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A*x = AAX, (1.1)

where Ais areal or complex N x N matrix,A € Candx € CN\{O} are eigenvalue and the correspond-
ing eigenvector of (1.1), respectively. Here, the symbol “x”= T (Transpose) or H (Hermitian). The pencil
A* — )A and the pair (A*, A) are usually called a palindromic linear pencil and a palindromic matrix
pair, respectively. It is easily seen that the eigenvalues of (1.1) satisfy the reciprocal property, i.e., they
appear in pairs as in {A, 1/1*}.

The PGEPs with complex coefficient matrices were firstly suggested as “good” linearizations [5,6]
of palindromic polynomial/quadratic matrix pencils, arising from the study of vibration analysis [2,
4,12]. A PGEP with real coefficient matrices can also be shown to be equivalent to the generalized
continuous/discrete-time algebraic Riccati equations, associated with the continuous/discrete-time,
linear-quadratic optimal control problems (see [11] for details).

The standard approach for solving the PGEP is to compute its generalized Schur form (e.g., by qz in
MATLAB), ignoring its symmetric or palindromic structure in (A*, A). However, the reciprocal property
of eigenvalues of (1.1) is not preserved by computation generally, producing large numerical errors [7].
Recently, a QR-like algorithm [8] and a hybrid method [7] (which combines Jacobi-type method with
the Laub's trick) were proposed for the PGEP. The QR-like algorithm generally requires O(N*) flops
and the hybrid method requires O(N3 log(N)) flops. Alternatively, for methods of cubic complexity, a
URV-decomposition based structured method [9] and a structure-preserving algorithm [3] for PGEPs
were proposed, producing eigenvalues which are paired to working precision. Unfortunately for PGEPs,
these more efficient (and equivalent) methods require the transformation of the PGEP to the quadratic
form (u?A* + - 0 + A)x = 0, leading to operations in larger 2N x 2N matrices. The PDA is a unique
and more direct, thus more efficient, algorithm for the PGEP.

The purpose of this paper is to develop the PDA for solving the PGEP structurally. We establish
quadratic convergence and linear convergence with rate 1/2 of the PDA, respectively, when (A*, A) has
no unimodular eigenvalues and has unimodular eigenvalues with partial multiplicities two. In appli-
cation to discrete-time optimal control problems, we especially develop a new algorithm combined
with the PDA (as in Algorithm 4.1) for solving the optimal control of singular descriptor linear systems.
To our knowledge, the associated generalized discrete-time algebraic Riccati equation (GDARE) has
not been solved successfully in a structure-preserving manner.

This paper is organized as follows. In Section 2 we develop the palindromic doubling algorithm
(PDA) for solving PGEPs. In Section 3 we establish the convergence theory for the PDA. In Section 4 we
use the PDA to compute numerical solutions structurally in different applications in PGEPs, GCAREs
and GDAREs. Concluding remarks are given in Section 5.

Throughout this paper, C™*" and R™*" denote the sets of m x n complex and real matrices,
respectively. For convenience, we denote C" = C™!, C = C!, R" = R™! and R = R'. The open
left-half plane and the open unit disk are denoted by C_ and D4, respectively; Op,xn(0) and I, are
the m x n(m x m) zero matrix and the m x m identity matrix, respectively. We use o (A, B) to denote
the spectrum of the matrix pair (A, B), and || - || denotes the 2-norm of a matrix.

2. Palindromic doubling algorithm

For a given palindromic matrix pair (A*, A), we shall develop a doubling algorithm for solving the
associated PGEP which preserves the palindromic structure at each iterative step.
Suppose —1 ¢ o (A*, A) (the assumption can be removed later in Remark 3.1). We then have
A*A* +A) A= (A" +A) —AA* +A) A+ A" — A%
= (I —A@A*+A)H(A* +A) — A%
= AA* +A)" 1A% (2.1)

From (2.1), it is easily seen that

[A@* + AL AT @A + A7 [f;] =0. (2.2)
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We now define the doubling transform A — A by

A=AA*+A) A (2.3)

Theorem 2.1. The matrix pair (K*, K) has the doubling property; i.e., if
A*U = AUS, (2.4)
where U € CV*¢ and s € C“*¢, then

A*U = AUS®. (2.5)
Proof. Multiplying the both sides of (2.4) by A*(A* + A)~', and (2.1) and (2.4) imply (2.5). [

From Theorem 2.1, we see that the doubling transform (2.3) preserves the palindromic structure.
So, for a palindromic matrix pair (A, Ao) with Ag € CN*N we can develop the PDA to generate the

sequence {(Af, Ax)} if no breakdown occurs in the iterative process.

