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Abstract

This investigation aims at developing a methodology to establish convergence
of dynamics for delayed neural network systems with multiple stable equilibria.
The present approach is general and can be applied to several network models.
We take the Hopfield-type neural networks with both instantaneous and delayed
feedbacks to illustrate the idea. We shall construct the complete dynamical
scenario which comprises exactly 2" stable equilibria and exactly (3" — 2")
unstable equilibria for the n-neuron network. In addition, it is shown that
every solution of the system converges to one of the equilibria as time tends
to infinity. The approach is based on employing the geometrical structure of
the network system. Positively invariant sets and componentwise dynamical
properties are derived under the geometrical configuration. An iteration scheme
is subsequently designed to confirm the convergence of dynamics for the system.
Two examples with numerical simulations are arranged to illustrate the present
theory.

Mathematics Subject Classification: 34K20, 92B20

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Delay, as occurring in the propagation of action potentials along the axon, the transmission
of signal across the synapse and the implementation of artificial neural networks, has been
an important concern in the study of neural systems [1-4]. On the other hand, the global
dynamics and the effect of time lags upon the dynamics have been interesting subjects in
delayed systems [S]. In a delayed system with multiple equilibria, it is appealing to investigate
how the basins of attraction for the stable equilibria are affected by delays, and to compare the
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dynamics of the system with those of the corresponding ODEs obtained from setting delays
to zero [6]. However, mathematical analysis for the studies in these directions remains to be
explored.

In this presentation, we develop a methodology to investigate convergence of dynamics
for delayed neural network systems. In particular, we consider the following neural network
with time-varying delays:

(1) = —pixi() + Y g (ej(0) + Y isgi(xj(t —tp(0)) + Jiy (11
j=1 j=1

wherei =1,2,...,n, u; > 0; o5, Bi; € R denote the instantaneous feedback and delayed
feedback connection strength from the ith to the jth unit; the time-dependent lags 7;;(¢) > 0
are bounded continuous functions defined on [z, +00), for some 7y € R; J; € R correspond to
the external bias; g; are single-variable functions to be defined below. System (1.1) reduces
to the classical and delayed Hopfield neural networks [7,8], as B;; = 0 and «;; = O for all
i, j, respectively. It also represents the cellular neural networks without delays [9] and with
delays [3].

There is a large amount of neural network theory in the literatures of applied mathematics,
engineering, information science and applied physics, etc. Most of these studies focus on
the existence of a unique equilibrium and the global convergence to the equilibrium, see
[4, 10-15] and the references therein. On the other hand, ‘multistability’, a notion to describe
coexistence of multiple stable equilibria or cycles, is essential in several applications of neural
networks, including pattern recognition and associative memory storage [7, 16—18]. Recently,
a systematic methodology on existence of multiple stationary solutions for the Hopfield neural
network with or without delays has been reported in [19]. More precisely, the structure of
single-neuron equation is employed to construct the existence of 3" equilibria, 2" positively
invariant sets and basins of attraction for 2", among these 3", stable equilibria. However, there
was no theoretical methodology to capture behaviour for solutions lying outside or crossing
these basins, hence the global dynamical picture.

In the classical neural networks without delays and other ODEs, the typical treatment
for studying the convergence of dynamics is to construct a Lyapunov function and apply
LaSalle’s invariant principle. There does not exist a global Lyapunov function or functional
for system (1.1) with multiple equilibria, to the best of our knowledge. There does exist a
global Lyapunov functional for the delayed Hopfield network with single equilibria and a local
Lyapunov functional for the same system with multiple stable equilibria; for example,

V) =Yg+ Y D 1Byl [ [g;(x()) — gj(x )T ds,
i=1 i=1 j=1I 1=

where ¥ = (X1, X5, ..., X,) is the equilibrium or one of the equilibria, cf [19]. There also
exists a Lyapunov function W(y) = %H ||, for the delayed Hopfield network with a single
equilibrium [15].

In this investigation, we develop a new treatment to conclude the convergence of dynamics
for (1.1). Under this formulation, certain componentwise dynamical properties are derived and
asubsequent iteration scheme is designed to confirm that every solution of the system converges
to one of the equilibria as time tends to infinity. With this formulation, we justify that there exist
exactly 2" stable equilibria and exactly (3" — 2") unstable equilibria for (1.1). The conclusion
for this existence of exact number of stable and unstable equilibria is new due to distinct
treatment. Our results also improve the multistability theory in the cellular neural networks,
for example, the one in [21]. The arguments presented for confirming stability of equilibria
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are nonstandard in delayed equations, as compared with the linearization with computation of
the characteristic roots, and the Lyapunov function approach, employed in [22-25].

The present approach can also be applied to other additive networks, including the
generalized Cohen—Grossberg’s model [26,27], bi-directional associative memory model [28],
Lotka—Volterra system [29] and the networks with distributed delay [27,30]. While the main
idea of this work is developed to treat the systems with multiple stable equilibria, it can be
applied to study monostability as well.

We shall present our main results for (1.1) with typical activation functions g; : R — R
in the following class:

) gi € C2, limHm g,(“g‘) =V; € R, lim[*),OO g,(f) =U; € R
N30 eRoglon > g(€) > 0, fork #o; and  g/(£)-& <0, for§ #o;.

These are bounded smooth sigmoidal functions and the commonly adopted ones are g; (§) =
tanh & and g;(§) = 1/[1 + e~§/%] with &; > 0. Without loss of generality, we set o; = 0,
for all i, throughout the presentation. Extension of the theory to other activation functions,
including the piecewise linear ones, will be addressed in section 4. We denote the bounds for
the activation functions, the slopes of the activation functions and the time lags by

pi = max{lu;], [v;[}, L;i:=g0) > g/(&), forall§ e R (1.2)
T = 1ina)i {‘[[j}, ‘[,‘j(l‘) < Tij» forallr € [[0, +OO). (13)
ILIRN

We start our formulation from the single-neuron equation in section 2. The propositions
derived for the single-neuron equation will be used to develop componentwise dynamical
properties for the coupled equations (1.1) in section 3. The main theorems of convergence of
dynamics and stability of equilibria for the multidimensional system are presented in section 3.
Extension of the theorems to other activation functions is arranged in section 4. We demonstrate
this theory by two numerical examples in section 5.

2. Scalar equation with time-dependent input

In this section, as a preparation for the main theory in section 3, we consider the following
scalar equation with time-dependent external input w(z):

X(t) = —px(@) +ag(x (@) + Bg(x(t — 11(1) + w(), 2.1

where © > 0, > 0 and 8 € R; 7;(¢) is a continuous function with 0 < 71(f) < 7 € R,
for all t > fy; w(¢) is a bounded continuous function defined for ¢ > #y; g is an activation
function of class A withu < g(§) < v, g'(¢§) < L := ¢g’(0) = max{g'(n) : n € R}, for all
& € R, cffigure 1(a). Let p = max{|u|, |v|}. We present the basic formations and propositions
in section 2.1. The propositions derived herein lead to componentwise dynamical properties,
and subsequently, the dynamical scenario in the whole phase space, for multidimensional
system (1.1), in section 3. The proofs for these lemma and propositions are given in section 2.2.

2.1. Formulations and properties

The main result (theorem 2.4) in this section asserts that there exist three disjoint, bounded and
closed intervals to which every solution of (2.1) converges, under certain parameter conditions.
The assertions are derived by formulating successive sequences of upper and lower bounds for
the motions at each advanced time step. The sequences of upper and lower bounds are then
shown to contract to their limits, as time evolves.
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Figure 1. (a) The graph of activation function g of class A. (b) The configurations for functions
f, f with their critical points p, g, and the points p, g at which g has designated slopes.

The first two conditions we impose on activation function g and parameters are

Condition (Al): L > 2u/a > 0,

Condition (A2): L < u/|B].

Let us define f(§) := —ué + ag(€), where g is the same as in (2.1). Then, f/(é) =
—u + g’ (&), for any vertical shift f of f. If condition (A1) holds, there exist exactly two
points 7, ¢ with 7 < 0 < g such that f'(p) = f'(@) = 0; f/(§) > 0 for & € (p,q); and
() < 0foré € R—[p,q]. Restated, if g'(0) > u/«, then p and g are the only two critical
points of f, and g’ (p) = ¢'(§) = n/«, cf figure 1(b). In addition, conditions (A1) and (A2)
imply O < (u — L|Bl)/(e + |8]) < u/«. Thus, there always exist two points p and g, where
p <P < ¢q < g such that
n— LB

a+|pl

We shall formulate the desired configuration and properties for equation (2.1) through the
following quantities and functions. For T > fy, let

w™™(T) := inf{w(®) |t > T}, w™(T) ;= sup{w() |t = T},
FOET) = —pug +ag®) +1Blp +w™™(T),
FOET) = —pug +ag®) —1Blp +w™(T).

§'(P)=¢@q =
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a® (1) aO(T) BTy HO(T) T &0 Ty

Figure 2. Configurations of functions 7, f©@, 7© and £, for fixed T > 1.

For convenience of later use, we denote
f© = 0% 1), f©) = V¢ 1)
Notably, f and f are also vertical shifts of f. Let us introduce the third condition.
Condition (A3): f(§) > 0, f(p) < 0.

