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Abstract

Parallel interference cancellation (PIC) is considered a simple yet effective multiuser detector for direct-sequence code-
division multiple-access (DS-CDMA) systems. However, its performance may deteriorate due to unreliable interference
cancellation in the early stages. Thus, a partial PIC detector, in which partial cancellation factors (PCFs) are introduced to
control the interference cancellation level, has been developed as a remedy. Recently, an interesting adaptive multistage
PIC algorithm was proposed. In this scheme, coefficients combining the channel responses and optimal PCFs are blindly
trained with the least mean square (LMS) algorithm. The algorithm is simple to implement, inherently applicable to time-
varying environments, and superior to the non-adaptive type of partial PICs. Despite its various advantages, its
performance has not been theoretically analyzed yet. The contribution of this paper is to fill the gap by analyzing an
adaptive two-stage PIC in AWGN channels. We explicitly derive the analytical results for optimal weights, weight-error
means, and weight-error variances. Based on these results, we finally derive the output bit error rate (BER) for each user.
Simulation results indicate that our analytical results highly agree with empirical ones.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

Multiuser detection (MUD) is a technique for
improving the performance of code-division multi-
ple-access (CDMA) systems. Different from the
conventional single-user approach, MUD does not
treat interference from other users as noise. The
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development of MUD algorithms can be dated back
to the seminal work of Verdu. He proposed a
multiuser receiver utilizing the maximum-likelihood
criterion [1] and showed a great performance
enhancement. However, he also showed that the
computational complexity grows exponentially with
the user number. The high computational complex-
ity adversely affects its real-world applications.
Thus, a variety of low-complexity suboptimum
receivers were then proposed [2—4].

The subtractive type interference cancellation is
known to be a simple and effective MUD algorithm.
This type of MUD involves only vector operations
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making it a good candidate for real-world imple-
mentation. For a particular desired user, the
subtractive-type canceller estimates interference
from other users, regenerates it, and cancels it from
the received signal. This canceller is usually im-
plemented with a multistage structure, and the
temporary data decision for a stage is obtained from
its previous stage. The successive interference
cancellation (SIC) cancels interference from other
users one by one [5-7], while the parallel inter-
ference cancellation (PIC) cancels it all at one
time [8-10]. To have the best performance, signal
power ranking is necessary for SIC. Stronger
signals usually have lower probability of decision
errors and cancellation of these signals give more
significant result. For these reasons, SIC has
better performance where users have unbalanced
powers. However, SIC requires additional complex-
ity for power ranking and its processing delay is
also larger. By contrast, PIC cancels the inter-
ference disregarding to the interference power
distribution and is more suitable for power-
balanced systems.

One problem associated with the PIC approach is
that interference estimates may not be reliable in
early stages. In other words, interference cancella-
tion does not necessarily reduce interference. To
alleviate this problem, partial PIC was then devel-
oped. Partial cancellation factors (PCFs) ranging
from zero to unity were introduced to control the
signal cancellation level. Optimal PCFs can be
theoretically derived with given channel and noise
statistics. One problem of the approach is that the
computational complexity will become very high in
time-varying environments. Also, when the required
statistics are not properly estimated, the perfor-
mance may be seriously affected. To remedy the
problem, an adaptive approach using the least mean
square (LMS) algorithm was then proposed for
partial PICs [11]. Due to the special architecture
proposed in [11], the adaptive algorithm does not
require any training sequence. In other words, it is
operated in a blind way. The basic idea behind the
adaptive multistage PIC is fundamentally different
from that of conventional partial PICs. The weight
vector it derives for a user corresponds to a
combination of the channel response and the PCF.
There are many advantages using the adaptive PIC
in [11]. It is simple to implement [12], and is
inherently applicable in time-varying environments.
Also, it does not have to conduct channel estima-
tion, and its performance is better than non-

adaptive PICs. Other related works can be found
in [13-16]. In [14], the adaptive multistage PIC
applied was applied to multi-rate systems. In
[15,16], adapted weights are filtered before or after
weight adaptation such that better cancellation
performance can be obtained.

Although the adaptive multistage PIC has been
studied by many researches, its performance has
not been analyzed before. The difficulty arises
from the nonlinear operation involved in the
decision process, and its interaction with the LMS
algorithm. There exist many theoretical results for
the LMS algorithm; however, most of them
consider the steady-state performance and are valid
only for the small step size scenario. This cannot be
applied in the problem considered here. This is
because in an adaptive PIC, only the data in one bit
interval are available. For better performance, a
large step size must be used. Even with the large step
size, the weights still cannot converge due to the
short training sequence. As a result, the LMS
algorithm is always in its transient state. One other
obstacle is that the input to the LMS algorithm in a
certain stage depends on the decision in the previous
stage, and this complicates the problem further-
more. In this paper, we develop a method over-
coming these problems outlined above. We
explicitly derive the analytical results for optimal
weights, weight-error means, and weight-error
variances. Based on these results, we finally derive
the output bit error rate (BER) for each user.
Simulation results indicate that our analytical
results highly agree with empirical ones. Although
the analysis provides only the system behavior of
the original structure in [11], it is straightforward to
conduct the performance analysis for the improved
structures such as [15] or [16] with the proposed
algorithm.

