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a b s t r a c t

Accurate first-of-its-kind solutions of the free vibration characteristics of side-cracked rectangular func-
tionally graded material (FGM) thick plates are reported. From a brief review summary of available shear
deformable plate theories, the well-established Reddy third-order plate theory apropos to cracked FGM
thick plates is utilized. A novel Ritz procedure is developed incorporating special admissible functions –
appropriately named in this study as crack functions – that properly account for the stress singularity
behaviors in the neighborhood of a crack tip, and that properly account for the discontinuities of displace-
ments and slops across a crack. Material properties of the FGM plates are assumed to vary continuously in
the thickness direction according to the Mori–Tanaka scheme or a simple power law. The proposed spe-
cial admissible functions accelerate the convergence of the extensive non-dimensional frequency solu-
tions summarized. The first known non-dimensional frequencies of simply-supported and cantilevered
cracked aluminum (Al) and ceramic (zirconia (ZrO2)) or alumina (Al2O3) FGM thick plates of moderate
thickness ratio (side-length to plate thickness, b/h = 10) are accurately determined. The effects of the vol-
ume fraction in the modeling of material distribution in the thickness direction and of cracks with differ-
ent lengths, locations and orientations on the non-dimensional frequencies are investigated.

� 2011 Elsevier Ltd All rights reserved.
1. Introduction

Materials with microstructures that vary over a macroscopic
length scale are defined as functionally graded materials (FGMs)
[1]. They are found in biological systems such as human and ani-
mal bones [2]. Man-made FGMs were first developed in the mid-
1980s [3]. Continuously changing microstructures of FGMs make
their mechanical properties better than those of traditional lami-
nated composite materials, which are prone to debonding along
the layer interfaces, caused by abrupt changes in the material
properties. To satisfy the requirements of various applications
and work environments, gradual changes of the material proper-
ties in FGMs are designed by controlling the volume fractions of
two or more materials in manufacture. In the most recent two
decades, FGMs have been extensively explored in a variety of
fields, including electronics, chemistry, optics, biomedicine,
aeronautical and mechanical engineering.

Plates are employed in a wide range of mechanical and struc-
tural system components in civil, mechanical and aeronautical
engineering. Much of the published research reviewed on FGM
plates [4,5] is devoted to addressing thermal problems with a num-
ll rights reserved.
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ber of efforts devoted to the vibrations of FGM plates contrasting
the extensive amount of work devoted to free vibration studies
of isotropic and homogenous plates or laminated composite plates.
Based on classical Kirchhoff thin plate theory, Yang and Shen [6]
studied the vibrations of fully clamped FGM square plates with ini-
tial in-plane stresses, and He et al. [7] examined the vibrations of
FGM square plates with integrated piezoelectric sensors and actu-
ators. Zhao et al. [8] adopted a first-order shear deformable plate
theory to analyze the vibrations of FGM square plates under vari-
ous boundary conditions. Developing a third-order shear deform-
able theory, Reddy [9] presented a finite element solution for the
dynamic analysis of a FGM plate, and Ferreira et al. [10] employed
an emerging meshless local Petrov–Galerkin formulation to solve
the governing FGM plate equations of motion. Using two-dimen-
sional higher-order plate theory, Matsunaga [11] developed a set
of fundamental dynamic equations and presented analytical solu-
tions for simply-supported rectangular plates, while Qian et al.
[12] utilized a meshless local Petrov–Galerkin method to solve
the governing equations of higher-order shear and normal
deformable plate theory and to elucidate the static deformation
and vibration behaviors of square plates. Vel and Batra [13]
proposed three-dimensional solutions for vibrations of simply-
supported rectangular plates.

Side-cracked FGM plates have not been previously investigated
in the published literature even though such plates may have
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cracks after they are subjected to large cyclic loading leading to fa-
tigue and material flaws, including the initiation and growth of in-
ter-laminar cracks in FGM plates (which are not a considered focus
of this analysis albeit important one nonetheless). The main pur-
pose of this work is to propose accurate first-of-its-kind solutions
for the vibrations of side-cracked FGM thick plates, modeled using
the well-known Reddy third-order shear deformable plate theory
[14], and to elucidate the effects of material properties and side
cracks on the vibration behaviors of such plates.

An interesting question has been now resolved as to whether
stresses in the vicinity of a reentrant corner vertex or crack tip
or discontinuous interface of two materials actually tends to infin-
ity or whether this is a result of any inadequacies of classical
Kirchhoff thin plate, first-order shear deformable plate, higher-
order shear deformable plate, or three-dimensional elasticity-
based theories. One might suppose that the stress singularities
in the various problems examined in this body of work are just
a mathematical nuance that might disappear physically, if rather
closer considerations were given to the associated boundary
conditions or the governing differential equations of motion.
Max Williams in his classical 1951 work examined Reissner’s
shear deformable complementary energy-based theory to define
the nature of the stress singularity at a crack tip, showing such
stress singularities to be unaltered, when in addition to zero
displacement and normal moment, there is zero rotation at a
simply-supported edge of thin or even moderately thick plates.

Of particular interest to civil, mechanical, and aeronautical
engineers nowadays is the more specific nature of stress singular-
ities which indeed occur in cracked thick plates. Like in homoge-
nous and isotropic thin and thick plates having a side crack, FGM
cracked thick plates similarly have stress singularities at the crack
tip [15]. The behaviors of stress singularities in the neighborhood
of the crack tip should be taken into account in an accurate analy-
sis. This work employed an analogous methodology used by Huang
and Leissa [16] for studying the vibrations of a homogenous and
isotropic plate with a side crack based on the classical plate theory.
The present work utilizes third-order shear deformable plate the-
ory in a novel Ritz procedure incorporating admissible functions
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Fig. 1. A functionally graded mat
that explicitly account for bending moment and shear stress singu-
larities at the crack tip and for the continuity of bending displace-
ments and rotations across a side crack in a rectangular FGM thick
plate. The robustness of the proposed Ritz procedure in providing
accurate numerical solutions depends strongly on the use of the
constructed hybrid series of admissible functions used. Essentially,
the admissible functions for each in-plane and out-of-plane dis-
placement components consist of two sets of trial functions. It
was shown by Ritz in his original memoir [17] that it is advanta-
geous if a possible set of trial functions are chosen so that they
form an orthogonal set. Accordingly, the first set used in the pres-
ent analysis is a mathematically complete set of orthogonal poly-
nomials. It was also shown by Ritz in his 1908 original work that
sometimes the functions occurring in the exact solution of one
problem may be used in the approximate solution of another. Con-
sequently, the other is a set of functions to approximate the solu-
tion of the titled problem are derived from an exact solution to the
singular behaviors of stresses at the tip of a crack, including the
discontinuities of the displacements and their derivatives across
the crack. The effects of the proposed hybrid series in determining
the natural frequencies of side-cracked FGM plates are demon-
strated through comprehensive convergence studies. New and
accurate vibration data of simply-supported and cantilevered mod-
erately thick plates with side cracks having various locations (cx or
cy), lengths (d) and orientations (a) (Fig. 1) are reported. Notably,
when a crack closes and may causes two sides of the crack to col-
lide with each other during vibration, it is a complicate nonlinear
phenomenon, and not considered in the present study.

2. Method of analysis

2.1. Ritz procedure for cracked FGM thick plate vibrations

Thick FGM plates are ones with a thickness larger by approxi-
mately one order of magnitude when compared with the charac-
teristic length or the plate’s vibration mode shape wavelength
(thickness is larger than a tenth of the smallest wavelengths). Thick
plate theories incorporate shear deformation and rotary inertia in
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the assumed displacement approximations, creating consistent
equations applicable to development of a Ritz procedure for
cracked FGM thick plate vibrations. Widely documented in the lit-
erature are numerous displacement-based shear deformable plate
theories applicable to cracked FGM thick plate vibrations [18–45],
which are briefly summarized in Appendix I. The various theories
chronicled in the previous scholarship [46,47] largely spans across
Mindlin, Reissner, and Ambartsumyan approaches, which are typ-
ically adequate for flexural bending and vibration frequency solu-
tions for FGM thick plates. The summaries of these various
theories given in Tables A.I.1–A.I.3 provide a brief review of the
associated literature and some justification and relative perspec-
tive as to the choice of higher-order shear deformable assumed dis-
placement approximation adopted in the present study. The
present Reddy HOSDPT approach adopted in this study is a Hen-
chy–Mindlin-based approach, which corrects upon a similar Hen-
chy–Mindlin approach of Kant [34] by subtracting cubic-order
terms through the FGM plate thickness proportional to sums of
first-order bending rotations and transverse normal strains. Such
a HOSDPT displacement field approximation was adopted to suffi-
ciently account for transverse shear flexibilities adequately, while
augmenting the approximation to address transverse shear and
normal stress singularities at a side crack in the upper bound Ritz
frequency calculations. This third-order shear deformable plate
theory originally proposed by Reddy [14,32,33] is adopted to ana-
lyze the vibrations of FGM plates with side cracks. The displace-
ment components (u, v and w) in the x, y and z directions,
respectively, are assumed as

uðx; y; z; tÞ ¼ u0ðx; y; tÞ þ z/xðx; y; tÞ �
4z3

3h2 /xðx; y; tÞ þ
@w0ðx; y; tÞ

@x

� �
;

vðx; y; z; tÞ ¼ v0ðx; y; tÞ þ z/yðx; y; tÞ �
4z3

3h2 /yðx; y; tÞ þ
@w0ðx; y; tÞ

@y

� �
;

wðx; y; z; tÞ ¼ w0ðx; y; tÞ;
ð1Þ

where u0, v0 and w0 denote the components of displacement of a
point on the plane z = 0; /x and /y are the angles of rotation of
the transverse normal about the y and x axes, respectively; h is
the plate thickness, and t is time.

Assuming the temporal motion is simple harmonic,

u0ðx; y; tÞ ¼ Uðx; yÞeixt; v0ðx; y; tÞ ¼ Vðx; yÞeixt ;

w0ðx; y; tÞ ¼Wðx; yÞeixt ; /xðx; y; tÞ ¼ Uxðx; yÞeixt;

/yðx; y; tÞ ¼ Uyðx; yÞeixt ; ð2Þ

one defines x as the plate’s vibratory circular frequency. Substitut-
ing Eqs. (1) and (2) into the equations for strain energy and kinetic
energy in Reddy’s plate theory, one obtains the maximum strain
energy (Vmax) and the maximum kinetic energy (Tmax) required in
the energy functional statement minimized in the Ritz method,

Umax ¼
1
2

Z Z
A

A11U;x þ 2K11Ux;x � 2C1E11W ;xx þ 2A12V ;y þ 2K12Wy;y

hn

� 2C1E12W ;yy
�
U;x þ ½A44ðU;y þ 2V ;xÞ þ 2K44ðUx;y þUy;xÞ

� 4C1E44W ;xy�U;y þ ½A44V ;x þ 2K44ðUx;y þUy;xÞ
� 4C1E44W ;xy�V ;x þ ½2K12Ux;x � 2C1E12W ;xx þ A11V ;y

þ 2K11Uy;y � 2C1E11W ;yy�V ;y þ ðM0 � C2M2Þ½Ux þ 2W ;x�Ux

þ ½ðJ11 � C1L11ÞUx;x � 2C1L11W ;xx þ 2ðJ12 � C1L12ÞUy;y

� 2C1L12W ;yy�Ux;x þ ½ðJ44 � C1L44ÞðUx;y þ 2Uy;xÞ � 4C1L44W ;xy�Ux;y

þ ðM0 � C2M2Þ½Uy þ 2W ;y�Uy þ ½ðJ44 � C1L44ÞUy;x � 4C1L44W ;xy�Uy;x

þ ½�2C1L12W ;xx þ ðJ11 � C1L11ÞUy;y � 2C1L11W ;yy�Uy;y

þ ðM0 � C2M2Þ½W2
;x þW2

;y� þ ½C
2
1ðH11W ;xx þ H12W ;yyÞ�W ;xx

þ ½C2
1ðH12W ;xx þ H11W ;yyÞ�W ;yy þ 4C1H44½W ;xy�2

o
dA ð3aÞ
Tmax ¼
x2

2

Z Z Z
q U þ zUx � C1z3ðUx þW ;xÞ
� �2
n

þ V þ zUy � C1z3ðUy þW ;yÞ
� �2 þW2

o
dzdA ð3bÞ

where ðAij;Bij;Dij; Eij; Fij;HijÞ ¼
R h=2
�h=2 Qijð1; z; z2; z3; z4; z6Þdz ,

Kij ¼ Bij � C1Eij; Jij ¼ Dij � C1Fij; Lij ¼ Fij � C1Hij;

Ij ¼
Z h=2

�h=2
Q44zjdz; Mj ¼ Ij � C2Ijþ2 ðij ¼ 11; 12; or 44; and k ¼ 0 or 2Þ

C1 ¼
4

3h2 ; C2 ¼ 3C1; Q11 ¼
E

1� t2 ; Q12 ¼ tQ11; Q44 ¼
E

2ð1þ tÞ ;
E, t and q are the Young’s modulus, Poisson’s ratio, and mass per
unit volume of the plate, respectively. (In the above the subscripted
comma indicates partial differentiation with respect to the coordi-
nate indicated by the variable following the comma.)

