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ABSTRACT

We study linear distributed estimation with coherent multiple access channel model
and MMSE fusion rule. The flat fading channels are assumed unknown at the fusion
center and need to be estimated. We adopt a two-phase approach, which first estimates
channels and then estimates the source signal, to minimize the MSE of the estimated
signal. We study optimal power allocation under a total network power constraint. We
consider the optimal power allocation scheme in which training power and data power
for each sensor are optimized, and the equal power allocation scheme in which training
power is optimized while data power for each sensor is set equal. In both schemes, the
problem is formulated as a constrained optimization problem and analytical closed-
form solution is obtained. Analytic results reveal that (i) with estimated channels, the
MSE approaches to a finite nonzero value as the number of sensors increases; (ii) the
optimal training powers are the same in both schemes; (iii) the MSE performance
compared with the case when channels are known shows the penalty caused by channel
estimation becomes worse as the number of sensors increases. Simulation results verify

our findings.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Wireless sensor network (WSN) is composed of a large
number of signal processing sensors, each is capable of
simple local computation, short range low data-rate
communication, and a fusion center (FC) that has more
powerful communication and processing capability.
The fusion center receives signals transmitted from the
sensors over the wireless channels and combines the
signals for a specific processing purpose. One example of
such a distributed signal processing scheme is distributed
estimation. A certain parameter or variable is measured
by the sensors and the measurements are sent to the
fusion center, and the goal is to estimate the parameter
based on the distributed sensor measurements [1,2].
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In the distributed estimation scenario, the sensors
could transmit measurements to the fusion center based
on quantized or unquantized strategy. In the quantized
strategy, the measurements sent from the sensors are
quantized, encoded, and transmitted via digital modula-
tion. Due to practical limitations, it is important to make
efficient use of energy and bandwidth. Some research
works attempt to minimize transmitted power via bit
length assignment under a predefined MSE constraint
[3,4], while others focus on the search of quantization
threshold for a fixed bit length [5,6]. In the unquantized
strategy, the sensors send raw measurements directly
through channels without quantization and thus analog
transmission, such as amplify-and-forward approach, is
used. It is asserted in [11] that the amplify-and-forward
approach is optimal over additive white Gaussian noise
channels. Along this line of approach, many papers study
the minimization of mean squared estimation error under
a total network power constraint by optimally allocating
the transmitted power for each sensor [7-10] and others
analyze asymptotic behavior as the network power or the
number of sensors increases [12,13].
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In the amplify-and-forward approach, two types of
channel models are used, the orthogonal multiple access
channel (MAC) [7-10] and the coherent MAC [7]. Linear
minimum mean squared error (LMMSE) estimator for the
coherent MAC model and the orthogonal MAC model with
channel knowledge at the FC was discussed and its
performance analyzed in [7]. The results indicate that the
MSE for the orthogonal MAC model reaches a finite nonzero
value as the number of sensors is increased without bound.
Senol and Tepedelenlioglu [8] consider the orthogonal MAC
model with unknown flat Rayleigh fading channels. A two-
phase approach, which first estimates channels and then
estimates source signal, is proposed. The result shows that
with unknown fading channels, increasing the number of
sensors may eventually lead to a degradation in perfor-
mance if the total network power is fixed.

In this paper, we consider coherent MAC model with
unknown flat fading channels. We derive training-based
LMMSE channel estimator. The channel estimate is then used
to obtain LMMSE estimation of the source signal. We consider
the allocation of power to each sensor for training and for
data transmission, under a total network power constraint, so
as to minimize the MSE of the estimated source signal. We
consider two schemes: (i) the optimal power allocation
scheme and (ii) the equal power allocation scheme. In (i),
training power and data power for each sensor are optimized,
and the power gain (for data) of each sensor is computed
based on the respective channel estimate and sent to the
sensor from the FC. In (ii), training power is optimized, but
the data power for each sensor is set equal, only the phase of
the estimated channel is fedback to each sensor from the FC.
In both schemes, the problem is formulated as a constrained
optimization problem and analytical closed-form solution is
obtained. We compare the performance of the distributed
estimation scheme with estimated channels to that with
actual known channels. The main results of this paper are
as follows: (i) the MSE with estimated channels at the FC
approaches to a finite nonzero value as the number of sensors
increases; (ii) the optimal training powers are the same in
both schemes; (iii) compared with the case when channels
are known, the penalty caused by the channel estimation
error becomes worse as the number of sensors increases.

The rest of this paper is organized as follows. Section 2
describes the system model. Section 3 derives results of
the two-phase approach, namely the LMMSE estimation
of channels and source. Section 4 formulates the optimal
power allocation problem as an optimization problem.
The problem is solved for two cases: when channels are
known and when channels are estimated. Comparison of
performance of two cases are given. Section 5 describes
the equal power allocation scheme in which the training
power is optimized. Performance analysis of the scheme is
also given. In Section 6, simulation results are given to
verify the analytical results obtained in Sections 4 and 5.
Section 7 is a brief conclusion.

2. System model

We consider a wireless sensor network with K sensors
for estimating a random source signal 0, as depicted in
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Fig. 1. Coherent MAC wireless sensor network.