The remainder of the paper is organized as
follows. In Section 2, the framework of the adaptive
multistage PIC is first reviewed. In Section 3, a
complete derivation for the LMS convergence
statistics in a single-user scenario is given, which
includes optimal weights, weight-error means, and
weight-error variances. In Section 4, the results
obtained for the single-user scenario are extended to
the two-user scenario. Finally, with some approxi-
mation techniques, analytical results for a general
multiple-user scenario are derived in Section 5. The
simulation results and discussions are presented in
Section 6. Finally the conclusions are drawn in
Section 7.
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2. System model

Consider a synchronous K-user CDMA system in
the additive white Gaussian noise (AWGN) chan-
nel. Let the spreading sequence of the kth user
denoted by xi(n) with processing gain N and
amplitude +1/+/N. Then the chip-sampled received
signal in a certain bit interval can be represented as

K
rn) =Y agbpxi(n) + v(n),
k=1

n=0,...,N—1, ()

where a; and by are the channel gain and data bit of
the kth user, and v(n) is the AWGN with variance
o?. Without loss of generality, we let a; >0. We first
describe the operation of a partial PIC receiver. The
first stage operation is just the matched filtering. Let
y(’) be the ith stage output of the kth user. Then,

(1) Z xx(n)r(n)

= abi + Y abipy + Z vi(n), 2

j#k

where p;an;o Xj(n)xr(n) defined as the time-
averaged cross-correlation function between the
ith and the jth wuser and vi(n) = xp(m)v(n).
We further denote the noise term in (2) as
Vi = Zﬁ:}:_ol vi(n). It can be seen that in the received
signal of (2), in addition to noise, the MAI affects
the signal detection. Let r,’)(n) denote an inter-
ference-subtracted signal for User k in the ith stage
and i>1. Then,

R =) =Y g3 (n)

Jj#k

=rm) =Yg b~ - x(n). 3)

Jj#k
where gj(i) denotes the PCF for the jth user in the ith
stage and 5;’)(11) is the corresponding interference
estimate being equal to ajl;](-’_l)xj(n). Thus, the
output signal in Stage i is then

N-1
0 — Z fg)(n)xk(n). 4)

n=0

Finally, we can obtam the ith stage detected bit with
yg), ie., b(’) sgn[y )], in which sgn[.] denotes the
sign operatlon As we can see, the knowledge of the
channel gain is required in partial PIC. In general,

optimal PCFs are derived through minimization of
some cost functions.

The interference subtraction operation of the
adaptive multistage PIC is similar to that of the
conventional partial PIC. However, the PCF and
the channel gain are merged into a single weight. Let

wk) be the weight of the kth user at the ith stage and

wd) = [w(') w(zl), .. wg'()]

O]
opt»

. The optimal weight vec-
tor, denoted as wg ., is obtained by minimizing a

mean square error (MSE) function JY, ie.,
(@)

Won = minyn J@. The MSE is given by
O = E([r(n) = * ()T}
K o Af 2
= E{ |rm) = > wbVxi(m)| . (5)
k=1

Note that #(n) denotes the reconstructed received
signal (excluding noise). The optimum solution of
(5) can be theoretically solved. However, it will
require high computational complexity. A simple
alternative is to use the adaptive filtering approach.
The LMS algorithm is a well-known adaptive
algorithm. Let x(n) = [x1(n), x2(n), ..., xx(n)]". The
LMS update equation for the ith stage processing
(with i — 1 stages of interference cancellation) can
be expressed as

o) =[] wO (),
D) = r(n) — 1),
WO+ 1) = w0(n) + ey ), (6)

where the input signals are described as y(n) =
B Dx(n) with B? 2 diag{h\, 5, ..., 5}, After the
weights are trained for a bit interval, they are used
to cancel the interference from other users such that
the input to the kth user’ slicer in the ith stage is

#Om) = r(n) = Y w(NBTVxi(n). (7)
j#k

Then the ith stage output for the kth user can
be obtained as that in (4). The block diagrams
for the adaptive multistage partial PIC and the
LMS algorithm are shown in Figs. 1 and 2,
respectively. In this paper, we will consider an
adaptive two-stage PIC receiver. Since only the
operation in the second stage is concerned,
the superscripts for the first-stage outputs and for
the second-stage inputs are omitted for notational
simplicity. As a result, y, _yg(l), b = b(l), P(n) =

7 (n), and wy(n) = wk)(n) It can be seen from (5)
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Fig. 1. Block diagram of an adaptive multistage PIC receiver.
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Fig. 2. LMS algorithm for an adaptive multistage PIC receiver.

that in the ideal condition, i.e., 7#(n) is equal to the
noise-free received signal, the ideal convergent
weights will be

by = by,
5k¢bk-

o (®)

wi(N) = {
— A,
Thus, the convergent weights depend on whether
the bit decisions in the previous stage are correct or
erroneous. This property makes the performance
analysis difficult. The adaptive algorithm allows the
weight of each user to attain the desired value bit-
by-bit. This is the reason why the adaptive approach
performs better than non-adaptive methods.

As mentioned, the adaptation period is con-
strained in one symbol period. This is because the
optimal weight for User k may be +a; or —ay
depending on the bit decision for each symbol.
Although the LMS algorithm is simple, its conver-
gence is slow and the weight may not converge to
the desired value in such a short period. In addition,
the resultant weight heavily depends on the para-
meters used in the LMS algorithm so is the
cancellation performance. These parameters include
the step size and initial weights. In the conventional
approach, these parameters are determined heur-
istically. The weight initials are usually set as the
channel gains, i.e., wi(0) = a;. This is reasonable



Y.-T. Hsieh, W.-R. Wu | Signal Processing 88 (2008) 1413—-1427 1417

since the bit error probability is usually low, most of
the weights will start adaptation at their optimal
values; only few weights are away from their
optimal values by 2a;. A larger step size will
accelerate the convergence speed for the weights
with erroneous decision, but also inevitably intro-
duces a larger variance for all weights. There is
almost no research regarding the convergence
analysis for the adaptive multistage PIC receiver
and this is the motivation of our research. We will
start the analysis with a single-user scenario. In this
case, there is no MAI; however, the result can serve
as a basis for the analysis of the two-user and
general K-user scenarios.

