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Abstract
key words. synchronization, partial stability

This project is a two year project originally, but only one year project was ratified by
NSC. Therefore, only the half of the origina project, content about generalized
synchronization, was executed.

Generalized synchronization of chaos is an important research topic discovered in recent
years. The results of most researches were much more focused on the simulation research of
system phenomena than theoretical ones. Since general exact theory of generalized
synchronization of chaos has not obtained up to now, general theoretica criterions of
generalized synchronization of various chaotic systems are the main contents in this project.
Since the zero-crossing of Lyapunov exponents is used as a criterion for chaos
synchronization. But this rule does not always work. Furthermore, there is a drawback that
we can only calculate finite evolution time in computer ssmulation but infinite evolution
time is needed by its definition. The traditional Lyapunov direct method does not work since
the vector functions of error systems are not only function of state error but aso function of
state. In this project, the partial stability theory (encolsed) is used as a tool to verify the
generalized synchronization of autonomous and non-autonomous chaotic systems by
verifying the partia stability of an extended system. General exact criteria are then
established for generalized synchronizations of chaos, which have important and permanent
academic interest. SCI papers [76-81] are sponsored by the funds of this project.
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Consider the following unidirectional coupled nonautonomous systems

x="f(t, x
2:git,2;+u(t,2,x) @)
where x,2eR" and f,g:Q, cRxR"—>R", u:Q,cRxR* > R" satisfy Lipschitz
condition. Q,,Q, are domains containing the origin. Assume that the solutions of Egs. (1)

have a priori bounds then they must exist for infinite time. That is, for given
(ty, Xor 2) €4, NQ, thesolutions x(t,t,,X,,2,), 2(t,t,,%,,2,) of Egs. (1) exist for t>t,.

At thefirst, we recall the definition of generalized synchronization.

Definition The systems (1) are generalized synchronized if there is a continuous

function H:R">R" st. 1im||H[x(t,t0,xo,20)—2(t,t0,x0,20)||:0 with
(t), X0, 2,) €, N, .

In EQ. (1) u is the coupling function. In order to discuss the transversal stability of

synchronization manifold, define z=H(x) and e=2-z to be the state error. Then the

error equations can be written as
e=2-z=g(t, 2)+u(t, 2,x)— H(x)

where

. oH oH
H(X)=—x=—f(t,x).
(X) ax ™ (t,x)

So we have



e:g(t,i)—%—:f(t,xHu(t,Z,X). )

Notice that since the right hand side of Eq. (2) is nhot only a function of t and error €,
but also afunction of x, as aresult, the traditional Lyapunov direct method can not be used.
On the other hand, the variational equation or Lyapunov exponents can be used to clarify
transversal stability. Josi¢ [75] pointed out that synchronization manifolds will persist under
perturbation if such manifolds possess a property of k-hyperbolicity. Herein, we add the upper
half (lower half also works) of Eq. (1) with 2 replaced by Z=e+z to Eqg. (2), then

extended equations are obtained as following

x=f(t, X)

‘e:g(t,2)—%—jf(t,x)+u(t,2,x). )

If the partia variables € in Eq. (3) are asymptotically stable about e=0, the
synchronization manifold is stable in transversal directions. This can be done via stability

with respect to partial variables. The theory of partia stability can be found in Appendix.

In the following, we choose uf(t,X,z)=I(z-2) and g(t,z):%—Hf(t,x), where
X

'eM,, is a constant matrix whose entries represent the coupling strength of the linear

n

feedback term (z—2) . Then the Egs. (3) becomes
x =f(t, x)
ée=g(t,2)-9(t,2)-T'(2-2).
Theorem The partial state e asymptotically approaches to 0 in Eq. (5) if LI, -T is

(4)

negative definite, i.e. the systems in Eq. (4) are in generalized synchronization if LI —T is
negative definite.
Remark: From the matrix theory, LI —T" is negative definite if and only if al its

eigenvalues are negative. Moreover, theresult isglobal if f isglobaly Lipschitz.