Fig. 1. The measurement at the kth sensor is corrupted by
an additive noise n, and amplified by a factor o before it
is transmitted to the fusion center (FC) through a flat
fading channel, hy. The signal y received at the FC can be
expressed as

K
y= moy@+n)+v 1

k=1

where v is the additive noise at the receiver. We assume
(i) E[0] = 0 and E[|0|*] = 62, where |x| is the magnitude of x,
(ii) the measurement noises are independent and
n, ~CN(0,02) for k=1,2,... K, that is, n;’s are independent
and circular Gaussian with zero mean and variance o2,
(iii) the channels are independent and hj, ~ CN(0,0’%), (iv)
v~ CN(0,02), and (v) the source signal, the channels, the
measurement noises, and the receiver noise are uncorre-
lated. Specifically, for 1<k,j< K,E[G*nk] =0, E[nh]=0,
E[9*v] = O,E[B*hk] =0, and E[h,*(v] =0, where x* denotes the
complex conjugate of x.

The problem is to estimate the parameter 0 based on
the received signal y at the FC. The fading channels are
assumed unknown. We consider a two-phase approach
similar to that proposed in [8]: to estimate the channels
first using training symbols sent from the sensors and
then to estimate 0 based on the estimated channels and y.
In both phases, we seek the linear minimum mean
squared error (LMMSE) estimator.

3. LMMSE estimation
3.1. Channel estimation

During the training phase, the sensors send training
symbols in sequence: the training period is divided into K
time intervals and only the kth sensor sends a training
symbol t, over the kth time interval. Thus, the received
signal at the kth time interval can be expressed as
Vi =hete+ve, k=1,2,....,K, where v, ~CN(0,62) and
E[v;vj]=0 for i#j. For a given training sequence t, the
LMMSE estimator of hy is given by [14, p. 382]
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and the corresponding mean squared error (MSE) is
0 =E[lhy—h 1= — 0 k=1,... K 3)

The MSE of h « decreases as the power of the training symbol
|t,|? increases. The LMMSE problem under the training power
constraint fo _1|tl? < P¢ can be formulated as

o1k, K
[, Jain 1<R,; 35, subject to k; pe <P, and
pk=0, k=1,....K

where py = |t;|? is the training power of the kth sensor. The
problem can be solved using standard Karush-Kuhn-Tucker
(KKT) condition [8] and the solution is |t|? =P;/K, Vk, as
expected since the channels are independent and identically
distributed. In particular, we choose the training symbol to be
real and positive, that is, ty =+/P;/K, and the resulting
channel estimate is

i _ oK

K= 2P+ Ka2'® k=12,...K (4)

with the corresponding MSE
> Kopal

S T 5
K= 6P tKa? ©)

We note that with such choices of training symbols, both the
received signal y, and the channel estimate h; are circular
Gaussian.

3.2. Source estimation

During the second phase, channel estimates fzk are
available at the FC, although the actual channels are
unknown. We express the received signal y in (1) in terms
of hy as

y= Z o6+ Z hpoung +e+v 6)
k=1 =1

where &= Zk: 1 (he— k)ock(9+nk) is contributed by chan-

nel estimation error. Let h = [h hz hK] be the vector of

channel estimates. The LMMSE estimate of 0 given his

6= ay wherea= %zlh] @)
Efly1*h]
From (6) it follows that
E[Qy*‘ﬁ] = { <Z o0 + Z hyocins+e +v >|h}
k=1
K Ak
= > hojo} ®)

where the last equality is from the assumptions that the
source signal is uncorrelated with the measurement noise
and the receiver noise, and that hy = E[hy|yx] = E[hk|hk]
since hy, is a linear function of y,. It is derived in Appendix A
that

2 K K

o3+ > 1 Plog2o2 + 02+ (03 +02)07 Y loy 2

k=1 k=1
(€))

Elly?h] =

K
Z e

The MSE incurred by (7) is
J = El10—01? R = o —aE[0"ylh]-a’E [y*0lh| +1al2E| v/ |

K 1 2 -
1 ‘Zk—lhk“k‘
2
05 K o202 + 02 + (02 +62)07 SR lol?

(10)
When the channel hy is available at the FC, we can set
hy = h, and 5% =0 in (10), and the corresponding MSE
becomes
5 -1
1 Sk 1 it

— K 21 12
] k=1 lhl*lowl*o% + 02

Jo= 1)

The MSE J, is a lower bound of J in (10) and can serve as a
benchmark against which the performance of the estima-
tor (7) can be compared.

4. Optimal power allocation

During the training phase, each sensor uses the same
training symbol and thus consumes the same amount of
training power P¢/K, where P, is the total allocated training
power. From (5), it is clear that as P, increases, the MSE in
channel estimation decreases. In a sensor network, there
is likely a total power constraint, that is, there is an upper
bound imposed on the sum of training power and the
power used to transmit data. Hence, when more power is
allocated for training, less power is available for data
transmission and vice versa. Under the total power
constraint, the minimum MSE of 6, that is, J in (10),
depends on the training power P; and how the remaining
network power is allocated to each sensor for data
transmission. In the following, we consider the optimal
power allocation problem, that is, to choose P; and data
power for each sensor to minimize J under a total power
constraint. For comparison, we will also consider the case
when channel information is available, no training, no
channel error, and all power is used for data transmission.
The comparison of the two cases will show the penalty
incurred due to the fact that the channel is unknown.