3. Exact analysis for single-user scenario
3.1. Optimal weight analysis

Consider the CDMA system with only one active
user, i.e., K = 1. Since only one user is present, we
will omit the subscript k for notational simplicity.
Thus, x(n) = x1(n), a = a1,Ab =by, y=y, v(n) =
vi(n), y=1y;, and y(n) = b;x;(n). Note that by
definition, v(n) = x(n)v(n) and

N-1 N-1
y= v =) xmun). 9)
n=0 n=0

The matched filter output signal for a certain bit
signal in (2) can be rewritten as

N—1 N—1
y= Z x(n)r(n) = ab + Z v(n) = ab+7, (10)
n=0 n=0

where the PN-code multiplied noise samples
v(n),n=0,1,...,N — 1 are 1.i.d. random variables
with zero mean and variance o2 = g?/N. Note
that in the following derivation, for simplicity
we refer to the first stage decision, the first stage
correct decision, and the first stage erroneous
decision as the decision, the correct decision, and
the erroneous decision, respectively. From (10), it is
simple to see that the decision b, which equals
sgn[y], depends on the noise term y. It is simple to
derive the condition for correct or erroneous
decision. Denote the set of y for which the decision
is correct as V¢, and that for which the decision is
erroneous as V€. Then,

c A f y>—a forb=1,
VS lylb = b} = y<a for b = —1 (i

and

Ve A (1B bl — y< —a forb=1, .
=0l )= v>a for b = —1. (12)

We will first derive the optimal weight conditioned
on 7y and then take the expectation on the
conditional optimal weight to obtain the final result.
Since the input to the LMS filter depends on b, the
optimal weight will be different for » =5 and
b#b. To facilitate the derivation, we first define
some notations. Let a random variable z condi-
tioned on y be denoted as Z, i.e., Z = {z|y}. Also let
the conditional random variable with y € V¢ be
denoted as Zz°, ie., Z2°={z|y € V°}. Similarly,
2 ={zlye V®}. Also let 2§, =E,{2°, Z5,=
E, . {2°}, 25, =E/|25,}, and z§, = E,{Z5,} where
the subscript M denotes the correspondingvariable
is a mean value, E,{.} denotes the expectation
operated on v(n) and x(n), and E,{.} denotes the
expectation operated on y. Note here that, y is a
function of x(n) and v(n) [from (9)]. When y is set as
a constant, x(n) and v(n) are still random but
constrained. Let E{-} denote the expectation operated
on all random variables. Then, we have E{z°} =
EEo %)) = 25 and E(2°) = E,(E,(|2°)) = 25,.
Using the similar rule, we define the optimal weight
conditioned on y € V® as w, and that on y € V¢
as ﬂ/ﬁpl. One step further, let the optimal weight for
correct decision be wg, and that for erroneous
decision be wg,,. We then have wg, = E,{ig,} and
wop = E, {5, }. In the sequel, we only consider the
scenario of correct decision since the analysis for the
erroneous decisions is similar. The conditional
optimal weight is derived from the Wiener solution
as Wo, = Q% 'p° where Q°~= E.{7°(n)*} and
p° = E,{7°(n)i°(n)}. Note that Q° = 1/N. We then
have

WS = a+ Nbi(n). (13)

The conditional mean for 7°(n) can be obtained by
taking the conditional expectation on both sides of (9)

=

—1
P =D V() = Ni§,(n). (14)

n

Il
=3

Note that 7S, = 3¢ since ° is assumed constant in
the corresponding expectation operation. Thus, (13)
can be rewritten as

W0y = a+by°. (15)
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Assuming that b =1, we can obtain the optimal
weight for correct decision as (the result is identical
for b=-1)

Weo = E, (S} = a+ E,(i°). (16)

Note that y is a Gdussian random variable with zero
mean and variance a = No2 = ¢°. Let f(-) denote a
Gaussian probablhty densny function. Thus, the
second term in the right-hand side of (16) can be
expressed as

Jye if () dy

EM%Z/W@W%MZJQMMW'
\/C

(17)

3.2. Weight-error mean analysis

In this subsection, we will analyze the statistical
properties of the LMS adaptive algorithm used
in the two-stage PIC receiver. Define the weight
error as

E(n) = Wo(n) — wiy. (18)
Our objective is to find closed-form expressions for
the mean of €°(n). Using the notation system defined
above, we have &5,(n) = E,{€,(n)}. Decomposing
£%(n) into two parts as
() = 8(n) + 06°, (19)
W, and 0° = WS, — wS, . It
is simple to see that FE, {5 } =0. Thus, &,(n) =
E,{&,(n)}. Expanding Ec(n) by (6), (13), and (15), we
have
() = w(n) —

=Ww(n — 1) + uz(m)e(n — 1) — gy,

= (1 — p/ N —1)

+ ub(*(n — 1) = 7°/N). (20)
Iterating (20), we can obtain
&(n) = (1 — u/NY'E%(0)

—1 ~c n—1

{0 -5 04

i=0 =l

& n— i~C 7° 1
> 1<»g(1q}

i=0

where £°(n) = Ww(n) —

= "5%(0) + pb

21)

where o =1 — /N and &(0) = w°(0) — 75, Note
that w(0) is an deterministic initial value and
w°(0) = w(0). Taking expectation on both sides of

