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ABSTRACT: To efficiently operate wireless ad hoc networks, subsets of network topology,
called virtual backbones, will be constructed and maintained. A spanner is a subset of the network
topology in which the minimal total cost, e.g. distance or energy consumption, to transmit packets
between any pair of nodes is only a constant fact larger than in the original network topology.
Hence spanners are good candidates of virtual backbones. Geometric structures, including
Euclidean minimal spanning trees (EMST), relative neighbor graphs (RNG), Gabriel graphs (GG),
Delauney triangulations (DT), Yao's graphs (YG), etc., are widely used ingredients to construct
gpanners. The related topics about how to construct and maintain virtual backbones are called
topology control. A topology control algorithm is localized if each node only needs to collect
information from few hops neighbors.

In many applications, ad hoc devices are powered by batteries. Usualy, it is impractical or
even not possible to exchange or charge the batteries. To elongate the lifetime of wireless devices
and systems, energy efficiency is one of the most important issues. A major approach is to
communicate with partners using the smallest transmission power. In this work, we gave the
minimal transmission radius that allows us to construct the geometric structures by localized and
distributed algorithms using only 1-hop neighbor information. The minimal transmission radiusis
called acritical transmission radius. In the report, we are going to brief our results on connectivity,
coverage, and the longest Gabriel edge.

Keywords. Wireless ad hoc and sensor networks, topology control, isolated nodes, coverage,
Gabriel graphs.



I. INTRODUCTION

A wireless ad hoc network is a collection of radio devices located in a geographic region. Each
node is equipped with an omnidirectiona antenna and has limited transmission power. A
communication session is established ether through a single-hop radio transmission if the
communication parties are close enough, or through relaying by intermediate devices otherwise.
Because of no need for a fixed infrastructure, wireless ad hoc networks can be flexibly deployed at
low cost for varying missions such as decision making in the battlefield, emergency disaster relief
and environmental monitoring. In most applications, the ad hoc wireless devices are deployed in a
large volume. The sheer large number of devices deployed coupled with the potential harsh
environment often hinders or completely eliminates the possibility of strategic device placement,
and consequently, random deployment is often the only viable option. In some other applications,
the ad hoc wireless devices may be continuously in motion. For all these applications, it is natural to
represent the ad hoc devices by a finite random point process over the (finite) deployment region.
Correspondingly, the wireless ad hoc network is represented by a random geometric graph.

In wireless ad hoc networks, due to constrain of hardware, each node is associated with a
maximal transmission radius (range) which is corresponding to the maximal transmission power of
the device. Two nodes in the network can communicate directly if they are within each other’s
transmission range. Therefore, the induced network topology is a disk graph in which two nodes
have an edge between them if the distance between them is not larger than their transmission ranges.
Furthermore, if all devices have the same transmissionradius r andlet V denote the set of nodes,
then the network topology is exactly the r -disk graph over V , denoted by G, (V)

The required cost and resource for maintaining a whole network topology is expensive. In the
genera case, a subset of the topology is enough to operate the network. Therefore, in order to
efficiently operate such a network, only a subset of network topology, called a virtual backbone,
will be constructed and maintained. The related topics about how to construct and maintain virtua
backbones are called topology control. A spanner is a subset of the network topology in which the
minimal total cost to transmit packets between any par of nodes, eg. distance or energy
consumption is only a constant fact larger than the minimal total cost in the original network
topology. Hence spanners are good candidates of virtual backbones. Geometric structures, including
Euclidean minimal spanning trees (EMST), relative neighbor graphs (RNG), Gabriel graphs (GG),
Delauney triangulations (DT), Yao's graphs (YG), etc., are widely used ingredients to construct
spanners[1, 2, 3].

In addition, wireless ad hoc devices are powered by batteries in many applications. Usudly, it is
impractical or even not possible to exchange or charge the batteries. For such applications, energy
efficiency is one of the most important issues. By increasing the efficiency of energy, we can
elongate the lifetime of wireless devices and systems. For the sake of power saving, it is interesting
to find the minimal transmission radius such that the induced network topology has some desired
good properties, e.g. connectivity of communication networks, coverage of wireless sense systems,
and the possibility of constructing geometric structures by 1-hop information.