4.1. When channels are known

If the channels are known at the FC, the phase of « is
chosen as 2 o = — /£ hy, so that hyay, = |hg||o| and the MSE
Jo in (11) becomes
-1

1 C(EL].gklukl)z

—+ (12)
o5 (o2(Ck_q gl +1

.lo:

where { = 62 /02 is the channel SNR, and g, = |h|/c}, is the
normalized channel gain for the kth sensor. Such choices of
phases make J, smallest among o’s of the same magni-
tude. Note that g, has a Rayleigh distribution with density
function fx)=2x exp(—x%), x>0, and E[g,]=+/7/4; gt
has an exponential distribution with density function
fe2(x) =exp(—x),x >0, and E[gg]=1 [15, p. 51]. The signal
transmitted from the kth sensor is o (60+n;) with power
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Py = E[joy (0 +1y)12] = |o |2 (63 + 62). From (12), the optimal
power allocation problem with the total network power
constrained to P> 0 can be formulated as the following
optimization problem:

-1

K 2

. 1 C( Xk =1 &lol
MmN <k<k | 5t X
G Loh( ko glowl?) +1

K
> loylP (a5 +0%) < P.
k=1

subject to

13)

From (13), we make the following observations:

(i) If the inequality sign in the constraint of problem
(13) is replaced by the equality sign, the solution
does not change. Hence we could consider the
optimization problem with equality constraint. The
argument is as follows. Since the constraint func-
tion is quadratic in |o|, if a set of || is such that
strict inequality holds, we can equally scale up
each |oy|, so that equality holds. And if we equally
scale up each |oy|, we get a lower function value of
Jo because in (12) the second term inside the
parentheses becomes larger. Consequently, with
optimal ||, the inequality constraint must be
active.

(ii) Consider the optimal MSE in (13), say, J, as a
function of the power P, then J, is a strictly
decreasing function of P, that is, if P, > P;, then
Jo(P2) <J,(Py). The argument is similar: if the power
level increases, we can equally scale up |oy| to
obtain a lower value of J, and thus a lower value of
optimal MSE J, can be obtained.

(iii) Since the function J,(P) is one-to-one and decreas-
ing, the inverse function P(J,) is also one-to-one and
decreasing. Hence instead of finding || that
minimize J, in (12) under an equality constraint
on power level, we can find |o;| that minimize the
power level subject to an equality constraint on
MSE. And if the constraint value on MSE is such that
the resulting minimum power level matches the
given value P in (13), the corresponding || are the
optimal ones we set out to find. We thus consider
the following optimization problem:

; K 2052 4 2
ming, .1 <k<x  Yok—1 %I (05+07)
2
K
1 C(Zk:1gl<|0<k|>
a2 K 2
9% CU%( k182 owl?) +1

-1

zjo

subject to

(14)

where 0 < J, < 03.

The solution of (14) is derived in Appendix B and
given by

-1
louel? = ﬁj 50+ &

02+ o) +02lgul? ) [(03+02)+02(glu?

(15)

where p satisfies

I B U .
= lorgi+(a3+a2)/u Jo o

The multiplier u is the total network power since from
(15) we have Y% _; low|?(63+02) = p. It is also clear from
(16) that there is a one-to-one correspondence between
the total power p and the constraint J,, and that u
increases as J, decreases and vice versa. Hence the original
problem (13) is solved if we choose J, so that u is equal to
P, and the choice is
1 K g B

Jo= <a§ + ,; o2g2 + (0% +G%)§lp> a7
which is the minimum MSE of (13). Accordingly, the
optimal power allocation is, for 1 <k <K,

K

-1
Py = |oyl* (05 +07) = < > 80+ %) >
n

(02 +02)+a2(g2P)

g2(02+02)
(0§ +02)+02(gtPP

(18)

and |0y |? = P /(0% +02). Since the minimum MSE depends
on the total network power P and the number of sensors
K, we hereafter write the MSE J, in (17) as J,(P,K).

As the power P increases, we expect J, to decrease,
which is easy to see from (17). For a fixed K, as P— oo,
we have
I i
pl_,n;lo]"(P'K) = 11Kp (19)
where f§=03/02 is the observation SNR. The limit dose
not go to zero but is roughly proportional to 1/K as we
would expect. On the other hand, for a fixed P> 0, as K
increases, we have

1
g
028l + (0% + o%)glp

-1
lgiP
Sk =0 (20)
(O'() +O—n)+0n9gkp

. 1 .
im0 (L o e

o1
=,<“£EQR{E

where in the first equality we used the law of large
numbers [17]. From (20), we conclude that in the
coherent MAC model, the MSE decreases in the order of
1/K as K goes to infinity even though the total network
power P is finite. Similar conclusion for the unit variance
case, 03 =02 =02 =1, appeared in [7].

4.2. When channels are estimated

Suppose training for channel estimation consumes
power P, then the remaining power for data transmission
is P—P,. The power allocation problem now is to optimally
choose training power P, and data power for each sensor.
The phase of & is chosen to match that of f1, i.e., /oy =

—Lflk. Write hk:flk—i-(hk—flk), since flk and hk—flk are
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uncorrelated we have 02 = aﬁ +07, where 67 = E[|hg—hy[2).

Use (5) and aﬁ = aﬁ—dﬁ, we can express the MSE in (10) as
2
2 (ZE:N@H“H) )

1
J=| o+ ,
(”5 P03 (K1 Silonl? ) Pet- LR+ KL +03) (K- loul?) +K
21

-1

where g, = |hk|/ah is the normalized estimated channel

gain for the kth sensor. Since hk is circular Gaussian, g, and
g have identical distribution. From (21), the MMSE
optimization problem under a total network power
constraint can be formulated as

¢ (Zf:1§k\ak|)zpt

The MSE does not approach to zero. The reason is that the
order of 1/K decrease in MSE in (20) is offset by the order of
K increase in the power of the error term E[||? |ﬁ] in (A3)in
Appendix A. Therefore, in the presence of the channel
estimation error, the MSE reaches a finite nonzero value as K
goes to infinity.