Under conditions (A1)— (A3) there exist three solutlonsl m and 7 (respectlvely, l m and r) of
f(&‘) = 0 (respectively, f(é) = 0). Moreover, [ << p<p<m<m<g<qg<F<T.
We further impose a slope condition on the middle part of the activation function. This

condition actually covers (Al).

Condition (A4): g'(§) > 2u/a, for all € € [m, m].

Let a© (T) (respectively, b(o)(T) ¢O(T)) be the unique solution of f F0) (-, T) = 0lying
in interval [, [] (respectively, [/, ], [, 71), and a(O)(T) (respectively, b (T), ¢O(T)) be
the unique solution of f© (-, T) = 0 lying in [, [] (respectively, [, m], [F, 7]), cf figure 2.
The following functions can be defined iteratively for each fixed T > #: for k € N,

P& 1) =

fPE 1) =

f®E 1) =

f0E, T) =

fOET) =

f®E 1) =

—n€ +ag(€) + Bg@ =" (T)) + wm™(T),
—ué +agE) + g @ =(T)) + wm(T),

—uE +ag(€) + Bg@* D (T)) + w™n(T),
—pE +ag(€) + fg@* (1)) + w™™(T),
— & +ag (&) + Bg (b D (T)) + w™X(T),
— & +ag(E) + Bg(B D (T)) + w™(T),
— & +ag (&) + Bg(b* D (T)) + w™™(T),
— & +ag(E) + Bg(B TV (T)) + w™™(T),
—uE +ag(€) + Bg@* D (T)) + w™(T),
— € +ag(€) + Bg(E*D(T)) + w™(T),

— € +ag(€) + Bg (¢ (T)) + w™™(T),
—pE +ag(®) + pg "D (T)) + w™(T),

2.2)

forg >0
for B <O,

forp >0
for 8 <0,

for 8 > 0,
for B <O,

forg >0
for 8 <O,

forp >0
for B <O,

forg >0
for 8 < 0.
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These functions are all vertical shifts of f for each fixed T. Herein, a®(T) (respectively,
b®(T), ¢®(T)) is the unique solution of fvl(k)( T) = 0 (respectively, fi'(-,T) = 0,
v(k) (-, T) = 0) lying in interval [l I ] (respectlvely, [m, m], [F, F]), and a(k)(T) (respecnvely,
b(k)(T) ¢M(T)) is the unlque solution of f1 ( T) = 0 (respectively, fm -, T) =0,
fr(k)(é, T) = 0) lying in [l, l] (respectively, [m,m], [F,7]). We also define wMi" (00) =
limy_ o0 w™™(T), W™ (00) := limy_ e w™*(T).

The following lemma summarizes the properties for zeros of the above-defined sequences
of single-variable functions.

Lvemma 2.1. Assume that conditions (A2)—(A4) hold. Then, for each T > t,, the sequences
{BR(T)}is0, P (T)lis0 (P (T o, (G (T hso, (EQ (T im0, {ER(T) k=0 can be
defined iteratively. Moreover,

(i) Jior any fixed k € NU {0}, each ofl;(")(T), a®(T) and E®(T) is increasing, and each of
bR (T, a®(T), and ¢9(T) is decreaszng with respectto T > ty;

(ii) for any T > to, there exist b(T), b(T), a(T),a(T), c(T),¢(T) € R such that b(k)(T) —
b(T), a®(T) — a(T), and ¢(T) — c(T) increasingly, and b(k)(T) — b(T),
a®(T) — a(T), and ¢W(TY — €(T) decreasingly, as k — oo,

(iii) there exist b,b,a,a,c,¢ € R, such that b(T) — b, a(T) — a, c(T) — ¢ increasingly
and b(T) —>_b, a(T) — E_’ ¢(T) — ¢ decreasingly, as T — oo;

(v) N1, [6(T), b(T)] = [b, b], N2y [a(T), a(T)] = [a, al, Ny [c(T), c(T)] = [c, ¢l

(v) 0 < b(T)—=b(T) < [w™(T)—w™ (T)]/(e—1BIL), 0 < a(T)—a(T),c(T)—c(T) <
[w™™(T) — w™™(T)1/(|B|L), for any T > to, moreover

wmaX(oo) _ wmin(oo)

—|BIL ’
wmaX(oo) _ wmin(oo)
IBIL
In the following discussions, for an initial value ¢ € C([—t, 0], R), we denote by
x(t) = x(t; to; ¢) the solution of (2.1) with x(¢ty + 0; ty; ¢) = ¢ (0), for 6 € [—1, O].

0<d,:=b—

IS

0<d, =

]|
S

) dc:ZE_Q\

Definition 2.1. A solution x(t) of (2.1) is said to satisfy property M, L, R, if, respectively,

foreachk e NU{0}, T > 1y, x(¢t) € [bk(T) bk(T)] forallt > T +kr,
there exists s > ty such that x(s) € [l l]
there exists s > ty such that x(s) € [F, 7]

Proposition 2.2. Assume that conditions (A2)—(A4) hold.

(i) If x(t) is a solution of (2.1) and for any fixed T > to, k € N, x(¢t) € [ISk_I(T), I;k_l(T)]

forallt > T + (k — 1)1, then x(1) € [B*(T), BX(T)), forallt > T +kt;

(ii) If x(t) is a solution of (2.1) and x(s) > I;(o)(T) (respectively, x(s) < 1;(0)(T)), for some
s = T > ty, then x(t) satisfies property R (respectively, L);

(iii) If the solution x(t) of (2.1) satisfies property M, then x(t) — [b(T), b(T)]ast — oo,
forany T > ty; subsequently, x(t) — [b, b] ast — oo.

(iv) Each of [lv, i] and [F, F] is a positively invariant interval for (2.1). Moreover, if x(t)
is a solution of (2.1), which satisfies property R (respectively, L), then x(t) — |[c, ]
(respectively, [a, al), as t — oo.

Proposition 2.3. Assume that conditions (A2)—(A4) hold. Every solution x(t) of (2.1) satisfies
one of properties M, L, R.
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Proof. Let x(¢) be a solution of (2.1) which does not satisfy property M. Then there exist
k e NU{0}, T > ty, such that

x(t) € R — [BX(T), X (T)], for some t > T +kt. (2.3)

Set K :={(k,T): ke NU{0}, T > ty, and (2.3) holds}, ko := min{k : there exists T > ¢,
such that (k, T') € K}. There are two possibilities: ko > 1 and kg = 0.

Case (i): If kg > 1, then for any T > 1y,
x(t) € [B~\(T), B~ (T)], forallz > T + (ko — Dz.

It follows from proposition 2.2(i) that x (¢) € [bk"(T) bk"(T)] forallt > T + kot, which is a
contradiction to the definition of k.

Case (ii): If kg = 0, then there exist T > fgand ¢ > T such thatx(t) € R — [6©O(T), 5O (T)].
x(t) then satisfies property £ or R, according to proposition 2.2(ii). |

Combining proposition 2.2(iii) and (iv) and proposition 2.3, we conclude the main result
in this section.

Theorem 2.4. Assumg that conditions (A2)—(A4) hold. Let x(t) be a solution of (2.1). Then
x(t) = la,al, or [b, b], or[c,c], ast — o0.

2.2. Proofs of lemma and propositions
We only prove the case of 8 > 0, as the arguments for 8 < 0 are similar.

Proof of lemma 2.1. The labelling in the proof corresponds to the one in the statement of
lemma 2.1.

(i) Let us show that for any T > 1, b®(T) and b® (T are well-defined for all k € N U {0}.
Assume that bU=D(T), U~ 1)(T) have been defined, for a fixed T > 1,. Notably,

FOET) = —p& +ag @) + Bg(BY~"(T)) + w™(T)
—pE +ag(&) + Bo +w™ (1) = f(&),

SOET) = —p& +agE) — pgBY=D(T)) + w™(T)
> —pE + Pg(E) — Po+ w™" (1) = £(&).

It follows that f(§) < fu (6. T) < (”(g T) < f(g) for all £ € R. In addition, p and

g are two critical points of f() f() fm (-, T), and f ( T),and g'(p) = ¢'(@) = u/a,
due to condition (Al). There exists exactly one solution for each of f iy )( T) = 0 and

f9)(., T) = 0 in interval (771, ). Accordingly, both b(f)(T) and b(/)(T) are well defined.

Moreover, it is straightforward to observe that 54 (T}) > bW (Ty) and Y (1)) < bY)(T»),
dueto £C, T < £Y¢, Ty and £ ¢, T) > £, Tr), forany Ty > T» > t,. Thus, for
each k € NU {0}, 5 (T) increases and b(k)(T) decreases, with respect to 7. The arguments
for a® (T), a®(T), W (T), ¢®(T) are similar.
(i1) Let us show that for each T > 1y,

b V(T = b®(T); %D (T) < b®(T), for all k > 0. (2.4)
Assume that (2.4) holds for some k = j — 1. Notably, bU*)(T) and bU)(T) satisfy
f(”l)( T)=0and f(’)( T) = O respectively; i.e.

