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Abstract. In this paper we develop a general approach for investigating pattern
generation problems in multi-dimensional lattice models. Let S be a set of p symbols
or colors, Zy a fixed finite rectangular sublattice of Z%, d > 1 and N a d-tuple of
positive integers. Functions U : Z% — S and Uy : Zy — S are called a global
pattern and a local pattern on Zy, respectively. We introduce an ordering matrix
Xy for ¥, the set of all local patterns on Zy. For a larger finite lattice Z g,
N > N, we derive a recursion formula to obtain the ordering matrix X g of ¥ 5 from
X . For a given basic admissible local patterns set B C X, the transition matrix
T (B) is defined. For each N > N denoted by X ;(B) the set of all local patterns
which can be generated from B, the cardinal number of ¥ (B) is the sum of entries
of the transition matrix T g (B) which can be obtained from Ty (B) recursively. The
spatial entropy h(B) can be obtained by computing the maximum eigenvalues of
a sequence of transition matrices Ty (B). The results can be applied to study the
set of global stationary solutions in various Lattice Dynamical Systems and Cellular
Neural Networks.

1. Introduction. Many systems have been studied as models for spatial pattern
formation in biology, chemistry, engineering and physics. Lattices play important
roles in modeling underlying spatial structures. Notable examples include models
arising from biology [7, 8, 21, 22, 23, 33, 34, 35|, chemical reaction and phase tran-
sitions [4, 5, 11, 12, 13, 14, 24, 41, 43], image processing and pattern recognition
[11, 12, 15, 16, 17, 18, 19, 25, 40], as well as materials science[9, 20, 26]. Stationary
patterns play a critical role in investigating of the long time behavior of related dy-
namical systems. In general, multiple stationary patterns may induce complicated
phenomena of such systems.

In Lattice Dynamical Systems(LDS), especially Cellular Neural Networks (CNN),
the set of global stationary solutions (global patterns) has received considerable at-
tention in recent years (e.g.[1, 2, 6, 10, 27, 28, 29, 30, 31, 32, 36, 37]). When the
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638 JUNG-CHAO BAN AND SONG-SUN LIN

mutual interaction between states of a system is local, the state at each lattice
point is influenced only by its finitely many neighborhood states. The admissible
(or allowable) local patterns are introduced and defined on a certain finite lattice.
The admissible global patterns on the entire lattice space are then glued together
from those admissible local patterns. More precisely, let S be a finite set of p el-
ements (symbols, colors or letters of an alphabet) where Z? denotes the integer
lattice on R?, and d > 1 is a positive integer representing the lattice dimension.
Then, function U : Z¢ — S is called a global pattern. For each o € Z¢, we write
U(a) as us. The set of all patterns U : Z¢ — S is denoted by

d _ oz¢
Ep:S ,

ie., Eg is the set of all patterns with p different colors in d-dimensional lattice. As
for local patterns, i.e., functions defined on (finite) sublattices, for a given d-tuple
N = (N1, Na, -+, Ny) of positive integers, let

Zy = {(a1, a2, -+ yaq) 1 1 < ap, < N, 1 <k < d}
be an N7 x Ny X - -+ Ny finite rectangular lattice. Denoted by N > N if ]f\\ﬁf > Ny,
for all 1 <k < d. The set of all local patterns defined on Zy is denoted by
Yn=3%n,={Ulzy :U€ ZZ}.

Under many circumstances, only a (proper) subset B of ¥y is admissible (allowable
or feasible). In this case, local patterns in B are called basic patterns and B is called
the basic set. In a one dimensional case, S consists of letters of an alphabet, and
B is also called a set of allowable words of length N.

Consider a fixed finite lattice Zy and a given basic set B C X . For larger finite
lattice Z 5 O Zny, the set of all local patterns on Z g which can be generated by B
is denoted as ¥ 5(B). Indeed, X 5(B) can be characterized by

Y5B) ={ UecXz:Usyn=Vn forany ac 7% with Zayn C Zy
and some Vy € B},

where
a+N={(ar+p1, i+ Ba): (B1, -, Ba) € N},
and
Uat+n = VN means ua4p = vg for each B € Zy.
Similarly, the set of all global patterns which can be generated by B is denoted by
X(B)={U € E;f :Upin = Vi for any o € Z¢ with some Vi € B}.