5. B¥EHH®
A genera scheme to achieve chaos generalized synchronization via partial stability was

proposed. One theorem is proven to ensure generalized synchronization for a general kind of



unidirectional coupled nonautonomous systems by linear feedback coupling term. The result
works for both regular and chaotic systems. (&3 % ¥ 2 A #'Ua = £ P 5 - £

oA E R R EL RAERSLT )

IS

REFERENCES

H. Fujisaka and T. Yamada, “Stability Theory of Synchronized Motion in

Coupled-Oscillator Systems”, Preog. Theor. Phys. 69, 32 (1983).

2. V. S. Afraimovich, N. N. Verichev and M. I. Robinovich, “Stochastic Synchronization of
Oscillation in Dissipative Systems”, Radiophys. Quantum Electron. 29, 795 (1986).

3. L. M. Pecora and T. L. Carroll, “Synchronization in Chaotic Systems”, Phys. Rev. Lett. 64,
821 (1990).

4, L. M. Pecora and T. L. Carroll, “Driving systems with chaotic signals”, Phys. Rev. A 44,
2374 (1991).

5. R. He. and P. G. Vaidya, “Analysis and Synthesis of Synchronous Periodic and Chaotic
Systems”, Phys. Rev. A 46, 7387 (1992).

6. L. M. Pecora and T. L. Carroll, “Cascading Synchronized Chaotic Systems”, PhysicaD 67,
126 (1993).

7. M. Ding and Ott, “Enhancing Synchronism of Chaotic Systems”, Phys. Rev. E49, 945
(1994).

8. K. Murali and M. Lakshmanan, “Drive-response Scenario of Chaos Synchronization in
Identical Nonlinear Systems”, Phys. Rev. E49, 4882 (1994).

9. C. W. Wu and L. O. Chua, “A Unified Framework for Synchronization and Control of
Dynamical Systems”, Int. J. Bifurcation and Chaos 4, 979 (1994).

10. T. L. Carroll and L. M. Pecora, “Synchronizing Nonautonomous Chaotic Circuits”, IEEE
Trans. Circuits Syst. 40, 646 (1993).

11. K. Pyragas, “Weak and Strong Synchronization of Chaos”, Phys. Rev. E54, 4508 (1996).

12. T. Kapitaniak,M. Sekieta and M. Ogorzolek, “Monotone Synchronization of Chaos”, Int. J.
Bifurcation and Chaos 6, 211 (1996).

13. T. L. Carroll and L. M. Pecora, “Master Stability Functions for Synchronized Coupled
Systems”, Int. J. Bifurcation and Chaos 9, 2315 (1999).

14. G. S. Santoboni, S. R. Bishop and A. Varone, “Transient Time in Unidirectional
Synchronization”, Int. J. Bifurcation and Chaos 9, 2345 (1999).

15. L. Kocarev, U. Parlitz and R. Brown, “A Unifying Definition of Synchronization for
Dynamical Systems”, Phys. Rev. E 61, 3716 (2000).

16. T. L. Carroll and L. M. Pecora, “Synchronizing Chaotic Circuits”, IEEE Trans. CAS. 38,
453 (1991).

17. Millerioux G. and Daafouz J., “Global Chaos Synchronization and Robust Filtering in
Noisy Cotent”, IEEE Trans. Circuits Syst.- I 48, 1170 (2001).

18. K. M. Cuomo and A. V. Oppenheim, “Circuit Implementation of Synchronized Chaos

with Applications to Communications”, Phys. Rev. Lett. 71, 65 (1993).

Lo

5



19.C. W. Wu and L. Chua, “A Simple Way to Synchronize Chaotic Systems with
Applications to Secure Communication Systems”, Int. J. Bifurcation and Chaos 3, 1619
(1993).

20. K. M. Short, “Steps Toward Unmasking Secure Communications”, Int. J. Bifurcation and
Chaos 4, 959 (1994).

21. G. Perez and H. A. Cerdeira, “Extracting Messages Masked by Chaos”, Phys. Rev. Lett.
74,1970 (1995).

22. K. M. Cuomo, “Synthesizing Self-Synchronizing Chaotic Systems”, Int. J. Bifurcation
and Chaos 3, 1327 (1993).

23. K. M. Cuomo, A. V. Oppenheim and S. H. Strogatz, “Synchronization of Lorenz-Based
Chaotic Circuits with Applications to Communications”, IEEE Trans. Circuits Syst. 40,
626 (1993).