— pbI(T) +ag BV (T)) + Bg BV (T)) + w™(T) =0, 2.5)

— b (T) +agBI(T)) + Bg(BY=(T)) + w™™(T) = 0. (2.6)
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The difference of (2.5) and (2.6) is
plbD(T) = b(T)] = ag' @)Y (T) = 6P (1)] = B ()b (T) = BU=D(T)],
2.7

where & (respectively, ) is a number between HY*D(T) and b (T) (respectively, b (T) and
bU=V(T)). (2.7) then yields

B8 OBV (T) = b1
1 ag () -

due to that g'(§) > /o for & between bU+D(T) and HY)(T). Thus, the first part of (2.4)

holds for k = j. The second part can be proved similarly. It follows that for any 7" > o,

limy_, o P®(T) = b(T) € R, and lim;_, .. b®(T) = b(T) € R, respectively, since both of

b®(T) and b® (T') are bounded monotone sequences. The situations for @® (T), a®(T), and

O (T, é®(T) are similar.

(iii) For each k € N U {0}, it has been shown in (i) that 5% (T3) < b®(T)), if T} > Tr > 1.
Thus, limg_ e b®(T3) < limgs oo bX(TY), ice. b(To) < b(Ty). Therefore, b(T) — b € R
increasingly as T — oo, since b(T) is bounded above forall 7 > #;. Similarly, T)—>beR
decreasingly as T — oo. Similar proofs apply to a(T) — a, a(T) — a, ¢(T) — c and
co(T) —c.

I;(j+1)(T) _ I;(j)(T) —

(iv) It is straightforward to see that N7, [b(T), E(T)] = [b, bl, Nr>la(T), a(T)] = [a, al,
Nr34le(T), (T)] = [¢, cl.

(v) It is obvious that 5(T) — b(T) > 0, since b®(T) > b®(T) for any k € N U {0}, and
any T > ty. Next, we justify that b(T) — b(T) < [w™(T) — w™(T)]/(n — |BIL), for
any T > ty. For such an assertion, we shall construct a mapping I'r : Hr — Hr, for each
T > 1y, where Hy := [b(T), b (T)] x [b(o)(T) b N {1, y2)ly1 < y2} € R? and
such a mapping is a contraction, mainly due to g’ > 2u /o, on [bO(T), b (T)]. The map I'r
thus admits a unique fixed point (b(7), b(T)). The difference of b(T) and b(T') can then be
estimated to yield the assertion. Let us elaborate. For each T > 1), we define the following
functions:

hp™ (&, y) = —u& +agé) + Bg(y) + w™(T),
RPMNE, y) i= —pE +ag(€) + Bg(y) + w™™(T).

Notably, fin’ (6. T) < hF™(E, 1) < AF™(E.72) < fm €. D) i 6OT) < i < ;1 <
bO(T). For (¢,y) € Hr, we define I'r(§,y) = (&, ys), where & (respectively, y;)
is the unique point lying in [bO(T), bO(T)] satisfying hF*™(&,y) = O (respectively,
R (ys, &) = 0). Suppose K7™ (&, y) = 0, A7 (&, ¥') = 0, then we derive
nE — &) —ag' (mE — &)+ Blg(y) —g(¥Hl =0,

where 7 is between &/ and &;. Subsequently, |£] — &| < |BILly" — y|/[eQu/a) — ul =
IBILIy" — v/, thanks to g'(n) > 2u/a, for n € [bO(T), bO(T)] C [ (19), b (t9)] =
[/, m]. Similarly, we can prove that |y{ — ys| < IBILIE — &'l/u, if AT"(y5,6) = 0,
™ (y), &) = 0. We thus establish

IP7G, y) =T @ ¥l = I1Es v5) — €L ¥ lloo < ﬂII(S ¥) = E V)l

'z is thus a contracting mapping under our condition (A2). L < p/|Bl. Thus, there exists
a unique fixed point of 'y in Hr. Observe that T4 (b©(T), bO(T)) = (b*®(T), b®(T)),



Convergent dynamics for multistable delayed neural networks 2369

which converges to (b(T), b(T)) as k — oo. Thus (b(T), b(T)) € Hy is the fixed point of
FT and

—pub(T) +ag(b(T)) + Bg(b(T)) + w™(T) = 0,

—ub(T) +ag(b(T)) + Bg(b(T)) + w™(T) = 0.
Therefore,

B(T) = b(T) = [w™(T) — w™"(T)]/[ag'(¢) — |BIg' &) — 1]
< [w™N(T) —w™ (T)]/[n — Bl ()]
< [w™X(T) — w™™(T)]/[n — |BIL],

due to condition (Ad): g'(§) > 2u/a for & € [b(T),b(T)] C [6O(T), b®(T)] C [, ],
condition (A2): n—IBIL > 0,and g’'(¢§) < L, for all &. Moreover, b — b < b(T) — b(T) <
[w™™(T) — w™™ (T)]/[ — |BIL], for any T > ty. We thus establish

0<dy:=b—b<[w"™(c0) —w™"(c0)]/[1x — |BILI.
The estimate for ¢(T") — ¢(T') follows from
ule(T) — e(T)] — ag' (E)IET) — c(T)] — Bg' E)[T(T) — c(T)] +w™ (T) — w™™(T) =0,
for some £ € [¢O(T), é@(T)], and
wm™(T) — w™n(T) _w™(T) — w™n(T)
= (a+1BDg'@ IBIL
The estimate for a(T) — a(T) is similar. The bounds for @ — a, and ¢ — ¢ can then be derived.

[
[

o(T) —c(T) <

Proof of proposition 2.2.

(i) Assume that x(r) € [b*(T), b*=D(T)], forall ¢ > T + (k — 1)r. Then it is not difficult
to derive that f,ﬁ,k) x(), T) <x(t) < f,f]k) (x(t), T) fort > T +kt. Therefore, if the assertion
does not hold, x(r) eventually leaves [b%*~D(T), b*~V(T)] after t = T + kt, and yields a
contradiction, cf figure 3. For a detailed proof, let us suppose the assertion does not hold, then
there exists some s > T + kt such that x(s) € [b*=D(T), b*=D(T)] — [6X(T), b®(T)].
Suppose that x(s) € (b®(T), b%D(T)] # @ (the case x(s) € (b*D(T), b®(T)] # @ can
be similarly discussed). Notably, £ (&, T) := —ué + ag(€) + Bg(D*=D(T)) + w™in(T) >
(0 (x(s), T) =: hy > 0, for all £ € [x(s), b*~D(T)], with respect to the definition of
vn(lk) (&, T), cf figure 3. In addition,

x(s) = —pux(s) +agx(s)) + Bg(x(s — 11(s))) + w(s)
> —px(s) +ag(x($) + Bg (B4 (T)) + w™™(T)
= f®(x(s), T) = by > 0,

duetos — 71(s) = T + (k — 1)t. Therefore, x(¢) enters (x(s), l;k“(T)] after t = s, and
will never go back into (—oo, x(s)] again. Indeed, if there exists a time s; > s, such that
x(t) € (x(s), bB*=D(T)) for all ¢ € (s, s1), and x(s;) = x(s), then,

x(s1) = x(s) = X(G)(s1 — )
= [—px () +ag(x()) + Bg(x (G — 11(5))) + w@1(s1 — )
> [—px () +ag(x () + BgG*(T)) + w™ (T)I(s1 — 5)
= [/ PG, D1 =) = hi - (51 —5) > 0,
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Figure 3. Configuration for the proof of proposition 2.2(i), for some 7' > 1.

A \ \ \ ‘
fv(f) ff(n)(gjs) f'(U)(g,s) f(g)

Figure 4. Configuration for the proof of proposition 2.2(ii), for some s > T'.

x(s

for some 5 € (s, s1), which is a contradiction. Thus, x(¢) stays in [x(s), I;k’l(T)] forallr > s
with x () > h; > 0. This is impossible and we conclude that x(¢) € [b®X(T), b® (T')] for all
t>T+kr.

(i) We only prove the R case. This property holds mainly due to f O(x(), T) < x(t) <
FOx (1), T), for t > T. Therefore, if x(s) € (b (T), 0o) (respectively, (—oo, b (T))) for
some s > T, then x(¢) eventually enters [F, 7] (respectively, [lv , i]), cf figure 2. Let us give
detailed arguments. If x(s) € (b©(T), F), then ho := min{ f @ (x(s), 5), f O, s)} > 0, and
FOE, 5) > hg, for & € [x(s), F], as observed from the graph of f©(.,s) in figure 4. In
addition,

X(5) = —px(s) +ag(x(s) + Bg(x(s — 11(5))) + w(s),
> —px(s) + ag(x(s)) — Bp + w™(s),
= fOx(s), 5) > ho.

Thus, x () is increasing with a positive rate should it remain in (l;(o) (T), ). On the other hand,
if x(s) > 7 (figure 4),

X(s) = —px(s) +ag(x(s)) + Bg(x(s — 71(s))) + w(s)
< —px(s) +ag(x(s)) + Bo + w™(s)
= fOx(s),s) <O.

Thus, x(¢) eventually enters [F, 7].
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(iii) Letus show that x (r) — [b(T), b(T)], for any T > ty. Assume otherwise that x (¢) does not
convergeto [b(T), b(T)]ast — oo, forsome T > fy. Then, thereexiste > Oandan increasing
time sequence {#,} tending to +o0, such that x (¢,) does not belong to [b(T) — &, b(T)+¢] forall
n. This contradicts that foreachk € NU{0}, T > 1y, x(¢) € [bk(T) bk(T)] forallt > T +krt,

by the assumption of property M, and that bH(T) converges to b(T') increasingly, BH(T)
converges to b(T) decreasingly, as k — oo. Moreover, since b(T') tends to b increasingly and
E(T) tends to b decreasingly, as T — oo, we conclude that x (1) — [b, E], ast — 00.