The following questions arise :

(1) Can we find a systematic means of constructing ¥ 3(B) from B for
Z]‘\‘, DZnN?
(2) What is the complexity (or spatial entropy) of {}> %(B)}x-y ?

The spatial entropy h(B) of ¥(B) is defined as follows :
Let

I'5(B) = card(X5(B)), (1.1)
the number of distinct patterns in ¥ 5(B). The spatial entropy h(B) is defined as

1
(5) = Jim T (5) (12)
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where N = (J’\/'Vl, N;, . ]Tf;l) be a d-tuple positive integers, which is well-defined and
exists (e.g. [13]). The spatial entropy, which is an analogue to topological entropy
in dynamical system, has been used to measure a kind of complexity in LDS (e.g.
18], [42] ).

In a one dimensional case, the above two questions can be answered by using
transition matrix. Indeed, for a given basic set 3, we can associate the transition
matrix T(B) to B. Then the spatial entropy h(B) = log A, where A is the largest
eigenvalue of T(B) (e.g. [29, 41]). On the other hand, for higher dimensional cases,
constructing ¥ 5 (B) systematically and computing I' i (B) effectively for a large N
are extremely difficult.

In the two dimensional case, Chow et al. [13] estimated lower bounds of the
spatial entropy for some problems in LDS. Later, using a ”building block” technique,
Juang and Lin [29] studied the patterns generation and obtained lower bounds of the
spatial entropy for CNN with square-cross or diagonal-cross templates. For CNN
with general templates, Hsu et al [27] investigated the generation of admissible
local patterns and obtained the basic set for any parameter, i.e., the first step in
studying the patterns generation problem. Meanwhile, given a set of symbols &
and a pair consisting of a horizontal transition matrix H and a vertical transition

matrix V, Juang et al [30] defined m-th order transition matrices Tl(qm& and Tj(qm&
for each m > 1 and, in doing so, obtained the recursion formulas for both T;Im&

and TI({m& Furthermore, they proved that TIT) and T,({m& have the same maximum

log Am
e

eigenvalue \,, and spatial entropy h(H,V) = lim For a certain class of

H,V, the recursion formulas for Tl(fm‘z and T;Im& yield recursion formulas for A,

explicitly and the exact entropy. On the other hand, for the patterns generation

problem Lin and Yang [37] worked on the 3-cell L-shaped lattice, i.e., N= H, They
developed an algorithm to investigate how patterns are generated on larger lattices
from smaller one. Their algorithm treated all patterns in X5 (B) as entries and
arranged them in a ”counting matrix” Mg (B). A good arrangement of M (B)

implies an easier extension to Mﬁr(B) for a larger lattice N O N and effective
counting of the number of elements in ¥ 5 (B). Upper and lower bounds of spatial
entropy were also obtained. Next, there are some relations with matrix shift [13],
that details will appear in section 3.4.

Motivated by the counting matrix My (B) of [37] and the recursion formulas
for transition matrices in [30], this work introduces the ”ordering matrix” Xy for
Yorxoe to study the patterns generation and obtain recursion formulas for X,, for
Yopxne where ¢ > 1 is a fixed positive integer and n > 2. The recursion formulas
for X,, imply the recursion formula for the associated transition matrices T,,(B) of
Yoexne(B), i.e., a generalization of the recursion formulas in [30]. Notably, a dif-
ferent ordering matrix )~(2 for Yosx9r induces different recursion formulas of Xn for
Yorxne and ﬁ(B) Among them, X5 defined in (2.9) yields a simple recursion for-
mula (3.16) and rewriting rule (3.14), which enabling us to compute the maximum
eigenvalue of T, effectively. The computations or estimates of A,, are interesting
problems in linear algebra and numerical linear algebra. Owing to the similarity
property of (3.16) or (3.14) of transition matrices {T,,}72 5, we show that for a cer-
tain class of B, A, satisfies certain recursion relations and h(B) can be computed
explicitly.
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In d > 3, the structure of ordering matrix and transition matrices has been
explored, and it can be found in [3].

