averaging the spin-orbit effective
field over the distribution of the electron momentum %Kk, to
expect that there were no out-of-plane spin densities. This is
shown not to be the case by Engel et al.'! for a Rashba-type
2D system, where out-of-plane spin densities are found when
the external in-plane magnetic field is longitudinal: a con-
figuration studied by recent experiments.'”!® However, either
the scatterer has to be anisotropic or the electron dispersion
has to be nonparabolic for the effect to hold.!' Here, longi-
tudinal denotes the direction parallel to the electric field and
its orthogonal counterpart in the 2D plane is denoted trans-
verse.

In this paper, we have shown that out-of-plane bulk spin
density can be generated in another system configuration
with less restrictive assumptions. The configuration is a
Dresselhaus-type 2D system and the external in-plane mag-
netic field is in a transverse orientation. More importantly,
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the effect holds for isotropic background scatterers and for
parabolic dispersion for electrons. Our calculation has in-
cluded the cubic Dresselhaus SOI.

This paper also addresses the symmetrical properties of
the spin densities and spin accumulations in a weak in-plane
magnetic field. We believe that this is important for distin-
guishing the dominant type of SOI in a particular sample.
Out-of-plane spin accumulations at the lateral edges of an
extrinsic SOI two-dimensional electron gas (2DEG) are sym-
metric with respect to a transverse magnetic field. The sup-
pression that it exerts on the spin accumulations is exhibited
in the position-dependent Hanle profiles.'” Study on the
same field configuration, but in an extrinsic SOI normal
metal, has found similar field suppression in another physical
quantity: the out-of-plane spin-Hall potential.”® For the in-
trinsic SOI, studies on the in-plane magnetic-field effects
have focused on the spin-Hall conductivity>"?*> and the bulk
spin densities!"-?? but not on the symmetry properties. Thus it
is legitimate to perform a thorough and systematic investiga-
tion on both the spatial as well as the field-dependent sym-
metry characteristics of the spin distributions for the case of
intrinsic SOL.

Our results show, for the case of a Dresselhaus-type
2DEG stripe, strong anisotropy in the symmetry characteris-
tics with respect to the field orientations. For longitudinal
field, the out-of-plane spin density S, exhibits odd parity
across the stripe and even parity in the magnetic field and is
an edge accumulation. For transverse field, S, becomes
asymmetric in both spatial and field dependencies and has
finite bulk values for finite magnetic fields. As the Rashba
and the extrinsic SOIs do not depend on the crystal orienta-
tions, while the Dresselhaus SOI does, the strong anisotropy
in the symmetry characteristics obtained in this work is dis-
tinct for the Dresselhaus SOIL. Our work thus serves to com-
mence the notion of utilizing low in-plane magnetic fields as
a characterizing tool for the probing of the underlying SOI in
a particular sample.

In this paper, we consider a diffusive Dresselhaus-type
2DEG stripe in a weak in-plane magnetic field as shown in
Fig. 1. The diffusive regime has [,,>1,, where [, and [/, are,
respectively, the spin-relaxation length due to the SOI and
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FIG. 1. Top-view schematic illustration of the 2D stripe. The 2D
stripe has a width d. In the system, electric field E and in-plane
magnetic field B are applied. The direction along the stripe, or X, is
denoted longitudinal and that along y, transverse.

momentum relaxation length. Spin distributions across the
entire width of the stripe are investigated for all three spin
directions including out-of-plane and in-plane components.
In Sec. II we present the spin-diffusion equation and the
associated boundary conditions. In Sec. III, we present our
numerical results. Finally, in Sec. IV, we will present a sum-
mary and discussion of our results.

II. SPIN-DIFFUSION EQUATION

Following on the procedure of deriving the spin-diffusion
equation for B=0 from the Keldysh nonequilibrium Green’s
function technique,16 we extend the derivation to include an
in-plane magnetic field. The spin-dependent term in the
Hamiltonian is given by Hy- o= (h,+B)- o, where o is the
Pauli-matrix vector, hy=-h_j is the SOI effective field and a
function of the 2D wave vector k, and B= g upB/2 is the
Zeeman term. Here g* is the effective g factor and ug is the
Bohr magneton. We consider the weak magnetic-field regime

where EF>hk>§.