PDA Algorithm Given Ay € CNXN ¢ (a small tolerance),

fork =0,1,2,..., compute
Arp1 = A (A% +A) A, (2.6)

if dist(Null(Ax+1), Null(Ax)) < 7, then stop,
end for

Here, “Null(-)” denotes the null space of the given matrix and “dist(-, -)” denotes the distance
between two subspaces.
To develop the PDA further, denote

Ax = Hy + K, (2.7a)

where
1 1
Hy = 3 (A;‘; + Ay) = H,’f, Ky = 3 (A — A;’:) = —K,f (2.7b)

are the *-symmetric and *x-anti-symmetric parts of A, respectively. Then the iteration (2.6) can be
rewritten as

1 _
At = Hicpr + Kyt = o (Hi + Koy (Hic + K
1 —1
=5 (Hk + K¢H, 1<,<) + K.
The iteration (2.6) in the PDA can be simplified to
1 ~1
Hi1 = 5 (Hic+ Ko 'Ko).
Ki+1 = Ky = -+ - = Ko.
3. Convergence of PDA

LetAg € CN*N, Suppose the eigenvalue “1" of (A§, Ao) (if exists) has partial multiplicity one or two,
and the other unimodular eigenvalues of (Af, Ao) (if exist) have exactly partial multiplicities two. By
the theorem of Kronecker canonical form there are nonsingular matrices Q and Z such that
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Jo® 2o 0,;DI
ASZ = e = (y, 1
o [ Oz, ;@ 90} Co (31a)
Iy Oni ]
ApZ = e = Dy, 3.1b
woz=[g =0 (1)
where 2y = diag (e"‘”, .. .,ei“’f),jo € C**¢ consists of stable Jordan blocks (ie., p (o) < 1, where

p(+) is the radius of the spectrum) andjf)k =Jo®Iphwithn=C+rl=0+mnin=n+m=~L+
r+ mand N = 2n + m. Here “@" denotes the direct sum of matrices.

Since CoDy = Do Cy, from (3.1b) we have that A5ZDy = AypZCo. From Theorem 2.1 and steps in the
PDA, it follows that

AZDY = Az (3.2)
Substituting (3.1b) into (3.2), we get
I Ona 2o o ;@r
AZZ[ N }=Akz o © 0 &1k, (33)
Oin  (5)” @I Oin I ® 25

k
where [, = 2".(23 ~1. On the other hand, we can interchange the role of (A}, Ag) by considering the
pair (Ao, Ay) which has the same Kronecker structure as (A§, Ao). Therefore, there are nonsingular P
and Y such that

_|[Jo®R25 0@ _
PAGY = [ 0 103 | = (3.4a)

*y o Iy gn,ﬁ —
PALY = |:Oﬁ,n e Ir] = Fo, (3.4b)

Since EgFy = FoEo, we deduce that AgYFy = AjYEy. Using the similar arguments as in (3.2) and (3.3),
we obtain

k k
I 0 )2 foXs 2 0 - I
AcY [0” . 1} = ALY [(’0) ® (%) 0 ® el (35)
no Jo @ Ofin I; & (£25)
We partition Ay, Hk and Ky in (2.7a) into four sub-blocks as in
A Ak3:| [Hm H?fz] [Km —KSE]
Ay = , Hy = , Ko = , 3.6a
k |:Ak2 Aka k Hi,  Hpg 0 Ko Ko (3.6a)

where A1, Hir, Ko1 € C™ A%, Ays, Hiy, K3y € C™M and Ay, Hia, Kog € €™, From (2.7a)and (3.6a),
we also have

Akt = Hik1 + Ko1, Az = Hia + Ko, (3.6b)
Az = Hp, — K35, Aka = Hya + Koa. (3.6¢)

Furthermore, we partition Z in (3.3) and Y in (3.5) as in
|4 2z _rn v
7= [Zz Z4i|' Y= |:Y2 AL (3.7)
where Zy,Y; € C™", 725,75, Y5, Y3 € C™" and Z4, Y4 € C™". For convenience, we denote

Zias=27i(;1:0), Yig=Y;(;1:4), i=3,4, (3.8)
Zin=7ZiGL+1:n), Yp=Yi(G€+1:n), i=12. (3.9)
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Theorem 3.1. LetAy € CNV*N. Suppose that the eigenvalue “1" of (A§, Ao) (ifexists) has partial multiplicity
one or two, the other unimodular eigenvalues of (A§, Ao) (if exist) have exactly partial multiplicities two,
and (3.1b) and (3.4b) hold with n < 2£ (i.e., r + m < £). Suppose that Z, and Y7 in (3.7) are invertible,

and W = [®Z3 4 — Z44| VY34 — Yaq] € Cx2t s of full row rank, where @ = ZZZfl, ¥ = YzYl_l. If
~1¢ U, { o210 > 0} , then the sequence { (A}, Ax)} generated by the PDA is well defined and satisfies

A; [2] —0, linearly as k — oo, (3.10a)
Ak [2] —0, linearly as k — oo, (3.10b)

with convergence rate 1/2, where span {2 } and span { E } form the weakly stable and the unstable invariant
subspaces of (Ag, Ao) corresponding to (Jo @ $2o, In) and (In, J§ @ £2¢) , respectively.