The rest of this paper is organized as follows. Section 2 describes a two dimen-
sional case by thoroughly investigating 5«2 and introducing the ordering matrix
X, of patterns in ¥gxo. The ordering matrix X,, on Yoy, is then constructed from
X5 recursively. Finally, section 3 derives higher order transition matrices T, from
T2 and computes \,, explicitly for a certain type of Ts.

2. Two Dimensional Patterns. This section describes two dimensional patterns
generation. For clarity, we begin by the studying two symbols, i.e., S = {0,1}. On
a fixed finite lattice Z,,, xm,, we first give a ordering X = Xm; xmo O0 Zimy xmy DY

X((a1,2)) =ma(a; — 1) + s, (2.1)
i.e.,
mo 2mo mims
: : : : (2:2)
1 mo + 1 (my —1)mg +1

The ordering x of (2.1) on Z,, xm, can now be passed to X, xm, - Indeed, for
each U = (Uay ,as) € Ly xmy, define

x(U) Xmi xms (U)

ma
1+ Z Z ua1a22m2(ml—al)+(m2—a2).

a1=1as=1

Obviously, there is an one-to-one correspondence between local patterns in ¥,,, xm,
and positive integers in the set Nomim, = {k € N : 1 < k < 2™m1™2} where N is the
set of positive integers. Therefore, U is referred to herein as the x(U)-th element in
Yy xmso- By identifying the pictorial patterns by numbers x(U), it becomes highly
effective in proving theorems since computations can now be performed on x(U).
In a two dimensional case, we will keep the ordering (2.1)~ (2.3) x on Z,, xm, and
Yimy xmg, Tespectively.

2.1. Ordering Matrices. For 1 x n pattern U = (ug),1 < k < nin Xi4,, as in
(2.3), U is assigned the number

i=x(U) =1+ w2, (2.4)
k=1

As denoted by the 1 x n column pattern z,,;,

Up, Up,
Tpy = | - or I (2.5)

3

Uy Ui

In particular, when n = 2, as denoted by x; = 22,
i = 1 —+ 2U1 —+ U2

and

x; = { U2 ] or 2 (2.6)
U U1
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A 2 x 2 pattern U = (Uq,a,) can now be obtained by a horizontal direct sum of
two 1 x 2 patterns, i.e.,

Tii, = Tip BTy
(2.7)
U2 U222 U2 | U22
= or ,
{ Uil U21 ] Uil | U21
where
ip =14 2up +uge, 1<k<2 (2.8)

Therefore, the complete set of all 16(= 22*2) 2 x 2 patterns in Xpxo can be listed
by a 4 x 4 matrix X = [2;,;,] with 2 X 2 pattern z;,;, as its entries in

308 0 F
of [} [ [

(o] | [o]o] [ofo] [ofz] [o]1]
5
[o] | [ofo] [o]o] [of1] [o]1] (2.9)
:
[1[o]  [1]o]
[1]0]
[1[o]  [1]0]
It is easy to verify that
X(Ziyi) = 4(i1 — 1) + da, (2.10)

i.e, we are counting local patterns in o2 by going through each row successively
in Table (2.9). Correspondingly, X2 can be referred to as an ordering matrix for
Yoxs. Similarly, a 2 X 2 pattern can also be viewed as a vertical direct sum of two
2 x 1 patterns, i.e,

Yjrja = Yir D Yjas (2.11)
where
yio= [ uu uz | or ;
and
Ji=142uy + uy, (2.12)
1<1<2. A4x4matrix Yy = [y;,,,] can also be obtained for Xoy9. i.e., we have
[o[1]  [1]0]
[ofo]  [o]1]
o] [0l [ofo
=
o1 (o1 [o1] (2.13)
-
[1[o]  [a2]o] [z]o]  [1]0]
[ofo]  [o]1]  [1]0]
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The relation between X and Yy must be explored. Indeed, from (2.12), uy; can
be solved in terms of j;, i.e., we have

-1
uy = [ (2.14)
2
and
. i — 1
wn = i = 1 - 2%, (2.15)
where [ ] is the Gauss symbol, i.e., [r] is the largest integer which is equal to or

less than r. From (2.8), (2.12), (2.14) and (2.15), we have the following relations
between indices i1, and ji, ja.