The vibration frequencies of the plate are obtained by minimiz-
ing the energy functional

P ¼ Vmax � Tmax: ð4Þ

Let the spatial in-plane and transverse displacements and trans-
verse bending rotations in Eq. (2) be approximated as a hybrid ser-
ies of admissible functions, satisfying the geometric boundary
conditions on the displacements and rotations of the shear deform-
able thick plate, as follows:

Uðx; yÞ ¼
X1
i¼1

ainiðx; yÞ; Vðx; yÞ ¼
X1
i¼1

bifiðx; yÞ;

Wðx; yÞ ¼
X1
i¼1

eiuiðx; yÞ; Uyðx; yÞ ¼
X1
i¼1

diviðx; yÞ;

Uxðx; yÞ ¼
X1
i¼1

cigiðx; yÞ ð5Þ

where ai, bi, ci, di, and ei are undetermined generalized coefficients.
For a rectangular thick plate with a side crack (see Fig. 1), each of
the displacement and rotation functions U, V, W, Ux and Uy is as-
sumed as a hybrid series comprised of two sets of functions:

U ¼ W1p þW1c; V ¼ W2p þW2c; W ¼ W3p þW3c;

Ux ¼ W4p þW4c; Uy ¼ W5p þW5c; ð6Þ

where the sets of functions indicated by the subscript ‘‘p’’ consist of
orthogonal polynomials, which form a mathematically complete
set, if an infinite number of terms are used, and the sets of functions
indicated by the subscript ‘‘c’’ are to supplement the polynomials by
characterizing the important features of the exact solutions along
the crack.

The set of orthogonal polynomials used in Eq. (6) are written as
follows:

Wkpðx; yÞ ¼
XIj

i¼1;2

XJj

j¼1;2

aðkÞij PkiðxÞQkjðyÞ; ðk ¼ 1;2; . . . ;5Þ; ð7Þ

where Pki(x) and Qkj(y) are sets of orthogonal polynomials in the x
and y directions of the rectangular plate under consideration
(Fig. 1). These orthogonal polynomials are generated by using a
Gram–Schmidt process [44] and satisfy the geometric boundary
conditions of the rectangular FGM thick plate under consideration.

Clearly, the polynomials in Eq. (7) do not reveal the presence of
a side crack. To enhance the effectiveness of the proposed Ritz pro-
cedure in identifying a side crack, sets of functions that describe
the important features of such a crack have been developed. They
are



Table 1
Material properties of the FGM components.

Material Properties

E (GPa) Poisson’s ratio q (kg/m3)

Aluminum (Al) 70.0 0.3 2702.
Alumina (Al2O3) 380. 0.3 3800.
Zirconia (ZrO2) 200. 0.3 5700.
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Wkcðr; hÞ ¼ gkðx; yÞ
XN1k

n¼1

Xn

l¼0

bðkÞnl rð2n�1Þ=2 cos
2lþ 1

2
h

0
@

þ
XN2k

n¼1

Xn

l¼0

cðkÞnl rð2n�1Þ=2 sin
2lþ 1

2
h

1
A ðfor k ¼ 1;2;4; and 5Þ;ð8aÞ

W3cðr; hÞ ¼ g3ðx; yÞ
XN13

n¼1

Xn

l¼0

bð3Þnl rð2nþ1Þ=2 cos
2lþ 1

2
h

0
@

þ
XN23

n¼1

Xn

l¼0

cðkÞnl rð2nþ1Þ=2 sin
2lþ 1

2
h

1
A; ð8bÞ

where functions gi(x,y) are introduced to satisfy the geometric
boundary conditions along x = 0, x = a, y = 0, and y = b, and the origin
of the (r,h) coordinate system is at the crack tip (Fig. 1). The pro-
posed functions in Eqs. (8) are developed from the asymptotic solu-
tions presented by Huang and Chang [15]. The asymptotic solutions
in the neighborhood of a crack tip depend linearly on the functions
in Eqs. (8), if gi(x,y) are set equal to unity. Notably, Eqs. (8) with
n = 1 yields the exact singularity orders of stress resultants at the
crack tip [15]. The sine and cosine functions result in discontinuities
of functions in both the functions themselves and their gradients
across the crack. The functions in Eqs. (8) are appropriately named
in this study as crack functions.

Substituting Eq. (5) into Eqs. (3) and (4) and minimizing the en-
ergy functional (Eq. (4)) with respect to the generalized coefficients
of Eq. (5) leads to the following matrix set of linear homogeneous
algebraic equations,

K11 K12 K13 K14 K15

K22 K23 K24 K25

K33 K34 K35

sym: K44 K45

K55

2
66664

3
77775

ai

bi

ci

di

ei

8>>>><
>>>>:

9>>>>=
>>>>;

¼ x2

M11 M12 M13 M14 M15

M22 M23 M24 M25

M33 M34 M35

sym: M44 M45

M55

2
66664

3
77775

ai

bi

ci

di

ei

8>>>><
>>>>:

9>>>>=
>>>>;
; ð9Þ

which is expressed in the form of a standard eigenvalue problem –
the eigenvalues being the circular frequencies of vibration of the
plate. Explicit expressions of the matrix coefficients, Kij and Mij

are given in Appendix II. The associated eigenvectors {ai,bi,ci,di,ei}T

may be substituted back into Eqs. (5) in order to obtain the plate
vibration mode shapes corresponding to the circular frequencies
of vibration. In the numerical studies of this analysis, N1k and N2k

in Eqs. (8) are set equal to a common value, N, and Ik and Jk in Eq.
(7) are set to corresponding common values, I and J, respectively,
for k = 1,2, . . . ,5. Consequently, the use of the admissible functions
given by Eqs. (7) and (8) yields a total number of
5� ½ðI � JÞ þ N � ðN þ 3Þ� equations characterizing the algebraic
solution Eqs. (9).

2.2. Functionally graded material (FGM) properties

Based on the assumption that an FGM plate comprises two ran-
domly distributed isotropic constituents, the macroscopic response
of the plate is isotropic, and the material properties of the plate
vary only in the thickness direction. Two models have been com-
monly adopted in describing the variation of material properties
along the thickness of the plate in literature on the vibrations of
FGM plates. The effective material properties, generically repre-
sented as P(z), representing the FGM thick plate elastic modulus,
E, or Poisson’s ratio, t, or mass density, q, are assumed to be ex-
pressed as
PðzÞ ¼ Pb þ VðzÞDP ð10Þ

where VðzÞ ¼ ðz=hþ 1=2Þn̂; Pb denotes the properties at the bottom
plate face (z = �h/2); DP is the difference between Pb and the corre-
sponding property at the top plate face (z = h/2); h is plate thick-
ness, and n̂ is the parameter that governs the material variation
profile in the thickness direction.

The other model is based on the Mori–Tanaka scheme [45,46].
The effective mass density at a point in the plate is given by

qðzÞ ¼ q1V1ðzÞ þ q2V2ðzÞ; ð11aÞ
V1ðzÞ þ V2ðzÞ ¼ 1; ð11bÞ

V1ðzÞ ¼ V�1 þ ðV
þ
1 � V�1 Þ

z
h
þ 1

2

� �n̂

; ð11cÞ

where subscripts 1 and 2 indicate materials 1 and 2, respectively,
and Vþ1 and V�1 are the volume fraction of material 1 on the top
and the bottom surfaces of the plate, respectively. The effective lo-
cal bulk modulus K and the shear modulus G are given by

KðzÞ � K1

K2 � K1
¼ V2ðzÞ

1þ ðK2�K1ÞV1ðzÞ
K1þð4=3ÞG1

;
GðzÞ � G1

G2 � G1
¼ V2ðzÞ

1þ ðG2�G1ÞV1ðzÞ
G1þf1

ð12Þ

where f1 ¼ G1ð9K1þ8G1Þ
6ðK1þ2G1Þ

. After the effective moduli K and G are

estimated, the effective Young’s modulus and Poisson’s ratio are
obtained using

EðzÞ ¼ 9KðzÞGðzÞ
3KðzÞ þ GðzÞ and tðzÞ ¼ 3KðzÞ � 2GðzÞ

2ð3KðzÞ þ GðzÞÞ : ð13Þ

In the following, the FGM plates under consideration are made
of aluminum (Al) and ceramic (zirconia (ZrO2)) or alumina (Al2O3),
whose material properties are given in Table 1. The top of the plate
(z = h/2) is further assumed to be pure ceramic, and the bottom of
the plate (z = �h/2) is pure aluminum. Consequently, Eq. (11c) is
simplified to,

V1ðzÞ ¼
z
h
þ 1

2

� �n̂

: ð14Þ

Note that the Poisson’s ratios of the material given in Table 1 are the
same. In invoking Eq. (10), Poisson’s ratio t(z) along the thickness is
assumed constant, whereas t(z) is not constant, when invoking the
Mori–Tanaka scheme in the present Ritz procedure.

3. Convergence studies

The present Ritz procedure guarantees upper-bound approxi-
mate solutions on the exact vibration frequencies of rectangular
shear deformable FGM thick plates. These upper-bound solutions
in the limit converge to the exact solution, as the number of appro-
priate admissible functions increases sufficiently. Convergence
studies of simply-supported rectangular plates with or without
side cracks (Fig. 1) were conducted herein to verify the accuracy
of the solutions and demonstrate the effects of the crack functions
on the solutions. The geometric boundary conditions for a simply-
supported rectangular shear deformable FGM plate are



Table 2
Convergence of xh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qm=Em

p
for a simply supported square Al/ZrO2 FGM plate having h/a = 0.05 and n̂ ¼ 1.

Mode No. Orthogonal polynomial solution size (I � J) Ferreira et al. +[10] Reddy [9]

5 � 5 7 � 7 9 � 9 10 � 10 11 � 11

1 0.01548 0.01548 0.01548 0.01548 0.01548 (0.0148) 0.01548
[0.0147]

2 0.03832 0.03821 0.03821 0.03821 0.03821 (0.0381) 0.03821
[0.0375]

3 0.03832 0.03821 0.03821 0.03821 0.03821 (0.0382) 0.03821
[0.0375]

4 0.06055 0.06040 0.06040 0.06040 0.06040 (0.0594) 0.06040
[0.0592]

5 0.1007 0.07586 0.07493 0.07491 0.07491 (0.0754) 0.07491
[0.0749]

+[ ] meshless local Petrov–Galerkin solutions using 11 � 11 uniformly-spaced collocation points, cf. Ferreira et al. [10].
+( ) meshless local Petrov–Galerkin solutions using 9 � 9 uniformly-space collocation points, cf. Ferreira et al. [10].