24.]. H. Peng, E. J. Ding, M. Ding and W. Yang, “Synchronizing Hyperchaos with a Scalar
Transmitted Signal”, Phys. Rev. Lett. 76, 904 (1996).

25. Williams C., “Chaotic Communications Over Radio Channels”, IEEE Trans. Circuits
Syst.- I 48, 1394 (2001).

26. Puebla H. and Alvares-Ramirez J., “Stability of Inverse-System Approaches in Coherent
Chaotic Communications”, IEEE Trans. Circuits Syst.- I 48, 1413 (2001).

27. Rulkov N. F. et. al., “Digital Communication Using Chaotic-Pulse-Position Modulation”,
|EEE Trans. Circuits Syst.- I 48, 1436 (2001).

28. Mazzini G., Rovatti R. and Setti G., “Chaos-Based Asynchronous Ds-=CDMA Systems and
Enhanced Rake Receivers: Measuring the Improvements”, IEEE Trans. Circuits Syst.- |
48, 1445 (2001).

29. Delgado-Restituto M. and Rodriguez-Vazquez A., “Mixed-Signal Map-Configurable
Integrated Chaos Generator for Chaotic Communications”, IEEE Trans. Circuits Syst.- I
48, 1462 (2001).

30. Liu J. M. Chen H. F. and Tang S., “Optical-Communication Systems Based on Chaos in
Semiconductor Lasers”, IEEE Trans. Circuits Syst.- I 48, 1475 (2001).

31. Liu Y. et. al.,, “Communication Using Synchronization of Optical-Feedback-Induced
Chaos in Semiconductor Lasers”, IEEE Trans. Circuits Syst.- I 48, 1484 (2001).

32. Garcia-Ojalvo J. and Roy R., “Parallel Communication with Optical Spatiotemporal
Chaos”, IEEE Trans. Circuits Syst.- I 48, 1491 (2001).

33. Dachselt F. and Schwarz W., “Chaos and Cryptography”, IEEE Trans. Circuits Syst.- I
48, 1498 (2001).

34. Galias Z. and Maggio G. M., “Quadrature Chaos-Shift Keying: Theory and Performance
Analysis”, IEEE Trans. Circuits Syst.- I 48, 1510 (2001).

35. Carroll T. L., “Noise-Robust Synchronized Chaotic Communications”, IEEE Trans.
Circuits Syst.- I 48, 1519 (2001).

36. Davis P., Liu Y. and Aida T., “Chaotic Wavelength-Hopping Device for Multiwavelength
Optical Communications”, IEEE Trans. Circuits Syst.- I 48, 1523 (2001).

6



37. Guckenheimer J. and Holmes P, Nonlinear Oscillators, Dynamical Systems and
Bifurcation of Vector Fields, Spring-Verlag, New York (1983).

38. Wiggins S., Introduction to Applied Nonlinear Dynamica Systems and Chaos,
Spring-Verlag (1990).

39. Ott E., Chaos in Dynamical Systems, Cambridge University Press (1993).

40. Hilborn R. C., Chaos and Nonlinear Dynamics. An Introduction for Scientists and
Engineers, Oxford University Press, New York (1994).

41. Schuster H. G, Deterministic Chaos: An Introduction, VCH Weinheim (1995).

42. Moon F. C., Chaotic and Fractal Dynamics. An Introduction for Applied Scientists and
Engineers, Wiley, New York (1992).

43. Lakshmanan M. and Murali K., Chaos in Nonlinear Oscillators: Controlling and
Synchronization, World Scientific (1996).

44.Chen G and Dong X., From order to Chaos. Methodologies, Perspectives and
Applications, World Scientific (1998).

45. G. Grassi and S. Mascolo, “Nonlinear Observer Design to Synchronize Hyperchaotic
Systems via a Scalar Signal”, IEEE Trans. Circuits Syst.- I 44, 1011 (1997).

46. G. Grassi and S. Mascolo, “Synchronizing Hyperchaotic Systems by Observer Design”,
|EEE Trans. Circuits Syst.-1I 46, 478 (1999).