(iv) First, both [Z , f] and [F, 7] are positively invariant sets for system (2.1) mainly because
f (x() <x(t) < f (x(2)) for all t > to, cf figure 2. More precisely, assume that there exists
s > 1o such that x(¢) € [F, 7] forto < t < s and x(t) ¢ [F, 7] for some #; > s. Let s be
the first time after time s such that x(s;) = 7, and x(¢) leaves [F, 7] after time s; and enters
(—o00, F), without loss of generality. Then there exists s, > sy such that m < x(¢t) < 7 for
t € (s1, 7). A contradiction then arises as

x(s2) — x(s1) = x(s3) (52 — 1)
= [—pux(s3) +ag(x(s3)) + Bg(x(s3 — 11(53))) + w(s3)](s52 — 51)
> f(x(s3)(s2 = 51) > 0,

for some s3 € (s1, 52). A similar contradiction occurs if we consider x (s;) = 7 and x () enters
(7, 00). The proof for positive invariance of [i , I ] is similar.

Next, we assume that x(¢) satisfies property R, namely, there exists s > #; such that
x(s) € [F, r]. We assert that for each T > 1,

x(t) = [E0(T), e®(T)], ast — oo, for all k > 0. (2.8)

We justify (2.8) by induction. Let sp := max{s, T}. It can be concluded that if x(¢;) €
[¢O(T), ¢O(T)] for some t; > s7, then x (1) € [¢O(T), ¢©(T)] forall ¢t > ¢, by arguments
similar to the previous ones for proving that [#, ] is positively invariant. If x(¢) € [#, ¢©(T)),
for all # > s, then

X(1) = —px(t) +ag(x() + Bg(x(t — 1 (1)) + w(t)
—ux(t) +ag(x(t)) — Bo + w™(T)
= fOx@), T) > 0,

and yields a contradiction. Similarly, it cannot hold that x(¢) € (¢%(T), 7], forall t > s
Hence, (2.8) holds for k = 0. Now, we assume that (2.8) holds for k = j — 1, ie.
x(t) — [¢U=D(T),eU=D(T)], as t — oo. Let us illustrate that it also holds for k = j.
Consider a point x;; arbitrarily close to [¢/)(T), ¢V)(T)], and assume xy < ¢V (T); there
exists a function, say fy, which is a vertical shift of fr(o) (-, T) and fy has a unique zero at xy,
cffigure 5. Itcanbe derived that x (t) > fy (x(2)), ast is large enough. Subsequently, it follows
that x (t) must become closer to [¢Y)(T), ¢4 (T)] than to xy, as t — oco. Equation (2.8) thus
holds for k = j. The arguments for x;; > ¢V (T) and % (¢) < fy (x(¢)) are similar. Let us give
detailed arguments. Assume that x(¢) does not converge to [¢/)(T), ¢V)(T)]. Then, without
loss of generality, there exist an ¢ > 0 and a time sequence {f,} with #, > sy and 1, — 00, as
n — oo, such that

x(t,) € [F, 9N(T) — e); (2.9)

moreover, ¢ (T) > ¢Y=D(T). Notably, ¢/)(T) is the unique solution of the equation
—uE + ag®) + Bg@UV(T)) + w™™(T) = 0, which lies in [#,7]. Thus, there exist
8¢ > 0 and xy € [¢Y(T) — §,¢Y(T) + %] such that xy is the unique solution of
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Figure 5. Configuration for the proof of proposition 2.2(iv), with fixed 7.

fu@€) == —u& +ag(§) + pglcy) + w™™(T) = 0, where ¢y = min{§ : § € U},
U := [¢U"(T) = 8., ¢U=D(T) + 8] N [, 7], by continuity, cf figure 5. On the other
hand, there exists 7 large enough such that x(¢) > cy, for all ¢+ > 7, since x(¢) converges
to [¢Y=D(T), eU=D(T)]. Tt follows that

xX(ty) = —px(ty) +ag(x(ty)) + Bgx(ty — T1(tv))) + wlty)

—px(ty) +ag(x(ty)) + Bg(cy) + w™™(T) > 0,
for some ty > f + 7, since x(ty) < ¢Y(T) — & < xy. Moreover,

xX(t) = —pux () +ag(x(t)) + Bg(x(t — 71(1)) + w(?)

—pux(t) +ag(x(t) + Bgcy) + w™(T) = fy(x(t)) > 0,
if t > ty and x(¢) € (x(ty), xy). Therefore, x(¢) is increasing until it reaches xy and
never goes back into [7, ¢9(T) — ¢). This yields a contradiction to (2.9). We have therefore
justified that (2.8) holds. Consequently, x(¢) converges to [c(T),c(T)] for all T > ty, and
thus converges to [c, c], as t — oco. The proof for x(¢) satisfying property £ and converging
to [a, a] is similar.

3. Multi-dimensional system

In this section, we shall derive the convergence of dynamics and stability of equilibria for
the mainly considered system (1.1), by applying the propositions and theorem in section 2
and further analysis. Notably, system (1.1) is dissipative, as observed from the equation
that the summation terms in the right-hand side of (1.1) are bounded. Such a property
was formally justified in [31]. Thereafter, the solution x(#; #p; ¢) of (1.1), starting from any
¢ € C([—rt, 0], R"), at t = 1, exists on [ty, 00).

3.1. Main results

Let us introduce the following upper and lower bounds for each component of system (1.1):

Fi®) = — & + uigi (€) + Z laijlpj + Z |Bijlpj + Ji,

J#i =1

Fi(€) 1= —pif +igi(®) = ) lejloj — Y |Bijloj + Ji,
J#i =1
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where p; are the bounds for activation functions g;, defined in (1.2). Note that such a setting
for the upper and lower bounds is different from the one in [20].

Recall that L; is the largest slope of activation function g; at its inflection point, as defined
in (1.2). We consider the following conditions which are the multi-dimensional versions of
conditions (A1) and (A2).

Condition (H1): L; > 2u;/a;; > 0,fori =1,2,---,n
Condition (HZ) Mi > Wi — Li|ﬁii| > Zj;ﬁi Lj|05ij| +Zj;ﬁi Lj|ﬁij|,f0ri = 1,2, ..., n

Notably, condition (H1) implies «;; > 0, and the first inequality in condmon (H2) is
equivalent to f;; # 0, for all i. The discussions on critical points of f, f and f and their
vertical shifts in section 2.1 are valid for F, s F,, i=1,2,...,n,as well as their vertical shifts.
Accordingly, under condition (H1), there exist critical points p; and g; of I:”[, E, which satisfy
g:(p;) = &i(q;) = wi/ci;. Inaddition, F; and F; are strictly increasing in (—oo, p;), (¢;, 00),
and strictly decreasing in (p;, g;), fori = 1,2, ..., n. On the other hand,

[ wi (ZL |a,,|+ZL 161 )]/(ai,-+|ﬁ,-i|> < i/ (i + 1B, 3.1)

J#

under conditions (H2). Hence, there always exist exactly two points p; and ¢; with
pi < P; <q; < ¢; such that

815 = 8(Gi) = [ui - (ZL |a,,|+ZL 161 )] (i + 1B, (3.2)

J#i

fori =1, 2,...,n. Next, we introduce

Condition (H3): Fi(g;) > 0 and F;(p;) <0, foralli =1,2,...,n
Under condition (H3), there exist three solutions IAI-F , mf, and #F (respectively, I, IF mf

and fiF) to I:"i(~) = 0 (respectively, Ij",v(~) = 0), for each i = 1,2,...,n. Moreover,

I <1F < p <ml <mf < ¢ <7 < #F. The following condition is the multi-

dimensional version of condition (A4).
Condition (H4): g/(§) > 2u;/ay; forall & € [mf,mf],i=1,2,...,n
Let us introduce the following sets in R”
Qiiyor, = ' X QP x - x Q4 € {l,m, 1), i=1,2,...,n,
Qg = O X Q02 x - x @, A € {1, m, 1), i=1,2,...,n,
which are defined through the following intervals
@ =i, @ =i w19 =17 7,
Q; = (—o0,if), Q' = Q", Qf = (], 00).

Herein, ‘I, ‘m’, ‘r’ represent, respectively, left, middle and right. By applying the contraction
mapping principle, we derive the existence of 3" equilibria for system (1.1).

Theorem 3.1. There exist exactly 3" equilibria for system (1.1) under conditions (H2)—(H4).
Each region 2,2, contains exactly one of these 3" equilibria.
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Proof. We will show that there exists exactly one equilibrium point in each €2y, ,...,,. Consider

afixed Q = ;,5,..4,- Set fi(§) := —w;§ +0;;8:(§). Foragiveny = (y1, y2,..., y1) € £,
we define

hi(§) == —pié +a;;8:(8) + Z a;;g;(y;)+ Zﬁijgj(yj) +Ji,
J=1j# j=1
for£ e R,i =1,2,...,n. Note that F;(§) < h;(§) < F;(&), and all functions F,, h;, F; are
vertical shifts of f;. Thus, there exists a unique solution y} to equation /;(-) = 0, lying in
Qf We define a mapping Gg : @ — Q by Ga(y) =y*, where y* = (¥}, y5,...,¥:). Then
G, is continuous and we shall illustrate that it is a contraction map. Assume that Gq(y) = y*,
Gqo(x) =x* 1e.foreachi =1,2,...,n
iy} gD+ Y i)+ Y Bigi(v) + i =0,
j=1j#i j=1
—pix] o gi(x) + Z a;jgi(x;) + Z,Bijgj(xj) +J;i=0.
j=Lj# J=l1
Then
OF =D — gl EDT = D g )lx; — yi1 = > Bizgilx; — y;1=0,
j=Lj#i j=1

(3.3)

where £ is some number between x* and y;'; nj is some number between x; and y;.