1. OBJECTIVES

A. TheNumber of Isolated Nodes

For a randomly-deployed wireless ad hoc network, the uncertainty of network connectivity is
the first problem we need to face. A network can't function well if the induced network topology is
not connected. The critical transmission radius for connectivity is the smallest transmission radius
r such that the induced r -disk graph is connected. It was known that if an r-disk graph over a
random point set is with no isolated node, it is connected with high probability. Thus, to investigate
the connectivity of wireless ad hoc networks, we are interested in the number of isolated nodes. In a
realistic system, nodes may become inactive, and links may become down. These inactive nodes
and down links cannot take part in routing/relaying and thus may affect the connectivity. However,
this aspect was not discussed in the most related research works. In our works, we gave the
asymptotic probability distribution of the number of isolated nodes in networks with unreliable
nodes and/or links.

B. Coverage by Randomly Deployed Wireless Sensor Networks

One of the main applications of wireless sensor networks is to provide proper coverage of their
deployment regions. A wireless sensor network k -coversits deployment region if every point in its
deployment region is within the coverage ranges of at least k sensors. In a randomly-deployed
wireless sensor networks, the coverage is a random variable. Assume that the sensors are deployed
as either a Poisson point process or a uniform point process in a square or disk region. We studied
how the probability of the k -coverage changes with the sensing radius or the number of sensors.

C. ThelLongest Edge of Gabriel Graphs

In wireless ad hoc networks, without fixed infrastructures, virtual backbones are constructed and
maintained to efficiently operate such networks. The Gabriel graph (GG) is one of widely used
geometric structures for topology control in wireless ad hoc networks. In the GG, two nodes have an
edge between them if and only if there is no other node on the disk using the segment of these two
nodes as its diameter. Assume all nodes are with the same maximal transmission radius r. To
construct the GG only by 1-hop neighbor information, the transmission radius r should be large
enough such that the GG is a subgraph of the r -disk graph. Thus, the transmission radius should be
not less than the length of the longest edge of the GG. On the other hand, for each node, if it can
gather the information of nodes that are not farther than its farthest neighbor in the GG, it can decide
all GG edges incident to it. Therefore, the length of the longest edge of the GG is the minimal
transmission radius such that the GG can be constructed by using only 1-hop neighbor information
and is called the critical transmission radius for the GG

[1l. RELATED WORKS
The theory of random graphs was initiated by Erdés and Rényi (1969) [4], in which each pair of
vertices is joined by an edge independently and uniformly at some probability. Since then hundreds
2



of papers have been published in various areas of random graph theory. The monograph of Bollobas
(2001) [5] and the treatise of Janson et al. (2000) [6] are excellent studies about random graphs. A
broad survey of the probabilistic analysis of algorithms can be found in the articles by McDiarmid
and Frieze (1997) [7] and Frieze and Reed (1998) [8].

The classic random graphs, however, is not suited to accurately represent networks of
short-range radio nodes due to the presence of local correlation among radio links. This motivated
Gilbert (1961) [9] to propose an dternative model. Gilbert's model assumes that all devices,
represented by an infinite random point process over the entire plane, have the same maximum
transmission radius r and two devices are joined by an edge if and only if their distance is at most
r. For the modeling of wireless ad hoc networks which consist of finite radio nodes in a bounded
geographic region, a bounded (or finite) variant has been used by Gupta and Kumar (1998) [10] and
others. In this variant, by proper scaling, the random point process representing the ad hoc devices
is typically assumed to be a uniform point process or a Poisson point process with density n over
adisk or asquare with unit area, denoted by x;, and @, respectively, and the wireless ad hoc network
isexactly the r -disk graph over x; or @, denoted by G;(x;) and G;(®,), respectively.

Before, in contract to the prosperity in random graphs, random geometric graphs have received
only sporadic theoretic studies. In recent years, more and more researchers have been working on
this field. The first well studied problem in random geometric graphs is about the connectivity of
the random geometric graph. For any constant &, Dette and Henze (1989) [11] showed that
lim Pr(noisolated nodesinG ... (Xn)j = expl- )

n—oo

Penrose (1997) [12] established that if arandom geometric graph of G, (.x,) has no isolated nodes,
it isamost surely connected. In other words,

nr

lim Pr(G it (Xn)isconnectedj = expl-e¥)

nz

The same results also stand for G (@n). Shortly after, Penrose (1999) [13] extended this result

nzw

and proved that for any k>2, if the minima node degree is not less than k, the random
geometric graph is asymptotically almost surely k-connected. Later, Wan and Yi (2004) [14]
derived the asymptotical probability distribution of the critical transmission radius for
k -connected.