47. Hong Y., Qin H. and Chen G., “Adaptive Synchronization of Chaotic Systems via State or
Output Feedback Control”, Int. J. Bifurcation and Chaos 11, 1149 (2001).

48. Yu X. and Song Y., “Chaos Sychronization via Controlling Partial State of Chaotic
Systems”, Int. J. Bifurcation and Chaos 11, 1737 (2001).

49. Wang X. et. al., “A new Criterion for Synchronization of Coupled Chaotic Oscillators with
Application to Chua’s Circuits”, Int. J. Bifurcation and Chaos 9, 1169 (1999).

50. Tonelli R., Lai Y. and Grebogi C., “Feedback Synchronization using Pole-Placement
Control”, Int. J. Bifurcation and Chaos 10, 2611 (2000).

51. Wang C. and Ge S. S., “Synchronization of Two Uncertain Chaotic Systems via Adaptive
Backstepping”, Int. J. Bifurcation and Chaos 11, 1743 (2001).

52. O. Morgiil and E. Solak, “Observer Based Synchronization of Chaotic Systems”, Phys.
Rev. E 54, 4803 (1996).

53.G Grass and S. Mascolo, “Synchronizing High Dimensional Chaotic Systems via
Eigenvalue Placement with Application to Neural Networks”, Int. J. Bifurcation and
Chaos 9, 705 (1999).

54. Fang J. and Chen G., “Switching Manifold Approach to Chaos Synchronization”, Phys.
Rev. E 59, 2523 (1999).

55. Liao T. and Huang N., “Control and Synchronization of Discrete-time Chaotic Systems
via Variable Control Technique”, Phys. Lett. A234, 262 (1997).

56. Femat R., Alvarez-Ramirez J. and Fernandez-Anaya G., “Adaptive Syschronization of
High-Order Chaotic Systems: a feedback with low-order parametrization”, Physica D 139,
231 (2000).



57. Lian et. al., “Adaptive Synchronization Design for Chaotic Systems via a Scalar Signal”,
IEEE Trans. Circuits Syst.- I 48, 17 (2001).

58. Lian et. al., “Synchronization in Arrays of Coupled Nonlinear Systems: Passivity, Circle
Criterion and Observer Design ”, IEEE Trans. Circuits Syst.- I 48, 17 (2002).

59. N. F. Rul’kov, M. M. Sushchick and L. S. Tsimring, “Generalized Synchronization of
Chaos in Directionally Coupled Chaotic Systems”, Phys. Rev. E 51, 980 (1995)

60. L. M. Pecora, T. L. Carroll and J. F. Heagy, “Statistics for Mathematical Properties of
Maps between Time Series Embeddings”, Phys. Rev. E 52, 3420 (1995).

61. L. Kocarev and U. Parlitz, “Generalized Synchronization, Predictability and Equivalence
of Unidirectionally Coupled Dynamical Systems”, Phys. Rev. Lett. 76, 1816 (1996)

62. H. D. 1. Abarbanel, N. F. Rulkov and M. M. Sushchik, “Generalized Synchronization of
Chaos: The Auxiliary System Approach”, Phys. Rev. E 53, 4528 (1996)

63. B. R. Hunt, E. Ott and J. A. Yorke, “Differentiable Generalized Synchronization of Chaos”,
Phys. Rev. E 55, 4029 (1997)

64. Lin W. W. and Afraimovich V. S., “Synchronization in Lattices of Coupled Oscillators
with Neumann/Periodic Boundary Conditions”, Dynamics and Stability of Systems 13,
237 (1998).

65. Lin W. W,, Chiu C. H. and Wang C. S., “Synchronization in a Lattices of Coupled Van Der
Pol Systems”, Int. J. Bifurcation and Chaos 8, 2353 (1998).

66. Lin W. W., Peng C. C. and Wang C. S., “Synchronization in Coupled Map Lattices with
Periodic Boundary Conditions”, Int. J. Bifurcation and Chaos 9, 1635 (1999).

67.Lin W. W,, Chiu C. H. and Wang C. S., “Asymptotic Synchronization in a Lattice of
Coupled Nonidentical Lorenz Equations”, Int. J. Bifurcation and Chaos 10, 2717 (2000).