4.3. Comparison of two cases

If the total network power and number of sensors are
fixed, with estimated channel, the estimation perfor-
mance is worse than when channel information is
available due to the presence of channel estimation

-1

minl’t;\zxk\:] <k<K

subject to SK_ 1 lokl* (03 +02)+ Py <P.

Again instead of solving problem (22) directly, we consider
a problem in which the roles of objective function and
constraint are interchanged. The solution to problem (22)
is given in the following proposition, the proof of which is
given in Appendix C.

Proposition 1. For K > 1, the solution to (22) gives the
optimal training power

opt _ K(CP+1)—/K(EP+1)(EP+K)
PPt = KT 23)

where {=07/0? is the channel SNR, and the associated
optimal data power for the kth sensor is

K. o o2 -1
PP = (ng/(/)k)

where b =[(03+02)+ul* 028 PP + uK{(03+02)] and
= P%' /(K+K{(P—P")). The incurred MSE is

~2
Sk (p_popty (24)
k

-1

52

zK: 8k

2
K-1
o+ + (\/K(gP-s—l —J/IP+K )
(25)
Note that the optimal training power in (23) depends on
the number of sensors K, the channel SNR (, and the total
network power P. From (25), we see that the MSE decreases
as the power P increases. For a fixed K, as P— oo, we obtain
2

1+Kﬁ

which is the same as (19). This makes sense since P— oo
implies P?" — oo and thus the MSE of channel estimation in
(5) approaches to zero, that is, ii, — h;, as P— oo in the mean
square sense. It is shown in Appendix D that, for a fixed P,

J(P.K)=

\N‘ _-

llmj(P K= (26)

1
Jim J(P.K) = <1+%(\/ﬁ—1)2) @7)

— +
2 P ~ o
5 Co (Ko Elowl? )P+ (P KU +02) (S 1 1oul?) +K 22)

error. To quantitative compare the two cases, we set the
same MSE objective, use optimal power allocation for
both cases, and determine the respective total network
power that would be required. Suppose to achieve
the selected MSE, total network power P is required
when channel information is available and the required
total network power is P° when channels are estimated.
The ratio P%/P° gives an indication of the penalty
incurred by the consumption of training power and
the presence of channel estimation error. A small
ratio would imply a heavy penalty. But the MSE expres-
sions in (17) and (25) are random variables, we instead
derive the condition on P* and P° under which the
distributions of MSEs are identical. This is possible due
to the fact that the random variables g, and g, have
identical Rayleigh distribution. From (17) and (25),
the distributions of MSE expressions are identical if
the deterministic terms in the denominator are equal,
that is,

2
K—1 1
= 28
<\/1<(gpe+1)_\/¢1)e+1<> {pa @9

Rearranging (28), we get

P (JRAFTJCP)—/THK/CPD) 29)
pe = K—1

Note that the ratio in (29) is less than one, and for P°
large

pro_ 1 . (30)
Pe (ﬁ+1)2

The ratio decreases as the number of sensors K increases.
This means that the penalty caused by channel
estimation becomes worse as the number of sensor
increases.
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5. Equal power allocation

The optimal power allocation scheme discussed in the
previous section requires that the complex o be com-
puted based on channel estimate hy, (or hy) and sent to the
kth sensor through feedback channel from the FC. If
the gains are not computed and fedback, in order to reduce
computations and save (feedback) bandwidth, a reasonable
strategy is to allocate equal power for each sensor
for data transmission. In the following, we study the
performance of the equal power allocation scheme. We
again consider two cases: (i) channels are known at the FC
and (ii) channels are estimated. In the latter case, we
consider the optimal choice of training power P* to achieve
the smallest MSE. We compare performance of the two
cases in terms of the power ratio P*/P° as in the previous
section.

5.1. When channels are known

We set the phase of oy as /o = — £ hy. This requires
feedback of a real number from the FC. With equal power
allocation, we have |oy|? = P/(K(63 +02)), for k=1,...,K and
the MSE in (12) can be rewritten as

/3 2
]+ﬁ< Ek—'lgk>
11 Mk 1
K147 (RZk:ugk)"'@

It is easy to see from (31) that J, decreases as P increases.
For a fixed K, as P— oo, we have

< +ﬁ(z’<—1g" ><o’02(1+1<ﬁ)
Zkfl

where the last inequality uses the Cauchy-Schwartz
inequality and the equal sign holds if and only if
g1 = --- =gk. Therefore, as P—co, we have a MSE lower
bound as follows:

-1

Jo(PK)=03[ 1+ (31)

Pﬁoo]o(P K)

0-2
1 +I<ﬁ

Since equality holds in (19), we see that the performance
of the equal power scheme is usually worse than that of
the optimal power scheme as P—oo. On the other hand,
for a fixed P, as K— oo, we have (1/K) Zf:1gk —Egi]=

Vrj4 and (1/K) Y% _ , 8¢ —Elg2] =1, thus (31) becomes

pomN
% [ 1454
1 1
g P
Hence, the MSE decreases in the order of 1/K and
approaches to zero as K — oo even though the total power
P is finite. Similar conclusion appeared in [7] for the unit
variance case.

JimJo(P,K) > (32)

JimJo(P.K) = lim -0 (33)

5.2. When channels are estimated

If the power P' is used for channel estimation, the
transmitted data power for the kth sensor is Py=(P—P.)/K,

or equivalently, |oy|>=(P—Py)/(K(d}3+032)). Again the
phase of o, is chosen as ,oy=-,h, and the MSE
derived from (21) is

1
oL (bt 8 -pom

a2 1
227ﬁ< P 1gk)(P Pe)Py+(Pe+(K(P—Pr)+K

G4

JPK)y=0}| 1+

From (34), the optimization problem becomes to choose P*
so that the MSE J is minimum under the total network
power constraint. From (34) the MMSE optimization
problem can be formulated equivalently as

2x B s\
ol (¢S5 8 e-pop

5% ( Yheoa g,<) (P—P)Pi+ P+ K(P—P)+K

subjectto O0<P; <P

minp,

(35

It can be shown that the second derivative of the objective
function in (35) with respect to P' is positive. Hence, the
optimization problem (35) is convex since the objective
function is convex and the constraint is linear. The
following proposition gives the optimal training power
and the corresponding MSE.