Table 3
Convergence of frequency parameters xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for a simply-supported homogeneous rectangular thin plate with a horizontal side crack (a/

b = 2.0, h/b = 0.01, cy/b = 0.5, d/a = 0.5, a = 0�).

Mode No. Crack functions
N (Eqs. (8))

Orthogonal polynomial solution size (I � J) Stahl and Keer+ [47]
Huang and Leissa+ [16]

4 � 4 5 � 5 6 � 6 7 � 7 8 � 8 9 � 9

1(S) 0 3.733 3.733 3.732 3.732 3.732 3.732 [3.05]
4 3.062 3.052 3. 051 3.050 3.050 3.049 (3.053)
5 3.056 3.050 3.050 3.049 3.049 3.049
6 3.053 3.050 3.049 3.049 3.048 3.048
7 3.051 3.049 3.049 3.048 3.048 3.047

2(S) 0 6.503 5.980 5.979 5.971 5.971 5.971 [5.507]
4 5.542 5.509 5.506 5.504 5.504 5.504 (5.506)
5 5.533 5.506 5.504 5.503 5.503 5.503
6 5.527 5.505 5.503 5.503 5.503 5.503
7 5.525 5.504 5.503 5.503 5.503 5.503

3(A) 0 12.42 12.42 9.794 9.794 9.702 9.702 [5.570]
4 5.594 5.579 5.569 5.566 5.564 5.564 (5.570)
5 5.574 5.565 5.562 5.562 5.560 5.560
6 5.565 5.563 5.561 5.560 5.559 5.559
7 5.562 5.561 5.560 5.559 5.558 5.557

4(S) 0 15.80 12.73 12.73 12.68 12.68 12.68 [9.336]
4 10.00 9.391 9.369 9.347 9.338 9.336 (9.336)
5 9.759 9.345 9.341 9.333 9.331 9.330
6 9.686 9.338 9.334 9.331 9.330 9.330
7 9.653 9.336 9.332 9.330 9.330 9.329

5(A) 0 18.03 14.97 14.97 14.92 14.92 14.92 [12.76]
4 13.08 12.95 12.91 12.85 12.83 12.83 (12.78)
5 12.82 12.79 12.78 12.77 12.77 12.77
6 12.77 12.76 12.76 12.76 12.76 12.76
7 12.76 12.76 12.76 12.76 12.76 12.76

+[ ] results cf. Stahl and Keer [47]; +( ) results cf. Huang and Leissa [16].
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u0ðx;0; tÞ ¼ 0; /xðx;0; tÞ ¼ 0; u0ðx; b; tÞ ¼ 0; /xðx; b; tÞ ¼ 0;
v0ð0; y; tÞ ¼ 0; /yð0;y; tÞ ¼ 0; v0ða; y; tÞ ¼ 0; /yða; y; tÞ ¼ 0;

w0ðx;0; tÞ ¼ 0; w0ðx; b; tÞ ¼ 0; w0ð0; y; tÞ ¼ 0; w0ða; y; tÞ ¼ 0:

ð15Þ

Accordingly, the following boundary function, gi(x,y) (i = 1,2, . . . ,5),
are used in constructing the admissibility of the assumed displace-
ment fields (Eqs. (8)) satisfying the geometric boundary conditions:

g1ðx; yÞ ¼ g4ðx; yÞ ¼ yðb� yÞ; g2ðx; yÞ ¼ g5ðx; yÞ ¼ xða� xÞ; and
g3ðx; yÞ ¼ xyða� xÞðb� yÞ:

ð16Þ
3.1. Intact square FGM plate

Table 2 summarizes the convergence studies of the first five
non-dimensional frequencies for an intact square Al/ZrO2 FGM
plate with h/a = 0.05 and n̂ ¼ 1. The Mori–Tanaka scheme was
adopted to determine the effective material properties. The admis-
sible functions in Eqs. (8) were not required, because the problem
under consideration involves no crack. The non-dimensional fre-
quency parameter, xh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qm=Em

p
, in which subscript ‘‘m’’ refers to

‘‘metal’’ (Al), is employed for comparing with previous results in
the published literature. Table 2 also compares the results of Ferre-
ira et al. [10], who applied the meshless local Petrov–Galerkin for-
mulation to solve the governing equations incorporating the
present Reddy third-order shear deformable plate theory. The
Ferreira et al. [10] meshless local Petrov–Galerkin solutions in
parentheses were obtained using 9 � 9 uniformly-spaced colloca-
tion points, while those in brackets were obtained using 11 � 11
uniformly-spaced collocation points. The results of Reddy [9] were
recomputed using his analytical solutions but with the simple
modification of considering coupling between in-plane displace-
ment components (u0 and v0) and rotation components (/x and
/y) in the mass matrix.



Table 4
Convergence of frequency parameters xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for a simply-supported Al/

Al2O3 FGM square thick plate with a side crack (h/b = 0.1, cy/b = 0.5, d/a = 0.5, a = 0�,
n̂ ¼ 1Þ.

Mode
No.

Crack
functions N
(Eqs. (8))

Orthogonal polynomial solution size (I � J)

5 � 5 7 � 7 9 � 9 10 � 10 11 � 11 12 � 12

1(S) 0 4.420 4.419 4.419 4.419 4.419 4.419
5 4.124 4.124 4.122 4.122 4.122 4.122
7 4.123 4.122 4.122 4.122 4.122 4.122
9 4.122 4.122 4.122 4.122 4.122 4.122
10 4.122 4.122 4.122 4.122 4.122 4.122
11 4.122 4.122 4.122 4.122 4.122 4.122
12 4.122 4.122 4.122 4.122 4.122 4.122

2(A) 0 10.62 10.59 10.59 10.59 10.59 10.59
5 8.944 8.913 8.905 8.903 8.902 8.901
7 8.908 8.884 8.874 8.872 8.871 8.870
9 8.887 8.873 8.862 8.859 8.857 8.857
10 8.880 8.868 8.859 8.856 8.854 8.853
11 8.875 8.864 8.857 8.854 8.852 8.851
12 8.871 8.861 8.855 8.853 8.851 8.850

3(S) 0 10.62 10.59 10.59 10.59 10.59 10.59
5 10.25 10.25 10.25 10.25 10.25 10.25
7 10.25 10.25 10.25 10.25 10.25 10.25
9 10.25 10.25 10.25 10.25 10.25 10.25
10 10.25 10.25 10.25 10.25 10.25 10.25
11 10.25 10.25 10.25 10.25 10.25 10.25
12 10.25 10.25 10.25 10.25 10.25 10.25

4(A) 0 16.20 16.20 16.20 16.20 16.20 16.20
5 13.33 13.33 13.32 13.32 13.32 13.32
7 13.32 13.32 13.32 13.32 13.32 13.32
9 13.32 13.32 13.32 13.31 13.31 13.31
10 13.32 13.32 13.31 13.31 13.31 13.31
11 13.32 13.32 13.31 13.31 13.31 13.31
12 13.32 13.31 13.31 13.31 13.31 13.31

5(A) 0 16.20 16.20 16.20 16.20 16.20 16.20
5 13.50 13.50 13.50 13.50 13.50 13.50
7 13.50 13.50 13.50 13.50 13.50 13.50
9 13.50 13.50 13.50 13.49 13.49 13.49
10 13.50 13.50 13.49 13.49 13.49 13.49
11 13.50 13.50 13.49 13.49 13.49 13.49
12 13.50 13.49 13.49 13.49 13.49 13.49

Table 5
Convergence of frequency parameters xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for a simply-supported Al/

Al2O3 FGM square thick plate with a side crack (h/b = 0.1, cy/b = 0.5, d/a = 0.9, a = 0�,
n̂ ¼ 1).

Mode
No.

Crack
functions N
(Eqs. (8))

Orthogonal polynomial solution size (I � J)

5 � 5 7 � 7 9 � 9 10 � 10 11 � 11 12 � 12

1(S) 0 4.420 4.419 4.419 4.419 4.419 4.419
5 3.594 3.592 3.591 3.591 3.591 3.591
7 3.592 3.591 3.590 3.590 3.590 3.590
9 3.591 3.590 3.590 3.590 3.590 3.590
10 3.591 3.590 3.590 3.590 3.590 3.590
11 3.591 3.590 3.590 3.590 3.590 3.590
12 3.591 3.590 3.590 3.590 3.590 3.590

2(A) 0 10.62 10.59 10.59 10.59 10.59 10.59
5 4.593 4.555 4.549 4.547 4.547 4.546
7 4.534 4.517 4.503 4.502 4.501 4.501
9 4.506 4.497 4.488 4.483 4.482 4.481
10 4.497 4.490 4.483 4.479 4.477 4.475
11 4.490 4.484 4.479 4.476 4.474 4.472
12 4.486 4.480 4.476 4.473 4.472 4.470

3(S) 0 10.62 10.59 10.59 10.59 10.59 10.59
5 10.03 10.01 10.01 10.01 10.01 10.01
7 10.01 10.01 10.00 10.00 10.00 10.00
9 10.01 10.00 10.00 10.00 10.00 10.00
10 10.01 10.00 10.00 10.00 10.00 10.00
11 10.01 10.00 10.00 10.00 10.00 10.00
12 10.01 10.00 10.00 10.00 10.00 10.00

4(A) 0 16.20 16.20 16.20 16.20 16.20 16.20
5 11.78 11.67 11.65 11.64 11.64 11.64
7 11.60 11.56 11.54 11.53 11.53 11.53
9 11.54 11.52 11.50 11.49 11.49 11.49
10 11.52 11.51 11.49 11.49 11.48 11.48
11 11.51 11.50 11.49 11.48 11.48 11.47
12 11.50 11.49 11.48 11.47 11.47 11.47

5(S) 0 16.20 16.20 16.20 16.20 16.20 16.20
5 12.62 12.61 12.61 12.61 12.61 12.61
7 12.61 12.61 12.61 12.61 12.61 12.61
9 12.61 12.61 12.61 12.61 12.61 12.61
10 12.61 12.61 12.61 12.61 12.61 12.61
11 12.61 12.61 12.61 12.61 12.61 12.61
12 12.61 12.61 12.61 12.61 12.61 12.61
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It can be seen in Table 2 that increasing the number of orthog-
onal polynomial admissible functions (I � J) from 5 � 5 to 11 � 11
employed in the present Ritz procedure leads to xh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qm=Em

p
solu-

tions that converge to four significant figures monotonically as
upper bounds on the exact xh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qm=Em

p
obtained from Reddy’s ana-

lytical solution. Table 2 confirms the accuracy of the Ritz procedure
developed in this work for the vibrations of FGM rectangular thick
plates without a side crack. The results of Ferreira et al. [10] agree
reasonably with the present analytical results. The Ferreira et al.
[10] meshless local Petrov–Galerkin formulation does not yield
xh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qm=Em

p
that monotonically converge to the exact Reddy solu-

tion, as the number of collocation points increases.

3.2. Side-cracked rectangular homogenous thin plate

To study the validity and accuracy of using the assumed hybrid
series of orthogonal polynomials and crack functions, Table 3 sum-
marizes a convergence study of non-dimensional frequency
parameters xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for a homogenous rectangular (a/

b = 2) thin (h/b = 0.01) plate with a horizontal crack at cy/b = 0.5
having length ratio d/a = 0.5. The homogenous material properties
were established by setting n̂ ¼ 0 in Eq. (10), and ceramic material
properties (qc, Ec, and tc) were assumed. It should be noted that for
this thin plate the assumed in-plane displacement approximations
(u0 and v0) are negligibly coupled with the transverse displacement
(w0) and bending rotation components (/x and /y).