2 .
. g —1, o_
=1+ [’“T] 22—k, (2.16)
k=1
2 .
i — 1
3271+Z{zk—1—2[’“7]}22*’“, (2.17)
k=1
and
2 .
. Ji—1, oy
z171+Z[T]2 , (2.18)
=1
2 .
= 1 P12 [Py g2 2.19
ip=1+> {i [Tl (2.19)
=1

From (2.16) and (2.17), (2.9) or X5 can also be represented by y;,;, as

Y11 Y12 Y21 Y22

X, = Y13 Y14 Y23 Y24 . (2.20)
Y31 Y32 Ya1  Ya2
Y33 Y34 Y43 Ya4

In (2.20), the indices j1j2 are arranged by two Z-maps successively, as

1 — 2

/ (2.21)
3 — 4

i.e., the path from 1 to 4 in (2.21) is Z shaped and is then called a Z-map. More
precisely, X5 can be decomposed by

Yo, Yoo
Xy = ’ ’ 2.22
2 |: }/2;3 Y5;4 :| ( )
and
Yk1  Yk2
Yo = . 2.23
2k [ Yk3  Yka ] (223)

where X is arranged by a Z-map (Y2,) in (2.22) and each Y5, is also arranged by
a Z-map (y) in (2.23). Therefore, the indices of y in (2.20) consist of two Z-maps.

The expression (2.20) of all local patterns in Xax2 by y can be extended to all
patterns in Yoy, for any n > 3. Indeed, a local pattern U in Yoy, can be viewed
as the horizontal direct sum of two 1 x n local patterns, i.e. U; and Us, and also
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the vertical direct sums of n many 2 x 1 local patterns. As in (2.9), all patterns in
Yoxn can be arranged by the ordering matrix

Xy = [ Tnsivis | (2.24)
a 2™ x 2" matrix with entry ,.i,i, = Tnii; B Tnuy, Where x(Uy) =41 and x(Us) = iz
as in (2.4) and (2.5), 1 < i1,45 < 2. On the other hand, for two 2 x 2 patterns
Yirj. and yj, 5, Wwe can attach them together to become a 2 x 3 pattern y;, ;, 45, since
the second row in y;, ;, and the first row of y;,;, are identical, i.e.,
Yjrjejs = Yjije & Yjzis
(2.25)
= Ui DYy, DYy
Herein, a wedge direct sum & is used for 2 x 2 patterns whenever they can be
attached together. In this way, a 2 x n pattern yj;,...;, is obtained from n — 1 many
2 X 2 patterns Y, jo, Yiajs> > Yin—1in by
Yjrogn = Yirja © Yjags © 8 Vs
(2.26)
= Yp OYj, D DYy,
where 1 < jr < 4, and 1 < k < n. Now, X,, in y expression can be obtained as
follows.

Theorem 2.1. For anyn > 2, Yoxpn = {Yj,-..;. }, where y;,...;, is given in (2.26).
Furthermore, the ordering matriz X, can be decomposed by n Z-maps successively
as

_ Yn;l Yn;2
Xn o |: Yn;3 Yn;4 :| ’ (227)
Yn_ = 3J1 Ik 3917 Ik , 2.98
R |: Yn;jl“'jk3 Yn;jl"‘jk4 ( )
for1<k<n-—2, and
_ | Yjrdnoal Yjreinoa2
Yoiirogn1 = . 2.29
g { Yjrojno13  Yjr-jn_14 } (2.29)

Proof. From (2.12), (2.14) and (2.15), we have following table.

