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Abstract

A fundamental problem of industrial engineering and operations research is to measure
and assess the performance of an organization and/or a system. Many applications from
process control and monitoring, system improvement to design alternative selection are all
rooted on performance assessment. There are many different methods for this goal with
their pros and cons, and assumptions and research communities. Today, each methodology
is an isolated paradigm and competes with each other, however there is little research,
especially not theoretically, on integrate these methods. The objective of the proposed
research is to develop a theoretical framework which integrates different performance metrics,
especially focusing on traditional ratio analysis and DEA. If concluded successfully,
traditional ratio analysis can be analyzed under the non-parametric framework. Therefore,
better understanding of different approaches will be achieved and theory-based, cost-effective,
and practical performance assessment methods will be developed.
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Organizations utilize resources (inputs) to produce value-generating goods or services
(outputs). Design, planning and control problems, especially in industrial engineering and
operations research, are rooted in making this input-output conversion process better. As a
result, a fundamental problem of industrial engineering and operations research is to measure
and assess the process to determine overall resource efficiency. There are many different
methods for performance assessment with their pros and cons, assumptions and research
communities. However, till so far, each methodology is an isolated paradigm and competes
with each other; adoption of another method becomes a difficult paradigm shift. There is



little common context among these methods. One noticeable example is that despite the
appeal of data envelopment analysis (DEA) and a history of 25 years of theoretical and
applied research, most practitioners still utilize output-input ratio analysis for performance
assessment. Therefore, the ultimate objective of the proposed research is to develop a
theoretical framework which integrates different performance metrics. In particular, this one
year project is trying to develop a theory to reconcile different performance metrics,
especially focusing on traditional ratio analysis and DEA.

A ratio productivity, or so-called single-factor productivity or, simply, output-input ratio,
is the ratio of only one output to only one input, e.g. order fulfillment per labor hour, or
customers served per dollar of cost (Agrell and Wikner, 1996; Bhargava et al., 1994;
Brinkerhoff and Dressler, 1990; Fabricant, 1983, Kendrick, 1977; Lyons, 1995). The
associated term for relative comparison is ratio efficiency (RE), which is the ratio of a ratio
productivity value to some reference value, such as the corresponding “best in class” ratio
productivity based on this specific productivity definition.

The main problem for ratio productivity or ratio efficiency is a lack of inclusiveness
since each ratio only catches a piece of the whole picture. To resolve single-factor measures’
weakness, a set of ratios can be sued to represent all aspects related to the DMU. For example,
in financial the analysis, we are looking at many different index (ROI, ROA, etc) for different
managerial aspects. The main disadvantage is that the ratio measures in this family usually
are not consistent with each other (Bhargava et al., 1994; Lyons, 1995; Martin and Roman,
2001). Though listing a set of measures may cover all pertinent aspects, the lack of
convergence makes evaluating overall performance difficult.

Non-parametric approaches consider multiple inputs and outputs simultaneously, but, in
contrast to TFP, DEA requires neither a priori weights nor a prespecified functional form.
One of the well-known approach, DEA, is in this category. DEA, introduced by Charnes et
al. in 1978, is a mathematical programming based approach that evaluates the efficiencies of
an organization or, in general, a decision making unit (DMU) relative to a set of comparable
organizations. However, instead of calculating the productivity for a particular DMU, DEA
constructs an empirical production possibility set (EPPS) and an efficient frontier, and
provides a single efficiency score for that DMU by comparing to a “virtual producer” on the
frontier. Since it was introduced, there have been over 3000 publications concerning DEA
including more than 1200 journal papers and 171 dissertations by the end of year 2001
(Tavares 2002).

While DEA has been studied for the last two decades and used in a large number of
special studies in specific industries, it is NOT used as a routine performance assessment tool
in practice. To the contrast, ratio analysis is still the most widely-used performance
assessment approach today in practice. Surprisingly, these two approaches with the same
purposes are disconnected. The proposed research is to bridge the disconnection among
different performance assessments. With the theoretical connection built, we are able to have
better understanding of performance assessment and resolve the addressed problems.