Table 3 presents the convergence of the first five non-dimen-
sional frequency parameters xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
obtained using

4 � 4, 5 � 5, . . . , 9 � 9 orthogonal polynomial solution sizes in con-
junction with increasing sets of crack functions with
N ¼ 0;4;5;6; and 7 in Eqs. (8) for each of the in-plane and trans-
verse displacements and bending rotation components. The first
five frequencies correspond to w0, /x and /y, because a very thin
plate (h/b = 0.01) is under consideration. The plate is symmetrical
about the horizontal line including the crack, so that the vibration
modes are either symmetric or anti-symmetric about this line, and
denoted by parenthesized (S) and (A) in the first column of Table 3,
respectively. Table 3 also lists xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
of Stahl and Keer

[47] and Huang and Leissa [16]. Stahl and Keer [47] used classical
Kirchhoff thin plate theory and developed solutions using an accu-
rate Fredholm integration approach. Similarly, Huang and Leissa
[16] employed classical Kirchhoff thin plate theory in conjunction
with the Ritz method. The convergence study reveals that polyno-
mial functions alone do not yield the correct convergent solutions.
Adding the crack functions into the admissible functions signifi-
cantly accelerates the upper bound convergence of
xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
to the accurate values, which agree very closely

with the xðb2
=hÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
of Stahl and Keer [47] and Huang and



Table 6
Frequency parameters xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for simply supported square Al/Al2O3 FGM

plates with side cracks (h/b = 0.1).

n̂ a (degrees) cy/b d/a Mode

1 2 3 4 5

0 0 0.5 0. 5.769 13.76 13.76 19.48⁄ 19.48⁄

0.1 5.768 13.74 13.76 19.25⁄ 19.48⁄

0.2 5.750 13.68 13.70 18.56⁄ 19.48⁄

0.3 5.690 13.52 13.56 17.63⁄ 19.48⁄

0.4 5.565 12.92 13.40 16.78⁄ 18.67
0.5 5.379 11.45 13.32 16.18⁄ 17.32
0.6 5.161 9.609 13.31 15.87⁄ 16.97

0 0.75 0.1 5.759 13.75 13.76 19.12⁄ 19.48⁄

0.2 5.738 13.65 13.74 18.11⁄ 19.48⁄

0.3 5.689 13.32 13.70 16.80⁄ 19.48⁄

0.4 5.591 12.75 13.53 15.63⁄ 19.46⁄

0.5 5.418 12.09 13.05 14.73⁄ 17.25
0.6 5.167 11.31 12.21 14.05⁄ 15.27

45 0.75 0.1 5.757 13.73 13.76 19.20⁄ 19.48⁄

0.2 5.721 13.58 13.74 18.38⁄ 19.48⁄

0.3 5.650 13.24 13.67 17.19⁄ 19.47⁄

0.4 5.533 12.78 13.40 15.91⁄ 19.44⁄

0.5 5.371 12.21 12.71 14.75⁄ 17.69
0.6 5.178 10.77 12.31 13.75⁄ 16.13

0.2 0 0.5 0. 5.363 12.82 12.82 18.56 18.56
0.1 5.362 12.80 12.82 18.34 18.56
0.2 5.346 12.75 12.76 17.68 18.56
0.3 5.290 12.60 12.63 16.80 18.56
0.4 5.174 12.05 12.48 15.98 17.43
0.5 5.001 10.68 12.41 15.42 16.15
0.6 4.799 8.966 12.40 15.12 15.82

0 0.75 0.1 5.354 12.81 12.82 18.22 18.56
0.2 5.334 12.71 12.80 17.25 18.56
0.3 5.291 12.41 12.76 16.01 18.56
0.4 5.200 11.88 12.61 14.89 18.53
0.5 5.039 11.26 12.16 14.03 16.11
0.6 4.808 10.54 11.38 13.39 14.26

45 0.75 0.1 5.352 12.79 12.82 18.29 18.56
0.2 5.319 12.65 12.80 17.51 18.56
0.3 5.253 12.34 12.73 16.38 18.55
0.4 5.145 11.91 12.49 15.16 18.45
0.5 4.995 11.37 11.85 14.05 16.50
0.6 4.816 10.05 11.47 13.10 15.04

1 0 0.5 0. 4.419 10.59 10.59 16.20 16.20
0.1 4.418 10.57 10.59 16.00 16.20
0.2 4.405 10.53 10.54 15.43 16.16

(4.393) (10.52) (10.54) (15.48) (16.17)
0.3 4.359 10.41 10.43 14.66 15.70
0.4 4.264 9.973 10.31 13.95 14.44
0.5 4.122 8.856 10.25 13.31 13.49

(4.115) (8.836) (10.24) (13.33) (13.52)
0.6 3.955 7.431 10.24 13.03 13.24

0 0.75 0.1 4.412 10.58 10.59 15.90 16.20
0.2 4.396 10.50 10.57 15.05 16.15
0.3 4.361 10.25 10.54 13.97 15.80
0.4 4.287 9.807 10.42 13.00 15.34
0.5 4.156 9.295 10.05 12.24 13.37
0.6 3.965 8.701 9.402 11.64 11.85

45 0.75 0.1 4.410 10.57 10.59 15.97 16.20
0.2 4.384 10.45 10.58 15.28 16.20
0.3 4.329 10.19 10.52 14.29 16.01
0.4 4.242 9.836 10.32 13.23 15.30
0.5 4.120 9.396 9.811 12.26 13.69
0.6 3.972 8.314 9.482 11.44 12.44

5 0 0.5 0 3.768 8.909 8.909 12.64 12.64
0.1 3.767 8.889 8.905 12.48 12.64
0.2 3.756 8.851 8.867 12.04 12.64
0.3 3.716 8.738 8.774 11.44 12.64
0.4 3.633 8.336 8.672 10.88 11.99
0.5 3.511 7.379 8.621 10.49 11.17
0.6 3.368 6.197 8.616 10.28 10.96

Table 6 (continued)

n̂ a (degrees) cy/b d/a Mode

1 2 3 4 5

0 0.75 0.1 3.761 8.897 8.906 12.41 12.64
0.2 3.746 8.831 8.895 11.75 12.64
0.3 3.714 8.618 8.865 10.90 12.63
0.4 3.648 8.250 8.755 10.14 12.61
0.5 3.534 7.822 8.435 9.554 11.04
0.6 3.370 7.306 7.894 9.112 9.834

45 0.75 0.1 3.760 8.887 8.907 12.45 12.64
0.2 3.736 8.787 8.894 11.92 12.64
0.3 3.688 8.564 8.843 11.15 12.63
0.4 3.611 8.262 8.661 10.32 12.53
0.5 3.503 7.884 8.207 9.572 11.32
0.6 3.376 6.947 7.956 8.930 10.37

10 0 0.5 0. 3.637 8.563 8.563 11.53 11.53
0.1 3.636 8.544 8.559 11.38 11.53
0.2 3.625 8.506 8.523 10.98 11.53
0.3 3.586 8.392 8.434 10.43 11.53
0.4 3.506 7.995 8.337 9.924 11.47
0.5 3.388 7.062 8.289 9.569 10.71
0.6 3.250 5.936 8.284 9.385 10.52

0 0.75 0.1 3.630 8.551 8.560 11.31 11.53
0.2 3.615 8.488 8.549 10.71 11.52
0.3 3.583 8.284 8.519 9.941 11.52
0.4 3.519 7.932 8.412 9.247 11.51
0.5 3.407 7.524 8.100 8.715 10.55
0.6 3.248 7.024 7.583 8.315 9.415

45 0.75 0.1 3.629 8.542 8.561 11.36 11.53
0.2 3.605 8.443 8.548 10.87 11.52
0.3 3.558 8.230 8.497 10.17 11.52
0.4 3.483 7.940 8.316 9.413 11.49
0.5 3.379 7.576 7.872 8.728 10.83
0.6 3.255 6.659 7.642 8.143 9.939

⁄ :in-plane mode; ( ): 3-D elasticity-based FEM solutions.
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Leissa [16]. In Table 3 the xðb2
=hÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
obtained using an

I � J þ N ¼ 9� 9þ 7 solution are accurate to at least three signifi-
cant figures and are slightly lower upper bounds on the exact solu-
tion than the xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
previously reported in Stahl and Keer

[47] and Huang and Leissa [16]. Because Stahl and Keer [47] and
Huang and Leissa [16] employed the classical plate theory, their
analysis underestimates the flexural displacements and overesti-
mates the flexural vibrations of a cracked plate. Classical Kirchhoff
thin-plate theory overestimates the flexural rigidity of a cracked
plate by neglecting its transverse shear flexibility.

3.3. Side-cracked square FGM thick plates

Tables 4 and 5 present the convergence studies of the first five
non-dimensional frequency parameters, xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
, for a

thick (h/a = 0.1) square plate having a horizontal side crack at
cy/b = 0.5 with d/a = 0.5 and d/a = 0.9, respectively. The plate com-
prises aluminum (Al) and alumina (Al2O3), and the distribution of
material properties along the thickness direction is described by
Eq. (10) with n̂ ¼ 1. The numerical results were obtained using
5 � 5, 7 � 7, 9 � 9, 10 � 10, 11 � 11, and 12 � 12 orthogonal poly-
nomial solution sizes in conjunction with sets of crack functions
with N ¼ 0;5;7;9;10;11; and 12 in Eqs. (8) for each of the in-
plane and transverse bending displacements and rotation compo-
nents. Again, the use of orthogonal polynomials alone does not
yield fully converged xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
solutions. In Table 4, adding

sets of crack functions with N ¼ 5 to the 5 � 5 polynomial solution
size yields xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
that converge to the accurate values to

three significant figures, except for the second mode, while sets of



Table 7
Frequency parameters xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for cantilevered square Al/ZrO2 FGM plates

with horizontal side cracks (h/b = 0.1, cy/b = 0.5).

n̂ d/a Mode

1 2 3 4 5

0 0. 1.038 2.441 6.086 6.583* 7.721
0.1 1.038 2.424 6.062 6.583* 7.429
0.2 1.038 2.353 5.792 6.571* 6.881
0.3 1.038 2.208 5.709 6.442 6.525*
0.4 1.038 1.990 5.255 5.838 6.266*
0.5 1.038 1.733 4.810 5.218 6.185*
0.6 1.038 1.487 4.456 4.850 5.837*

0.2 0. 1.008 2.374 5.919 6.509 7.509
0.1 1.008 2.356 5.894 6.508 7.224
0.2 1.008 2.287 5.807 6.497 6.692
0.3 1.008 2.146 5.552 6.265 6.451
0.4 1.008 1.934 5.112 5.682 6.093
0.5 1.008 1.684 4.679 5.078 6.025
0.6 1.007 1.445 4.336 4.720 5.770

1 0. 0.9553 2.250 5.614 6.300 7.122
0.1 0.9553 2.235 5.592 6.300 6.854
0.2 0.9553 2.169 5.509 6.289 6.350
0.3 0.9551 2.035 5.268 5.945 6.232
0.4 0.9550 1.835 4.852 5.393 5.781
0.5 0.9549 1.597 4.441 4.820 5.716
0.6 0.9547 1.370 4.115 4.481 5.587

5 0. 0.9748 2.281 5.675 5.947 7.203
0.1 0.9748 2.265 5.652 5.947 6.926
0.2 0.9747 2.199 5.568 5.936 6.412
0.3 0.9745 2.063 5.320 5.892 6.002
0.4 0.9744 1.861 4.894 5.424 5.794
0.5 0.9743 1.621 4.476 4.850 5.590
0.6 0.9741 1.392 4.145 4.508 5.275

10 0. 0.9727 2.274 5.658 5.829 7.182
0.1 0.9727 2.259 5.636 5.829 6.906
0.2 0.9726 2.193 5.551 5.818 6.392
0.3 0.9724 2.058 5.303 5.776 5.984
0.4 0.9723 1.856 4.878 5.406 5.678
0.5 0.9722 1.617 4.462 4.834 5.478
0.6 0.9720 1.388 4.132 4.493 5.169