Proposition 2. For K > 1, the solution to (35) gives the
optimal training power

ot K(CP+1)—/KCP+ 1)(CP+K)
PP = CK=1) (36)

where { =63 /02, and the incurred MSE

-1

]+/)7( Zk 1gk>
11 1k - (K—1)?
K1+p (RZk:lgk)+

K2 (\/gp+1—,/1 +(CP/K))2
(37

JPK)=0c3| 1+

Proof. Please see Appendix E.

Note that the optimal training powers for both the
equal and optimal power allocation schemes are the
same. From (37) with fixed K, as P—oo, we obtain
limp_, o(1/J(P,K)) < 652(1+Kp) and thus

2
1+KB

which is the same as (32). On the other hand, for a fixed P,
when K — co, we obtain

smiekr =i (13 L vrar) 39)
which is worse than (27). Note that the MSE in (39) also
approaches a finite nonzero value as the number of
sensors goes to infinity due to the same reason as stated
in Section 4.2.

llmj(P K) > (38)
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5.3. Comparison of two cases

To compare performance of the two cases, we set P,
and P? respectively so that the MSE expressions in (31)
and (37) have the same distribution as in Section 4.3.
From (31) and (37), the distributions of the MSE are
identical if the deterministic terms in the denominator are
equal, that is,

2
K-1 1
=_— 40
<\/K(<_,“P5+1)—\/CP5+K) {pa ‘0

This equation is the same as (28) and thus we have the
same ratio of penalty incurred by the training power
consumption and the channel estimation error as shown
in (29) and (30).

6. Numerical results

In this section, we use a number of numerical
simulations to verify the analytical results obtained in
previous sections. All random parameters, 0, ny, hg, and v,
are set as zero-mean circular Gaussian. The parameter
and the channel hy are assumed to have unit variance, that
is, we set 62=07=1 (0 dB). The observation noise
variance ¢2=-10dB and the receiver noise variance
02 = —1 dB, so that the observation SNR = 62 /062 and the
channel SNR { =62 /62 are 10 and 1 dB, respectively.

We first compute the average MSE of the optimal
power allocation scheme. The average MSE is the average
of 10° independent runs. The theoretical MSE is given
in (25), where only the normalized channel gains g, are
random. To obtain the simulation MSE, we use the LMMSE
estimators in (2) and (7) with all random variables
independently generated, and take the average MSE of 6.
It is clear from Fig. 2 that the theoretical and simulation
values of MSE are very close. For a fixed P, we see that the
MSE decreases as the number of sensors K increases and
approaches to the lower bound (27). The results for P=14
and 17 dB show that the 3 dB difference in total power
leads to about 3 dB difference in MSE for K > 20.

Optimal Power Allocation Scheme

0.2 : :
O Simulation: P = 14dB
018 - == Theoretical: P = 14dB
- X Simulation: P = 17dB
016 +! Theoretical: P = 17dB
w 014 |
» :
= 0.12 }\:
S
g 01}
2
< 0.08
0.06 |
0.04 |
0.02 TR FERT IR R RN e fedinfin “’."‘"““
0 20 40 60 80 100
K

Fig. 2. Mean square error (MSE) with optimal power allocation.

The comparison between theoretical and simulation
average MSEs for the equal power scheme is shown in
Fig. 3, where the theoretical result averages the MSE in
(37). Again the figure shows that the theoretical and
simulation values are very close. As K increases, the
average MSE decreases and approaches to the lower
bound in (39). The results for P=14 and 17 dB also show
roughly 3 dB difference in MSE for K > 20.

Fig. 4 shows the comparison of MSEs between the
equal and optimal power schemes for a fixed P=16 dB.
It shows that the optimal power scheme performs better
than the equal power scheme. For K > 20, the difference in
MSE between the two schemes approaches to a constant
value 0.007 (approximately 20% difference), which is
about the difference between the respective low bounds.

For comparison, we also simulate the two-phase
approach proposed in [8] based on the orthogonal model,
where the kth sensor transmits the measured signal
o (0+ny) to the kth receiver through an unknown fading

Equal Power Allocation Scheme

0.2 © T T
i O Simulation: P = 14dB
0.18 L R R Theoretical: P = 14dB
! X Simulation: P = 17dB
016 | 1 Theoretical: P = 17dB
|
0.14 |*
!
012 t 0‘

Average MSE

Fig. 3. Mean square error (MSE) with equal power allocation.