There is limited literature on the relationship between DEA and ratio productivity or
efficiency measurements. Most of the published work on this issue presents empirical
comparisons of DEA and ratio productivity metrics. Some authors use the same data set to
check (1) the consistency between these two approaches, and (2) the consistency with the
overall economic performance, or the goal of the organizations. For instance, Schefczyk
(1993) compares ratio productivity and DEA in a study of warehouse performance. Lyons
(1995) compares the ratio measures, total factor productivity (TFP) and DEA using a data set
for urban transit. Thanassoulis et al. (1996) study the district health authorities (DHA) in the
UK. Yeh (1996) studies bank performance in Taiwan. Worthington (1998) compares the
financial performance of thirty Australian gold producers based on accounting-based ratios




and DEA. Feroz et. al. (2003) use data from oil and gas industry as a case study. These
studies all conclude the inconsistency between DEA and ratio analysis.

Besides using productivity as the performance indicator, productivity and efficiency
could be used to identify potential improvement opportunities. Only Thanassoulis ef al. (1996)
compare ratio measures and DEA for this purpose. They state that identifying a “best in
class” as the benchmark by a specific ratio productivity metric and setting this benchmark as
the improvement target is not suitable. They demonstrate this point by a numerical example
that gives an unrealistic improvement target.

Another group of authors tries to integrate ratio measures and DEA to create a better
performance assessment tool. Chen and Ali (2002) prove that top-ranked performance by
ratio productivity analysis is on the DEA frontier, and suggest that this property can help to
select some efficient DMUs without solving the DEA model.

Most earlier work provides an empirical comparison between ratio measures and DEA
and/or evaluates the consistency between the metrics. Some authors discuss the inconsistency
between the two approaches. Some simple extreme cases in ratio productivity and DEA are
proposed as a complementary tool to reduce DEA computation effort. There is, however, no
prior study that explains the relationship between DEA and the conventional ratio
productivity in detail and forms a theoretical basis for connecting and integrating these two
approaches.

e

System-Based Efficiency

Consider an input set / and an output set J. Let xe ‘K‘:‘ be the input vector and y € EKLJ‘

be the output vector. The production possibility set, T, is defined as {(x, y) : y can be
produced by x}. The output set associated with x is defined as P(x)={y:(x,y)e T}. In the
same way, given y, the corresponding input set L(y) is defined as L(y) ={x:(x,y)e T}. The
input Debreu-Farrell fechnical efficiency for a particular (x,y) is defined as
min{a:axe L(y)} (Debreu, 1951; Farrell, 1957).

In practice, T is unknown. However, given a set of DMU observations S with input-output
vectors {(X1,¥1},(X2,¥2),.-.,(Xis,Yis1) }, the empirical production possibility set, as described by
Ray and Mukherjee (1996), is “an inner approximation to the true production possibility set”
and “is the free disposal convex hull of the observed points”. Further assuming constant
returns to scale (CRS), the empirical production possibility set can then be expressed as a set
of linear inequalities in IS| nonnegative variables and denote as:

T} z{(x,y):ZX,ﬂr SX;Zy,ﬂ, <y;4,20,re S}.
reS res

Given input X , the empirical output set is denoted as P’ (X), and the empirical input set

for given §is L’(¥), and they both can be specified in the same way.

Combing concepts of technical efficiency and the empirical input set, the first DEA
model is the CRS model introduced by Charnes, Cooper and Rhodes in 1978 (also named the
CCR model). For (x,,y;)e S, we have the input-oriented model

0’ (k) = n;iln{e : zsx/l < exk;;y,/l,. <y,:Ad >0,re S} (CRS-I)
DEA provides system-based efficiency measurement since it considers all inputs and
outputs of the system simultaneously, and hereafter we refer the system-based efficiency as

0. (k). In fact, 6, (k) can be decomposed into many components with nice interpretations.



