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Abstract. In this paper, the robust stability analysis of a fuzzy vehicle lateral system with per-
turbed parameters is presented. Firstly, the fuzzy controller can be linearized by utilizing the 
describing function method with experiments. After the describing function is obtained, the sta-
bility analysis of the vehicle lateral control system with the variations of velocity and friction is 
then carried out by the use of parameter plane method. Afterward some limit cycle loci caused 
by the fuzzy controller can be easily pointed out in the parameter plane. Computer simulation 
shows the efficiency of this approach. 
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1   Introduction 

It is well known that the describing function is an useful frequency domain method 
for analyzing the stability of a nonlinear control system especially when the system 
has hard nonlinear elements, such as relay, deadzone, saturation, backlash, hystere-
sis and so on. The fundamental description of describing functions can be referred 
in [1-3]. Some academic and industry researches have been applied the describing 
function to meet the design specifications. For PI controller design, an iterative pro-
cedure for achieving gain and phase margin specifications has been presented in [4] 
based on two relay tests and describing function analysis. In [5], the describing 
function utilized for the stability analysis and limit cycle prediction of nonlinear 
control systems has been developed. The hysteresis describing function was applied 
to the class AD audio amplifier for modeling the inverter [6]. Ackermann and Bunte 
[7] employed the describing function to predict the limit cycles in the parameter 
plane of velocity and road tire friction coefficient. The algorithm computes the limit 
cycles for a wide class of uncertain nonlinear systems was considered in [8]. As for 
the intelligent control, some researchers have developed the experimental and  
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analytic describing functions of fuzzy controller in order to analyze the stability of 
fuzzy control systems [9-11]. Besides, the describing function was also applied to 
find the bounds for the neural network parameters to have a stable system response 
and generate limit cycles [12]. In fact, the uncertainties are often existed in the 
practical control systems. It is well known that the frequency domain algorithms of 
parameter plane and parameter space [13, 14] have been applied to fulfill the robust 
stability of an interval polynomial.  

In this paper, we apply the describing function of fuzzy controller mentioned  
in [11] and parameter plane method [14] to consider the robust stability of a vehicle 
lateral control system with perturbed parameters. A systematic procedure is proposed 
to solve this problem. The characteristics of limit cycles can be found out in the pa-
rameter plane. Computer simulation results verify the design procedure and show the  
efficiency of this approach. 

2   Description of Vehicle Model and Design Approach 

In this section, the classical linearized single track vehicle model is given first. The 
describing function of fuzzy controller is also introduced. In order to analyze the sta-
bility of perturbed parameters, a systematic procedure is proposed to solve this prob-
lem by the use of parameter plane method. In addition, the control factors are also  
addressed. 

2.1   Vehicle Model [7] 

Figure 1 shows the single track vehicle model and the related symbols are listed in 
Table 1. The equations of motion are 
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The tire force can be expressed as  
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with the tire cornering stiffnesses 0 0,f rc c , the road adhesion factor μ  and the tire 
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The state equation of vehicle dynamics with β  and  r  can be represented as  
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Fig. 1. Single track vehicle model 

Table 1. Vehicle system quantities 
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Table 2. Vehicle parameters 
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Hence, the transfer function from fδ  to r  is 

2 2
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The numerical data in this paper are listed in Table 2. 
According to the above analysis of a single track vehicle model, the transfer func-

tion from the input of front deflection angle fδ  to the output of yaw rate r  can be  

obtained as  
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The operating area Q  of the uncertain parameters μ  and v  is depicted in Fig. 7. 

In addition, the steering actuator is modeled as   

2
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where 4nω π= .  

The open loop transfer function ( )OG s  is defined as 

( , , ) ( ) ( , , )
fO A rG s v G s G s vδμ μ=                                         (8) 

2.2   Describing Function of Fuzzy Controller 

In this subsection, the fuzzy controller given in [11] is adopted here. Figure 2 shows 
the block diagram for determining the describing function of the fuzzy controller from 
experimental evaluations. The membership functions of the fuzzy controller are 
shown in Fig. 3 (a)-(c) and the rules of the fuzzy controller are listed in Table 3.  
Figure 4 shows the control surface. According to the analysis in [11], the describing 
function ( )N A  with input signal ( ( ) sinx t A tω= ) and scaling factors ( 6,pk =  

0.001dk = ) can be obtained in Fig. 5. 
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Fig. 2. Fuzzy Controller 
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Fig. 3. Fuzzy membership functions 

Table 3. Rules of the fuzzy controller 
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Fig. 4. Control Surface 
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Fig. 5. Describing function of the fuzzy controller 
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Fig. 6. Block diagram of a fuzzy vehicle lateral control system 
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2.3   Parameter Plane Method 

Figure 6 shows the overall block diagram of a fuzzy vehicle lateral control system. In 
this study, 0.1uk =  is selected. After some simple manipulations by using (5) to (8), 

the characteristic equation in Fig. 6 can be obtained as 

2 2 2 2
4 3 2 1 0

( , , )

0

f s v
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μ
μ μ μ μ= + + + +

=
,                        (9) 
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Let s jω= , (9) is divided into two stability equations with real part X  and imagi-

nary part Y  of characteristic equation, one has 
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In order to obtain the solution of μ  and v , the following equation is solved 

0

0

X

Y

=⎧
⎨ =⎩

,                                                         (11) 

when pk , dk , uk , 1N  are fixed and ω  is changed from 0 to ∞ . As the amplitude A  

is changed, the solutions of μ  and v  called limit cycle loci can be displayed in the 

parameter plane. 

3   Simulation Results 

In this work, the scaling factors of 6pk = , 0.001dk = , and 0.1uk =  in Fig. 6 are se-

lected. The membership functions and rules of fuzzy controller are the same with the 
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above section. So the describing function of the fuzzy controller shown in Fig. 5 can 
be applied to analyze the stability of the closed loop system. After doing so, the solu-
tion of (11) can be solved when A  is fixed and ω  is changed from 0  to ∞ . Figure 7 
shows the operating area of the vehicle system. Two limit cycle loci in the μ - v  pa-

rameter plane as 0.1A =  and 0.2A =  are plotted in Fig. 7, respectively. In order to 
test the predicted result in Fig. 7, eight operating points with Q1 ( 1μ = , 67v = ), 

Q2( 1μ = , 56v = ), Q3( 0.75μ = , 65.8v = ), Q4( 0.63μ = , 54.2v = ), Q5( 1μ = , 

30v = ), Q6( 0.37μ = , 30v = ), Q7( 1μ = , 5v = ), Q8( 0.1μ = , 5v = ) are chosen for  
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Fig. 7. Operating area and limit cycle loci 
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the time simulations. Figure 8 shows the time responses of the input signal ( )x t  at Q1 

to Q4. The limit cycles are existed when operating at these four points and it consists 
with the predicted results (the amplitude of limit cycles) in Fig. 7. 

On the other hands, the time responses of the input signal ( )x t  at the other four 

points are displayed in Fig. 9. No limit cycle occurs in these four cases and this result 
is also matched with Fig. 7. Finally, the unit step responses of the output signal ( )r t  

at two operating points Q1 and Q5 are given in Fig. 10. 

4   Conclusions 

Based on the approaches of describing function and parameter plane, the robust stabil-
ity of a fuzzy vehicle lateral system is considered in this paper. A systematic proce-
dure is presented to deal with this problem. Simulation results show that more  
information about the characteristic of limit cycle can be obtained by this approach. 
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