7 1 2 3 4

Uiy 0 0 1 1

Uy 0 1 0 1
Table 2.1

For any n > 2, by (2.12),(2.14) and (2.15), it is easy to generalize (2.18) and (2.19)
to

im =14 Y [Fo—)2n, (2.30)
=1
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and

‘ n ' 1 .
i =1+ (i = 1- 27 =] (2.31)
=1

From (2.30) and (2.31), we have

411 = 2ing — 1+ (252, (2.32)
and
‘ o , Jn1 — 1
int1:2 = 2in2 — 14 {jnt1 — 1 — 2[7}} (2.33)
Now, by induction on n the theorem follows from the last two formulas and the
table 2.1. The proof is complete. O

Remark 2.2. The ordering matrix on X,xn can also be introduced accordingly.
However, when spatial entropy h(B) of X(B) is computed, only A, the largest eigen-
value of T, (B) must be known. Section 3 provides further details.

2.2. More Symbols on Larger Lattices. The idea introduced in the last section
can be generalized to more symbols on Z,, xm,, where m > 3. We first treat a case
when m is even. Indeed, assume that m = 2¢, £ > 2 and S contains p elements.
Now, we introduce the ordering matrices Xy = [2;,4,] and Yo = [y;,;,] to Barxae

as follows. Let ¢ = pez, X3 can be expressed by y;, j,, i.e.,

Y; Y, Y,
X, Yq'+1 Y:1'+2 ) Y'2q 7 (2.34)
Yig-1g+1 Yg-1g+2 - Y axq
with
Yji 1 0 Yiig
Y, = yjh:q"rl yjlz,gq . (2.35)
Yjr.a=Da+1 0 Yjig® 1 gxq

Now, we can state recursion formulas for higher ordering matrix X, =
[Znsiyis)qn xqn as follows and omit the proof for brevity.

Theorem 2.3. Suppose we have p symbols, p > 2 and let ¢ = pﬂ, {>2. For any
n =2, Sooxne = {Yjijojntr WhETE Yjijoj = YjrjaOYjajs® -+ BYjo_1jr 1 < Gk <
¢ and 1 < k < n. Furthermore, the ordering matriz X,, can be decomposed by n
Z-maps successively as

Yn;l Yn‘2 e Yn;q

Yn; +1 Yn; 7Jr2 et Yn;Z
! ! - (2.36)

Y";(Q—l)q+1 Yn;(q—l)q+2 s Yn;q2
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Yoo =
Yo gl Youign o2 o Yo kg (237)
Yoo inia+1 Yoo inra+2 o Yo gkn2g ’
Yn;j1,~~- Jrs(g=1)g+1 Yn;j1,-~~ Je(g=1)g+2 "7 Yn;jh--- ka2
for1<k<n-2,
Yn;jl"'jn—l =
Yji,e dn-1,1 Yji, in—1,2 Yjr, - dn—1,q (2 38)
Yji, e gn—1,q9+1 Yji, gn—1,q+2 Y, dn—1,2q ’
Yjv,dn—1,(a=Dg+1  Yji,gn1,(g=Dg+2 " Yji,dn1,q?

3. Transition matrices. This section derives the transition matrices T,, for a
given basic set B. For simplicity, the study of two symbols S = {0,1} on 2 x 2
lattice Zoyo in two dimensional lattice space Z? is of particular focus. The results
can be extended to general cases.

3.1. 2x 2 systems. Given a basic set B C Y59, horizontal and vertical transition
matrices Hy and V5 can be defined by

Hy = [hiyiy] and Va = [vj,j,], (3.1)
two 4 x 4 matrices with entries either 0 or 1 according to following rules:
hi1i2 = 1 Zf Tiiy € B,
{ = 0 if @i, € Yoxa — B, (3:2)
and
Vjrje =1 if Yiri» € B, 3.3
{ =0 if  Yjj. € Yox2 — B. (3:3)

Obviously, h;, i, = vj,j,, where (i1,42) and (j1,j2) are related according to (2.16)~
(2.19). Now, the transition matrix Ts for B can be defined by

T2 = T2 (B)

V11 Vi2 V21 V22 (3.4)
V13 V14 V23 V24
U3l V32 V41 Vg2
V33 V34 V43 Ugy

Define
Vjrjajn = Ujrga " Vinjs """ Vin_1jn> (3.5)
and
T, = [vj1j2"'jn]a
then the transition matrix T,, for B defined on Zsy, is a 2™ x 2" matrix with

entries vy, ...;,,, which are either 1 or 0, by substituting y;,...;, by v;,...;, in X, see
(2.27)~(2.29).
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In the following, we give some interpretations for T,,, one from an algebraic
perspective and the other from Lindenmayer system (for details see Remark 3.2 ).
For clarity, T3 can be written in a complete form as