A brief outline of the derivation is presented below. Start-
ing with the perturbation from a four potential given by H’
=3.®,(r,)7, where the 2X2 matrices =1 and 7%~

0., and the four densities D,(r,#)=~i Ti[7G*(r,r,t,1)]
are expressed in terms of the full Green’s function. Within
the linear-response regime, and for w<< Ey, it becomes

D,»(r,w)=fd2r’2 IL(r,r', 0)®,(r',w) + D{(r,w). (1)

With 2N,, the electron density of states DY(q,w)
=-2N,P,(q,w) are easily understood as the local equilib-
rium densities.'® This term turns out to be the driving term
for the spin-Hall effect; and within the linear response, it
suffices to neglect the correction due to Hy- o in D?.

The response function in the k representation is

. do' of, ( Do

I;(q, ) = io >, A L TGk ,p, — q.)
pik; 277' 10)
XTiGr(pl,kl + q,C!)+ (l)’)TI]>, (2)

where frp(w’) is the Fermi-Dirac distribution function at en-
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ergy o' and the angular brackets denote averaging over the
random impurity configurations. The averaged Green’s func-
tion is given by G’(O)(p,w)=1/(w—Ep—HB-0'+iF), where
Ey is the Fermi energy and I'=1/27. In the following, we
consider the regime Ep>1">h,. Evaluating Eq. (2) within
the ladder series?* leads to the summation, up to all orders,
of a basic diagram Vi, o', Q) =7V [’S, GLp, o
+0')G),(p-q,®'). The response function becomes

E f afFD( WN0>1JMQ1JBV‘P )\(w w ’q)

X{[l—‘l’((u,w’,q ] })\V’ (3)

where 177 = 8,50\, and T'/( /V. Here, V is total
area of the sample and ¢; and V are, respectively, the impu-
rity density and the Fourier transform of a short-range impu-
rity potential at q=0. Making use of the transformation

VY =(1/2)8,7, Wid,

Hij((l,

.» Egs. (1) and (3) together gives
(1-¥)(D,;-D)) = i0r¥'DY, (4)

where

Pl = . ETr[f’Gr(O)(p 0+ 0 )76 O -q,0)].
0 /

(5)

The charge neutrality is maintained by the condition D=0,
since Ep7>1 and w=0.

The spin-diffusion equation can be obtained by expanding
Wi in lower orders of q and then by obtaining the Fourier
transform of Eq. (4) to the position representation. Expand-

ing W up to lower orders in 4, and to first order in B results
in a total of five terms given by

5
vil= vl (6)
r=1

where q and w dependences are not shown.

The term Wi =(1+iwr—D1q?) 8, with D=v37/2 produces
the regular diffusion equation. The second term \I’gl
=iq,, TR l’", where RM=473, s’l”h” ¥ and g as the Levi-
Civita symbol, causes the spin densmes to precess about its
local variations. The overline denotes the angular average
over the Fermi surface and m,n are the component indices.

The third term ‘If’l=—TF’I where T''= 4Th2(5’l nnk) for
i,/#0, and for unit vector ng=hy/h;, describes the
Dyakonov-Perel’ spin relaxation.! The last two terms contain
new contributions from the in-plane magnetic fields. In the
fourth term, we have Wi=7RI" where RI"=-3 2&'"B,,
and m is the field component index. This gives rise to pre-
cession of the spin densities about the magnetic field. In
the fifth term we have the spin-charge coupling

W= (—ig) (M, ~M"0). Here MO=47m% and MY

=272(§x% ~} [Z:(k )i The latter contains the effect of the

in-plane magnetic field. Up to this point we have kept a
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generic form of the SOI. Applying to the case of Rashba
SOI, when h,=ak Xz, we find no out-of-plane bulk spin
densities and no edge spin accumulations, which is consis-
tent with previous findings.!! A more interesting case is the

where §;=D;/2 and the homogeneity along x is assumed.
Effects of the in-plane magnetic field enter Egs. (7) in two
places. The first is the precession effect given exactly by
do/dt=(2/ ﬁ)ﬁx o. The second is through the coefficient
C,, which is originated from the spin-charge coupling term
M’0 Its express10n is given by C,=7(dh}/dk, )(o"DO/o"x)
Where D0=—2NQeEx for e>0 represents the effects of the
driving electric field.