Proof. Since —1 ¢ Uj_, {ezkiwf, k> O}, from (2.6) we see that —1 ¢ o (A}, Ak), thus, A + Ay is in-
vertible for all k.
From (3.6a), (3.3) and (3.7), we have
AF 7 % o 2k 2k 2k 2k
11 +ApZs = AaZi|Jg © 25 ) +AsZa )y © 5% ), (3.11)
A* 7 * _ 2k 2k 2k 2k
k341 +Ak422 = Az ]o @ -Qo + AkaZ ]o @ -Qo ’ (3-]2)
k k k
Ka2s (0 @1,) + A4 (05 @1,) = A |20, 0 10 + 25 (1,0 28 )|
k
+ Az [22(0“~ Ik +24 <Ig ® 2} )] ,(3.13)
k k k
AisZs (03)2 o Ir) + AtaZa (03)2 ® 1r> = A [21 0,7 @ 1) + 73 <Ig @ 2} )]
k
+ Aka [zz (0,7 ® I't) +Za (15 ® 25 )] .(314)
Post-multiplying (3.13) by 0; , © I"k_1 .ng, we get
1 ok 1ok
s (07, 1703 ) + Az (07, 0 117 )
k Kk k
= (i +Aazo) (00® 23) + Az +Ass) (07, @ 28 '3, (315)
Substituting (3.15) into (3.11) and using .ng Fk_lﬂgk = 2_"ng+1, we have
k k
AZi + AZy = (AnZy + AisZa) <]3 @ 0r> + (Ak1Z1 + AiZy) <Oe ® 2 )
_ 2k * * N —1 2k
= (AnZi + AisZ2) (Jo ©Or ) + (AiZs + ApZa) (07, ® I} $25
k
— (A1Zs3 + AisZs) (om ®27%22 “) ) (3.16)

Using (3.6a) and re-arranging (3.16), we get

HinZ {Zl [In - (Jék ® 0r>] — 73 [Oé,fz @272 <'r - ng)“
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+HY 12 [1n - (]gk ® or)] — 7 [oa ® 2752, <1, - szgk)]}

2k —k 2k
= Ko {Zl [In + (fo @ Or)] —Z3 [054 D2 "2 <Ir + 24 )]}
s 2k —k 2k
— K3y 122 [In + (10 ® or)] — 7 [056 @272 <1r + 28 )“ ) (3.17)
Denote
€ = max p(]o)zk,z_k} — 0, ask — oo. (3.18)

Since H .ng H is bounded and Z; is invertible, by letting @ = zzzl‘l, (3.17) can be simplified to
Hip = —Hp, (@ + 0(e&x)) + Ko1 — K, @ + O(e). (3.19)
Post-multiplying (3.13) by I; & 1“,:1, we have
Kazs (0" @ 1) +apza (0" © 127")
= An [zl 0y 1) + 723 <Il7 @ Qékl“k‘])]
A [zz(ou- OL)+ 24 (zg Yo r,;1>] . (3.20)
From (3.6a) and (3.18), (3.20) becomes

Hi1[Z3(Ie © Omtr) +Z1(0, 7 @ Ir) + O(er) ] + HiplZa(ly ® Opr) + 220, ; @ Ir) + O(ex)]
= —Kn[Z3(I¢ & 2In, ® 0;) + Z3 (Oej @ Ir) + O(ex)]
+ Ko [Za(le © 21 @ 0r) + Z2(0, 7 @ Ir) + O(ex)]. (3.21)

Substituting (3.19) into (3.21) we get
H, {(d’ + 0(€)[Z3(Ie @ Omr) +Z1(0, 5 @ Ir) + O(€1)] — Za(le ® Omyr)
—20,;®1) + O(ek)} =0Q1).

Since @71, = Zy, it holds that

Hiy (9230 — Zaal + 0(&)) = 0(1) € C™*. (3.22)
On the other hand, from (3.6a), (3.5) and (3.7), we have
k k
AaY1 +AY, = A Y <(I§)2 (2) ) +ARY> <(lo D (224 ) (3.23)
k
AY1 + AaYs = AzYs <(]§)2 (28 ) + AYs ((]o ) (3.24)

k k
AaYs (73 691r> + AisYa (73 @Ir) = (AaYs +ARYa) (Iz @ (25)° )
+ (A Y1+ ALY2) (0, © IY), (3.25)
k k K
Ar2Y3 (73 D Ir> + AraYs <J~é @ Ir) = (A};Ys + AjyYa) (12 ® (29)? )

+ (A Y1 + AtgYa) (0,7 @ 1) - (3.26)
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k
Asin (3.15) and (3.17), post-multiplying (3.25) by 0; , © (I"k*)_] (.Q{;‘)2 and substituting it into (3.23),
we have

AaYi + AsYa = (A% Y1 +ALY)) ((lg)zk ® or) (A Ys + Al Ya) (07, © 27525
— (A%, Y3 + AL Yy) <02,z ® 2"‘(95‘)2"“) ) (3.27)
From (3.6a) and (3.18), (3.27) becomes
o o (7 50)] - 550 - )
+H {YZ [In - ((/f)k)Zk ® 0r>] — Yy [Oé,e @275 <Ir - (93)2k>]}
— Ko {y] [zn + ((13)2" ® o)] — Y3 [oa ® 27425 + (Qé‘)zk)]}
K {Yz [In + ((lg)zk @ orﬂ — Y [OU @27k <1r + (szg)zk)]} , (3.28)
and then

Hii = —Hu (W 4 0(ek)) — Kot + K5 W + O(ep),

where ¥ = YzYl_l.
Post-multiplying (3.25) by I; ® (1",;")_1 and substituting (3.28) into it, we have

Hy [ Yale © Omir) + Y2(0,; & 1) + O(ei) — (¥ + 0(€))[Y3 (I & Onr)
+Y1(0,; ® 1) + 0]} = 0(1).
Since ¥'Yqp = Yy, it holds that
HE, ([WY3,4 — Yaal + O(ex)) = 0(1) € C™¢, (3.29)
Combining (3.22) and (3.29) we get
Hiy (9730 — Z4al¥ Y3a — Yaal + O(ex)) = 0(1) € ™2, (3.30)