For example, Banker et al. (1984) show that 6. (k) actually is the product of pure technical
efficiency TE(k) and scale efficiency (SE(k)), which measures how far DMU £ is from the
most productive scale size. This leads to 6, (k)= TE(k)xSE(k) that reveals system structure,
namely, the technical efficiency and scale economics. Other possible decompositions of
0. (k), e.g. productivity changes (Fare et al., 1994, 1997), congestion or weight restriction,
are related to system-based structural issues and not out of the scope of this study.
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Figure 1: Two-input (input i and p) multiple-output illustration of the decomposition

Decomposition of Ratio Efficiency
The RE is the efficiency measure obtained from conventional ratio analysis. Consider the
output-input ratio metric in which input i(x;) and output j(y;) are of interest; the RE for

any DMU ke S is defined as RE (i,j,k)="" / masx(i—fk) The corresponding DMU with best -

denoted as b=arg max(y”) so that RE (i,j,k) =2~ / 2» The theoretical relationship between RE

s ir xp [ Xp "
and DEA can be built by decomposing RE under the non-parametric frontier analysis
framework. In this report, we only facilitate the idea of decomposition by Figures 1 and 2,
detail definitions and proofs have been done but cannot be addressed because of the length of
the report.

Figure 1 is a 2-input (x; and x,) illustration for general multi-output cases and Figure 2 is a

2-output (y; and y,) illustration; in both, 2 is chosen as the ratio metric of interest. For any

DMU ke § with (xi,¥yk), RE (i,j,k) suggests to reduce x; or increase y; to achieve the best ratio
value i—’; As shown in Figure 1, without changing outputs, y;, DMU k can reduce its input i

from x;j. to x;, which is the minimum possible of x; to produce y;. This reduction generally
contains three parts:
First, from x; to x;4 is system-based since the reduction is possible while keeping the input

mix the same. In addition, other inputs are also reduced by 100x ’;—: %. The second part, from

Xiq 10 X, 1s due to the excess of x; over the amount necessary to produce y; and x;;— X, iS
called the slack of input i. The third part of the reduction, from x;, to x;,’, requires to increase
at least one another input, e.g., x,, in Figure 1. That is using other inputs as the substitute so
that x; can be reduced while keeping y; the same, and thus, this part is due to the input
substitution.



Similar to the idea measuring scale and technical inefficiency (Banker et al., 1984),
quantitative metrics are defined to measure the magnitude of the three parts composing the

Xid

total reduction of x from x; to x; . Apparently, Xd:% x; in Figure 1, and, thus, o is
identical to system-based &.(k) measuring the maximum proportionate input reduction, i.e.,
input-output mix is the same, to produce yy. ISIk(i,k) :j—d is the input slack factor of input i

for DMU k and measures the “pure” slack effect of input i. We have ISIk(i,k) < 1, and ISIk(i,k)
= 1 indicates that there is no slack for input i; the smaller the ISIk(i,k) is, the more serious is

the impact of input i slack. ISub(i,k) == is the input substitution factor measuring the

substitution effect of input i for DMU k. It is clear that ISub(i,k) < 1, and ISub(i,k) = 1
indicates that there is no means to substitute input i by other inputs. However, from ISub(i, k),
we cannot determine how and by how much other inputs change to enable the decrease of
input #; this measure only addresses the change of input i. Consequently, RE(i,j,k) can be
decomposed and expressed as:
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In Figure 1, although x;;> is the minimum amount of input i to produce y;, it is possible that
2% of by increasing output
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Figure 2: Two-output (output j and g) multiple-input illustration of the decomposition

Figure 2 continuing from Figure 1 is the second phase output-oriented analysis. First, xi’
is the result of the substitution effect and we do not know what inputs will substitute for input
i or by how much. In addition, we are concern only with input i, xi is the critical resource and

the only input constraint. Hence, we can represent X,» by %, =[M ..., X, ... M I,l]T, where M
is a sufficiently large number, and the computation results remain the same. As a result, in the
output analysis we use £ =[M,,...x,...M,;]" , £ =[M,...x,,..M,]" and

%, =[M,,....x,.,...M,]" to represent the available resources.