V11011 V11V12 V12021 V12V22 V21V11  U21V12 U22U21 V2222
V11013  V11V14 V12023 U12V24 V21V13 V21V14 U22V23 V22V24
V13V31 V13V32 V14V41 V14V42 V23VU31 V23VU32  U24V41  V24V42

U31V11  U31V12 V32V21 U32V22 U41V11  UV410V12 UV42V21  V4g2V22
V31V13  V31V14 V32V23 U32V24 U41V13 V41V14 V42V23  V42U24
V33V31 V33VU32 VU34V41 U34V42 V43U31 V43VU32  V44V41 V44042
V33V33 U33U34 U34V43 U34U44 UV43V33 V43U34 UV44V43  V4qU44

From an algebraic perspective, T3 can be defined through the classical Kronecker
product (or tensor product) ® and Hadamard product ®. Indeed, for any two
matrices A = (a;;) and B = (bg;), the Kronecker product of A ® B is defined by

A® B = (a;; B). (3.7
On the other hand, for any two n X n matrices
C = (cij) and D = (d;;),
where c;; and d;; are numbers or matrices. Then, Hadamard product of C' ® D is
defined by
COD = (ci - dij), (3.8)

where the product ¢;; -d;; of ¢;; and d;; may be multiplication of numbers, numbers
and matrices or matrices whenever it is well-defined. For instance, ¢;; is number
and d;; is matrix.

Denoted by
AL
T2 - { T3 T4 :| ) (3‘9)
where T}, is a 2 X 2 matrix with
Vk1  Vk2
T, = . 3.10
* { Uks Uk } (3.10)
Then, using Hadamard product, (3.6) can be written as
V11 V12 V21 V22 T Ty T 1o
V13 V14 V23 U4 T3 T, T3 T
Ty — © : 3.11
3 V31 V32 V41 V42 W Ty T Ty ( )
V33 U34 V43 V44 T3 Ty T3 Ty

and can also be written by Kronecker product with Hadamard product as

T3:(T2)4X4®[“ 1]@{% ;iH (3.12)

where (T2)4x4 is interpreted as a 4 x4 matrix given as in (3.4). Hereinafter, (M )k
is used as the k x k matrix; its entries may also be matrices.

V13V33 V13VU34 V14U43 V14U44 V23U33 V23U34 UV24V43 V24V44 (3 6)
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Furthermore, by (3.9) and (3.12), T3 can also be written as
T. — T 0Ty, To0Ty
° IT30T, ThoTy |-

Now, from the perspective of Lindenmayer system, (3.13) can be interpreted as a
rewriting rule as follows:
To construct T3 from Ty, simply replace Ty in (3.9) by T} ® Ta, i.e,

vi1Tr  vgeTh ]

(3.13)

(3.14)

Ter— Tr © Ty = [ Vg3Ts  vpaTy

Now, T3 can be written as

vi1Tr w1y v Ty varTh
v13T3 04Ty va3T3  va4Ty
T3 = . 3.15
3 v v3Ty vaTr vedh (3.15)

v3sTs w3y wagTs vaaTy
Since vy is either 0 or 1. The entries of T3 in (3.15) are T}, i.e, T} can be taken as
the ”"basic element” in constructing T,, ,n > 3. As demonstrated later that(3.14)
is an efficient means of constructing T,,11 from T,, for any n > 2.
Now, by induction on n, the following properties of transition matrix T,, on
Zs«y, can be easily proven.