P =16dB
0.16 - - -
1 = = =Equal Power Allocation Scheme
0.14 | —— Optimal Power Allocation Scheme | |
012 t
L
D]
= 041
[0}
g
o 0.08 |
2
0.06 |
0.04 |
0.02 . i i ;
0 20 40 60 80 100

K

Fig. 4. Comparison between equal and optimal power allocation
schemes.
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channel hy, k=1,...,K. The kth receiver is corrupted by an
additive noise v, ~CN(0,0%), where ¢2=-1dB, and
E[v;vj]=0 for i#j; then K received data is collected by
the FC with the LMMSE fusion rule for estimating the
signal. The coherent model is shown in (1), where the
received signal is a linear combination of the K trans-
mitted data corrupted by a noise. Fig. 5 shows that with a
fixed P=17 dB, the MSE of the orthogonal model exhibits a
conspicuous degradation as K > 40, while the MSE of the
coherent model approaches to a constant value. Also
compared with the orthogonal model, the coherent model
has a lower average MSE regardless of the number of
sensors used. This is a consequence of using orthogonal
model, which results in K different receiver noise v, at the
FC so that the increase of K does not reduce the effect of
receiver noise; while in the coherent model, only one
receiver noise is generated at the FC, which leads to
increased signal to noise ratio as K increases. In the figure,

Optimal Power Allocation Scheme, P = 17dB
0.16 T T T

= 1 = Orthogonal
Coherent

1
0.14 |1
1

]
0.12 tf
p
01 H|r PR

0.08

Average MSE

0.06

0.04

0.02

0 20 40 60 80 100
K

Fig. 5. Performance of optimal power allocation scheme: coherent
model and orthogonal model.

Optimal Power Allocation Scheme: K = 16
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u
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0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
pajpe

Fig. 6. MSE ratio versus total power ratio: optimal power scheme with
different P°.

Equal Power Allocation Scheme: P = 30dB

2 . .
—K=9
—- K=25

1.8 - - =K =36

E [J,JE [J]

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Pa/pe

Fig. 7. MSE ratio versus total power ratio: equal power scheme with
different K.

we see that as K increases, the MSE of the coherent model
is less sensitive to the channel estimation error than that
of the orthogonal model.

Fig. 6 shows the ratio of average MSE E[J,]/E[]] versus the
ratio P?/P° for the optimal power allocation scheme with a
fixed K=16 sensors. In the figure, the curves corresponding
to total network power P°=20, 23dB, 27 dB, and 30 dB,
respectively. The curves all cross the horizontal lines
E[J,]/E[JI=1 at about 0.04 very close to the predicted
1/(~K+1)? in (30). Fig. 7 shows the ratio of average MSE
E[J,1/E[J] versus the ratio P?/P° for the equal power scheme.
The total network power is fixed at P°=30dB and the
number of sensors K=9, 25, and 36. We see that the curve
for K=9 crosses E[J,]/E[J]=1 at about 0.06, the curve for K=25
at about 0.03, and the curve for K=36 at about 0.02. The
curves show that the penalty caused by channel estimation
becomes worse as the number of sensors K increases.

7. Conclusion

We study distributed estimation with coherent multiple
access channel model and MMSE fusion rule. We use a two-
phase approach for channel and source signal estimations; in
both phases, the MMSE criterion is used. We study optimal
power allocation problem under a total network power
constraint. We obtain expressions of optimal training power
and optimal data power for each sensor and the resulting
MSE as a function of total network power P and the number
of sensor K when channel estimates are used to compute
power gains oy and fedback to the sensors. For the equal
power scheme, we obtain an expression for the optimal
training power and the resulting MSE. In both schemes,
the optimal training powers are equal. Our results show that
with estimated channels, the MSEs approach to finite
nonzero values as the number of sensors increases. We
note that this is in contrast with the result obtained for
orthogonal MAC model [8] which shows the MSE perfor-
mance eventually deteriorates as the number of sensor
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increases. The MSE performance compared with the case Acknowledgment

when channels are known shows the penalty caused by

channel estimation becomes worse as the number of sensors We thank the reviewers, their comments improve
increases. the paper.

Appendix A. Derivation of (9)

We first show that given h, ¢ is uncorrelated with v, Zk,] hyouny, and Zk, 1 hyo,.0. Since E[v'01=0, E[h v]=0, and
Ev'n]=0, EVe| h] =0. We show that ¢ and Zk 1 hkaknk are uncorrelated as follows:

K . o
EKZ hk“k"k) Slh} KZ heChe—Riolo | > ] th(E[hklh] hiloyl?o (A1)
k=1

where the first equality uses that E[n;;0] =0 and E[ngn;] =0 for k+1. The last equality follows because flk = E[hilyi] = E[hk|f1k].
Similarly,

K K . R K K N~ A
{(2 b0 0 ) eh} [(E S h hl)aza1|9|2>|h}=§ > hy(Elhyh]-hpogoye? = 0 (A.2)
k=11= k=11=

k=1
Finally the conditional variance

K

Efle/?(h] = E [Z(hk — by (hye— k)|ock2(oé+a%)|ﬁ}=(o§+aﬁ)zE[(hk—ﬁk)*(hk—ﬁm|ﬁ]|cxk|2

k=1 k=1

K
=(05+07) Z Stlowl® = (03 +0207 > lo [ (A3)
k=1 k=1
where the last equality uses d; = --- =J in (5). By (A.1)to (A.3) and (6), equality (9) follows.