By the assumption that W = [@Z3 4 — Z44|¥ Y34 — Yaal € C™2¢ s of full row rank, it follows that
|H;, | is uniformly bounded on k. Consequently, (3.19) implies that ||Hk1 ||, and in turn || Ay || and A}, ||,
are uniformly bounded on k. From (3.16), it follows that

A Z1 + AgyZy = O(eg) — 0, ask — oo. (3.31)
Applying the similar argument as in (3.15) and (3.17) to (3.24) and (3.26), we deduce that
Hia = —Hia (Ya¥; ' + 0(er)) + Koa — KoaYa¥; ' + O(er).
Thus, (3.30) implies that ||Hy4||, and in turn ||Ag4]|, are uniformly bounded on k.
To show A;3Zy + AjyZy = O(ey), we post-multiply (3.14) by 0; , ® Fk_].ng and obtain
1 ok 1 ok
A,’S3Z3 <OZ,£ D I, 193 ) +A7:4Z4 (OZ,Z D I 195 )

k k
= (AZi + AraZs) (05 ® 93’) + (AkaZs + AraZs) (0@3 @27k} +1) . (3.32)
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Substituting (3.32) into (3.12), as in (3.16) we have
k —
Az + Kyl = (AZy + AuZs) (Jé ® or) + (AjsZs + ApaZa) (07, ® 27 520)

k
— (Ak2Z3 + AraZs) (05',5 @272} H)
= O(ex) — 0, as — oo. (3.33)
Combining (3.31) and (3.33), we have shown that

Aa Apl[4] Z
|:Al><k3 A;{k4 V4 - O(Gk) — 0, ask — oo.

Similarly, as in (3.15) and (3.16), from (3.24) and (3.26) we have
k
AY1 +AuYs = (AfsY1 + AgY2) ((/E)k)2 @ 0r> + (Ar2Y3 + AraYs) (05@ ® 2_k9§>
k
— (AiYs + AyYa) (OZ,Z ®27* (25)? “) = 0(ex). (3.34)

Using the boundedness of ||Aki||,i = 1, ..., 4, and combining (3.27) and (3.34), we have shown that

Aa A V1] _
[Akz Ak4:| [YJ =0(ex) —> 0, ask — oo,

because % dominates ,o(]o)zk in (3.18) for sufficiently large values of k. [

Remark 3.1. Consider the assumption —1 ¢ U = Ujr:1 {ezkiwi, k> O} in Theorem 3.1. Since U is a

countable set (possibly dense on the unit circle only when r — 00), there exist an —eito ¢ U. With
At = e /24% wehave A%, + Anew = €90/2Ag + e 1%0/2p5 = ¢~i%/2 (Aé + eieOAo) being invert-

new new
ible. It is unclear how the “optimal” 6y can be found.

Theorem 3.2. Suppose (Ag, Ao) has no unimodular eigenvalues. The sequence {(Ay, Ax) } generated by the
PDA satisfies

* [ 21 Y1
Ay [ZJ — 0, Ag [YJ — 0,
quadratically, as k — oo, with convergence rate p (Jy).

Proof. Since (Af, Ag) has no unimodular eigenvalues, Theorem 3.1 implies (A}, Ax) has no unimodular
eigenvalues and (A} + Ay) is invertible. So, the PDA is well-defined.
From (3.6a), (3.3) and (3.7), we have

AZi + NyZs = AaZif2 + AsZal? (335)
AGZ1 + AfuZy = Ak221](2)k + A1<4Z2.I(2]k. (3.36)
From (3.6a), it holds that
HaZi + HyZs = (KnZi — Kiy22) (1 +]§k> (1 —j?,k)_l .
Therefore,

”Hklzl + HITZZZ “ < O(l)-

This implies
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[(Hi1 + Ko1)Z1 + (Hy, — Kop) Z2|| = 1AZy + AsZz || <0(1). (3.37)
From (3.35) and (3.37), we have

AnZi +A5Z, =0 (p(]0)2k> — 0, ask — oo.

Similarly, from (3.36), we obtain

-1
k k
HinZi + HiyZy = (KopZi + KiuZo) (1 +J5 ) (1 —J2 ) ,
which is uniformly bounded on k. This implies

ATy + AfZy = 0 <,0(]0)2k) — 0, ask — oo.

This shows that A [gﬂ — 0, quadratically, with convergence rate p(Jo). Similarly, from (3.6a), (3.5)

and (3.7), we can also show that Ay [2] — 0 quadratically, with rate p(Jo). [

4. Numerical solution and applications

In this section, we want to apply the PDA to find all the eigenpairs of a general PGEP, and solve the c-
/d-stabilizing solutions of generalized continuous/discrete-time algebraic Riccati equations
(GCARE/GDARE). We especially develop Algorithm 4.1 in subsection 4.3 for the computation of the
d-semi-stabilizing solution of GDAREs arising in the optimal control of singular descriptor linear
systems. To our knowledge, Algorithm 4.1 is the first structure-preserving algorithm for solving GDAREs
associated with singular descriptor systems.

For operation counts or complexity, it depends on the details in the individual applications and
whether efficiency can be squeezed from these fine structures. From the PDA, it is suffice to say that
the algorithmis of O(N?) complexity per iteration. In addition, for problems without unimodular eigen-
values, the convergence is quadratic and typically less than ten iterations are required for convergence
to machine accuracy.