(21) with respect to v(n) and x(n), we have

&5, (n) = o"£%(0)

R n—1 i ??M 1 — o
+ ub Zoc”_ _’vM(i)—N<l_a> .

i=0

(22)
Using the result from (14), we have
(1) = a"2(0). (23)
From above, we know that &5,(n) = E,{&5,(n)}.
Thus,
&5,(n) = o"E,{E°(0)} = o"e%(0), (24

where £°(0) = w(0) — w

3.3. Weight-error power analysis

In this section, we will find closed-form expres-
sions for E{[t°n)]’}. Before proceeding further,
we define additional notations. Given a random
variable z, let 2% = E, {[2° —25,]*) and 25 =
E{[2° — 25,1*}. Thus, z$ = E,{z%}. Using the defini-

tions, we have &%.(n) = E{[°(n) — s‘ju(n)]z}. We then
have

E(E*m]} = &5.(n) + [e5, ). (25)
Also, &(n) = E, {[E%(n) — 3?”(11)]2} and &%(n) =

{&5,(n)}. From (19), (21) and (23), we have

&(n) = E, {[Z°0n) — &5, (n)]*}
= E, {[£%n) + 6° — o"e°(0)*}

«(2°(0) — £°(0)) + 0°

2
AN imtinen Do (1=
+,ub<;oc" 'y (Z)_N(l —,
n—1 )
+ ,UzEv,x{ (Z Ocnflfz‘jc(l-)
i=0
770 1 = o 2
-= . 26
V(=) @
Note that the expectation term on the second term

of the right-hand side of (26) is just &j(n). This
can be seen from (21) and (23). We now evaluate

= Ev,x
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this term

EV(n) = :quv,x

S ey (] 2

Zoz " ()_N(l—a)
2

Z (xnli{;(:(i)‘|

(50 (1=
— : 27
N2 \1-« @7)
From (27), we can see that we have to find the
autocorrelation function of ¥°(i), which is

E, {7°(i)7°(j)}. It can be shown that the function
has the same value for i#j. Let

D 1=,

. 28
Gy, 1F]. (28)

Ev,x{vc(i)‘jc(/‘)} = {

To solve this problem, we first consider a simple
two-chip case in which N = 2. Then,

7°(0) 4+ 7°(1) = 9, 29

where the unconstrained variables v°(0) and v¢(1)
are two i.i.d. random variables with zero mean
and variance o . We can evaluate the conditional
joint Gaussian probablhty function of {¥°(0), ¥°(1)}
as

FE°0),7°(1))
~C 2 ~C 2
_ 1 exp{_(v ) + @ (1))}

"~ 2n0? 20?2

_ 1 C1[%0) — 5P
=¢ 2n~a§/2exp{ 2 o2 }
= Cf (7(0)), (30)

where C is a normalization constant. From (30), we
can obtain ¥5,(0) = ¥$,(1) =1y, and 75(0) =142
Multiplying 7°(0) and taking expectation on the

both sides of (29), we can obtain

= 7V (0). (31

Substituting ¥5,(0) with y/2 into (31), we can obtain
q, as q, = y*/4 — > /(2N). Direct extension of the
above derivation to N >2 is difficult since we have
to evaluate multi-dimensional integrations. We now
use a simple method to overcome this problem.
First, we let N be even and rewrite the y-constrained

[F5(OF +55,(0) + g,

equation as

0°(0) + 0°(1 h 0°0) = ZN/Z G0,

C C — t

OF 0D =3 with 3 Gety = 580, 750).
(32)

The unconstrained variables 0°(0) and 6°(1) are i.i.d.
random variables with the same distribution. We
can then apply the result in (31) and obtain

(05,(0)) + B5,(0) + g = y05,(0), (33)
where gy = E,,{6°(0)0°(1)}. Note that 65(0)=
105,(0) with 65(0) = No2/2, and 05,(0)=y/2.
Combing with (33), we can then obtain ¢,. Note
that

N/2—-1 N— N2
=Eue{ > Z () p = (5) ¢. (34
i=0 j=N/2

Thus, from (34) we can obtain the cross-correlation
q, for N>2 as

2 2

’y o’

— - 35
hN=ETN (35)
Multiplying 7°(i) on both sides of (32) and taking
expectation, we have p, + (N — 1)g, = y*>/N where

¥$,()) = y/N for N>2 is used. Finally, we obtain
?  N-1 2

Py =t o (36)

N> N
Simulation results show that the result (derived
for an even N) is also very accurate for an odd N.
We can then have an explicit expression of the

first summation term on the right-hand side of
(27) as

n—1 ) 2
EL‘,X Z OC11—1—1‘~)C(l-)

i=0

o\ 2 _2n
=qv<11 _°;> +(pv—qv)(11_—22)- (37

Thus, combining (27), (35)—(37), we have rewrite
(26) as

. 2 1= 2n 1 = o 2
EV(”):JPVLZ{N‘TZ(l—;)_”2<1—o:x> }
(38)

where the relation 62 = ¢?/N is used. By definition
and (26), we have

&S(n) = E,{[o"(°(0) — £°(0) + 0T} + e5(n).  (39)
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Note that the result in (38) is independent of y; it is a
function of noise variance and the step size only.
Thus, &5, (n) = E,{&5(n)} = &, (n). Then the second
term in the right-hand side of (39) can be evaluated
using (38). Denote the first term in (39) as f°(n).
Then,

£5.(n) = () + £5,(n). (40)
The term B°(n) can be further evaluated as
Bo(n) = E{[o"(°(0) — £°(0) + 6T}

= (1 = VEA Y — ), (41)

where the second moment of W, is given by
E, {[wopt] } = E,{(a+7)*y € V°). Thus, we can ob-
tain the welght -error power shown in (25) using
(24), (38), (39) and (41) as E{[Z°n)]*} = «>"[c°(0)]*+
Bo(n) + &5,(n).