In addition to k -connectivity, k-coverage is another interesting topology problem in wireless
sensor networks. The probabilistic studies of k -coverage by a random point process have been
conducted for k=1 in [15] and arbitrary integer-valued constant k in [16] but with certain
limitations. Both studies assume Poisson point processes on a square and use the toroidal metric,
rather than the Euclidean metric which is more relevant to the applications. This renders their
results hardly applicable to wireless sensor networks.

Recently, Kozma et al. (2004) [17] proved that the maximal length of an edge in the DT of a

uniform n-point processinaunit disk is O(i/lnn/n).

3



V. MAIN RESULTS

Let X, X,,--- beindependent and uniformly distributed random points on a bounded region A
in the plane. Given a positive integer n, the point process {X,,X,,---, X} is referred to as the
uniform n-point process on A, and is denoted by x,(A). Given a positive number 1, let
Po(1) be a Poisson random variable with parameter A, independent of {X,,X,,---}. Then the

point process {Xl,Xz,---,XPO(A)} is referred to as the Poisson point process with mean 1 on A,

and is denoted by @, (A).

A. TheNumber of Isolated Nodes

Let Q be a unit-area square or disk. Assume that the wireless ad hoc network consists of n
whichismodeled by x,(Q).

First, we consider wireless ad hoc networks in which nodes are not al active. The inactive or
unavailable nodes may be caused by, for example, interna breakdown or being in the sleeping state.
In such networks, a node is said isolated if it is not adjacent to active nodes. Assume nodes are
active (or available) independently with probability p for some constant 0< p <1. We have the
following theorem. [18]

Inn+¢&
7pn

for

Theorem 1. Suppose that all nodes have a maximum transmission radius r, =

some constant &. Then the total number of isolated nodes is asymptotically Poisson with

mean e, and the total number of isolated active nodes is also asymptotically Poisson with
mean pe”“.

Next, we consider wireless ad hoc networks with unreliable nodes and links. Assume nodes are
active independently with probability 0< p, <1, and links are up independently with probability
0< p, <1.Anodeissaid to beisolated if it doesn't have an up link to an active node. We have the
following theorem. [21]

Theorem 2. Suppose that lim _ pp,Inn=c and nodes have the same maximum

transmission radius r, = /Inn—+§ for some constant &. Then the total number of isolated
7P, PN

nodes is asymptotically Poisson with mean e, and the total number of isolated active nodes
is also asymptotically Poisson with mean p,e .

The work can be extended for secure wireless networks which apply m-composite key
predistribution schemes. In the m -composite key predistribution scheme, the key pool contains K
4



distinct keys which are randomly chosen from the key space, and a key ring is composed of k
distinct keys drawn from the key pool. Before deployed, each node randomly loads k distinct keys
drawn from the key pool, which is called a key ring, into its memory. After deployed, two nodes
within each other's transmission range have a secure link if their key rings have at least m common

kY K-k K
keys. A node is said to be isolated if it doesn't have a secure link. Let q =[iJ(k J/(kj that

is the probability of the event that two key rings have exactly i common keys, and
p=1-(g,+ 0 +--+0q,,) thatisthe probability of the event that two nodes (or key rings) have at
least m common keys. We have the following theorem about the total number of isolated nodes in
the secure wireless network. [21]

Theorem 3. In m-composite key predistribution schemes, let p be the probability that two
neighbor nodes have a secure link. If lim__ _plnn=c and nodes have the same maximum

nN—o0

Inn+¢&
7pn

transmission radius r, = for some constant &, then the total number of isolated

nodes is asymptotically Poisson with mean e°.

B. Coverage by Randomly Deployed Sensors

Here we study how the probability of the k -coverage changes with the sensing radius or the
number of sensors. Let k be afixed nonnegative integer, and Q be the unit-area square or disk
centered at the origin o. For any real number t, use tQ to denote the set {tx: x e Q}, i.e,, the

square or disk of area t> centered at the origin. Let C,, (respectively, C', ) denote the event
that Q is (k+1)-covered by the (open or closed) disks of radius r centered at the points in

?,(Q) (respectively, x,(Q)). Let K, (respectively, K'.,) denote the event that /sQ is
(k+1) -covered by the unit-area (closed or open) disks centered at the points in G’n(\/_sQ)
(respectively, Xn(\/_sQ). Then, we would like to study the asymptotics of Pr[Cn’r] and Pr[C'n’r]

as n approaches infinity, and the asymptotics of Pr[Ksyn] and Pr[K'S’n] as s approachesinfinity.
To simplify the presentation of our results, we introduce some notation. Let n denote the

peripheral of Q, which is equal to 4 (respectively, 2Jr if Q isa square (respectively, disk).