(i) If A; ='m’, then x}', y/, &7 € [n%iF, ;hf] and g/ (&) > 2u;/a;;, by condition (H4). Hence

n n
[xF — yf| = Z a8 () (x; — yj) + Z,Bijg;-(nf)(xj — Y/ lei g () — i
J=1j# i=l
n n
g{[ Z leaijl+ZLj|ﬂij|:|/Mi}||X—y||oo
J=Lji j=1
=:yilx =yl

and 0 < y; < 1, owing to condition (H2).

(i) If A; =", then x}, y* € [Ff,#[] and & > g (for g; < F[). Thus, 0 < g/(&") <

(i — (o Ljleujl + 27, Lj|ﬁijl|)]/[aii + 1Biill < mi/ai;, as mentioned in (3.1). It
follows that
loii gl (1) — wil = i — i gi (&)
n n
> W —Oéii[,ui - < Z Ljla;j] +ZLj|ﬂij|>]/(Olii +Biil)
J=l i j=1
n n
> Z LjIOlij|+ZLj|,3ij|-

j=Lj#i j=1
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Subsequently, from (3.3)

Iy — 71 < {[ > Ljley + Ziji,w]/m,-,-g;(s,-*) - lm}nx —¥llso

j=lj#i j=1
= Yillx = Ylo,

and y; < 1. The situation for A; = ‘I’ is similar. Therefore, Gg, is a contraction map and
there exists a unique fixed point X = (x|, X2, ..., x,) of Gg, lying in Q2. Restated, for each
i=1,2,...n,

— Wi+ g (B + Y g (X)) + ) Bijgi(X;) + ;i =0. (34)

j=lj#i j=1
Thus, X is a unique equilibrium point of (1.1) lying in 2.
On the other hand, if ¥ = (x|, X3, - - -, X,,) is an equilibrium of (1.1), then (3.4) holds.

Hence, x; lies in one of Q} , ", Qi foreach i, and thus ¥ coincides with the unique equilibrium
lying in £2,5,..1,, Ai € {l, m, r}. System (1.1) therefore admits exactly 3" equilibria. U

We note that the construction of 3" equilibria in [19,20] employed Brouwer’s fixed point
theorem. Therefore, the exactness for the number of equilibria was not concluded therein.

Let us denote by Xy ,..a, the equilibrium lying in y,3,..1,, A € {I,m,r}. In the
following discussions, we consider a fixed initial value ¢ € C([—t, 0], R"), and the solution
x(t) = x(t;500; ) = (x1(; to; @), X285 fo5 @), - - ., X (15 103 @)) to system (1.1), which is

evolved from ¢ att = ty. Foreachi = 1, 2, ..., n, we write the ith component of system (1.1)
in the following form:
E(t) = —piE (1) + ;i g (D) + Biigi (E(t — 11 (1)) + w; (1), (3.5

where w; (t) = w; (¢; ty; @) := Z’}‘:l,j;éi [oijgj(xj() + Bijgj(x;(t — 7 (t)))] + J; is regarded
as a bounded function of . The notation, lemma 2.1, propositions 2.2, 2.3 and theorem 2.4
can all be adapted to (3.5). In particular, fori = 1,2, ..., n, we define

fi®) = —wif +iigi®) +1Biloi + W™ (1),

fi(®) = =it +0igi () — | Buil os + wi™ (to).
Under conditions (Hl) and (H2), f,, f, admit similar properties as f f in section 2.1. In
particular, there exist l my, fl s li s mf rf which are the zeros of f,, f,, respectlvely, and
Pi»> q; which are both critical points of f, and f,. Notice that F;, F;, and f,, f, share the same
critical points p;, ;. According to our setting,

F(&) < fi) < fi6) < Fi(®), for all £ € R.

Therefore, condition (H3) implies that ﬁ(c],») > F (q,) > 0 and f,(p, ) < F (pi) < O

in addition, p; < m! < nﬁf < }hf < mf < g, lF < lf < l < lF < pi, and

g < ¥ < ?if < fif < #F, where p;, g; are defined in (3.2), cf figure 6. Moreover, we

note that condition (H4): g’ (é) > 2u; /o on [mi ,mf] yields g/ (&) > 2u;/a;; on [mi , Vif]
since [} , i) 1 c b, ml].
According to theorem 2.4, for eachi = 1, 2, ..., n, there exist three disjoint, closed and

bounded intervals [a;, a;], [b;, b;] and [¢;, ¢i] and the ith component x;(¢) of the solution
converges to one of them. Moreover, by lemma 2.1, we can estimate the lengths of
these intervals. Restated, x;(r) = x;(¢; ty; ¢), the ith component of solution starting from
¢ € C([—t, 0], R"), converges to an interval /; of length d;, and

< [w™(00) — w™™ (c0)1/ni, (3.6)
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Figure 6. Configurations for functions Ei, ﬁ, fi, F; (with gi of class A).
where n; = min{u; — L;|Bil, LilBiil}, w"™(c0) = lim7_ w™(T), w""(c0) =

lim7_, o w;“i“(T), w™(T) = sup{w;(t) | t > T}, and w;“i“(T) = inf{w;(¢) | t > T}.
Notably, in (3.6), the magnitude of d; depends on the difference between w;"**(oco) and
w;“i“(oo) which are terms involving non-i components of the solution and cannot be measured
without further elaboration. In the following, we employ an upper bound for w;"*(co) and
a lower bound for w;ni“ (00), which are definite terms, and derive a rough estimate on d;.
From this estimate, we compute more precise upper (respectively, lower) bounds for w;"** (co)
(respectively, w™"(co0)) through an iterative process. This idea for estimating the magnitude

of d; is illustrated and implemented in the following proposition.

Proposition 3.2. Assume that conditions (H2)—(H4) hold. For eachi = 1,2,...,n, there
exists a sequence of intervals {Ii(k)},‘iio such that for each k, the ith component x;(t) of every
Ii(k)

solution x(t) to system (1.1) converges to Ii(k) ast — 00, and the length dl.(k) of satisfies

i—1 n
a < { D o + 1B DL;d + Y (e + |ﬂij|>Ljd;"“}/m. 3.7)

j=1 Jj=i+l

Proof. We prove the case of 8;; > 0. Let us define di(o) :=2p;/L;, fori =1,2,...,n. First,
we illustrate that the assertion holds fork = 1 andi = 1. Set

n n
WP (00) 1= = "(laui| + 1B1;1)pj + J1. W (00) 1= "(laus| + 1B1;1)pj + J1.
j=2 j=2
Notably, W{"(c0) < wM'(00) < wi™(00) < W(”(c0). Recall n; := min{u; —

L;|Biil, Li|Bii1}. We have shown that x; () converges to interval /; of length d;, and
dy < [w™(00) — wi™ (00)1/m

< W (00) — W (00)1 /1
=[S+ et m.
j=2 =

We may say that x;(z) converges to a closed and bounded interval ](1) D I;, whose length
dl(l) satisfies dl(l) < [Z;zz loy | + Z';=2 1B1; |]Ljdj(.0)/r/1. Assume that the assertion holds for
k=1,i=1,2,...,£—1,1 < £ < n and x;(¢) converges to a closed and bounded interval
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1" > I of length d" < {Z;_:]](Idiﬂ + |I3ij|)Ljd](‘1) + 2 i (o | + |:3ij|)Ljdj(‘0)}/’7i' Let
us justify that the assertion also holds for k = 1 and i = ¢ as follows. Set

—1 n
W (00) =) min {8 (€) + B8 ()} = D Aejl + 1Beihps + Je,

j=18m€l] j=t+1
—1 n

27(1

W (00) :=) " max {8, (&) + Buigi M+ Y (il + 1BeiDpj + Jo-
jo1 Enel? j=t+1

It follows that x,(¢) converges to an interval / [(1) whose length dél) satisfies
| , .
dy” < [wf™ (00) — wy™ (00)/me

< WP (00) = WP (00)1 /e

-1 n
=1 el + 1B DLid " + > (ol + 1By DLd\” /e
Jj=1 j=0+1

Next, assume that the assertion holds for some (k — 1) and all i = 1,2,...,n. Namely,

x;(t) converges to a closed and bounded interval Il.(kfl), whose length satisfies dl.(kfl) <

{ X0 ol + 1By DL;dS Y + Y (el + 18D L;d >} /n;. Now, let us verify that

the assertion holds for k and i = 1 as well. Set

W00y := ) min fo1;g;(8) +Brjgj(m}+ i,

Jj=2 el
n
& (k
WP (00) 1= max fan;g;5)+ B} + 1.
joa Emetf Y
Thus, x; () converges to an interval / fk) whose length dfk) satisfies
d? < [wi™(00) — wi™ (c0)l/m

< W (00) = W (00)1/m

= [Zw +Z|ﬂ1jI}Ljd}k_”/nl.