4. Analysis for two-user scenario

Extending the procedure developed in the pre-
vious section, we now proceed to analyze the two-
user case. Only the exact analysis for the optimal
weights and convergent weight-error means are
derived, while the closed-form expression for the
weight-error variance is difficult to obtain and
would be represented by approximate analysis. As
previous, we only present the results for correct
decision (denoted with superscript ‘c’). Derivations
for erroneous decision are similar.

4.1. Optimal weight analysis

Define the two-by-two user correlation matrix as
R and 1ts entries to be R[i,j] = E{xi[n]x;[n]} =
I/N Z 0 x,(n)x,(n) under the assumption of ergo-
dic property is assumed. We also let the time-
averaged correlation between these two users’ codes
is given by p = ZnN:_Ol x1(n)x;(n). Note that Np is an
integer. It is simple to show that

1
R= f] (42)

o

The matched filter output vector, denoted by y =

[yl,yz]T, is then
N—-1
=) X(mr(n) = RAb + Z v(n), (43)
n=0 n=0

where b:[bl,bz]T is the data bit vector, A =
diag{a,,a>} is the channel amplitude matrix, and

v(n) = [vi(n), v>(n)]" is the noise vector after code
multiplication. Let the second term in the right-
hand side of (43) be denoted as y = [y;,7,]". Then
y=Y""v(n), and y=RAb+y. As that in the
single-user case, the decision in the first stage
depends on the value of y. However, the problem
here becomes more involved since the distribution
of y depends on p also. It can be shown that the
joint probability density function for the random
vector y is Gaussian and

1 | R
——9'C , 44
S = o |C|‘/26 p{ 516 ?} (44)
where the covariance matrix is given as
o po’
C,2E(pw') = [paz 2 | (45)

Now, the number of bits for decision is two. Let k&
be 1 or 2 and j = 3 — k. Define the set for which
User k’s decision is correct as

V2 {plbe = b
V> — (ak + ajbjp) for by =1,
= (46)

| ye<ax —aibip for by = —1.
Similarly the noise subset for making erroneous
decision is represented as

Vié{yﬂbk#ék}
{yk< — (ar +a;bjp) for by =1,

(47)

Vx> ax — aibjp for by = —1.

We then extend our notations defined in the
previous section. Let a random variable z condi-
tioned on y and then on p be denoted as Z, i.c.,
Z = {zlylp}. Also let Zyy = E, {Z}, 2y = E,{Zn}, and
zm = E,{Zy}. We then have zy = E{z}. Using the
similar rule, we define the optimal weight condi-
tioned on y and then on p as W, the optimal
weight conditioned on p as Wop, and the optimal
weight as wop. We then have Wop = E {VNVOpl} and
Wopt = E,{Wopi}. Recall from (6) that y(n) = Bx(n)
(with superscript i =2 omitted) where B is a
diagonal matrix with B[, i] = b; for bit decision in
the first stage. Then the optimal weight conditioned
on y and then on p can be represented as Wop; =
Q'p where the correlation matrix of input signals is
expressed by

1
Q = E. {x(mzm") BRB (48)
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The cross-correlation vector is given by

A

. NN B -

2 Eux(2(n)i(n)} = oy (RAD +79). (49)
Thus, the conditional optimal weight vector is
Wopt = ABb + BR™'5. (50)
As we can see from (50), the optimal weights depend
on the decision patterns in B. There are four
decision patterns, i.e., {51 = b],l;2 = by}, {131 = by,
by#by}, {b1#b1,ba#by}, and (b1 #b1,by = by}.
Note that for each decision pattern, we have two
bit patterns that b, = b, and b #b,. Let UY denote

the set of y yielding the ith decision for the jth bit
pattern. For example,

U = {yly, € V§,7, € V5, by = by}, (51)
[Ulz = {?Wl € \/(1:9 '))2 € \/gsb] 7éb2} (52)
Let 7 = {z]y € U”|p}. Also let 24, = E, {27}. We

can have similar notations for optlmal weights. Let
the optimal weight conditioned on y € U” and then
on p as Wy, and Wy, = E {wopt} Then,

Wl = AB'Y + BR'E, {7}, (53)

Wopt =

where B denotes B associated with the ith decision
pattern, and b denotes the jth bit pattern.
If we further assume that b = 1, we have

"= {yIy1 € V§,72 € V5,01 = 1 = by}
={yln> — (@ +ap), > —(@2+aip)}  (54)
and
U™ = {yly, € VS, 7, € VS, by = 1#by}
= > — (@ —ap), > — (@2 —aip)}). (55)
The conditional optimal weights for B! become

Wil =a+RE "),

opt

w2 =a+ JRTE (3", (56)

opt
where a = [a;,a>]" and J2diag{l,—1}. The result
for b= —1 is identical to that in (56) since in (53)
the product in Bl or B'IR™ 1E’f{y} is independent of

the value of b;. The components in E,{y"} are given
by

Jur W () dy
Jurf @) dy
The complete set of y for all decision and bit

patterns is shown in Table 1, and the complete set of
conditional optimal weights is given in Table 2.