Expressions for other coefficients in Egs. (7) are the
Dyakonov-Perel’ spin relaxation rates [™=I""=[%/2
:B27k2(1/4—C2+2C4), where C=«/kg. Precessions about
local variation in spin densities are given by the coefficients
R¥=—R%= BTkP(ZCZ 1/2)=2D/l,. Finally, the spin-
charge couphng that originates from M™ is the coefficient
C,=M*D})/2.

The bulk spin densities obtained from Egs. (7) are

.
1. cC
Sij:Ay<—§C2+F—Xlx>/(1+2A§+2A§),

\ Sh=-2A,8", (8)
c
b b 1
S$0=20,87 - 1>

where A, the dimensionless B, is given by A,=B,/T™. §? is
checked to reproduce the correct B=0 limit.'¢ Except for the
A,C, term in S,, which is originated from the spin-charge
couphng, all other terms in S” that are proportional to A; are

related to spin precessions about B.

The boundary condition for the spin-diffusion equation is
established in the following by connecting the spin current to
the spin densities and their spatial gradients and then requires
the transverse flow of the spin current to be zero at the lateral
edges.'® This is appropriate for hard wall boundary.?*?’ We
start from the conventional form of the spin current operator

'=(1/2)(V,0:+0;V,), where spin unit of 7/2 is implied. The
velocity operator is given by
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Dresselhaus SOI, where h,=g[k, (kz— «2),k (K2 kz)] 2 Here

K= (kz) is the average over the thlckness of the 2DEG and
<h/<> 0. From Egs. (4) and (6) and the form of A, we obtain
the static spin-diffusion equations

Dﬁs +szyas —S, +zBS Q—0
"tk oay -t h a2
> 2.
< D&—yzSy—ﬁ )’_%Bxsz:()’ (7)
DiS +Eis—gs 2BS +ZBS —<C,=0
\ay“hay*‘ﬁz R o

y= Ly T )
m

where v,=(k;/m"). The expression for the spin current is'®

. dw' dN; oh'
Ii(q,w) = iwf ——FE <<v10'i+ —k>
T adw

Ik

><G’<k+ Ix+d o4 w’)ri
2 2

=

><G“<k’ - g,k— 5,w’)><l>j(q,w), (10)

where the summation convention for repeated indices is
adopted. In the dc limit (w=0) and at zero temperature
(w' =Eg), the spin current is related to the four densities in
the form

) 1 " . .y :
Ii=—[XV'D; -X°DY+YV'D; -Y°Dl, (1)
m

where j' denotes the spin indices. The operators to the spin
densities are

XTr[ fG’“”(k + %,w + EF) cha“’)(k - g,EF> } ,

(12)

and
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. r oht
o

27TN0 k 8k,

XTr{G“O)(k + g,w + EF) HG"“”(k - gEFﬂ .

(13)

Specifying to the flow of spin along y, we calculate Xij and
Y7 to give '

— -
X;( =—m' (zquéij+ ER (6, + é}z)>

aoy dhy i
= 2ig.m 72U}7<hk X O,,_kX>Z5i25j0_ %yajo’ (14)
and
.
Y)!=£y5jo, (15)

with the latter being exactly canceled by a term in Eq. (14).
Finally, substituting Eqs. (13) and (14) into Eq. (10), we
arrive at the spin current expression that provides us the
boundary condition I;:O at the lateral edges for the spin-
diffusion equation with

; 8, R” o Ly

I(r)= 2Day 7 (S;=5) + 5 O (16)

The first term of I; describes the spin diffusion due to
spatial variation in S;, the second term is the spin precession

prompted by the SOI, and I 6;, is the bulk spin current with

Ly=—-RPS+ 4¢2eENOv>1;<i—l]:" X hk) . (17)
Equations (16) and (17) appear to be the same as their coun-
terparts for the B=0 case;'® but the magnetic field contrib-
utes, in its lowest order, via the spin density S;’ in Eq. (8). It
is worth pointing out here that the primary purpose of deriv-
ing Eq. (17) is to apply it to a region within a distance much
less than /, from the sample boundary. As such, the effect of
spin torque®®?” on the boundary condition should be of sec-
ondary importance, and the results in this work should also
remain intact. An eventual exploration on this issue, how-
ever, is left for future study.