=2 j=2
By continuing the above process, we can prove that for each i = 2, ..., n, x;(t) converges
. k ok i—1 k
to an interval Ii() whose length is di() < {Z}=1(|aij| + |,3,-j|)Ljdj(.) + Z?=i+1(|0‘ij| +
k-1
1BiiDL;d "} i O

To establish further dynamical properties for system (1.1), we need the following condition
which is stronger than condition (H2).

Condition (H2)*: n; := min{u; — LilBiil, LilBiil} > 3_ ;2 Ljlejl + 3, LjlBijl, for

i=1,2,...,n.

So far, we have considered a single solution to system (1.1), which is evolved from a
given ¢ at t = fy. From our previous derivations, it can be shown that every component of
the solution converges to a sequence of closed intervals whose lengths di(k), i=1,2,...,n,
can be controlled by iterative formula (3.7). Next, it will be examined that for each i, dl.(k)
converges to zero, as k — 0o, via the Gauss—Seidal iteration approach. Thus, the intervals
to which each component of the solution converges degenerate into a single point. Hence the
solution converges to a singleton.
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Theorem 3.3. Assume that conditions (H2)*, (H3) and (H4) hold. Then the solution x(t) :=
x(t; to; @) of (1.1) evolved from any initial value ¢ € C([—1, 0], R") converges to one of the
3" equilibria of the system.

Proof. By proposition 3.2, foreachi = 1, 2, ..., n, we can find an interval sequence {Ii(k)},fio
so that x;(#) converges to Ii(k) whose length satisfies (3.7), for each k. Below, we shall show
that foralli =1,2,...,n, dl.(k) converges to zero as k tends to infinity. Set zEO) = d,-(o),

fori=1,2,...,n,

and

i—1 n
ng) = Z(|Olij| + |,Bij|)LjZ;k) + Z (loeij| + |lgij|)LjZ;kl)}/77i7 keN,
Jj=1 j=i+l
2@ =W, 20,2 W), k € NU{0}.
We observe that {z?k) | i = 1,2,...,n} are just the Gauss—Seidal iterations for solving the
linear system
(ML +E)y =0, (3.8)
M = [mjjlii j<ns mi; = 0,m;; = —|oy;| — |Bi;|, fori # j,
L :=diag(L,, Lo, ..., L,), E :=diag(n, n2, ..., nn)-
Notably, ML +E is strictly diagonal-dominant [32,33]; indeed, n; — Z#i (leij | +1Bi;DL; > 0,
foralli = 1,2, -, n, by condition (H2)*. Accordingly, Z7® converges to the unique solution

of (3.8), which is zero, as k — oo.
Below, let us justify the following inequality:

0<d® <z, fori=1,2,...,n, ke NU{0}. (3.9)
It is obvious that for i = 1,2,...,n, 0 < d, for k € N U {0} and (3.9) holds for
k = 0. In addition, (3.9) holds for i = 1 and k = 1 since d{" < {Y"_,(lay;| +
|,8]j|)Ljdj(»0)}/771 <A Xl + |ﬂ]j|)Lij-0)}/7]] = z{". We can continue to prove that
(3.9) holds fori = 2,3...,nand k = 1. Assume that (3.9) holds foralli = 1,2,...,n
and k = ¢, for some £ > 1, then (3.9) also holds for i = 1, k = £ + 1 due to

di""" < (o +1BuDLd "} i < { ooy +1BD L2/ = 2. Assume
that (3.9) holds for 0 < ko — Land all i = 1,2,....n,and k = ko,i = L,..., (¢ — 1), then

—1 n
< { D ol + 1B DLd + Y (lags| + |ﬂe.f|>Ljd§"°l>}/nz

j=1 j=t+1

—1 n
< { S gl + 1B L% + 3 (gl + |ﬂe_,~|)L,~z§"°“}/m

j=1 j=t+1

k
:Z; 0).

Hence, foreachi =1,2,...,n, di(k) converges to zero as k tends to infinity. Therefore, each

x;(¢) converges to a single point and x(¢) converges to a constant which is an equilibrium, as
time tends to infinity. ]

The stability of all 3" equilibria of (1.1) can be concluded in the following theorem.
Theorem 3.4. Assume that conditions (H2)*, (H3) and (H4) hold. Then, (i) every equilibrium
Xoogea, With A = 1,0, foralli = 1,2, ..., n, is asymptotically stable; (ii) the equilibrium
Xm..m IS unstable; (iii) every equilibrium Xy y,...,, With A; = ‘m’ for some i and A; = ‘I’, ‘v’
for some j, is unstable.
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Figure 7. Configuration for the proof of theorem 3.4.

Proof. We prove the case with all 8;; > 0, cf figure 7.

(1) Consider an exterior region $2,3,..,, Ai = 1 or ‘r’, i = 1,2,...,n. We show that
the equilibrium X := (X1, X2,...,X,) in 3,1, is stable. Note that for each i, either
X; € [fl.F, fiF] orx; € [lViF, lAl.F]. There exists &; > 0 such that ?iF — & > ¢; and lviF +¢& < pi,
due to 7 > g; and lvl.F < p;. We shall illustrate that for any ¢ > 0, there exists § > 0 such that
llx; —Xx|| < eforallt > 1y, for any ¢ € C([—7, 0], R") with ||¢p — X|| < §. For ¢ > 0, we set
8 := min{e, €1, &2, ..., &,}. For an initial condition ¢ € C([—7, 0], R") with ||¢ —X|| < §,
the solution satisfies x; (s) > g; if A; = ‘1", and x;(s) < p;, if A; = ‘I, forall s € [ty — T, 1p].
It follows from a similar argument as in the proof of proposition 2.2(ii) that x; (t) > g; for all
t € [ty — t,00) or x;(t) < p;, forall t € [ty — 7, 00). We define z;(¢) := x;(t) — X;, for
i=1,2,...,n. It follows from (1.1) that

n n
Gi(t) = —pizi() + Y i@ (& ()2 () + Y Biig) (i ()2t — Tij (1))
j=1 j=1
where &;(¢) is between x; (f) and X ;, n;; (¢) is between x; (t — 7;;(¢)) and X, i, j = 1,2,..., n.
It can be computed that

D,lz;(®)| < —pilzi(@®)] + Z lovij |8 (& (1))1z; ()] + Z 1Bijl& (nij 1))z, (t — T (1)1,

j=1 j=1

for t > ty, where D, denotes the right-hand derivative. Define N(¢) := |z/|| =
max| ;< {MaXgepr—r,. 12 (s)[}. We shall show below that

N(@+h)— N
DN = lim YD =NO for all £ > 1. (3.10)

h—0* h
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For t > 1y, let f(t) ={i :|zi@®)| =2 lz;@®)|, forall j = 1,2,...,n}, and i(t) := min{i €
f(t) : Dylzi(t)] = Dylz;(t)], forall j € f(t)}. Consider a fixed ¢ > t(, and denote i (¢) by k.
If N(t) = |ze(@®)] > |zj(t — 7)| forall j = 1,2,...,n, then either N(¢) > |z;(s)| for all
j=12,...,nandalls € [t —7,¢t) or N(t) = |zi(;(s)| for some s € (t — 7, ¢). For the
former case, it can be derived that

Dy lzi ()] < —pilze(®)] + Z lokj 185 (& ()2 ()] + Z |Brilg (i ()12 (¢ — T; (1))]

j=1 j=1

| — e+ i Ge)) + Y o185 () + Y 1Brs 1€ (g (r))}N(r)

J#k j=1

J#k j=1

< [ — i+ gy (V) + Y oL+ Y |ﬁk,-|Lj}N<t)
0

<

)

for all t > ty, where y; = pi or gy, recalling that

e (pr) = (i) = [uk - (ZL,wak,w + ZL,-mm)}/(akk + [ Bk))-
Jj#i j=1

Thus,
N@+h)— N(t)

h
Ll )] =z
= m

h—0* h

= D, |z (1) < 0.

D;N(1) = lim,

For the latter case,
N(@+h)—N(@)

D,N(t)= 1l
( ) ]12%* h
N(@)— N(t
= lim —( ) @ =0.
h—0* h

For the other cases: N(t) = |z;(t — t)| for some i € {1,2,...,n}; N() = |z;(s)| for some
ie{l,2,...,n}and somes € (t — 7,t) with N(¢) > |z;(t — 7)| and N(z) > |z;(¢?)| for all
j =1,2,...,n,(3.10) can also be justified. Hence, N(¢) = ||z;|| = |lx; — X|| < N(t) =
lzs, || = llxs, —X|| = ||¢ —X|| forall t > #y. Therefore, X is stable, hence asymptotically stable,

in respecting theorem 3.3.