E,i') = (57)

Table 1
Sets of y for all decision and bit patterns

v Bt Range for 7, Range for v,

Uit 1 y1> —(ar + arp) > —(ap+ar)
U2 1 > — (a1 —arp) < —(ap—a)
U2 1 y1> — (@) + arp) < —(ar +aip)
U2 _1 91> — (ay — arp) y1> —(a1p —ay)
IR —1 1< —(ar +arp) yi< —(ar+ap)
e -1 p, < — (a1 —arp) y1> —(a1p —ay)
U r—117 P < — (a1 +arp) 7> —(ar +aip)
e 1 71 < — (a1 —arp) < —(aip—ay)
Table 2

Complete list of conditional optimal weights

Wi =a+RE ') W2 =a+JRE, (72

Wop = —a+ JRTE, (7'} Won = —a+RTE(7)
Wit = Ja— JRT'E, {7 w2 =Ja—R'E{77)
Wi = —Ja— JRTE, (71} Wil = —Ja—R7'E, ()

opt

Our objective is to determine wOpt by taking
expectation on W . As seen from Table 1, the
region of 7y, for correct decision is different from
that of v,. Thus we have to determine the
components of Wg, user-by-user. The union of
noise subsets for the first user to have correct
decision is then

C,=u"uvuluuruu?z, (58)

where U denotes the union operation. The occur-
rence probability for UY is obtained as
Pj = [, f(y)dy. Note from (44) that P; is depen-
dent upon p. The optimal weight for the first user

with a given p, denoted as Vg, , is

pt 1= Z ‘vgpl 14> (59)
Cy C,
where PCl = Pi1 + P12+ Py + Py». The optimal
weight for the second user with a given p, denoted
as W, is

opt,2>
o o] v P 60
Wopt2 = Pi Wopt, 247> ( )
Cz CZ
where C, =U"Muuuutuu® and

Pcz = Py + P+ P4y + Pgn. The optimal Weight
is obtained through averaging v“vgpl over all p values
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by
optzP PC

ZpP/’PCf '

where i = 1,2 and the distribution for the correla-
tion coefficient is given by

1 N

4.2. Weight-error mean analysis

= E,(¢ (61)

optz opt, 1} -

Define the weight error for correct decision as
&(n) = wi(n) —wg,;»i=1,2. From the optimal
weights of the two-user case, we see that g, is
derived from w”p ’s. Thus, we also consider the
conditional weight errors as &/ (n) = w/(n) — wOlm
where the conditional weights are defined as
Wwi(n) = {w(n)|y € U7|p}. As that in the single-user
case, our goal is to determine closed-form expres-
sions of E{sc(n)} being equal to E,{&, (n)}. By
definition Wy, = E y{(Wopt). We then define

l](n) = wl](n) opta

5 =Wl —wl (63)

opt opt-

We then have #/(n) = &/(n) + 8. It is obvious that

87, =10,0]". Thus we have &/ (n) =& (n). Thus
& ()= (n=E {8 (n)}. We then have
U(n) = wlj(n) opt

=W/(n—1) — W + ug’(n — )&(n — 1)
=0 - uZn—1)&m— 1)+ u¥Pin—1),
(64)
where Z(n) 2 37 (n)[7(m)]" and ¥/ (n) 2 37 (n)# (n)—

i (n)wOpt It can be easily shown by deduction that

00 = 1101 - €0 0)
m=0

n—1 n—1
+uy [T A= up¥on

m=0 I=m+1

n—1
= Wi(n, —1)&(0) + u Z Wi(n,my¥7,  (65)

m=0

where the substitution W/ (n,m)21/2, +1 — uXi(ly)
is used. It can be observed that the expectation of
WY(n) can be expressed through (48)—(50) as

‘i’zjw(n) = v x{%lj(n)?j(n) U(H)Wop[

= Eb x{xlj(n);lj(”)} - Qljwopt

i i

:
[AB'Y + B'R™'§]

B .

- RA M) —

N( b +7)
= [0, 0]". (66)

We also obtain

Wi, (n,m) = E{ [Ja- MZV(M)[%”(M)]T)}

m=0

n—1
E{ Hoa —~ ul‘sfx<m)[x<m)]Tﬁ")}

n—1

= [0 - uBRB
m=0
= (I — uB'RB'Y". (67)

We then have
&,(n) = &, (n) = (1 —ﬂﬁ"Rﬁ’) £,(0)

o _ﬁ RIPRI) 5V

- (1 =B RB) 7(0). (68)
Let &,(n) = [}y, (n).&y,(n]'. The weight-error

mean for the first user conditioned on only the
correct decision and p is represented by

Zéﬂl(may. (69)

1@1

éM, 1(n) =

Similarly the weight-error mean for the second user
is represented as

Eppn) = Z él/jw 2(")Pi/'- (70)
2 C’?

Then, the averaged weight-error mean for correct

decision can be obtain by

22 EirimPpPe,

EUE0D) = Eylify, ) = =525
p - Pt L

(71)
fori=1,2.

From the derivation presented above, it can be
noted that the exact analysis for the first-order
statistics in the two-user case is complicated. It is
simple to image that the complexity of the second-
order statistics will even more higher. In view of
this, we then provide approximate solutions to the
weight-error power behavior as discussed in the
sequel.