4.1. PGEP

In this subsection, we apply the PDA to solve the PGEP A%x = AAqx, where Ay € C2"?", First, we

apply the PDA to Ap until convergence to A,. Then we compute the bases Z;,Y; € C2™ " for the right
and left null spaces of Ay, respectively, satisfying

ASZ, =0, Y*Af=0.
This implies that there are S and T € C™"*" with p(S) <1 and p(T) < 1 such that

ASZo = AoZsS, AgYs = ALY,T. (41)
From (4.1), S and T can be computed by

S = (YrAoZs) ' (Y¥ALZ) = S7's,,

T = (ZFASYS) ™ (ZFAoYs) = ST*S5.
Rewrite the second equation of (4.1) as

Ao (YsSi*) = AF (YsS1*) S357* = AF (VeS7*) 5™

Compute Sg; = Ajgjand S*hj = A7hj,aswellaszj = Zsgjand y; = (YSS]_*) hj,forj =1,...,n.Itholds
that
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Table 4.1
Results for Example 1.
ITs 20 21 22 23 24
Errg 1.26e-6 6.29e-7 3.15e-7 1.58e-7 8.01e-8

AEZ]‘ = )»jA()Zj, )\]*Agyj = Aoy]-, ] =1,...,n.
In the following example, we report the numerical results of the PDA to illustrate the linear convergence

in the critical case. Recall that Theorem 3.1 shows the PDA converges linearly with rate 1/2 when all
unimodular eigenvalues of (A3, Ag) have partial multiplicities two.

Example 4.1. Given o« = cos(8) and 8 = sin(f) with & = 0.62. Let
_[06 I _ [03 diag(Aq, A2, A3)
.]O - 12 12 ’ .]S = 13 03 ,
o

where I' = [ﬂ _aﬂ] and |A;| < 1fori = 1,2, 3. We construct

Ao = Q*(Jo D Js)Q,
where Q is an unitary matrix. It is easily seen that (A§, Ao) has eigenvalues {o + 18,0 — 18, A1, A2, A3,
1/A%,1/A5,1/A%} with partial multiplicities {2,2,1,1,1,1,1, 1} which satisfy the assumptions in
Theorem 3.1. The kth absolute error as in (3.10a) computed by the PDA is defined by

Erry = ||AjZs
where Zg  is an orthogonal basis corresponding to the five smallest singular values of Ay.

In Table 4.1, we list the absolute errors from the 20th to 24th iterations computed by the PDA which
is observed to be linearly convergent with rate 1/2. Here, the tolerance t in the PDA is chosen to be the
optimal v/1e — 16 = 1e — 8, because the unimodular eigenvalues of (AS‘,AO) have partial multiplies
two. Furthermore, the residual |A{Zs — AoZs As| is given by 8.07e — 8, where Zs = Z; 24 and A is the
corresponding approximate stable eigenvalue matrix.

’

4.2. GCARE

Inthis subsection, we are interested in finding the c-stabilizing solution of the generalized continuous-
time algebraic Riccati equation (GCARE)

T
ATXcEe + Bl XcAc — (Ne + ET XcB ) R (Ne + E/ XcBe) - + M =0, (42)
which solves the continuous-time linear-quadratic control problem
. 1 Iy T Mc Nc X
miny [, L) [NI e |[1] o (432
subject to the descriptor linear system
Ecx = Acx + By, x(0) = X°, (4.3b)

where E., Ac, M, = M;r,XC = XC—r € R™" B.,N. € R™™andR. = R;'— € R™ ™ with E. and R being
nonsingular. Furthermore, the c-stabilizing closed-loop matrix pencil of (4.3b) is given by A + B:K; —
ME; with the o (Ac + B:K¢, Ec) € C_ , where

Ke=—R:" (B XE.+N]).

Let
0 Ac B 0 Ec O
Me—rle= |Al Me Ne|—a {—Ej 0 o} . (4.4)
B;r N;'— R. 0 0 O
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One common approach to solve (4.2) is to compute the n-dimensional, c-stable invariant subspace ¢, of
the symmetric/skew-symmetric pencil M. — AL corresponding to the eigenvalue matrix pair (S, E.)
with o (Se, Ec) € C_, where i, is the column space of U, € R X" which satisfies M U.E, =
LcUcSe.

We assume that the matrix pencil M. — AL has no eigenvalues on the imaginary axis. The gener-
alized eigenvalues of (M, L) can be arranged by

My A2n3 Ay e ey Aons OO, ..., 00,
—_———
m

where A; € C_, for 1 <i < 2n. The m trivial infinity eigenvalues are from the nonsingularity of R..
With

XcE] In
U=| Ik In,
K. |}m

X is the c-stabilizing solution of GCARE (4.2) and K. is the optimal controller for (4.3b) [11].
T
Inorder to utilize the PDA to compute an orthogonal basis V = [VlT vy, V;—] foru withVy,V; €
R™" we consider the Cayley transformation

— A = M + Le) =AM — Lo),

where
0 Ac —E. B
Ag=Mc—Lc= |AT+El M N|. (4.5)
B NS Re

Then the c-stabilizing solution X, for GCARE (4.2) can be obtained by X, = V4V, E_
To measure the accuracy of the computed solution X. for the GCARE, we use the ‘normalized"”
residual (NR;)

|ATX Ec| + IETX AN + I|(Ne + ETXBORT Y (N + ETXcBe) " || + [IMe |

AT ReEc + E] ReAc — (Ne + ETRcB ) R (Ne + ETXCBC) + M,

In the following example, we compare the residuals NR. of X, computed by care in MATLAB, Newton’s
method (NTM) [1] and the PDA.