(ii) We shall show thatX := X ..., iS unstable. We choose an initial value which is close to the
equilibrium X¥. Then the solution must move away from X = (X, ..., X,). Such an assertion
holds mainly because if the ith component x;(¢) of the solution remains close to x; for all
i =1,2,...,n, then the magnitude of glf (x; (t)) will remain large and yield a contradiction.
Notably, fori = 1,2,...,n, g[(§) > 2u; /ey, for all & € [mf, m!], thus there exist &; and
K; such that g'(K;) = g'(R;) = 2ui/asi, where &; < mf < mf <&, foralli =1,2,...,n.
Set &; := min{k, —m/,mf — K}, & := min;<;<.{&}/2. For any § € (0, ¢), we choose the
initial condition ¢ = (¢1, ¢, . .., ¢,) with [|¢ —X|| < 8, #(s) € Qum..m, for all s € [—, 0],
lp — x|l = |¢:(0) — X;| for some i € {1,2,---,n} and ||¢ — X|| > |¢;(s) — X;|, for all
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j=1,2,...,n,s € [-1,0). Now, let us show that there exist j € {1,2,...,n},and t; > ty
such that x;(#) > k; or x;(f;) < K;. Assume otherwise that

Ki <xi(t) <K, forallt >tg0—1, i=1,2,...,n. (3.11)

Notice that, under the assumption above, g/(x;(¢)) > 2u;/a;; for all + > o — 7 and all
i=1,2,...,n. Letz;(t) = x;(t) — X;, and

B(t) := max { max |zi (s)]}. (3.12)

1<i<n (—t<s<r

Then B(ty) = max;;<,{lzi(fo)|} > 0 and B(¢) > 0 forall # > #,. Let us show that

B(t) = max {|z; ()|}, for all ¢ > 1, (3.13)
1<i<n
i.e. at least one component of (|z;(s)|, [z2(s)], - .., |z, (s)|) will reach the value of B(t) at time
t. If otherwise, there is a t > t( so that B(t) = |zx(t2)|, for some k € {1,2, -, n} and some
t, € [ty, ), then either B(t) = z;(t;) or B(t) = —z;(t2). For the former case,

Zk(t2) = —purze(t2) + Zakjg}(fj(lz))zj(lz) + Z Bri & (i (12))z (12 — T (12))

Jj=1 Jj=1

—przr(t2) + o [2 xS o)z (12) — Z lokj 18 (51 (12)) |z (12)]
ok

— D 1Biy1g i (2)) 12 (12 — T (12))]

j=1

> [uk NI |ﬂk,»|L,}B(r> >0,
j=1

J#k

owing to condition (H2). For the latter case, we can also show that %(Q) > [,uk —

Dl Ly = 3 1B 1L |B(t) > 0. A contradiction to B(t) = |z(t2)| with 1, € [fo, 1)
then arises. Thus, (3 13) holds. Forany ¢ > #, wedefine k(¢) := min{j : |z;(¢)| = B(¢)}, then

D, B(t) > Dy|zik@)(1)]

> [ukm SN IEDD |ﬁk<,>j|L,}B(r>

J#k() j=1

> min { — > laylL; +Z|ﬂl,|L }B(r)

J#i

It follows that B(f) grows unboundedly as ¢ tends to infinity, which yields a contradiction to
(3.11). We thus conclude that X,,,..., is unstable.

(iii) Consider a mixed region 2, ,,,..,,, Where Z := {i : }; = ‘m’} #¥and € :={i : A; =
T or ‘r'} # ¥. It will be shown that the equilibrium X := (X1, X2, ..., X,) In Q;,5,..2, 18
unstable. We shall choose an initial value which is close to equilibrium X, then the evolved
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solution must move away from X. This is because if the ith component remains close to X; for
all i € Z, then the magnitude of g;(x; (¢)) will remain large for all i € Z. Moreover, it can be
seen that the magnitude of g} (xj(t)) remains small for all j € £. In such a situation, there
exists some k € Z such that x; (¢) will move away from X ; subsequently a contradiction arises.
To be more precise, let us define &; := min{&; —m}, mf —&;}, fori € Z,and ¢; :==X; — g;
ifAj="7",¢;:=p; —Xx;if A; =D, for j € £, and set ¢ :== min;;¢,{&}/2. Foré € (0, ¢),
we choose an initial condition ¢ satisfying: ||¢ — X|| < §, and ¢;(s) # X, for some j € T
and some s € [—1,0], ||¢p —X| = |¢pr(0) — x|, for some k € 7 and || — X|| > |¢:i(s) — X;],
foralli € £ and all s € [—7,0]. Below, let us claim that there exist j € Z, and some
t > fy such that x;(f) > k; or x;(t) < k;. Assume otherwise that k; < x;(f) < k;, for
alli € ZTandt > to — v. Note that then g/(x;(t)) > 2u;/a;;, forall t > o — 7 and
all i € Z. Define B(t) as (3.12) and J(¢) := {j € Z : |z;(t)| = |zi(®)], for all i € T},
Jj(@) :=min{l € J(t) : D,|z¢(t)| = D,|z;(t)], for all j € J(¢)}. There are two possibilities:
1Zjy()] = |zi ()], forall t > to, for all i € &, and |zx(£3)| > |2j ) (t3)], for some t3 > ty, and
some k € &. For the first one, B(t) := max;ez{max, —r<s<; 12i(s)[}, for all # > #,. Similarly
to the previous discussion in (ii), we can also show that B(¢#) = max;<z{|z;(¢)|}. Subsequently,
B(t) will blow up and yield a contradiction. For the latter situation, there exists s; € (¢, t3)
such that |z (s)] = |z;(s)| forall j € £ and all s € [fy, 51), and there exists k € £ such
that |z;(s1)| = |zj)(s1)] and D, |zx(s1)| = D,|zj(s,)(s1)|. Thereafter, it can be shown that
B(s) := max;cz{|z;(s)|}, for all s € [fy, s1] as before. Let us fix s; and denote j(s;) by £.
There are four possible subcases: subcase (a): B(s;) = z¢(s1) = zx(s;) > 0; subcase (b):
B(s1) = zx(s1) = —ze(s1) > 0; subcase (¢): B(s1) = —z¢(s1) = —zx(s1) > 0; subcase (d):
B(s1) = z¢(s1) = —zx(s1) > 0. Let us consider subcase (a). Note that x,(t) € [K¢, k¢], for all
t >ty — 7, and either x; () > gy or x;(t) < py, forall t > £y — 7. We compute that

Dy |ze(s1)| — Drlzi(s1)|

> (ke — o) B(st) + [oteegy (e (s1)) — arigr (Ex(s1))1B(s1) — Z logj|L; B(s1)

J#
n
— Y lewi|L;B(s1) = Y _[1Be|L;B(s1) + |yl L B(s1)]
Jj#k j=1
2idg Mk_(Z' k|ak'|L‘+Zr%:1 |Bi;i 1L ;)
2 {(tr — pe) + 0gp—— — ok LRl : S
o otk + | Brk |
n
- [Z e[+ |ak,»|L,-)] — > UBGIL; +1Bi L1} B(s1)
j#t Jj#k j=1

> [w SN IEDS |/3e,|L,}B<s1> >0,

J#t =1

which yields a contradiction. Other subcases can be similarly discussed. Hence, there
exist k € Z, and t3 > 1y such that x;(3) > k; or x;,(t3) < & and |xx(3) — Xi| =
min{&; —m!, mf — K;} > e. Therefore, there exists ¢ > 0 such that for any § € (0, ¢),
there is an ¢ € C([—7, 0], R") with ||¢ —X|| < § and |lx, — X|| > ¢, for some 13 > t.
Thereafter, X is unstable. OJ
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Figure 8. The graph of activation function g; in (a) class B, (b) class C.

4. Extensions to other activation functions

All the results in sections 2 and 3 can be extended to the following activation functions which
are also commonly employed in the literature:

Cl B g,EC 3P1<61178:(€)—U16R fOI‘E qi, gi(f)zu,-eR, foréép
ass B :

3pi<o; <qi,gi(o) >gj(¢)>0 and g/()-& <0, for& e [p;,qil;

g €C,3Api<qi,g)=v €R, for§ >q;, g&)=u eR, for& < p;,
Class C :

gi€) =u;i+ (& — polvi —uil/lgi — pil, for p; <& < g;

Class B are non-decreasing functions with flat parts on two sides. The functions in class C are
piecewise linear; they include the standard output function in cellular neural networks [9, 16]:

8&) =5+ 11— 1§ —1D/2. 4.1
The graphs for these functions are depicted in figure 8. All the propositions and theorems in
section 3 are valid for activation functions g; of classes B and C, if we set p; := p;, q; = qi,

pi := p; and g; := ¢, as class C is considered.
If only class C is considered, simpler conditions yield the same conclusion.

Condition (Hl)¢: L; > [pi+ 3,4 (Ljlaij|+ L;1BiiD1/ (i — 1Biil) > 0,i = 1,2,...,n

Condition (H3)¢: Fi(¢;) > Oand Fi(p;) <0,i =1,2,....n

Theorem 4.1. All the assertions of theorems 3.1, 3.3 and 3.4 hold for (1.1) with activations of
class C under conditions (H1)c and (H3)c.

Proof. Under conditions (H1)¢ and (H3)¢, the existence of 3" equilibria for (1.1) can be
justified by similar arguments as in [21], where only the standard activation function (4.1) is
considered. The stability of equilibria can be verified by similar arguments as in the proof of
theorem 3.4. Herein, we only sketch the proof for the convergence of dynamics. The structure
of piecewise linearity of the activation function leads to a different approach.