III. NUMERICAL RESULTS: IN-PLANE B FIELD
IN A DRESSELHAUS 2D STRIPE

In this section, we present the electric-field-induced bulk
spin densities and edge spin accumulations in a Dresselhaus-
type 2DEG stripe acted upon by an in-plane magnetic field.
Symmetries, or asymmetries, of the spin distributions with
respect to spatial coordinates and the magnetic field are pre-
sented in two field orientations: longitudinal and transverse.

For definiteness, we use material parameters consistent
with GaAs: effective mass m*=0.067m,, with m, the elec-
tron mass; effective g factor g*=0.44 (Ref. 30); and the
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FIG. 2. (Color online) Spin densities S; versus y, in units of /g,
for the case of a longitudinal in-plane magnetic field. Spin densities
Sy, Sy, and S, in units of um~2 are shown in (a), (b), and (c),
respectively, for magnetic fields B,=—300 mT (black/ triangles),
B,=0 mT (blue/solid curve) and B,=300 mT (red/dashed curve).
The edges of the stripe are at y= %5/,

Dresselhaus SOI B=27.5 eV A325 Other typical parameters
are electron density n=2.4X 10" m™2, quantum well thick-
ness w=300 A, I,=1 um, and [,,=2.9 um. The electrons
occupy only the lowest subband in the quantum well. An
electric field E=25 mV/um is applied along x to set up the
spin-Hall phenomenon.

Longitudinal field orientation case is presented in Figs.
2(a)-2(c). Shown here are the spatial variations in all spin
components of S; across the stripe. S, has both finite bulk
spin density and edge spin accumulation. It exhibits even
parity in its spatial variation and remains so for finite field
B,. The magnetic field causes only a minor change to the S,
profile while it has an even parity in its B, dependence. S, is
zero at B,=0 and has an edge spin accumulation in finite B,.
It is of odd parity in both its spatial and field dependencies.
S, has an edge spin accumulation. It is of odd and even
parities in its spatial and field dependencies, respectively.
Overall, except for §,, the effects of B, for the chosen range
of field strengths is weak. That the spatial profile of S, for
finite fields mirrors that of S, corroborates a spin precession
picture as suggested by Egs. (7). Following the do/dt
=(2/ ﬁ)ﬁ X o time evolution, the precession of S, contributes
to S,.

Transverse field orientation case is presented in Figs. 3(a)
and 3(b). The field effects on the spin distributions and on
the parity of the §; profiles are much more dramatic. In short,
the S, and S, profiles become asymmetric in both their spatial
and field dependencies. Sy, however, remains zero in all these
cases. Qualitative understanding of these changes can be ob-
tained again from the spin precession picture. We take, for
instance, the B,=—300 mT curve for S, in Fig. 3(b). The
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FIG. 3. (Color online) Spin densities S; versus y for the case of
a transverse in-plane magnetic field. Spin densities S, and S, in
units of wm~2 are shown in (a) and (b), respectively, for magnetic
fields B,=-300 mT (black/triangles), B,=0 mT (blue/solid curve),
and B,=300 mT (red/dashed curve). S, remains zero in all these
cases.

out-of-plane spin density S.=1.5 um=2 in the bulk is re-
sulted from the precession of the zero-field S, and also from
a spin-charge coupling term in Eq. (8). On the other hand,
the S, edge spin accumulation is resulted from two spin pre-
cession processes, if we treat S; as individual entities. First,
the magnitude of S, edge accumulation is reduced due to its
own precession. However, it may be increased due to the
precession of S,. As the zero-field S, is even and the zero-
field S, is odd in their spatial parity, it is inevitable that the
magnitude of S, will receive enhancement at one edge and
suffer suppression at another. This leads to the breaking of
the spatial parity of the S, profile as is confirmed in Fig. 3.
The zero-field S; thus play a pivotal role in the shaping of the
low in-plane magnetic-field S; profile.