Forany £eR,let



Jrnvet)
(Y +e?) S if ko 4e‘5+2(\/;+%jne‘g,ifk=0;
¢ ’ - T
a(é)= 16(2\/;77“92] and B(&)= \/;+i
BT B A, T et ik
2k+6(k+2)!e .l = = 2k 1k|

Our main results are summarized in the following two theorems. [19]

Inn+(2k +1)Ininn+ &
7zpn

Theorem 4. Let rn:\/

If lim_ & =& forsome £ eR,then

| 1 - - 1
1-B(&) < lim Pr[Cn,rn]S TralE) and 1-B(&)< lim Pric n,rn]S 1+ a(f)

If lim, , & =, then LirQPr[Cn,,nJ=LirgPFlC'n,rnJ=1-

If lim, ., & =—o, then limpr[C,, |=limPrlc', |=o0.

Theorem5. Let u(s)=Ins+2(k+1)Inins+&(s).
If lim_,, &(s)=¢& forsome £eR,then

. 1
1-B(&)< lim Pr[KS,/J(S)S]S 15 a?)

If lim, ., &(s)= oo, then limPr|K, . |=limPr|K', . |=1.

1
1+a(é)

cand 1- B(E) < limPrK’, )<

If lim_,, &(s)=—o, then ISirQPr[KS]ﬂ(S)szLLrgPr[K'S]ﬂ(S)szo.

C. ThelLongest Edge of Gabriel Graphs

Let @ denote a Poisson point process with density n over a unit-area disk. Assume that the
wireless ad hoc network consists of n nodes modeled by @, and al nodes have the same
maximal transmission radius r,. We use G(®,) to denote the Gabriel graph over @, . For
simplicity, the edges of GGs are call Gabriel edges. If G is a geometric graph, we use A(G) to
denote the maximal length of an edge of G and N(G,l) to denote the number of edges of G
whose length isat least | . Our first result about the GG is the next theorem. [20]

Theorem 6. For any constant ¢ >0, we have

lim Pr[(l— 3)2\/% <G(2,)) < (1+¢)2 '”—”} =1.

n—oo



According to the theorem, if each node sets its maximal transmission radiusto r, = 8 In_n
m

for some constant S, then the r, -disk graph over @, aas. containsthe GG if g > 2, and on the
contrary, the r, -disk graph aar. contains the GG if S <2. Therefore, g =2 isthe threshold for

Inn+¢

constructing the GG by 1-hop information. Now, we assume r, = for some constant

&. For agiven &, we call the edge whose length is not less than r, is a long edge. The next
theorem gives us the asymptotic expectation of the number of long Gabriel edges.

Theorem 7.  For the expectation of the number of long Gabriel edges, we have

lim E{N(G(@n ),2 W‘—*éﬂ =2e".

n—oo 7Tn

Since Pr[X =0]=1-Pr[X >1]>1-E[X] for any non-negative integer valueRV X,

Pr| (G2 <2|nn—+§:PI’NG(P,2|nn—+§=0
(ele) } Hm H

m n

>1- E[N(G(@n)z '”n“’ZJ:o}

mm

~1-2€*.
Therefore,

limlim P{A(G((pn)k 2 '””—*ﬂ —1-2¢%,
&—0 N—>o© m

Inn+¢&
mmn
give the asymptotic probability distribution of the number of long Gabriel edges, and that implies

the asymptotic probability distribution of the length of the longest edge.

and & — oo is an aas. sufficient condition for A(G(®,))< 2 . In the next theorem, we

Theorem 8. For any constant &, the total number of Gabriel edges whose lengths are at least

2 Inn+¢ is asymptotically Poisson with mean 2e™°.
Since
Pr[A(G((Pn )< 2 'r‘”—%} - P{N(G(@n )2 mr‘—+5j - 0},
n n

according to the theorem, we have



n
n—oo

nme@@ -

)< 2 Inr]Jrﬂ:exp(—Zeg).

V. CONCLUSIONS (PERFORMANCE EVALUATION)

Supported by the NSC under the grant No. NSC94-2218-E-009-030, during the past year, we
have published two journa papers in the IEEE Transactions on Communications [18] and IEEE
Transactions on Information Theory [19]. In addition, we have one journa paper to appear in the
IEEE Transactions on Parallel and Distributed Systems [20], and one conference paper to be
presented in the IEEE GLOBECOM 2006 [21]. Overall speaking, we have finished most proposed
works.
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