Y in

Second, we will show that -~ and -Z, the last term of (1), are equivalent to o and

9
b
Yin
Xik

in Figure 2, respectively. As the result of input i reduction, y; can be produced by X,



efficiently. Because of CRS, reducing inputs to 100x f(—’; % 1s same as increasing outputs to
%; yh=j—': Y« denoted in Figure 2, thus, is produced by X, efficiently. With the same

argument, we have y,=-%y, produced by X, efficiently as well. By scaling y; and y, as

T
shown in Figure 2, they are both in the output set using resource %, , in which all resources
but xi are unconstrained, system-based efficiently.

Figure 2 shows that to fill the gap between %: to ii, one can reduce x; from x;; to x;,

(if possible) while keeping y;, or increase y; from yj to y;, with x; fixed. The part yjy to yju
representing the result of the first stage, and to fill the remaining gap yj, to yj, includes two
parts:

The first part, y;, to yj, is the slack of output j, which is the extra amount of y; can be
produced by x;; with the others resources always available. The part of from y;,, to yj, is the
maximum extra amount of output j can be; however, it requires sacrificing at least one
another outputs, which can substitute with yj, to transform to y;. Thus this part is due to the
substitution effect of outputs.

Similar to Figure 1, the input-oriented stage, metrics measuring the magnitude of the two

y Jjm

o is the output slack factor,

parts can be defined. Corresponding to yj, and y;,, OSIk(i,j,k) =

which measures the “pure” slack effect of output j. OSub(i,j,k) :y‘— is the output substitution

factor. Clearly, we have OSIk(i,j,k) > 1 and OSub(i,j,k) > 1. OSlk(i,j,k) = 1 and OSub(i,j,k) = 1
indicate that there is no slack of y; and it is impossible to transform other outputs to yj,
respectively.
Therefore, the last term of the right hand size of (1) can be rewritten as
Yik  Yjn

Xy Yin  Vim
»;, - yji - »]jm X}j7 - OSlk(li,j,k) * OSub(li,j,k)' )
s
Combining (1) and (2), the complete decomposition of RE(i,j,k) is:
RE(i, j, k)= 0. (k)X ISlk(i,k)x OSub(i,k) + OSIk(i, j, k) + OSub(i, j, k). 3)
Ratio efficiency can be decomposed as five factors including input/output slacks, input/output
substitution and system-based efficiency, which can be further decomposed in a system-based

context as shown in many earlier literature.

Implementation

The conceptual decomposition has been implemented by Matlab. The information
retrieved from the decomposition can be implemented as diagnosis tool for ratio analysis.
Figure 3 is an example, in which ratio using output A and input B is of interests. The gap of
this particular ratio to the best in class is 82%), i.e., this particular DMU is only 18% as good
as the best in class. The information of the decomposition provides further insights on how to
fill the performance gap. Some parts of the gap are resulted from long term strategic aspect
such as product mix (40%) or resource allocation (17%). Some parts are due to short term
operational reasons. It is important to understand the causes of the gap before setting targets
for improvements.
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Figure 3: Gap analysis
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The research results of this project are well fit with the original proposal as follows.

First, a comprehensive literature review on performance evaluation, productivity and
efficiency analysis are studies. Different approaches are organized and summarized under the
non-parametric activity analysis framework. Second, the theoretical relationship between
widely used ratio analysis and DEA is proposed. Ratio efficiency, from ratio analysis
comparing to the best in class, can be decomposed into five factors including CCR efficiency
obtained from DEA. Third, the theory is implemented by Matlab. Some initial applications
are proposed, and the applications of the theory are the future direction to extend the
developed theory.

This research is suitable for publishing, and the principle investigator is working on the
manuscript for publishing. Students involved in the project have the chance to explored
theoretical knowledge and implementation of both performance assessment and computation
experience. They are working on extensions of the decompositions and also the
implementations of the theory. The initial implementation of the developed theory shows
promising implications of performance evaluation, especially for diagnosing the gap of ratio
analysis. Further studies on the issues are in progress and master theses on the topics will be
finished next spring semester.
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