Example 4.2 (Example 4.3 of [1]). Let n = m = 8. Given

. 0 O 0 1 0 2] [-1 1
AC:dlag(|:0 0:|,|:_1 0]'[—2 0],[0 _1]>, Re=1Ig, E.=1I3,

Ge = BR.'B] = trid(1,2,1) + ege] +ereg,
MC = 08r NC = 08,

where trid(1,2,1) is a 8 x 8 tridiagonal matrix with the sub-, main- and super-diagonal elements
being 1, 2 and 1, respectively.

It is readily seen that X, = 0 and o (Ac — G:X¢) = {—1, 0, &i, £2i} with purely imaginary eigen-
values having linear elementary divisors. We apply the NTM method to GCARE (4.2) with Xy = Ig, and
apply the PDA to

A= G Ac — E¢
o= Al +Ef M|
which is a degenrate form of (4.5) with N, = 0. The tolerance t in the NTM and the PDA is chosen to
be 10710, The numerical results are given in Table 4.2.
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Table 4.2
Results for Example 3.
care NTM PDA
NR, * 5.25 x 10~ 10 6.61 x 10~ 10
Iter. no. - 10 27

From Table 4.2, care in MATLAB dose not work because of the existence of the purely imaginary
eigenvalues. We see that the NTM and the PDA almost have the same accuracy. Both methods have
linear convergence rate 1/2, but the PDA requires much more iterative steps. However, the PDA only
needs to compute a LU-factorization in each step, and NTM is accelerated by some modified technique
[1] which needs to solve a more expensive Sylvester equation in each step.

4.3. GDARE

In this subsection, we are interested in finding the d-semi-stabilizing solution of the generalized
discrete-time algebraic Riccati equation (GDARE)

-1 T
A{ XiAa — Eg XaEa — (Na + A{ XaBa) (Ra + Bf XaBa)  (Na + A{ XaBa) + Mg =0, (46)

which solves the discrete-time linear-quadratic control problem

1& Xk T My Ny Xk
min — 4.7a
e 2 lg) [uk] NJ Ry [uk] (4.72)
subject to the singular descriptor linear system
EqXi+1 = AgXx + Baur, X0 = X°, (4.7b)

whereEg, Ag, Mg = M(;F,Xd = XdT € R™" By, Ng € R™™andRy = RI € R™ ™M with E; being singu-
lar. Furthermore, the d-semi-stabilizing closed-loop matrix pencil of (4.7b)is givenby Aq + BgKq — AEq4
with the o (Ag + BgKy, Eg) € D1 U {o0}, where

Ki=—(Ra+ B;,erBd)_] (B4 XaAa + N ) -

Let
0 Aq By 0 Eq O
Mg—rLg=|E] Mg Ng|—r|A] 0O 0
0 N] Rg Bj 0 0

One common approach to solve (4.6) is to compute the n-dimensional, d-semi-stable invariant sub-
space Uy of the matrix pencil My — ALy corresponding to the eigenvalue matrix pair (Sg, Eq) with

0 (Sg,Eq) € D7 U {00}, where ¢4q is the column space of Uy € R@™™>" which satisfies MqUqEq =

LqUqS4.
With
X4Eq] In
Ui=| I In,
Kqg |}m

Xy is the d-semi-stabilizing solution of GDARE (4.6) and Kj is the optimal controller for (4.7b) [11].
Assume that the matrix pencil Mg — ALy has no eigenvalues on the unit circle, rgy =nullity (Eg)
and ind (Ag, Eg) < 1. From [11] we see that

o (Mg, L£d) = 0 (Aq + BiKg, Eq) U & (EdT ,(Aq + Bde)T> U 0 (Om, Im).- (4.8)

So, the generalized eigenvalues of (M, £4) corresponding to (4.8) can be arranged by
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Table 4.3
Correspondence among Ag4, 4 and A.
Ad 0< Al <1 [Agl > 1 0 00 m trivial oo
"W Re(n) < 0 Re(n) > 0 -1 1 m trivial oo
A A=A A=A 0 00 m trivial —1
-1 -1
{M, oo An—rp 00,0 .., 00} U1 0,...,0,A] R U{oo,..., 00} (4.9)
S——— —— —
Td Td m
where A; € D (can possibly be zero) ,i = 1,...,n — rq. For convenience, we apply the convention

that 0 and oo are mutually reciprocal. The ry infinity and rgq zero eigenvalues in (4.9) are from the
assumption rg = nullity(Eg4). The last trivial m infinity eigenvalues are from the last m columns of
Lg. In fact, (Ag + B4Ky, Eq) is an eigenvalue matrix pair associated with the d-semi-stable invariant
subspace 1.