Appendix B. Derivation of (15)
We introduce a slack variable t = Eff: 1 8klok| and rewrite the problem (14) as

: K 2
MINg,|,¢ Sk—1 loul?(0f +07)

subject to Zf: 18l —t=0

-1
1+Caz< k_]gk|ock|> <]lo_%> {t2

The Lagrangian is

K (& 1 1 -1
Loyl t, A= |ock|2(o%+o%)ﬂ<z 8l |— )w[uéan > gl <j 02> (t?
o

k=1 k=1 k=1

where 4,1 € R, and the associated necessary conditions [16] for optimality are

oL }
] =2(05+02) ot + A8 +2ulohgh o] =0 (B.1)
K
oL 11\
S 2 —) =0 B.2
(i) o
nglakl—t— (B3)

k=1

-1
aL s~ oo (101 -
@_1+Can2gk|ock\ 0 {?=0 (B.4)

k=1 0
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From (B.1), |o| = —/8k/(2¢y), where ¢, = (02 +062)+ulo2g?, and thus from (B.3), we have t = 3k _; —/g?/(2¢,) and then
from (B.2), we have

_ N ulgg (gi B.5
Jo Z b ,; oigl+(o5+0d)/1 ©>

Hence, we obtam (16). Finally use t = —A(1/J,—1/¢3)/(2u{) from (B.2) and |oy| = —Agk/(2¢;) in (B.4) to get

1 1 -1

_ -1
A2 Jo 03 K iolg ( K (0§+Gﬁ)gﬁ>
2 B _ @+osc) (B.6)
4 S é;ﬁ g% bi

where the last equality follows from (B.5). Therefore, we have |o|*> = (/12/4)(g,§/¢>ﬁ) and (15) is established.
Appendix C. Proof of Proposition 1

Instead of solving (22) directly, we consider the following problem:

minpr,\kal (O%"—O-%)Zf:l |ak|2+Pt
A 2 71
o 1 (K21 8ol ) Py
sublectto ?JFCZZ( K 62102 )P+ (P + KL(02 +02) (5K yk]
0 0% (> k=1 &xlowl” )Pe+ P+ KL(G5+02) (Do — 1 lowl® ) +

where 0 <J < 2. Let t = fo: 1 8kl l, the optimization problem becomes

. K 2
MNP, ot (6%) +6%) Zk =1 [tk +P;

subject to  SK_, &ylogl—t=0

-1
- . 1 1 .
0% (-1 &l ) Pet-LPe+ K03 +02) (Sh - lowl?) +K = (J 62> cep,
0

The Lagrangian is

L(Jotl,Pe,t, 2, i)T = (05 +07) Z |0tk |® +Pe+ 4 (Z Exloul— ) +H
= k=1

K
czoﬁ<zgiak2>ﬂ
k=1
-1
1 1
+CP[+KC(G?)+65)<Z |ock|2> +K- (1{72) éztzﬂ}
0

k=1
where 4,1 € R, and the associated necessary conditions for optimality are

aL ) R
el = 2(03+ %) o] + A8 + 122 528 Pelowel + 2K (03 + 02) o] = 0 (€1
oL 1\
2 2 2 2.2
ap—l‘hu[ o (I;gklakl >+C <—05> Cf}=0 (C2)
oL 11\
o2 _

=5 = = 2/1( 65) PPit=0 (€3)
a K,
Y = nglakl_tZO (C4

k=1
ol K 1 1)
=t ﬁ(ZgklockF)Pt+cpt+1<«:(ao+an)<Z|ock|2> +1<—<7—;> 2P =0 (€5)

k=1 0

From (C.1), |og|= —Agk/(Z(/)k), where qﬁk = (06+Jﬁ)+u§20§gﬁpt+m{§(a§+0’%), thus it follows from (C4) that
t=—(1/2) Z’,f: 1(§i/q?),<) and then from (C.3), we have
K
1 2Pr

1 gi 2w gi
T =1 2k — (P, €6
I =19k 1;(0(2)+0'%)/H+§ g ngt+KC(‘70+‘72)




1010 C.-H. Wu, C.-A. Lin / Signal Processing 91 (2011) 1000-1011
Use t = —i(l/]—]/aé)/(Zu{th) from (C.3) and |o| = —}.gk/(2<f>k) in (C.2) to get

2: 1+¢ __ (A4pd/A+Kud) P, (C7)

1 CHDIALRID)
S ca(statyar) Do

where the last equality follows from (C.6). Since the data power for the kth sensor is P, =|oyl*(63+02)=

~

(12/4)(g§(a§+a%)/<f>,2(), the total power for data transmission is SK_ P.= (12/4)3K_ 1@ﬁ(ag+a§)/$i) =
(14 pdPr /(1 +Kul). With the total network power constraint P, it follows from (C.2) and (C.5) that

P
= KrKkaP=p,) (C.8)
where we use Zf: 1 P« = P—P:. Moreover, since fo: 1 Px+P: =P, we have
2+K+Dlp,
Tikin =P (C9)

Substituting (C.8) into (C.9), we get the optimal training power in (23). With P?** and p, we get P¢P" in (24) and the MSE in
(25) follows from (C.6).

Appendix D. Derivation of (27)

Rewrite (25) as
1 1 Koo g2 B
PK)=|— +——=bK — ok
JEO <G£ rar )z;vb(K)ghK
where b(K) = [K(/{P+1—+/T+{P/K)/(K-1)? and y = 62 /(62 +02). Note that limk_,..b(K) = (v/{P+1-1)%. We will show

that the sum inside the parentheses converges to E[gﬁ] =1 as K— oo. Since

gi S __ ybUOgi  _ ybUOgK

K 9b@ogi+K  Kpbiogi+k) K2
we have g7 /K—yb(K)g1 /K? < 87 /[yb(K)g2 +K] < &7 /K and thus
K &5 K 52 K
£ Vb(K)gk &i
ol iy H <yl
= k=1 ZbUOgE+K = b
It follows from the law of large numbers that as K — oo, we have >X_, §2/K =E[gi]=1,

N

/\|°q’

3OO iogl and 3 708 o

k=1 k=1

because E[gﬁ] is finite. Therefore,

K ~2
gk

EZivbUOgE+K
and (27) follows.