Figure 4 presents the edge spin accumulations of Sii and
their parity in their field dependencies. S;* denote edge spin
densities at y=+d/2. For the longitudinal field orientation
depicted in Figs. 4(a) and 4(b), S; and S are of even parity
in B,, whereas S is of odd panty in B,. The magnitude of
the variation is comparable for S and S a feature consis-
tent with our spin precession plcture More detailed symme-
tries can be read off from Eq. (7) and is given in the follow-
ing Sy( )= =S5 ST=S, X(Z \(By)= Sx(z)( -B,), and
S, =(B, )——S (-B,). For the transverse field orientation de-
plcted in Flgs 4(c) and 4(d), S; and S_ become asymmetric
in their field dependencies, Whereas S‘ =0. The extremum
points in SZ at By=50 and =50 mT in Figs. 4(c) and 4(d),
respectively, demonstrate the competition between the two
spin precession processes: decreasing in magnitude due to its
own precession and increasing in magnitude due to spin pre-
cession in Sxi. Finally, if we include both the spatial and the
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FIG. 4. (Color online) Edge spin densities Sii versus magnetic
field for both field orientations: longitudinal B, cases in (a) and (b)
and transverse B, cases in (c) and (d). Sit denotes spin densities at
the edges y=+d/2. S, is labeled by the dashed curve, S, by the
dashed-dotted curve, and S, by the solid curve.

field reversals, we obtain symmetries S;(B),)=—S;(—By) and
St (B,)=S.(-B,).

The entire spatial and field symmetries of the out-of-plane
spin densities are presented in the contour plots in Fig. 5. In
Fig. 5(a), the longitudinal field case exhibits even parity in
B, and odd parity in y. In contrast, the transverse field case,
depicted in Fig. 5(b), exhibits much richer features. Even
though the asymmetry of S, with respect to B, and y, indi-
vidually, is evident, the symmetry S_(B,,y)=-S.(-B,,-y) is
also clearly shown. At the lateral edges, the highést spin
densities are shifted from B,=0. It is resulted from the two
competing spin precession processes. Near the center of the
sample, S, is odd in B, and its magnitude increases with the
field as indicated in Eq. (8) already.
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FIG. 5. (Color online) Contour plot of S, on the B;-y plane for
(a) the longitudinal and (b) the transverse field orientations.
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The strong in-plane magnetic-field anisotropy in the sym-
metry characteristics of the S; profiles shown here is distinct
for the Dresselhaus SOI. For the edge spin accumulation S,
in a transverse magnetic field, the Dresselhaus SOI leads to
an asymmetric field dependence, whereas extrinsic SOI leads
to a symmetric field dependence.® This symmetry character-
istic for the extrinsic SOI is clearly seen in the experiment of
Kato et al.® [Fig. 1(c) in Ref. 6], and also in their demonstra-
tion the S, profile fits well to a Lorentzian function
Ay/[(wp 7)*+1] which depends on even power of B through
the square of the electron Larmor precession frequency wj.
The factor A, is a proportionality constant and 7, is the
electron-spin lifetime. As for the Rashba SOI, symmetry
governs that we turn to longitudinal magnetic field. We find
no S, both in the bulk and at edges, which is consistent with
previous finding.!' In contrast, we find that the Dresselhaus
SOI leads to an even-parity field dependence. Nonvanishing
bulk spin density S, due to Rashba SOI, but for the case of
either anisotropic scatterers or nonparabolic electron disper-
sion, has been obtained by Engel et al.'! and the field depen-
dence is of odd parity.!'7 Thus we commence the notion of
utilizing low in-plane magnetic field for the determination of
the underlying SOI in a particular sample, without the need
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to prepare controlling samples of different crystal orienta-
tions.

IV. CONCLUSION

In conclusion, we have performed a systematic and com-
prehensive study on the effects of a weak in-plane magnetic
field on the bulk spin densities and edge spin accumulations
in a diffusive Dresselhaus-type 2D stripe. Our results show
that out-of-plane spin density can be generated in the case of
transverse field orientation without assuming anisotropic
scatterers or nonparabolic electron dispersion relations. The
breaking of the parity of the spin distributions with respect to
their spatial and field dependencies provide a unique signa-
ture for the Dresselhaus SOI. This work thus points to the
possibility of invoking weak in-plane magnetic fields for the
determination of the SOI in a particular sample.
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