4.3. Weight-error power analysis

We re-show (40) here as ¢§,(n) = f°(n) + &5 (n) for
reference convenience. Assuming that the first user
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is the desired user and considering (2) for the two-
user case, we can obtain

v =a1by + axbyp + 4. (72)

From (72) with (10), we found that the desired user
output in this two-user environment has one extra
interference term which is a,b,p, compared to
that in the single-user case. Our approach is to take
the interference effect into account such that the
result derived for the single-user case in (40) can
be leveraged. There are two major terms in (40), i.c.,
¢S, (n) and °n). From (38), we first can see
that &5, (n) is a function of step size and noise
variance only. Thus, it is reasonable to treat &5,(n) as
the same as that in the single-user case. Secondly,
from (41) we find that f°(n) is directly related to
optimal weights. Since one additional variable p is
introduced, we modify (41) as f°(n) = E,{}°(n))
where

Bom A (1 = oY Ey (W0 — WEp) ) (73)

The next problem is how to obtain the conditioned
optimal weight of the desired user in the two-user
case, i.e., Wo, - As we can see, Wg | is influenced by
p and y,, as shown in (50). It should be noted,
however, that the analytical results in (50) cannot be
applied directly since (41) or (73) only involve one-
dimensional rather than two-dimensional integra-
tions. To solve the problem, we change the desired
signal in (72) from a; to a; + axb,p. In other words,
the interference is treated as a bias term with a
constant p. Referring to the single-user case in (15),
we can have the approximate solution (assuming
by =1)as

Wopi1 = @1 + axbap + 7. (74)

Note that in (74) the number of noise variables is
reduced from two into one. As we can see, the first
user decision is treated as independent of the second
user decision. This means that we ignore some
coupling relationship between two users such that
the p-related integration region partition is reduced
from two dimensions into one dimension. This can
be obtained readily by properly combining the
complementary partitions of U in Table 1. In this
case, the total number of decision patterns are
degenerated from four into two, by = b and b; #b,.
We denote these decision patterns as the fifth and
the sixth pattern. For each decision pattern, we have
two bit patterns for different optimal weights, i.e.,
by = by, and by #b,, as implied in (74). The noise
space can be partitioned into two subsets accord-

ingly. Thus, for b; = 1;1, we have two sets as (b; = 1)

by = b,
by #bs. (75)

[Usl — [Ull U [Uzl,
uJ52 — uJ]Z U [U22,

The conditional optimal weight on UY, j = 1,2 for
correct decision is obtained to be

- a+ap+7, j=1,
V= Y (76)
a—ap+7i, j=2

We first denote the noise integration region and the
corresponding occurrence probabilities for U’ and
U2 as

B= U UL
Pp = Ps; + Ps». (77)

Then we rewrite (73) as

B (n)Psi + B>2(n)Psa

B(n) = 78
F) s (78)
where the terms BS-/ (n), j = 1,2 are obtained as

BY(n) = (1 — "V E, (82 — wSp )} (79)

The expectation term in (79) is analogous to (41)
and can be derived as

~ 57 2
E?‘1 {(Wojpt,l - ngl,l) }
E, {(a1 +ap + 7y, — ngl,l)zlyl

B > — (a1 + a2p)}, j=1
) Eia = ap = w0
> — (a1 — ap)}, J=2.
(80)

Finally, f°(n), being equal to E,{f°(n)}, can be
represented as

o 2, BmP,Ps
ﬁ (n) - ZpPpPB )

where P, is defined in (62). The weight-error power
for correct decision is expressed as

E{[Em)} = E{[¥(n) — wi 1)

=[5, (W + &5.(n)

= o'[e5,, (O + B°(n) + £5,(n). (82)
where €5, ,(0) can be obtained from (71). Similarly

the weight-error power for erroneous decision can
be obtained.

(81)
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5. Approximate analysis for multiple-user scenario
5.1. Analysis of weight behavior

In prior two sections, we have derived the exact
analytical results for the optimal weight, the weight-
error mean, and the weight-error variance for the
single-user case, the optimal weights, and the
weight-error means for the two-user case. We also
provide the approximate analysis for weight-error
power of the two-user case. In this section, we will
extend the results to accommodate the general
multiple-user case. Due to the difficulty of the
problem, we will seek approximate rather exact
solutions. In most cases, we will only give the result
for correct decision (denoted with superscript ‘C’)
and omit the derivation for erroneous decision.

First note that the received despread signal of
each user composes of three parts, i.e., the desired
signal, the MAI, and noise. According to previous
analytical results, we have two alternative ap-
proaches to approximate the MAI term. The first
is to regard the MAI as noise and to apply the
single-user model. The other is to treat the MAI as
the interference produced by a virtual user, and then
to use the two-user model. To have better result, we
use the second approach. Let

Z a_/b_/ij ~ arbyp, (83)
J#k

where by € {£1} and

1/2
a; = (Zaf) . (84)

Jj#1

Here, a; represent the equivalent amplitude and p
the equivalent correlation of a virtual user. Using
this model, we can fit the second-order statistics of
MALI. Also note that b; is virtual and we do not
need its actual value in derivation. In the following
analysis, we assume that the desired user is the first
user. The matched filter output is given by

y1 = arby +arbp + 7. (85)

Thus, we can keep the computational complexity
comparable to that of the two-user case.

Using the two-user model in (85), the perfor-
mance of the adaptive two-stage PIC in the general
K-user scenario can be analyzed straightforwardly.
All we have to do is to let the amplitude of the
second user, a,, be equal to a; in (84), and apply
corresponding parameters to Table 1. Optimal

weights, weight-error means, and weight-error
powers can be readily obtained with the procedure
described in Section 4.