Similarly to lemma 2.1, for eachi = 1,2, ..., n, we can construct bounded and closed
intervals [b;, b;]. Moreover,
dp, :=b; — b, < [w™ (00) — wM"(00)]/[e;; L; — |BiilLi].
It can be proved that [q,, S and (—o0, p;] are positively 1nvar1ant for every ith component
equation (3.5), foreachi = 1,2, ..., n. Thus, x;(¢) either converges to [b;, b;] as ¢ tends to
infinity or enters [g;, 00) or (—o0, p;], foreachi = 1,2, ..., n. Define

P:={i €{l,2,...,n}, and x;(t) — [b;, b;1}
D:={i €{1,2,...,n}, and x;(¢) enters [g;, o0) or (—o0, p;]}.
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We consider the case D # {J, as the situation of D = (J is more straightforward. As in
proposition 3.2 and theorem 3.3, it can be proved that the bounded and closed interval [b;, bi]
to which x;(¢) converges is indeed a singleton, for every i € P, under conditions (HI)
and (H3)¢. Subsequently, g;(x;(¢)) converges to some y; € R as ¢ tends to infinity, for all
i =1,2,...,n. Below, let us justify that x;(¢) also converges as ¢ tends to infinity, for all
i=1,2,...,n. Indeed, foreachi =1,2,...,n

Tim 2 Tlerij (e (0) + Bij g (xj (0 = ()] + J,-}

j=1

= Z[aijy; + B yil+Ji =t h
j=1
Consider a fixed i € {1,2,...,n}. If h; > 0, then there exists 7; > 1y such that
Z?:l[aijgj(xj(t)) + ,Bijgj(xj(t — 'L','j([)))] +J > h,-/2, for all + > T;. Therefore,
fo et {30 laijg (xj(9)) + Bijgj(x;(s — wij(s)))] + Ji}ds increases unboundedly as
increases to co. Thus,

Jr e { 30 g (xj(5)) + Bijg (xj (s — Tij ()] + Ji } ds

lim

t—00 emit
_ eritf > icileijg i (xj(0)) + Bijg (xj(t — T ()] + Ji}
- til‘glo Ml.e/,l.,'l
=hi/u.

Applying the variation of constant formula to (1.1), we derive that for r > T;,

T; n
xi(t) = x; (tO)e_Mi(t_to) +e Hi! / e””“{ Z[aijgj ()Cj (s)) + ,Bijgj ()Cj (s — 'L','j(S)))] + Jl} ds

fo j=1
t
+e—Mzt/ ehis
T

i

{ D letijgi(xj () + Bijg (x(s — T ()] + J,»} ds.
j=1
It follows that lim,_, o x; (#) = h;/u;, due to

lim x; (fp)e ¢~
—0o0

—>00

T[ n
= lim e‘“"’/ e“"‘{ Z[Olijgj(xj(s)) +Bijgi(xj(s — ()N + Ji} ds =0.
Iy j=1
If h; < 0, similar arguments yield lim,_, », x;(¢) = h;/u;. For the case h; = 0, from (4.2), for
any ¢ > 0, there exists some T;° > #o such that

‘ &
D Lo (1) + Bijg (xj (= T (O] + i < 7, for all > T}
j=1
Therefore there exists Q; > 0 such that
Z[aijgj(xj(f))ﬂijgj(xj(t — TN+ Ji’ < 0, for all t > 1.

j=1

Since lim;_, o e i {eHi"|x; (1) | + %(e“" I7 _ emi)} = 0, there exists Tl” > fo such that

e”"’{e""t"lxi (to)| + %(eﬂfo - e“"’“)} <¢/2, forall t > T¢.

i
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For t > max({T/, Tie},

7’}8
()] < e“ff{e“ffwx,- (t0)] + / et ds

fo
t
+ e’
¢

i

> lejg(xj(s)) + Brjg; (xjls — Tij ()] + Ji
j=1

.

n

D leijg(xj () + Bijg (xj(s — Ty (N1 + i

j=1

Tf t
. - €
< e‘“"{e“"”lxi (to)| +/ e’ Q;ds +/ e“"’z ds}

T TIE

&
! i

t
i 1
< eMif{eMiT0|xi(t0)| + &(emTf _ ell-zlo)} + Eeﬂl«ﬂ/ elis ds
i T

< E + ie*llﬂ{eﬂil _ ellin}
20 2u
1 1
<[=+—)e
20 2u
It follows that lim, , o, x;(¢) = 0, foralli = 1,2, ..., n. 0

Remark 4.1. System (1.1) with u; = 1,i = 1,2, ..., n, and the standard output function
(4.1) is the cellular neural network which has been intensively studied in the community of
electrical engineering and information science. If such a network is considered, conditions
(H1)¢ and (H3)¢ reduce to

i — 1>y ol + Y 1Byl + il i =1,2,....n. 4.2)
J#i j=1
For this network, it was proved in [21] that under condition (4.2), there exist exactly 3"
equilibria; in addition, 2" among them are locally exponential stable and the others are unstable.
With the same condition (4.2), our theorem 4.1 not only assures these results, but also further
concludes the convergence of dynamics for the system.

5. Numerical illustrations

We give two numerical examples to illustrate the present theory. The activation function in
Example 5.1 belongs to class .A. Example 5.2 demonstrates the convergence of dynamics for
the delayed cellular neural networks with standard activation function which belongs to class
C, under condition (4.2).

Example 5.1. Consider the following two-dimensional system with activation functions

g1(§) = g2(§) = tanh(§).

d

x(;t(l) =—x1(t)+7g1(x1(®)) +0.1g2(x2(¢)) — 0.5g1 (x;(t — 1)) +0.1g2(x2(t — 1)) — 0.1
d

xjt(f) = —x(t) —0.2g1(x1(t)) +8g2(x2(¢)) + 0.1 (x;( — 1)) + 0.6g2(x2(t — 1)).

Then F1(§) = —£+7g(6)+0.6, Fi(§) = —£+7g(£)—0.8, F>(§) = —£+8g(£)+0.9, F>(§) =
—£+8g(5) —0.9; p) = —2.292431670, §; = 2.292431670, p, = —2.917401094, §, =
2.917401 094; nﬁf = —0.1000391 8992, rhf = 0.134267 9254, rhf = —0.129391 1878,
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Figure 9. Numerical simulation for example 5.1, with solutions evolved from initial functions at
various locations.

m5 = 0.1293911878; k; = —1.238944 365, £ = 1.238944365, K, = —1.316957 897,
k» = 1.316957897. Herein, k; and k; are solutions of g{(-) = 2u/ay;1 = 2/7; £, and
ko are solutions of g5(-) = 21,/ = 2/8. It can be justified that conditions (H2)*, (H3)
and (H4) hold as follows: condition (H2)* holds since min{u; — L{|B11], L1|B11]} = 0.5 >
Loloin| + La|Bi2] = 0.2 and min{us — La|Bal|, Lo|B22l} = 0.4 > Lylaai| + Li|fai| = 0.3;
condition (H3) holds since Fi(q;) = 3.766139610 > 0, Fi(p;) = —3.966139610 < O,
f’z(ciz) = 4.135951278 > 0 and ﬁz(ﬁg) = —4.135951278 < 0; condition (H4) holds
since [mf,mf] C [k1,&] and [m%, mi] C [k2, R2]; subsequently g (§) > 2u;/ay; for
g e [mf,mf]and g5(§) > 2ua/an for & € [m4, mi]. Numerical simulations depicted in
figures 9 and 10 demonstrate the convergence to four stable equilibria for solutions evolved
from various initial conditions at different locations.

Example 5.2. The following system satisfies condition (4.2).

d
x(;t(l) = —x1(t) + 78, (x1(t)) + g, (x2(1)) + 28, (x1(t — 1)) — g (x2(¢ — 1))
d
%(t) = —x2(1) = 81 (01 (1) + 68,(x2(1) — § (¥ (1 = 1) + (w2t = D) + 1,

where g; (§) = g(§),i = 1, 2, are the standard output functions for the cellular neural network,
defined in (4.1). This system satisfies condition (4.2) and admits the convergence of dynamics,
according to theorem 4.1 and remark 4.1, as demonstrated numerically in figure 11.

6. Conclusions

We have presented a methodology which combines a geometric formulation and an iteration
scheme to establish convergence of dynamics and confirm stability of equilibria for a
multistable neural network with time-varying delays. Our approach does not employ
Lyapunov-function arguments nor require the symmetry of connection weights. It is valid
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Figure 10. Numerical simulation for example 5.1, with solutions evolved from initial functions
crossing the phase space.
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Figure 11. Numerical simulation for example 5.2.

for the commonly used activation functions. Modifications of the formulation can be further
developed to derive delay-dependent criteria for the dynamics and to investigate the effect of
delay magnitude upon basins of attraction for the stable equilibria.

Indeed, the following delay-dependent criteria for parallel conclusions in this presentation
have been derived in [34]:

aji 20, e < wi/l(a; +Bii)Li] <1,

Condition (H1): N
Aivi+ (L= (i —vi) > 35 (el +1Bi; DL > 0,
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Condition (H2): Fi(¢g;) > O and Fi(p;) < 0,fori =1,2,...,n.

Condition (H3): g/(§) > [Av; + (1 — A) (i — vi) + wil/ (i + Bii), € € lmf,mf],
fori =1,2,...,n, where
ei :=2|Bii|Lit, v; := ei(ai; + Bii) Li = 2|Bii|t (i + Bii) L7, Ai €10, 1].
The convergence of dynamics for the system holds under these conditions which favour smaller
delays. Numerical simulations demonstrate that the dynamics change as the delays become
large, for the system with the same parameters.

The study has extended the exploration on how single-neuron structures contribute towards
the coherent behaviour of a collection of neurons. The approach is general and can be applied

to some ODE systems, delayed equations and other additive neural networks in investigating
stability, monostability, multistability, basins of attraction and convergence of dynamics.
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