Table 8
Frequency parameters xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for cantilevered rectangular Al/ZrO2 FGM

plates with vertical side cracks (h/b = 0.1, cx/a = 0.5).

a/b n̂ d/b Mode

1 2 3 4 5

1 0 0.1 1.033 2.417 5.957 6.498⁄ 7.676
0.2 1.017 2.322 5.655 6.197⁄ 7.473
0.3 0.9901 2.156 5.264 5.617⁄ 7.043
0.4 0.9477 1.946 4.788⁄ 4.862 6.485
0.5 0.8853 1.729 3.848⁄ 4.485 5.979
0.6 0.8012 1.542 2.922⁄ 4.137 5.607

0.2 0.1 1.003 2.349 5.792 6.424 7.463
0.2 0.9876 2.257 5.499 6.126 7.266
0.3 0.9613 2.095 5.119 5.553 6.848
0.4 0.9203 1.891 4.727 4.735 6.308
0.5 0.8599 1.681 3.804 4.361 5.816
0.6 0.7785 1.498 2.888 4.024 5.454

1 0.1 0.9501 2.228 5.495 6.219 7.080
0.2 0.9361 2.141 5.218 5.931 6.893
0.3 0.9112 1.987 4.857 5.376 6.498
0.4 0.8724 1.793 4.486 4.584 5.986
0.5 0.8154 1.594 3.682 4.139 5.520
0.6 0.7383 1.421 2.796 3.818 5.176

5 0.1 0.9693 2.258 5.554 5.87 7.162
0.2 0.9545 2.170 5.272 5.598 6.972
0.3 0.9285 2.014 4.905 5.074 6.566
0.4 0.8882 1.818 4.325 4.532 6.041
0.5 0.8290 1.617 3.476 4.180 5.566
0.6 0.7495 1.442 2.639 3.856 5.219

10 0.1 0.9672 2.252 5.537 5.754 7.141
0.2 0.9524 2.164 5.255 5.487 6.951
0.3 0.9264 2.009 4.890 4.974 6.546
0.4 0.8861 1.813 4.239 4.518 6.022
0.5 0.8269 1.612 3.407 4.167 5.549
0.6 0.7475 1.438 2.587 3.844 5.202

2 0 0 0.2590 1.074 1.596 2.173⁄ 3.464
0.1 0.2583 1.069 1.579 2.152⁄ 3.444
0.2 0.2566 1.049 1.541 2.090⁄ 3.390
0.3 0.2537 1.013 1.486 1.982⁄ 3.309
0.4 0.2495 0.9640 1.421 1.821⁄ 3.172
0.5 0.2437 0.9017 1.348 1.602⁄ 2.932
0.6 0.2358 0.8287 1.272 1.326⁄ 2.638

0.2 0 0.2514 1.044 1.550 2.149 3.370
0.1 0.2507 1.038 1.534 2.128 3.347
0.2 0.2490 1.019 1.496 2.066 3.297
0.3 0.2462 0.9843 1.443 1.960 3.216
0.4 0.2422 0.9367 1.380 1.801 3.084
0.5 0.2365 0.8761 1.309 1.584 2.851
0.6 0.2289 0.8051 1.235 1.311 2.565

1 0 0.2382 0.9892 1.469 2.080 3.192
0.1 0.2376 0.9844 1.454 2.060 3.175
0.2 0.236 0.9660 1.418 2.000 3.127
0.3 0.2333 0.9333 1.368 1.897 3.050
0.4 0.2295 0.8882 1.308 1.743 2.926
0.5 0.2242 0.8307 1.241 1.533 2.705
0.6 0.2169 0.7636 1.171 1.269 2.434

5 0 0.2434 1.005 1.497 1.963 3.237
0.1 0.2427 1.000 1.481 1.944 3.218
0.2 0.2411 0.9816 1.445 1.888 3.170
0.3 0.2383 0.9485 1.393 1.791 3.091
0.4 0.2343 0.9025 1.331 1.645 2.963
0.5 0.2288 0.8440 1.263 1.447 2.736
0.6 0.2213 0.7752 1.191 1.198 2.460

2 10 0 0.2422 1.003 1.494 1.924 3.228
0.1 0.2422 0.9977 1.478 1.906 3.209
0.2 0.2406 0.9792 1.441 1.851 3.161
0.3 0.2378 0.9461 1.390 1.755 3.083
0.4 0.2338 0.9002 1.328 1.613 2.954
0.5 0.2283 0.8418 1.260 1.419 2.728
0.6 0.2208 0.7732 1.174 1.188 2.453
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crack functions with N ¼ 9 with 9 � 9 polynomials are needed for
the case with d/a = 0.9 in Table 5. Increasing the orthogonal poly-
nomial solution sizes and the crack functions further improves
the accuracy of xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
solutions.

4. Frequency parameters and mode shapes

After the correctness of the proposed approach was verified by
performing the convergence studies, further extensive conver-
gence studies were carried out to determine the least upper
bounds on the first five non-dimensional frequency parameters
xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for simply-supported and cantilevered rectangular

plates with side cracks in various configurations. The plates exam-
ined are made of aluminum and alumina (Al/Al2O3) or aluminum
and zirconia (Al/ ZrO2). The variations of the material properties
are assumed to follow Eq. (10) or the Mori–Tanaka scheme with
various n̂. The effects of crack configurations and material distribu-
tions on the vibration frequencies are comprehensively investi-
gated. In Tables 5–7, xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for plates with crack length

d/a (or d/b) = 0.1 or 0.2 were obtained using I � J þ N ¼ 9� 9þ 5
solutions yielding a total of 605 degrees of freedom in Eq. (9);
xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for d/a (or d/b) = 0.5 and 0.6 were obtained using

I � J þ N ¼ 10� 10þ 10 solutions resulting in a total of 1150 de-
grees of freedom. The xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for d/a (or d/b) = 0.3 and

0.4 were obtained using I � J þ N ¼ 9� 9þ 8 solutions yielding a
total of 845 degrees of freedom. The xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for intact

plates were obtained using I � J þ N ¼ 11� 11þ 0 solutions.
Extensive convergence studies, not presented here, indicate that
most of the frequency parameters xðb2
=hÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
converged to

at least three significant figures.
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Table 6 presents the first five non-dimensional frequency
parameters xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for simply-supported square Al/Al2O3

FGM thick plates (h/b = 0.1) with side cracks of various lengths
(d/a = 0.1,0.2, . . . ,0.6), orientations (a = 0� and 45�), and locations
(cy/b = 0.5 and 0.75). The variation of material properties in the
thickness direction is given by Eq. (10). Fig. 2 plots the variations
in Young’s modulus and density in the thickness direction for
n̂ ¼ 0:2; 1; 5; and 10. In the results for homogeneous plates
ðn̂ ¼ 0Þ, the superscript ‘‘�’’ denotes frequencies of in-plane modes,
which occur at the fourth or fifth mode. When the fifth mode is an
in-plane mode, its frequency does not significantly change with the
crack length.

As expected, increasing the crack length reduces the frequency
of each mode because it reduces the stiffness of the plate. Never-
theless, unlike those of the other modes summarized in Table 6,
the xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
of the third modes for plates with horizontal

cracks at cy/b = 0.5 do not vary substantially with the crack length,
and the change in xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
is less than 3.5% as d/a increases

from 0 to 0.6. Moving the crack from cy/b = 0.5 to cy/b = 0.75 or
changing the crack orientation from a = 0� to a = 45� may reduce
or increase xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
, depending on the mode and crack

length. A small crack d/a = 0.1 in various locations and orientations
causes xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
to differ slightly from those for intact plates,

with a difference of less than 2%. A small crack d/a = 0.1 has a great-
er effect on the fourth mode than on any of the other of the first
five modes, and the least effect on the fifth mode. Increasing the
volume fraction exponent n̂ reduces the ceramic component of
the plates. Naturally, the xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
decreases as n̂ increases,
Fig. 2. Variations of E(z) and q(z) for Al/Al2O3 t
because increasing n̂ reduces the stiffness more than it does the
mass of Al/Al2O3 FGM plates.

In Table 6, parenthesized numerical results of xðb2
=hÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for the cases of d/a = 0.2 and 0.5, a = 0�, cy/b = 0.5, and n̂ ¼ 1 were
calculated by the ABAQUS finite element package, in which
twenty-node isoparametric quadratic brick elements (C3D20R)
were used. These results were obtained based on 3-D elasticity the-
ory and using 40 elements in each of x, y and z directions (resulting
in 130791 nodes). Because the material properties linearly vary in z
direction (thickness direction), material properties in an element
were set equal to the average material properties in the element.
Comparing the present results with the finite element results,
one finds less than 0.4% differences.

Tables 7 and 8 list the first five non-dimensional frequency
parameters xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for cantilevered rectangular Al/ZrO2

FGM thick plates (h/b = 0.1) with side cracks of different crack
lengths (d/a (or d/b) = 0.1,0.2, . . . ,0.6). The plates are clamped along
x = 0. Table 7 considers only square plates with horizontal side
cracks at cy/b = 0.5, while Table 8 considers rectangular plates
(a/b = 1 and 2) with vertical side cracks at cx/a = 0.5 (Fig. 1b).
Superscript ‘‘�’’ refers to the frequencies of in-plane modes for
homogeneous plates. The material properties in the direction of
thickness are estimated using the power law given in Eq. (10).
Fig.3 plots the variations in Young’s modulus and density in the
thickness direction for n̂ ¼ 0:2; 1; 5; and 10.

Again, it is observed that increasing of crack length reduces
xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
. Table 7 shows that increasing the crack length

d/a from 0 to 0.6 does not significantly reduce xðb2
=hÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
of
hrough the thickness according to Eq. (10).



Table 9
Effects of material models on frequency parameters xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
of cantilevered

square Al/Al2O3 FGM plates having horizontal side cracks with cy/b = 0.5 and d/a = 0.4.

h/b n̂ Material model Model

1 2 3 4 5

0.05 0.2 Eq. (10) 1.016 1.994 5.408 6.030 6.352
Mori–Tanaka 0.9925 1.951 5.294 5.900 6.208

1 Eq. (10) 0.7991 1.571 4.263 4.754 5.003
Mori–Tanaka 0.7569 1.492 4.049 4.509 4.736

5 Eq. (10) 0.6883 1.348 3.643 4.062 4.290
Mori–Tanaka 0.6721 1.317 3.561 3.968 4.187

10 Eq. (10) 0.6664 1.303 3.519 3.923 4.148
Mori–Tanaka 0.6472 1.268 3.427 3.818 4.030

0.2 0.2 Eq. (10) 0.9821 1.795 3.168 4.450 4.583
Mori–Tanaka 0.9601 1.757 3.110 4.353 4.502

1 Eq. (10) 0.7743 1.421 2.659 3.464 3.864
Mori–Tanaka 0.7330 1.347 2.498 3.261 3.653

5 Eq. (10) 0.6603 1.191 2.071 2.780 3.155
Mori–Tanaka 0.6443 1.162 1.976 2.705 3.012

10 Eq. (10) 0.6373 1.144 1.892 2.634 2.913
Mori–Tanaka 0.6197 1.116 1.832 2.578 2.810
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the first mode. Of the first five modes in Table 8, the crack length
most reduces xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
of the third mode for square plates

and the fourth mode of plates with a/b = 2. A small horizontal crack
(d/a = 0.1), as presented in Table 7, reduces xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
of the

first four modes, and especially the first mode, for cracked plates
Fig. 3. Variations of E(z) and q(z) for all Al/ ZrO2
by less than 0.7%. Table 8 reveals that a small vertical crack
(d/b = 0.1) reduces the first five non-dimensional frequency param-
eters by less than 2.2% from those for an intact plate. In contrast to
the findings in Table 6, increasing the volume fraction exponent n̂
does not necessarily reduce xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
. This trend was also

observed elsewhere [12] in an investigation of the vibrations of in-
tact square FGM plates. The effects of n̂ on xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
of Al/

ZrO2 FGM plates differ markedly from those of Al/Al2O3 FGM
plates, primarily because Al/Al2O3 FGM has a much larger qm=qc

Em=Ec
than

Al/ZrO2 FGM.
To demonstrate the effects of different models of describing the

material properties in the thickness direction (Eq. (10) and Mori–
Tanaka scheme) on the natural frequencies of plates, Table 9 dis-
plays the first five non-dimensional frequency parameters
xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for cantilevered square Al/Al2O3 FGM plates with

horizontal side cracks with cy/b = 0.5 and d/a = 0.4. Two thicknesses
of the plate (h/b = 0.05 and 0.2) and four values of n̂ (=0.2, 1, 5, and
10) are considered. Notably, the Reddy’s shear deformable theory
is very suitable for thin (h/b = 0.05) to moderately thick plates
(h/b = 0.1), but may not be accurate enough for thick plates with
h/b = 0.2. Nevertheless, the results for h/b = 0.2 shown in Table 9
serve for the purpose of investigating the effects of different mate-
rial models on vibration frequencies. For the case of very thick
plates, Kant’s theory [34] is more accurate, which is the focus of
continuing research. Eq. (10) and the Mori–Tanaka scheme yield
the same distribution of mass density in the thickness direction,
while the former yields larger values of E(z) than the latter
(Fig. 4). Consequently, the Mori–Tanaka scheme, used to describe
through the thickness according to Eq. (10).