68. Chiu C. H., Lin W. W. and Peng C. C., “Asymptotic Synchronization in Lattices of
Coupled Three-Dimension Nonlinear Chaotic Equations”, J. Math. Anal. Appl. 250, 222
(2000).

69. Chiu C. H., Lin W. W. and Wang C. S., “Synchronization in Lattices of Coupled
Oscillators with Various Boundary Conditions”, Nonlin. Anal. Theoty, Methods Appl. 46,
213 (2001).

70. Juang C. et. al., “A Synchronization Scheme Using Self-Pulsating Laser Diodes in Optical
Chaotic Communications”, IEEE JQE, Vol. 36, 300 (2000).

71. Juang C. et. al., “Optical chaotic AM demodulation by asymptotic synchronization”, IEEE
photon. Tech. Lett., Vol. 12, 179 (2000).

72. R. Femat and G. Solis-Perales, “Synchronization of chaotic systems with different order”,
Phys. Rev. E 65, 036226-1 (2002).

73. Jitao Sun and Yinping Zhang, “Some simple global synchronization criterions for coupled
time-varying chaotic systems”, Chaos, Solitons and Fractals 19, 93 (2004).

74. Jitao Sun, “Some global synchronization criteria for coupled delay-systems via
unidirectional linear error feedback approach”, Chaos, Solitons and Fractals 19, 789
(2004).



75.

Phys. Rev. Lett. 80, 3053-3056 (1998).
76.
77.

78.

79.

80.

81.

K. Josi¢, “Invariant Manifolds and Synchronization of Coupled Dynamical Systems”,

Zheng-Ming Ge and Yen-Sheng Chen, “Synchronization of Unidirectional Coupled
Chaotic Systems via Partial Stability”, accepted by Chaos, Solitons and Fractals (2003).
Z-M. Ge and C.-I Lee, 2004, “Anticontrol and Synchronization of Chaos for an
Autonomous Rotational Machine System with a Hexagonal Centrifugal Governor”,
accepted by Journal of Sound and Vibration. (SCI, Impact Factor: 0.821)

Zheng-Ming Ge, Ching-Ming Chang and Yen-Sheng Chen, 2004, “Anti-control of Chaos
of Single Time Scale Brushless DC Motor”, Invited paper by Philosophical Transactions
of the Royal Society London, Series A: Mathematical, Physica & Engineering
Sciences.(SCI, Impact Factor: 1.471).

Zheng-Ming Ge and Ching-l1 Lee, 2004, “Control, Anticontrol and Synchronization of
Chaos for an Autonomous Rotational Machine System with Time-Delay”, Chaos, Solitons
and Fractals Vol .23, pp.1855-1864. (SCI, Impact Factor: 1.064).

Zheng-Ming Ge, Shi-Hung Lee and Ching-1 Lee, 2004, “Regular and Chaotic Dynamic
Anaysis and Control of Chaos for a Verticaly Vibrating and Rotating Circular Tube
Containing a Particle”, accepted by Transaction of Canadian Society of Mechanical
Engineering (SCI)

Zheng-Ming Ge, Chun-La Hsiao and Yen-Sheng Chen, 2004, “Nonlinear Dynamics and
Chaos Control for a Time Delay Duffing System”, accepted by Int. J. of Nonlinear
Sciences and Numerical Simulation (SCI, Impact Factor: 0.428).



Appendix
The content of this appendix follows [55-57]. Consider a differential system

x =f(t, X) (A1)
where f:[t,,0)xQ—>R", f(t,00=0 Vte[t,,c0)and QcR" is a region containing the

origin. Assume that f issmooth enough to ensure that the solution of (A1) exists uniquely.

To shorten the notation, write X =(Y,,"** Y., Z,**»Z,_.) ||y||=(zm: yizj |z||= (gzzj
i=1

and x| = (Z)g j (|y|| +||z|| ) with 0<m< n. We assume that the solution of (A1) is

z-extendable, i.e. any solution of (A1) exists for al t>t, and |y(t)|<H, H is a constant.