=1, asK-oo

Appendix E. Proof of Proposition 2

Let

C1 —Kﬁﬁ<

)

/\\'—‘

£s)

and
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then the Lagrangian of the problem (35) is

Czcl (P—Py)P;
P Co(P—Py)P; + (P +(K(P—Py)+ K
and the associated KKT conditions are

LPe,py 1) = —

_ Call®=1)P?—2K(P+ 1P +KPCP+1)]
(P ca(P—Py)Pe+ P+ (K(P—Pp) +K)?

[ (P—P)=0, p; >0

WP:=0, p,=0

M~y =0

+,ul (Pt—P)—//lZPt

(E.1)

E2)

E3)

Since the training power have to be greater than 0, we have u, =0. If y; > 0, then P, =P, but then (E.1) leads to y; <0 a
contradiction. Therefore, we have y; = 1, =0 and P > P; > 0. From (E.1), we have

{K—1)P2—2K((P+1)Pe+KP((P+1) = 0 = P — KEPHD £ VKEPHDIEP+E)

{K-1)

where we take negative term since positive term cannot satisfy the constraint P > P'. Let a=K({P+1) and b = {P+K, then
we have P?' = (a—+/ab)/[{(K—1)] and P—P%" = (b—+/ab)/[{(K—1)], and from (34), (37) follows:

cil(a+b)vab—2ab]

JP.K)=a? (1 +

where the first equality uses that

1
52[(a+b)\/@—2ab]+(1<—1)2x/@> =7

-1
. a
+C N (K—1)%
" (Ja—by

(K—1)(@—+ab)+KEK—-1)(+ab—b)+K(K—1)* = (K—1)[(K—1)vab+a—Kb+K?*—K] = (K—1)>~/ab.

References

[1] JJ. Xiao, A. Ribeiro, Z.Q. Luo, G.B. Giannakis, Distributed compression-
estimation using wireless sensor networks, IEEE Signal Process. Mag.
23 (4) (2006) 27-41.

[2] Z. Zhao, A. Swami, L. Tong, The interplay between signal processing
and networking in sensor networks, IEEE Signal Process. Mag. 23 (4)
(2006) 84-93.

[3] JJ. Xiao, S. Cui, Z.Q. Luo, AJ. Goldsmith, Power scheduling of universal
decentralized estimation in sensor networks, IEEE Trans. Signal
Process. 54 (2) (2006) 413-422.

[4] J.Y. Wu, Q.Z. Huang, T.S. Lee, Minimal energy decentralized estima-
tion via exploiting the statistical knowledge of sensor noise variance,
IEEE Trans. Signal Process. 56 (5) (2008) 2171-2176.

[5] A. Ribeiro, G.B. Giannakis, Bandwidth-constrained distributed esti-
mation for wireless sensor networks, part I: Gaussian case, IEEE
Trans. Signal Process. 54 (3) (2006) 1131-1143.

[6] T.C. Aysal, K.E. Barner, Constrained decentralized estimation over
noisy channels for sensor networks, IEEE Trans. Signal Process. 56 (4)
(2008) 1398-1410.

[7] JJ. Xiao, S. Cui, Z.Q. Luo, AJ. Goldsmith, Linear coherent decentralized
estimation, [EEE Trans. Signal Process. 56 (2) (2008) 757-770.

[8] H. Senol, C. Tepedelenlioglu, Performance of distributed estimation
over unknown parallel fading channels, IEEE Trans. Signal Process. 56
(12) (2008) 6057-6068.

=0

[9] S. Cui, ]JJ. Xiao, AJ. Goldsmith, Z.Q. Luo, H.V. Poor, Estimation
diversity and energy efficiency in distributed sensing, IEEE Trans.
Signal Process. 55 (9) (2007) 4683-4695.

[10] I. Bahceci, AJ. Khandani, Linear estimation of correlated
data in wireless sensor networks with optimum power allocation
and analog modulation, IEEE Trans. Commun. 56 (7) (2008)
1146-1156.

[11] M. Gastpar, B. Rimoldi, M. Vetterli, To code, or not to code: lossy
source channel communication revisited, IEEE Trans. Inf. Theory 49
(5) (2003) 1147-1158.

[12] M.K. Banavar, C. Tepedelenlioglu, A. Spanias, Estimation over fading
channels with limited feedback using distributed sensing, IEEE Trans.
Signal Process. 58 (1) (2010) 414-425.

[13] K. Liu, H. El-Gamal, A. Sayeed, On optimal parametric field
estimation in sensor networks, in: Proceedings of IEEE/SP
13th Workshop on Statistics and Signal Processing, July 2005, pp.
1170-1175.

[14] S.M. Kay, Fundamentals of Statistical Signal Processing: Estimation
Theory, Prentice-Hall PTR, 1993.

[15] G.L. Stiiber, Principles of Mobile Communication, Kluwer Academic
Press, Norwell, MA, 2001.

[16] S. Boyd, L. Vanderberghe, Convex Optimization, Cambridge University
Press, Cambridge, U.K, 2003.

[17] H. Stark, JW. Woods, Probability and Random Processes with
Application to Signal Processing, Prentice-Hall, Inc, 2002.



	Linear coherent distributed estimation over unknown channels
	Introduction
	System model
	LMMSE estimation
	Channel estimation
	Source estimation

	Optimal power allocation
	When channels are known
	When channels are estimated
	Comparison of two cases

	Equal power allocation
	When channels are known
	When channels are estimated
	Comparison of two cases

	Numerical results
	Conclusion
	Acknowledgment
	Derivation of (9)
	Derivation of (15)
	Proof of Proposition 1
	Derivation of (27)
	Proof of Proposition 2
	References