Fig. 4. Variations of E(z) for Al/Al2O3 through the thickness according to Eq. (10) and the Mori–Tanaka scheme.
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the variations of material properties in the thickness direction,
yields smaller xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
than Eq. (10) with the largest differ-

ence of around 6% in the case of n̂ ¼ 1 and h/b = 0.2. Generally
speaking, the differences in xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
caused by these two

material models are not significantly affected by the thickness of
plate.

Depicted in Figs. 5–7 are nodal patterns and xðb2
=hÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for

simply-supported and cantilevered moderately thick FGM plates
(h/b = 0.1). The influence of volume fraction (n̂Þ, crack length ratios
(d/a or d/b), and crack positions (cx/a or cy/b) on the nodal patterns
are studied. No published vibration nodal patterns using higher-or-
der shear deformable plate theories for cracked homogeneous and
FGM simply-supported and cantilevered thick plates are known to
exist.

For cracked thick FGM plates shear deformation and rotary iner-
tia effects are significant in the lower predominately flexural
modes and substantially in the higher ones, while large elastic
warping stresses considerably increase in the predominately tor-
sional modes. Vibratory stresses become unbounded near the crack
tip, showing a well-known fracture mechanics fact that the order
of 3-D components of stresses are rij � Oðr�1=2Þ, as r approaches
zero (see Fig. 1). Nonetheless, these unbounded stresses oftentimes
lead to theoretical prediction errors in the lower modes as well as
some of the higher modes of cracked thick FGM plates. In the pres-
ent thick plate formulation, complicating effects, such as shear
deformation, rotary inertia, and elastic warping stresses at the
hinged and clamped edges of the nodal patterns depicted in Figs. 5–
7 are inherent.
All possible coupled shear deformable vibratory displacement
patterns falling within the first five modes are depicted in Figs.
5–7. For an intact homogeneous thick plate, longitudinal flexure,
sideways flexure, longitudinal extension, and torsional modes
(even dilatational modes) are each uncoupled, forming four dis-
tinct symmetry classes of vibratory motion. For cracked FGM thick
plates, depending on the volume fraction (n̂Þ, crack length ratios
(d/a or d/b), crack positions (cx/a or cy/b), and crack inclination
angles (a), distinct symmetry classes of modes may be possible
with coupled longitudinal flexure and torsional modes classified
into one symmetry class, and coupled sideways flexure and longi-
tudinal extensional modes classified into a second symmetry class.
Generally speaking, for n̂ – 0, d/a (or d/b) – 0, cx/a (or cy/b) – 0, and
a – 0�, all possible modes are inseparably coupled with no identi-
fiable symmetry classes present.

The dynamic stress field near the crack tip within an FGM thick
plate may be classified as three basic dynamic responses each asso-
ciated with a local mode of crack deformation. First, a crack open-
ing mode in FGM thick plate vibration is associated with local
displacement in which the crack surfaces move directly apart; sec-
ond, a crack shearing or edge-sliding mode in FGM thick plate
vibration is characterized by deformations in which the crack sur-
faces slide over one another perpendicular to the tip of the crack;
third, a crack tearing mode in FGM thick plate vibration finds the
crack surfaces sliding with respect to one another parallel to the
tip of the crack. Crack opening and crack shearing or edge-sliding
in FGM thick plate vibration can be modeled as two-dimensional
plane-extension theory of elasticity, classified as symmetric (crack



n̂ d/a
Mode 

1 2 3 4 5 

0 

0 

(5.769) (13.76) (13.76) (19.48) (19.48) 

0.2 

(5.750) (13.68) (13.70) (18.56) (19.48) 

0.5 

(5.379) (11.45) (13.32) (16.18) (17.32)

0.2 

0 

(5.363) (12.82) (12.82) (18.56) (18.56) 

0.2 

(5.346) (12.75) (12.76) (17.68) (18.56)

0.5 

(5.001) (10.68) (12.41) (15.42) (16.15)

n̂ d/a
Mode 

1 2 3 4 5 

5 

0 

(3.768) (8.909) (8.909) (12.64) (12.64)

0.2 

(3.756) (8.851) (8.867) (12.04) (12.64) 

0.5 

(3.511) (7.379) (8.621) (10.49) (11.17)

Fig. 5. Nodal patterns and xðb2
=hÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for simply-supported square moderately thick cracked Al/Al2O3 FGM plate (n̂ ¼ 0; 0:2; 5, d/a = 0, 0.2, 0.5, h/b = 0.1, cy/b = 0.5,

a ¼ 0�).
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n̂ d/a
Mode 

1 2 3 4 5 

0 

0 

(1.038) (2.441) (6.086) (6.583) (7.721)

0.2 

(1.038) (2.353) (5.792) (6.571) (6.881)

0.5 

(1.038) (1.733) (4.810) (5.218) (6.185)

5 

0 

(0.9748) (2.281) (5.675) (5.947)
7.203

0.2 

(0.9747) (2.199) (5.568) (5.936) (6.412)

0.5 

(0.9743) (1.621) (4.476) (4.850) (5.590)

Fig. 6. Nodal patterns and xðb2
=hÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for cantilevered square moderately thick cracked Al/ZrO2 FGM plate (n̂ ¼ 0;5, d/a = 0, 0.2, 0.5, h/b = 0.1, cy/b = 0.5, a ¼ 0�).
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opening) and skew-symmetry (crack shearing/sliding) with respect
to the tip of the crack. Crack tearing in FGM thick plate vibration
may be modeled as two-dimensional pure shear (or torsion).
Well-known superposition of crack opening, shearing or sliding,
and tearing modes or ‘‘mixed mode’’ cracking in FGM thick plate
vibration is sufficient to describe the most general three-
dimensional dynamic aspects of local crack-edge deformation
and stress fields in cracked thick plates.

The nodal patterns depicted in Figs. 5–7 show only the defor-
mations on the mid-plane. Figs. 5–7 illustrate the first five vibra-
tion mode shapes for some of the square plates considered in
Tables 6–8. Blank nodal patterns (i.e., containing no contours and
nodal lines) indicate in-plane displacement dominated modes,
showing the displacements of u0 and v0 along the edges, including
predominately crack opening, crack shearing and sliding or crack
tearing in some cases. For the out-of-plane flexural modes, the no-
dal patterns depict the primarily out-of-plane displacements,
showing nodal lines represented by dash lines. Generally speaking,
the nodal patterns are not significantly affected by the values of
volume fraction (n̂Þ.
Depicted in Fig. 5 are nodal patterns and xðb2
=hÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for

simply-supported Al/Al2O3 FGM square moderately thick plates
(n̂ ¼ 0;0:2;5, d/a = 0, 0.2, 0.5, h/b = 0.1, cy/b = 0.5, a = 0�), which
show first predominately longitudinal flexure (Mode 1), followed
by a pair of second predominately longitudinal flexure showing
single nodal lines each transverse to the hinged plate edges (Modes
2 and 3), and finally a pair of longitudinal extension modes, show-
ing in-plane curvatures of parallel hinged plate edges (Modes 4 and
5 for d/a = 0, 0.2). Shown in Fig. 6 are nodal patterns and
xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for cantilevered cracked Al/ZrO2 FGM square mod-

erately thick plates (n̂ ¼ 0;5, d/a = 0, 0.2, 0.5, h/b = 0.1, cy/b = 0.5,
a = 0�), which show first predominately longitudinal flexure (Mode
1), followed by predominately torsion having a single nodal line
spanning between the clamped and free ends (Mode 2), then sec-
ond predominately longitudinal flexure showing single nodal lines
transverse to the free plate edges (Modes 3 for d/a = 0, 0.2), next
longitudinal extension showing in-plane curvatures of parallel free
plate edges (Modes 4 for d/a = 0, 0.2), and finally, predominately
chordwise flexure showing a pair of nodal lines spanning between
the clamped and free ends (Modes 5 for d/a = 0 and 0.2). For thick



n̂ d/b
Mode 

1 2 3 4 5 

0 

0 

(1.038) (2.441) (6.086) (6.583) (7.721)

0.2 

1.017 2.322 5.655 6.197 7.473

0.5 

0.8853 1.729 3.848 4.485 5.979

5 

0 

(0.9748) (2.281) (5.675) (5.947) (7.203)

0.2 

(0.9545)
(2.170)

(5.272) (5.598) (6.972)

0.5 

(0.8290) (1.617) (3.476) (4.180) (5.566)

Fig. 7. Nodal patterns and xðb2
=hÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for cantilevered square moderately thick cracked Al/ZrO2 FGM plate (n̂ ¼ 0;5, d/b = 0, 0.2, 0.5, h/b = 0.1, cy/b = 0.5, a ¼ 0�).
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FGM plates with centrally positioned (cy/b = 0.5) side cracks, ori-
ented (a = 0�) parallel to the plate edges, the nodal patterns are
either symmetric or anti-symmetric to the horizontal axis of the
plate.

What can also be seen in Fig. 5 for a simply-supported moder-
ately thick plate (h/b = 0.1) is that a side crack destroys any modal
symmetry about the vertical central line. A shallow crack (i.e.,
d/a = 0.2) causes an unappreciable change in the first three longitu-
dinal flexure nodal patterns from those for an intact plate, but the
small crack does cause an appreciable change in the
xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
. The primary difference shows up more clearly

for mode 5 of a deeply cracked (d/a = 0.5) thick simply-supported
FGM plate, where an in-plane mode 5 with no crack, shifts to a
distorted flexural mode 5. As expected, a deep side crack (i.e.,
d/a = 0.5) results in decreasing values of xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for all

modes of the simply-supported FGM thick plates analyzed. This
is contrast with how in the cantilevered moderately thick plate
(h/b = 0.1) (Fig. 6), the presence of a side crack on the symmetric
axis does not change the symmetry of mode shapes with respect
to the horizontal central line, and that indeed a deep side crack
(i.e., d/a = 0.5) does not cause the nodal patterns of the first two
modes to be considerably different from those for an intact plate.
The distinction here shows up more visibly for modes 4 and 5 of
a deeply horizontally cracked (d/a = 0.5) thick cantilevered FGM
plate, where an in-plane mode 4 and chordwise flexure mode 5
of an intact thick plate, shifts to a distorted predominately second
torsion mode 4 coupled with longitudinal flexure and an in-plane
mode 5. Again, a deep side crack (i.e., d/a = 0.5) results in decreas-
ing values of xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for all modes of the cantilevered FGM

thick plates studied. Charted in Fig. 7 are nodal patterns and
xðb2

=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
for cantilevered cracked Al/ZrO2 FGM square mod-

erately thick plates (n̂ ¼ 0;5, d/b = 0, 0.2, 0.5, h/b = 0.1, cx/a = 0.5,
a = 90�), where a vertical side crack destroys the symmetry with
respect to the horizontal central line and causes significantly dis-
torted nodal patterns from those shown in Fig. 6, especially for
the cases with large side cracks or the higher modes. The dissimi-
larity shows up most noticeably for modes 3 and 4 of a deeply ver-
tically cracked (d/b = 0.5) thick cantilevered FGM plate, where an
in-plane mode 4 and a distorted predominately second longitudi-
nal flexure mode 3 of an intact thick plate, switches in modal
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position to an in-plane mode 3 and a distorted predominately
second longitudinal flexure mode 4.