5.2. Output MSE and BER

Since we have derived the weight-error power for
the adapted weights corresponding to both correct
and erroneous decisions, we can then calculate the
output MSE and then BER. As mentioned in (8), if
the adapted weight of the kth user is @ for by = l;k,
or —ay for by ¢5k, its interference to other users can
be perfectly cancelled. Thus, the MSE introduced to
other users when the weight obtained from correct
decision at time # is used for cancellation is E{[W{(n)
bixi(n) — arbixi (W} = E{[#S(n) — a;J*}/N. Simi-
larly, the MSE introduced to other users due to
erroneous decision can be expressed as
E{[Wﬁ(n)—i—ak]z}/N. As a result, the overall MSE,
denoted as wy(n), introduced to other users when
the cancellation is performed is then

i) = T PEIFE0) — il
+ B0 + ), (56)

where P and P,y denote the probability of correct
and that of erroneous decision in the first stage for
the kth user, respectively. Note that these probabil-
ities can be easily obtained using the method of
Gaussian approximation. Substituting the weight-
error power in (82) into (86), we can obtain wy(n) as

1
@) = - { Pl B

+ 205, (WS — ar) + @ — WS, 1%

+ Pes{E{[EE (W} + 205, (WS + )
+a} — G} - (87)

Note here that we extend our notations defined
previously to the kth user. Assuming that the
residual error resulting from imperfect interference
cancellation is Gaussian distributed with zero mean
and variance wi(N), we can then obtain the BER
for the kth user as

25

\/‘72 + ZjK:I,/‘#kw](N)

PO =2 (88)
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6. Simulation results

In this section we report some simulation results
to evaluate the validity of our analytical results. We
utilized the random codes as the spreading codes
and the processing gain is set as N = 31. Only the
AWGN channel was used throughout the simula-
tions. For the first set of simulations, we compared
theoretical optimal weights with empirical ones for
various E;/No (No/2 = ¢). Optimal weights for
correct and erroneous decision were considered
separately. Note that the channel gain was normal-
ized to unity, i.e., a; = 1 for each k. Thus all weights
starting adaptation from w(0) = 1. Fig. 3 shows the
result using the approximated analysis and that
obtained empirically for five users. As depicted in
the figure, optimal weights for correct decision are
almost the same as channel gains, while weights for
erroneous decision are not; their actual values
depend on noise variance. The larger the E,/Nj
ratio, the closer the optimal weight to —a;. We also
give optimal weights for 15 users (with various
Ey/Ny) in Fig. 4. We can see that although the
approximation is performed based on the two-user
model, the results are very close to the true
optimums. From these figures, we can observe that
when the E,/Ny and the number of users vary,
optimal weights for correct decision keep very close
to channel gains which are unity, while those for
erroneous decision vary.

We next consider the weight convergence of the
LMS algorithm. Fig. 5 presents the analytical mean
weights along with the empirical mean weights for a

1425
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Fig. 3. Optimal weight comparison for five power-balanced

users.
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Fig. 4. Optimal weight comparison for 15 power-balanced users.
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Fig. 5. Weight mean comparison for five power-balanced users
(4p = 0.02 and E; /N,y = 6dB).

five-user scenario. The powers of these users are
equal and E,/Ny = 6dB. The normalized step size
is chosen as uy = p/N = 0.02. In the figure, we can
observe that the analytical results match with the
empirical mean weights quite well. Similar compar-
ison for 15 power-balanced users with E,/Ny =
6dB and p, = 0.02 is also shown in Fig. 6. There is
some discrepancy between analytical and empirical
results since the number of users is larger. The
weight-error power comparison for the five-
user case with E,/No = 6dB and p, = 0.02 is given
in Fig. 7. It is obvious that the analytic results
perform close to simulated results. Also note that
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Fig. 6. Weight mean comparison for 15 power-balanced users
(1o = 0.02 and E,/No = 6dB).
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Fig. 7. Weight-error power comparison for five power-balanced
users (ty = 0.02 and E,/No = 6dB).

the weight-error power incurred from correct deci-
sion is smaller than that from erroneous decision.
This is because the weights for erroneous decision
converge slower. The similar phenomenon can be
observed when the user number is larger. In Fig. §,
the weight-error power for 15 users is examined
(Ep/No = 6dB and y, = 0.02). As we can see, the
analytic results are still accurate even for the
erroneous decision of the 15-user case. We also give
the BER comparison for the second stage output
using (88) with different user numbers in Fig. 9.
From the figure, we observe that the analytical and
empirical results are quite close from low to
moderate Ej/Ng values.

3 T T T T T T
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Fig. 8. Weight-error power comparison for 15 power-balanced
users (4o = 0.02 and E;/No = 6dB).
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Fig. 9. Second-stage BER comparison for power-balanced cases
(1p =0.02).

7. Conclusions

In DS-CDMA communication systems, MAI is
considered as the main factor limiting the system
performance. Among many multiuser detection
schemes, the PIC receiver is considered as a simple
yet effective approach. It has been shown that the
performance of the PIC can be further improved if
interference is not fully cancelled, resulting in the
partial PIC approach. The performance of a partial
PIC depends heavily on the PCFs. Thus, how to
determine PCFs is of great concern. The Wiener
solution is known to be optimal. However, it
requires high computational complexity. Also, it is
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not efficient when the receiver is operated in time-
varying environments. The adaptive multistage PIC
scheme was developed to solve the problems. It is
computational complexity is low, it is inherently
applicable to time-varying environment, and its
performance is superior to that of non-adaptive
ones. However, its performance has not been
analyzed before. In this paper, we conduct perfor-
mance analysis for an adaptive two-stage PIC
receiver in the AWGN channel. We first derive
optimal weights, weight-error means, and weight-
error variances for a single-user scenario. Using the
similar idea, we extend the results to the two-user
scenario. Finally, with some approximations, we
further extend the results for the two-user scenario
to a general multiple-user scenario. Based on the
results obtained, we then derive the output MSE
and the BER. Simulation results show that the
derived analytic results are accurate even when the
number of users is large.
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