We now introduce an elegant transformation between the coefficient matrices of the GDARE (4.6)
and GCARE (4.2) proposed by [11]. We define

fw : (Eq, Ad, Bd, Mg, Ng, Rg) — (Ec, Ac, Be, M, Ne, Re),
where the matrices E., A¢, B¢, M¢, N¢, R; satisfy

Ec 0]1_ [Ea 07,7 _ 1 [Aa+Ea Ba],,T
[Ac Bc] X [Ad Bd:| Wa = V2 |Ad—Edq B Wa. (4.10a)
M Nef Mg Ngl|. T
[NCT Rc:| =W [NJ Rd} Wa (4.10b)
in which x = %[_"}n ;2], and [Aq +E4 Bg] =[H O]W; is the QR-factorization with Wy being

orthogonal and H being lower triangular.

By the important property of fyy in [11], it is assumed that rank(Ag + E4  Bg) = nand (My, L) has
no eigenvalue “—1". Thus, the coefficient matrix tuple (E, A, B¢, M¢, N, R.) corresponds to a GCARE
(4.2) with E. and R, being nonsingular. Furthermore, the GDARE (4.6) and the GCARE (4.2) share the
same stabilizing solutions, i.e., Xy = X..

We construct (M, £¢) by (Ec, A¢, Be, Mc, N, R¢) as in (4.4) which satisfies

Me + Le =W mgW, (4.11)
where W = diag(+/2I, W] ). Let

(A(—]rv Ag) = (M¢ + L, Mc — L) (4.12)

be the Cayley transformation of (M¢, £.). From (4.10b) and (4.11), we see that the eigenvalues Aq €
o (Mg, Lg), L € 6(M¢, L) and A € O’(.A(-l;, Ap) satisfy the relationship in Table 4.3, in which p =
(A —1)(A + 1)~L. From Table 4.3, we see that the key property of the transformation A4 — X is to
transform m trivial infinity eigenvalues to m trivial —1 while preserving other eigenvalues (including
nontrivial o) unchanged.

In the following, we use the PDA and the special structure of (Mg, £4) for the computation of the
d-semi-stabilizing solution X; of GDARE (4.6).

Firstly, we apply the PDA to the matrix .4¢ until convergence to .Ax. Then we compute the orthogonal
bases A and Ay € R for the right and left null spaces of AkT; ie.,

AN, =0, ANy =0, (413)

which form orthogonal bases for the d-stable invariant subspaces of (A(—)r , A0> and (Ao, Ag ) respec-
tively.



2282 T Lietal. / Linear Algebra and its Applications 434 (2011) 2269-2284

We then compute the QR-factorization AgN; = Q1Ry, where Q; is orthogonal and R; is upper
triangular. Next compute

S=0Q ANy, T =Q Ao, (4.14)

where Qs = Q1(;, 1 : n). We see that (S, T) forms the d-stable eigenvalue matrix pair of (A(—')—, Ao)
associated with A}, and T is clearly nonsingular.
We would like to separate the invariant subspaces of (A(—)r, Ao) corresponding to the zero and

nonzero d-stable eigenvalues. Let G = T~!S. By Van Dooren’s algorithm [10], there is an orthogonal
matrix @ € R™" such that

T_[Gn Gn2

OGP = |: 0 Gzz]'
where Gy € RS with o (Gy1) = [x co (Ag L Ap) 10 < A < 1} and Gyy € RM9%(11=5) \yith
0 (Gyy) = {0}.Since 6 (G11) N0 (Gyp) = ¢, thereisa ¥ = [15 Iflfs} such that

1T _ [Gn 0

v o G(DII/—[O G22i|'
where Y7, solves the Sylvester equation G11¥12 — ¥12G22 = Gy uniquely. Then

Vo=MN@W(,s+1:n), Vi=NdW(1:5) (4.15)

span the invariant subspaces of (Ag, Ap) corresponding to the zero and nonzero d-stable eigenvalues,
respectively.

2 _[sT T (2n+m) xrq . .
Let ¢, spans the left null space of Eg. Then¢y = |¢,',0| € R contains the ry eigenvectors
of (Mg, £4) corresponding to the trivial zeros. From the transformation (4.11), we see that W~1¢,
contains the ry eigenvectors of (A(—)r ,AO) corresponding to trivial zeros. Now, we want to extract

W~ 1¢, from span{Vj}.
Compute the QR-factorization [W=1¢, Vo] = QoRo, where Qq is orthogonal and Ry is upper tri-
angular. Let

VO =Qy(,rg+1:n—y5s), (4.16)
which forms the eigenvectors of (Ag , Ao) corresponding to zero eigenvalues of (Sg, Eq).

We will next find the invariant space Uy, of (A(—)r , A0> corresponding to the infinity eigenvalues.

Compute the QR-factorization AgNy = QooRoo, Where Qn is orthogonal and Ry, is upper triangular.
Let

Noo1 ] In PR Vs1 In
Noo = NeQoo (s +1:n) = [ Nooa | I, Ve=[Vs Vo]=|Va| In.
Noo3 | tm Vg3 | m
From the Cayley transform, there is a full rank matrix Z € R™9)*™ 5o that
Va1 NoonZ Vi
V=1V WNx2Z|=|V2 (4.17)
Vs Noo3Z V3

XcE
is a basis of an invariant subspace of <AE)'—, A()). satisfying Span{V} = Span{ [ In C] }
K

C

To determine Z, (4.17) and the fact X, = XCT imply

Vg 1.1 A
[ZTNT :|Ec [Vs1 NeoiZ] = [ZTAS/]T 1} Ec[Vi2  NogpZ].
00,2 00,
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That is,
VoE! Ve = Vi EcVa, (4.18a)
ZTNLRE Vo = ZT N EcVia, (4.18b)
VoE! Noo1Z = Vg EcNoo2Z, (4.18¢)
ZT N 2Bl Noo1Z = 2T Ny 1EcNsoZ. (418d)