5. Concluding remarks

Free vibrations of an FGM functionally graded plate with a side
crack is investigated using the Ritz method. Upon briefly summa-
rizing available Henchy–Mindlin, Reissner, and Ambartsumyan
shear deformable plate theory approaches, Reddy’s third-order
plate theory is adopted to model the free vibrations of an FGM
plate. The Reddy approach used is a tradeoff between assumed dis-
placement approximation complexity and sufficient transverse
shear strain adequacy. To obtain accurate numerical solutions, a
set of crack functions is proposed as the admissible functions in
the Ritz method to properly account for the singularity behaviors
in the neighborhood of the crack tip and to elucidate the disconti-
nuities of displacements and slopes across the crack. What may be
deficient computationally from the orthogonal polynomial dis-
placement fields used is more than accounted for exactly through
the use of the proposed crack functions, which model the singular
behaviors of transverse normal and shear stresses at the tip of the
side crack, and which account for the discontinuities of the dis-
placements and their gradients across the crack. The use of the pro-
posed set of functions to analyze the free vibrations of an FGM
plate with a side crack was validated by performing comprehen-
sive convergence studies. The results of the convergence studies
agree very favorably with previously published solutions, confirm-
ing the validity and accuracy of the present solutions.

For the first time, accurate non-dimensional frequency data are
provided for simply-supported square cracked Al/Al2O3 FGM thick
plates and cantilevered rectangular cracked Al/ZrO2 FGM thick
plates. These plates have various material properties in the thick-
ness direction, and have side cracks with various locations, orien-
tations, and lengths. The numerical results support several
important conclusions. Increasing the volume fraction exponent
n̂ (n̂ ¼ 0:2; 1; 5; and 10Þ reduces the non-dimensional frequen-
cies of Al/Al2O3 FGM plates, but not those of Al/ZrO2 FGM plates.
Using the Mori–Tanaka scheme to describe the variations of
Table A.I.1
Summary of first-order shear deformable plate theories (FOSDPT).

FOSDPT theory Transverse shear
strain exz, eyz

Transverse normal
strain ez

FOSDPT variables

Reissner [18] Quadratic 0 uo, vo, wo, bx, by

Mindlin [19] Constant 0 uo, vo, wo, wx, wy

Narasimhamurthy
[20]

Quadratic Non-zero uo, vo, wo, wo,x,
wo, y, hx, hy

Schmidt [21] Quadratic 0 uo, vo, wo, wo,x, wo

hx, hy

Levinson [22] Quadratic 0 uo, vo, wo, wx, wy

/x/y

Ambartsumyana

[23]
Quadratic 0 uo, vo, wo, wo,x, wo

w, /

a J01 = J02 = (z/2)[h2/4 � z2/3]; X1(x,y) = 1/2[rxz(x,y,+h/2) � rxz(x, y, �h/2)]; X2(x
Y2(x,y) = [ryz(x, y, +h/2) + ryz(x,y,�h/2)].
material properties in the thickness direction yields smaller values
of non-dimensional frequencies than Eq. (10). Increasing the crack
length reduces the non-dimensional frequencies of the
side-cracked plates. The decrease in the first five non-dimensional
frequencies due to a small crack (d/a = 0.1) is not significant.

Although only the vibrations of side-cracked rectangular plates
have been studied herein, the proposed set of crack functions can
be extended to three-dimensional elasticity-based formulations
of cracked FGM thick elastic bodies, and the crack functions can
also be used directly for plates and thick elastic bodies with other
geometries, such as circular, elliptical, polygonal, trapezoidal or
skew. Additional work by the authors on these follow-on problems
is forthcoming. The proposed set of functions can also be used in
numerical methods other than the Ritz method, such as the ele-
ment-free Galerkin method and the spectral-based method.
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Appendix A. Summary of available shear deformable plate
theories for FGM thick plate flexural bending free response
and vibration frequencies

The assumptions made by Kirchhoff, establishing classical plate
theories, assumed: (i) displacement components are small com-
pared with the thickness of the plate (h/a (or h/b) = 0.05 or less,
see Fig. 1), (ii) normals to the middle surface of the plate before
deformation remain straight and normal to the middle surface
after deformation, (iii) transverse normal strain is negligible, and
(iv) transverse normal stress is small and negligible compared to
the in-plane normal stresses. The effect of shear deformation in-
creases significantly as the plate thickness increases relative to
the plate characteristic length (h/a (or h/b) = 0.05 or greater, see
FOSDPT assumed displacement approximations BC Shear
factor j

u(x,y,z, t) = uo(x,y, t) + zbx(x,y, t) 5 5/6
v(x,y,z, t) = vo(x,y, t) + zby(x,y, t)
w(x,y,z, t) = wo(x,y, t)

u(x,y,z, t) = uo(x,y, t) + zwx(x,y,t) 5 p2/12
v(x,y,z,t) = vo(x,y,t) + zwy(x,y,t)
w(x,y,z,t) = wo(x,y,t)

u(x,y,z, t) = uo(x,y, t) � zwo,x(x,y, t) + [z + (4z3/3h2)]hx 7 None
v(x,y,z,t) = vo(x,y, t) � zwo,y(x,y, t) + [z + (4z3/3 h2)]hy

w(x,y,z, t) = wo(x,y, t) + [th/8(1 � t)]{[(4z2/
h2) � 1]r2wo �
[(4z2/h2) � (8z2/h2) � 5/6](hx + hy)}

,y, u(x,y,z, t) = uo(x,y, t) � zwo,x(x,y, t) + (3/2)[z � (4z3/3h2)]hx 7 None
v(x,y,z ,t) = vo(x,y, t) � zwo, y(x,y,t) + (3/2)[z � (4z3/3 h2)]hy

w(x,y,z, t) = wo(x,y, t)

u(x,y,z, t) = uo(x,y, t) + zwx(x,y, t) + z3/x(x,y, t) 7 None
v(x,y,z,t) = vo(x,y,t) + zwy(x,y,t) + z3/y(x,y,t)
w(x,y,z,t) = wo(x,y,t)

,y u(x,y,z,t) = uo(x,y,t) � zwo,x(x,y,t)+(J01/G)/(x,y,t) + (z/G)
X1(x,y,t) + (z2/2hG) X2(x,y,t)

7 None

v(x,y,z,t) = vo(x,y,t) � zwo,y(x,y,t) + (J02/G)w(x,y,t) + (z/
G)Y1(x,y,t) + (z2/2hG)Y2(x,y,t)
w(x,y,z,t) = wo(x,y,t)

,y) = [rxz(x, y, +h/2) + rxz(x,y,�h/2)]; Y1(x,y) = 1/2[ryz(x,y,+h/2) � ryz(x,y,�h/2)];



Table A.I.2
Summary of higher-order shear deformable plate theories (HOSDPT).

HOSDPT theory Transverse
shear strain exz,
eyz

Transverse
normal strain
ez

HOSDPT variables HOSDPT assumed displacement approximations BC Shear
factor j

Iyengar et al. [24,25]
(extended Reissner)

Fourth-order Non-zero bx, by, hx, hy, /x, /y,
wo, w1, w2

u(x,y,z,t) = uo(x,y,t) + zbx(x,y,t)+z2hx(x,y,t) + z3/x(x,y,t) 9 None
v(x,y,z,t) = vo(x,y,t)+zby(x,y,t) + z2hy(x,y,t) + z3/y(x,y,t)
w(x,y,z,t) = wo (x,y,t) +zw1(x,y,t)+z2w2(x,y,t)

Kuzentov et al. [26] Variable Non-zero uo, vo, wo, wx, wy, wz u(x,y,z,t) = uo(x,y,t) + f1(z)wx(x,y,t) 6 None
v(x,y,z,t) = vo(x,y,t) + f2(z)wy(x,y,t)
w(x,y,z,t) = wo(x,y,t) + f3(z)wz(x,y,t)

Vlasov [27] Variable
(Maclaurin
Series)

Non-zero uo, vo, wo u(x,y,z,t) = uo(x,y,t)+z[u,x(x,y,t)]o + (z2/2)[u,xx(x,y,t)]o + � � � Series None
v(x,y,z,t) = vo(x,y,t) + z[v,x(x,y,t)]o + (z2/2)[v,xx(x,y,t)]o + � � �
w(x,y,z,t) = wo(x,y,t) + z[w,x(x,y,t)]o + (z2/2)[w,xx(x,y,t)]o + � � �

Krishna-Murty Ia [28–31] Series 0 uo, vo, wo, wo,x, wo,y,
/n, wn

u(x,y,z,t) = uo(x,y,t) � zwo,x(x,y,t) + An

v(x,y,z,t) = vo(x,y,t) � zwo,x(x,y,t) + Bn

Series None

w(x,y,z,t) = wo(x,y,t)

Krishna-Murty II [28–31] Fourth-order 0 uo, vo, bx, by, hx, hy,

/x, /y, wo, w1, w2

u(x,y,z,t) = uo(x,y,t)+zbx(x,y,t) + z2hx(x,y,t)+z3/x(x,y,t) 11 None
v(x,y,z,t) = vo(x,y,t) + zby(x,y,t) + z2hy(x,y,t) + z3/y(x,y,t)
w(x,y,z,t) = wo (x,y,t) + zw1(x,y,t) + z2w2(x,y,t)

Krishna-Murty III [28–
31]

Eighth-order 0 uo, vo, wo, /x, wx, /y,
wy, hx, hy

u(x,y,z,t) = uo(x,y,t) + zwx(x,y,t) + z2/x(x,y,t) + z3hx(x,y,t)
v(x,y,z,t) = vo(x,y,t) + zwy(x,y,t) + z2/y(x,y,t) + z3hy(x,y,t)

9 None

w(x,y,z,t) = wo(x,y,t)

Krishna-Murty IV [28–
31] Reddy
[9,14,32,33].

Quadratic 0 uo, vo, wo, wo,x, wo,y,

wx, wy

u(x,y,z,t) = uo(x,y,t) + z[wx � (4/3)(z/h)2(wx(x,y,t)+wo,x(x,y,t))]

v(x,y,z,t) = vo(x,y,t) + z[wy � (4/3)(z/h)2(wy(x,y,t)+wo,y(x,y,t))]
w(x,y,z,t) = wo(x,y,t) 7 None

a An = pn(z)/xn(x,y), (n = 1,2, . . . ,N); Bn = pn(z)/yn(x,y), (n = 1,2, . . . ,N).

Table A.I.3
Summary of higher-order shear deformable plate theories (HOSDPT) applicable to discrete layer or FGM ceramic-metal plate systems.