Write Q:{(t,x)‘tzto,”y”s H,0s||z||<+oo} and Q:{(t,x)‘t2t0,||x||<oo}.
Definition A1 The solution of (Al) is stable with respect to y (y-stable) if Ve>0,

Vt, €[0,00) 35(ty, €)>0 VX, € B, ={x| x| (ty, &) } such  that

(.t x,)|<e Vt=t,. The solution of (A1) is uniformly y-stable if 5(t,,¢) is

independent of t, in the definition of y-stable.
The solution of (Al) is asymptotically stable with respect to y (asymptotically y-stable)

if it is (1) y-stable and (2) y-attractive, i.e. Vt,€[0,0) , 35'(t,)>0, Ve'>0,
VX, € By = {X| lIXIlk 8'(ty) |, IT(ty, Xp, ") such that [y(t,ty,X,)| <& Vt=t,+T . The

solution of (A1) is uniformly asymptotically y-stable if it is (1) uniformly y-stable and (2)
uniformly y-attractive, i.e. 5'(t,) isindependent of t, and T(t,, X,, &") is independent of

t,, X, inthe definition of y-attractive.

The solution of (A1) is globally y-attractive if B; =R" in the definition of y-attractive.

Furthermore, if B, =R" and 35'(t,) >0 can be replaced by V&' the solution of (A1) is

globally uniformly y-attractive. The solution of (A1) is globaly asymptoticaly y-stable if it is

(1) y-stable and (2) globally y-attractive. The solution of (Al) is globaly uniformly
10



asymptotically y-stableif it is (1) uniformly y-stable and (2) globally uniformly y-attractive.

The next definition extends the notation of definite functions with respect to partid
variables. Let V(t,x) e C([t,, ) xR", R) with V(t,00=0 and V definedon Q.
Definition A2 A t implicit positive (negative) semi-definite function V(x) is caled
positive (negative) definite with respect toy if V(x) canvanish only when y=0.

A positive (negative) semi-definite function V(t,x) iscalled positive (negative) definite
with respect to y if there is a positive (negative) definite function W(y) such that
V({t,x) 2W(y) (V(t,x) <W(y)).

Definition A3 A function V(t,x) iscalled bounded if 3M >0 suchthat [V(t,x)|<M.A

bounded function V(t,x) possesses an infinitesimal upper bound if V& >0,38(¢) >0, for

t>t, and ||x|<38(£) such that |V(t,x)|<é. A bounded function V(t,x) possesses an
infinitesimal upper bound with respect to x,---, X (M<k<n) if VE>0,35(8)>0, for

k ~
t21ty, Y X <87, —00< Xy, %, <o suchthat V(t,x)|<é.

i=1

The following four theorems still hold when the undisturbed motion has nonzero z.

Theorem Al Suppose there exists a positive definite function V(t,x) with respect to
X, % (k<n) suchthat V(t,x) isnegative semi-definite or vanishes, then the undisturbed
motion is stable with respectto x,---, % (k<n).

Theorem A2 Suppose there exists a positive definite function V(t,x) with respect to
X, % (k<n) such that V(t,x) possesses an infinitesimal upper bound and V(t,x) is

negative definite with respect to x;,---, %, then the undisturbed motion is asymptotically
stable with respectto x,---, X, .
Theorem A3 Suppose there exist a function V:[0,0)xQ— R such that for some

functions a,b,ce X andevery (t,x)eQ:

i a(ly]) <Vt x),V(t,0=0

11



i=1

k Y2
(i) V(t,x) < —CHZ xzj j

then the origin is uniformly asymptotically y-stable.

K Y2
(i) V(t,x)< b[(Z)gzj j ,m<k<n

Theorem A4 Suppose there exist a function V :[0,0)xQ— R such that for some

functions a,b,cex, a:R* > R* with r >+ =a(r) >+ andevery (t,x)eQ:

() a(|y[)<V(t,x),V(t,0=0
K y2
(ii) V(t,x)gb((_z)éj ],mékén

K 2
(iii) V(t, x)< —C((Z Xizj ]

(iv) Zn:x2—>+oo = V(t,X) > +o,
i=1

then the origin is globally asymptotically y-stable.

12
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