Since E. is nonsingular, from the isotropic property of [\‘gﬂ and [%2;] (4.18a) and (4.18d) hold au-
tomatically. Since (4.18b) is the transpose of (4.18c), the matrix Z is solved by finding the basis of
Null (VS E Noo 1 — Vo] EcNVoo.2)-
Finally, we have the d-semi-stabilizing solution X, for GDARE (4.6) can be obtained by
Xg=Xc=V1V5 'EST (4.19)

C

We summarize the computational steps (4.12)-(4.19) for X; in Algorithm 4.1.
Algorithm 4.1 (for GDARE (4.6)).

Input: Eg, Ag, B4, Mg, Ng, Rq; T (a small tolerance);
Output: The d-semi-stabilizing solution Xy of (4.6).

1. Construct Ay via (4.12).

2. Apply PDA to (AOT , Ao) until dist (Null(Ay), Null(Ax—1)) < T.

3. Compute bases Ny, Ny for the right and left null spaces ofA,:r as in (4.13).

4, Compute bases Vj, A for d-stable invariant subspaces of (A(—)r, Ao) as in (4.15).
5. Compute eigenvectors Vg of (Aa— , Ao> corresponding to zeros as in (4.16).

6. Determine Z by (4.18c).
7. Compute Xq = V,V, 'E-! as in (4.19).

C

Inthe following, we apply Algorithm 4.1 for a discrete-time descriptor system with Eq being singular.
To measure the accuracy of the computed solution X, for the GDARE, we use the “normalized" residual:

HAI)N(dAd — E‘;F)N(dfd - (Nd -I—AI)N(dBd) (Rd + BI)N(dBd>71 (Nd -I—AI)N(dBd)T + My H

NRy; = .
‘ HAI)N(dAd ” + HE;—)N(dEd“ + H (Nd + A:jr;(dBd) (Rd + BI)N(dBd)_l (Nd + AIXdBI)TH + (M|

Example 4.3. Withn = 10, m = 6,weletAg = rand(n), By = rand(n, m), Ny = rand(n, m). Construct
Eq = EmEde. Ra = Ra1 +RdT1, Mg = Mg +MdT1,

where Eg; = rand(n, n — 3),Eg; = rand(n, n — 3),R47; = rand(m) and My; = rand(n). We check that
nullity(Eq) = 3 and the algebraic multiplicity of the zero eigenvalue of (Mg, £g) is also 3. Algorithm
4.1 gives

NRq = 1.472e — 015.

In this example, the PDA in Step 2 converges quadratically. In addition, Steps 4 and 5 are not required,
and Z in Step 6 is chosen to be the obvious I3.

Example 4.4. With n = 20, m = 15, we let
Ad = [Ons4 rand(n,n—4)], By = rand(n, m), NdT = [Oms rand(m,n —4)],
Eo = EnEfy Mq = diag (04, Mar + Mgy), Ra=Rar + Ry,
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whereEg; = rand(n, n — 2),Es, = rand(n, n — 2),R4; = rand(m) and Mgy = rand(n — 4).Construct
(Ad, N, Ea, Ma) = (AaQ. Q "Na, @ B4, " M4Q),

where Q is an arbitrarily orthogonal matrix. We check that nullity(E4) = 2 and the algebraic multi-
plicity of the zero eigenvalue of (My, £g4) is 6. Then Algorithm 4.1 gives

NR4 = 7.501e — 015.

In this example, the PDA in Step 2 converges quadratically. The eigenvectors Vo € R>»*4 computed
by (4.16) in Step 5 actually correspond to the 4 zero eigenvalues of (Ay + BgKy, Eq), and Z in Step 6 is
a nontrivial 6 x 2-matrix of full rank as computed by (4.18c).

5. Concluding remarks

In this paper, we have developed the palindromic doubling algorithm (PDA) for solving the palin-
dromic generalized eigenvalue problem (PGEP) A*x = AAx structurally. We prove quadratic conver-
gence and linear convergence with rate 1/2 of the PDA, when (A*, A) has no unimodular eigenvalues
and has unimodular eigenvalues with partial multiplicities two (one or two for eigenvalue 1), respec-
tively. Algorithm 4.1 is specially developed for the computation of the d-semi-stabilizing solution of
the generalized discrete-time algebraic Riccati equation (GDARE) for the singular descriptor linear
system. It is the first structure-preserving algorithm for singular descriptor systems.

Our numerical experience indicates that the PDA is not necessarily better than other specialist
algorithms (if exist) for solving the original problem, without linearizing the associated palindromic
matrix polynomials. Such specialist algorithms may be able to better utilize the finer structures of
the original problems. Our numerical examples showed selected applications for which the PDA was
better or when no specialist structure-preserving algorithms exist. For future work, research will be
conducted on how the finer structures can be fully utilized for individual applications. For a general
PGEP without finer structures, the PDA is the only structure-preserving algorithm which performs
reasonably efficiently. Consequently, the “good" vibrations from “good" linearizations [5,6] can always
be computed using the PDA, in the absence of better methods. Of course, numerical solutions from the
PDA or other methods may be refined using the finer structures in the original problems, if feasible.
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