HOSDPT-FGM
theorya

Transverse shear
strain exz, eyz

Transverse
normal strain ez

HOSDPT-FGM
variables

HOSDPT-FGM assumed displacement approximations BC Shear
factor j

Kant [34] Quadratic Non-zero uo, vo, wo, bx, by, hx, hy,
hz

u(x,y,z,t) = uo(x,y,t) + zbx(x,y,t) + z3hx(x,y,t) 8 None
v(x,y,z,t) = vo(x,y,t) + zby(x,y,t) + z3hy(x,y,t)
w(x,y,z,t) = wo(x,y,t) + z2hz(x,y,t)

Reddyb

[9,14,32,33]
Quadratic 0 uo, vo, wo, /x, /y, wo,x,

wo,y

u(x,y,z,t) = uo(x,y,t) + z/x(x,y,t) � (4z3/3h2)[/x(x,y,t) + wo,x(x,y,t)] 7 None
v(x,y,z,t) = vo(x,y,t) + z/y(x,y,t) � (4z3/3h2)[/y(x,y,t) + wo,y(x,y,t)]
w(x,y,z,t) = wo(x,y,t)

Whitney and
Sund [35,36]

Linear Non-zero uo, vo, wo, wx, wy, wz,
/x, /y

u(x,y,z,t) = uo(x,y,t) + zwx(x,y,t) + z2/2/x(x,y,t) 8 p2/12,
p2/15v(x,y,z,t) = vo(x,y,t) + zwy(x,y,t) + z2/2/y(x,y,t)

w(x,y,z,t) = wo(x,y,t) + zwz(x,y,t)

Nelson and
Lorch [37]

Linear Non-zero uo,vo, wo, wx, wy, wz,
/x, /y, /z

u(x,y,z,t) = uo(x,y,t) + zwx(x,y,t) + z2/x(x,y,t) 9 Kij

(varies)v(x,y,z,t) = vo(x,y,t) + zwy(x,y,t) + z2/y(x,y,t)
w(x,y,z,t) = wo(x,y,t) + zwz(x,y,t) + z2/z(x,y,t)

Lo et al. [38,39] Quadratic Non-zero uo, vo, wo, wx, wy, wz,
/x, /y, /z, hx, hy

u(x,y,z,t) = uo(x,y,t) + zwx(x,y,t) + z2/x(x,y,t) + z3hx(x,y,t) 11 None
v(x,y,z,t) = vo(x,y,t) + zwy(x,y,t) + z2/y(x,y,t) + z3hy(x,y,t)
w(x,y,z,t) = wo(x,y,t) + zwz(x,y,t) + z2/z(x,y,t)

Prokopovc [40] Series Non-zero uo, vo, wo, u1, v1, , w1, u(x,y,z,t) = cuo(x,y,t)-AozsDxho(x,y,t) + su1(x,y,t) � A1zdDxh1(x,y,t) Series None
v(x,y,z,t) = cvo(x,y,t)-AozsDxho(x,y,t) + sv1(x,y,t) � A1zdDyh1(x,y,t)

wðx; y; z; tÞ ¼ cwoðx; y; tÞ þ AokD2
xyhoðx; y; tÞ þ sw1ðx; y; tÞ � A1zsh1ðx; y; tÞ

Pagano and
Soni [41]

Cubic Non-zero uo, vo, wo, wx, wy, wz,
/z

u(x,y,z, t) = uo(x,y, t) + zwx(x,y, t) 7 None
v(x,y,z,t) = vo(x,y,t) + zwy(x,y,t)
w(x,y,z,t) = wo(x,y,t) + zwz(x,y,t) + z2/2/z(x,y,t)

a z-Coordinate is measured from the ceramic-metal interface of the FGM plate (see Fig. 1c).
b Adopted in present study.
c Ao = t/[2(t � 2)]; A1 = Ao/2; c = cos z Dxy; s = sin z Dxy; d = (s � zc)/Dxy; ho = Dxuo + Dyvo + w1; h1 = Dxu1 + Dyv1 � Dxywo.
d Discrete layer theory: ukðx; y; z; tÞ ¼ uoðx; y; tÞ � zkwk

xðx; y; tÞ; vkðx; y; z; tÞ ¼ voðx; y; tÞ � zkwk
yðx; y; tÞ; wkðx; y; z; tÞ ¼ woðx; y; tÞ.
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Fig. 1). Classical Kirchhoff plate theory underestimates flexural dis-
placement solutions and overestimates flexural vibration solu-
tions, mainly because thin-plate theory overestimates the
flexural rigidity of the plate by neglecting its transverse shear flex-
ibility. This is the central justification of the vast amount of pub-
lished literature [18–41] of alternative plate theories that provide
more precise effects of transverse shear strains and normal strains
for thick plate bending and vibrations problems.
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First-order shear deformable plate theories (FOSDPT) [18–23]
(as contrasted in Table A.I.1) replace the above classical Kirchhoff
assumption (ii), that is, normals to the middle surface of the plate
before deformation either remain straight (but not necessarily nor-
mal) to the middle surface after deformation, or in some theories,
remain neither straight nor normal after deformation. The litera-
ture documents three approaches employed by researchers in
developing FOSDPT approximations of FGM thick plates. The
Reissner approach, as one, assumes a mixed in-plane normal and
shear stress-displacement field. The Henchy–Mindlin approach,
second, assumes a displacement field, whereas the Ambartsumyan
approach, third, assumes an in-plane normal and shear stress field.
Higher-order shear deformable plate theories (HOSDPT) (as put
side-by-side in Table A.I.2) relax the Kirchhoff assumptions, as fol-
lows: (i) displacement components are small compared with the
thickness of the plate; (ii) normals to the midsurface of the FGM
plate before deformation which are straight are not necessarily
normal nor straight after deformation; (iii) transverse normal
strain is not negligible; (iv) transverse normal stresses generally
are not negligible. Only the first Kirchhoff assumption (i) is re-
tained, which is required for the HOSDPT approaches to be linear.
The HOSDPT assumptions (iii) and (iv) are seen to be changed from
those of the FOSDPT approaches. The literature documents Reiss-
ner, Henchy–Mindlin, and Ambarsumyan HOSDPT approaches
[24–33], as compared in Table A.I.2. The present Reddy HOSDPT
approached adopted in this study (Eqs. (1)) is a Henchy–Mindlin-
based approach, which corrects upon a similar Henchy–Mindlin
approach of Kant by subtracting cubic-order terms through the
FGM plate thickness proportional to sums of first-order bending
rotations and transverse normal strains.

Both FOSDPT and HOSDPT approaches, when applied to discrete
layer or FGM thick plate systems [34–41] (see Table A.I.3), consider
the assumed displacement approximation as smeared over the
plate thickness and evaluate the effective stiffness and mass of
the entire FGM thick plate in terms of the stiffness and mass of
the material layers. One drawback is these approaches give inade-
quate stresses, although they are typically sufficiently accurate for
flexural bending and vibration frequency solutions, mainly because
the assumed displacements are continuous across the FGM plate
thickness, whereas the displacement gradients or transverse shear
and normal stresses may be discontinuous at the material interface
of the FGM plate. Some shear deformable discrete layer thick plate
researchers have assumed displacement approximations over each
material layer separately, while ensuring the displacements satisfy
the continuity conditions at the interface of the two material
layers.

Table A.I.3 contrasts the various assumed displacement approx-
imations and resulting transverse normal and shear strain approx-
imations resulting from them. The Reddy HOSDPT approach
adopted in the present study is a somewhat compromise tradeoff
between assumed displacement approximation complexity and
sufficient transverse shear strain adequacy. What may be deficient
computationally from the orthogonal polynomial displacement
fields used in the present Ritz procedure, in the ideal sense, is more
than accounted for exactly through the use of the proposed crack
functions, which model the singular behaviors of transverse nor-
mal and shear stresses at the tip of the side crack and which ac-
count for the discontinuities of the displacements and their
gradients across the crack. It is advantageous in the present Ritz
procedure that a hybrid set of trial functions be used so that it con-
stitutes not only an orthogonal set, but also that it incorporates a
set of crack functions derived from the exact solution in the vicin-
ity of the tip of a side crack, which may be used to computational
advantage in achieving a robust upper bound approximation on
the exact solution of the titled vibration problem of cracked rectan-
gular FGM thick plates. It is shown specifically in detail herein that
inclusion of these crack functions in the assumed displacement
field – albeit addressing singular effects local to the tip of the side
crack – do have a global effect on flexural bending free response
and vibration frequency solutions of cracked FGM thick plates.

Appendix B. Stiffness and mass definitions of Eq. (9)

The expressions for components in stiffness and mass matrices
in Eq. (9):

K11
ij ¼

Z Z
A11ni;xnj;xþA44ni;ynj;y

n o
dA; K12

ij ¼
Z Z

A12ni;xfj;yþA44ni;yfj;x

n o
dA;

K13
ij ¼

Z Z
K11ni;xgj;xþK44ni;ygj;y

n o
dA; K14

ij ¼
Z Z

K12ni;xvj;yþK44ni;yvj;x

n o
dA;

K15
ij ¼

Z Z
ni;xC1ð�E11uj;xx�E12uj;yyÞ�2C1E44ni;yuj;xy

n o
dA;

K22
ij ¼

Z Z
A11fi;yfj;yþA44fi;xfj;x

n o
dA; K23

ij ¼
Z Z

K12fi;ygj;xþK44fi;xgj;y

n o
dA;

K24
ij ¼

Z Z
K11fi;yvj;yþK44fi;xvj;x

n o
dA;

K25
ij ¼

Z Z
�C1E12fi;yuj;xx�C1E11fi;yuj;yy�2C1E44fi;xuj;xy

n o
dA;

K33
ij ¼

Z Z
ðJ11�C1L11Þgi;xgj;xþðJ44�C1L44Þgi;ygj;y

n

þðM0�C2M2Þgigj

o
dA;

K34
ij ¼

Z Z
ðJ12�C1L12Þgi;xvj;yþðJ44�C1L44Þgi;yvj;x

n o
dA;

K35
ij ¼

Z Z
C1gi;xð�L11uj;xx�L12uj;yyÞ�2C1L44gi;yuj;xyþðM0�C2M2Þgiuj;x

n o
dA;

K44
ij ¼

Z Z
ðJ11�C1L11Þvi;yvj;yþðJ44�C1L44Þvi;xvj;x

n

þðM0�C2M2Þvivj

o
dA;

K45
ij ¼

Z Z
�C1L12vi;yuj;xx�C1L11vi;yuj;yy�2C1L44vi;xuj;xyþðM0�C2M2Þviuj;y

n o
dA;

K55
ij ¼

Z Z
C2

1H11 ui;xxuj;xxþui;yyuj;yy

� �
þC2

1H12ðui;xxuj;yyþui;yyuj;xxÞ
n

þ4C2
1H44ui;xyuj;xyþðM0�C2M2Þðui;xuj;xþui;yuj;yÞ

o
dA;

M11
ij ¼ �q0

Z Z
ninjdA; M12

ij ¼0; M13
ij ¼ð�q1�C1 �q3Þ

Z Z
nigjdA;

M14
ij ¼0; M15

ij ¼ð�C1 �q3Þ
Z Z

niuj;xdA; M22
ij ¼ �q0

Z Z
fifjdA;

M23
ij ¼0; M24

ij ¼ð�q1�C1 �q3Þ
Z Z

fivjdA; M25
ij ¼ð�C1 �q3Þ

Z Z
fiuj;ydA;

M33
ij ¼ð�q2�2C1 �q4þC2

1 �q6Þ
Z Z

gigjdA; M34
ij ¼ 0;

M35
ij ¼ð�C1 �q4þC2

1 �q6Þ
Z Z

giuj;xdA;

M44
ij ¼ð�q2�2C1 �q4þC2

1 �q6Þ
Z Z

vivjdA; M45
ij ¼ð�C1 �q4þC2

1 �q6Þ
Z Z

viuj;ydA;

M55
ij ¼C2

1 �q6

Z Z
ðui;xuj;xþui;yuj;yÞdAþ �q0

Z Z
uiujdA;

where �qi ¼
R h=2
�h=2 qðzÞzidz.
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