Theorem 3.1. Let Ty be a transition matriz given by (3.4). Then, for higher order
transition matrices T, n > 3, we have the following three equivalent expressions
(I) T,, can be decomposed into n successive 2 X 2matrices (or n-successive Z-maps)

as follows:
. Tn;l Tn;2
Tn B |: Tn;3 Tn;4 :| ’

niji gk T . . . . ’
Tn;]l”']k?) Tnm---]x&l
for1<k<n-—2and
S | Yjrgno1l Vjpeegno12
T";]l"']nfl - V. . Vi . :
J1-dn-13  Vji1-jn_14
Furthermore,

V1Tn—1;1 vk2Tn—12
T, = i 2| 3.16
ik l: kaTnfl;B Uk4Tn71;4 :| ( )

_(Tn T
T2_(T3 T4>’

Vg1 Vg2
Tk = )
Vi3  Vk4

T, can be obtained from Tp_1 by replacing Ty, by Ty, ® T according to (3.14).

(II) Starting from

with

T
(II1) T, = (Th_1)an-1x90-1 ® ( Fon-2 ® ( T; Ti ) )
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where Fqr is the 28 x 2% matriz with 1 as its entries.

Proof.

(I)The proof is to simply replace Y;,.j,...;, and yj,...;,, by Thijy.ojp and v,...5, in
Theorem 2.1, respectively.

(IT) follows from (I) directly.

(III) follows from (I), we have

_ Tn;l Tn;2
Tn N |: Tn;3 Tn;4 :| '
And by (3.16), we get following formula.

V1101 V12dn2 vo1Ing vaeTho
V13Tn3  V14Tha  v23Tns  vV2aTha

T. =
" v31 01 v32The v vaeTho
33103 V34Tn:a va3Thn3  VaaTha
= (T ) 1yon—1 E 2 ® I Ty
n_l 271,7 ><2'L7 27L7 TS T4 .
The proof is complete. O

Remark 3.2. While studying the growth processes of plants, Lindenmayer, e.g.[39],
derived a developmental algorithm, i.e., a set of rules which describes plant de-
velopment in time. Thereafter, a system with a set of rewriting rules was called
Lindenmayer system or L-system. From Theorem 3.1(IIl), the family of transi-
tion matrices {Ty}n>2 s a two-dimensional L-system with a rewriting rule(3.16).
Similar to many L-systems, our system T,, also enjoys the simplicity of recursion
formulas and self-similarity.

As for spatial entropy h(B), we have the following theorem.
Theorem 3.3. Given a basic set B C Yoy, let A, be the largest eigenvalue of the
associated transition matriz T,, which is defined in Theorem 3.1. Then,

log A,
h(B) = lim —82%

n—oo

(3.17)

Proof. By the same arguments as in [13], the limit (1.2) is well-defined and exists.
From the construction of T,,, we observe that for m > 2,

Louxn(B) = Z (Tm=1), ;= #(Tr 1. (3.18)
1<4,5<2n

As in a one dimensional case, we have

1 Tmfl
lim log #(T"") ):log)\n,
m— 00 m
g. [42]. Therefore,
logTrixn
W) = tim 8Tmax(8)
m,n— o0 mn
1 Lrixn
= lim —( lim M)
n—oo 1, m—oo m
. log A\,
= lim .
n—oo n

The proof is complete. O
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3.2. Computation of Maximum Eigenvalues and Spatial Entropy. Given
a transition matrix Ty, for any n > 2, the characteristic polynomials |T,, — A| are of
degree 2". In general, computing or estimating the largest eigenvalue A, = A\,,(T2)
of |T,, — A| for a large n is relatively difficult. However, in this section, we present
a class of Ty in which A, (T3) can be computed explicitly. Indeed, assume that T

has the form of [ g i } in (3.9), i.e.,

_ _ o a a9
T1—T4—A—[a3 a }, (3.19)
and
b b
Ty=Ty=B= [ by 62 } (3.20)

where a, as, as, b, by and bs are either 0 or 1.
We need the following lemma.

Lemma 3.4. Let A and B be non-negative and non-zero m X m matrices, respec-
A aB
6B A

tively, and o and B are positive numbers. The mazimum eigenvalue of {
is then the maximum eigenvalue of
A+ +/apbB.

Proof. Consider

A-X aB | 0
8B A—A|"Y
For |A — A\| # 0, the last equation is equivalent to

A—X B ~0
0 (A= X)) —aBBA-N"tB |~ 7
or
I —aB((A—=N)"'B)? =0.
Then, we have
|[A++aBB—A=0 or |[A—+/aBB -\ =0.
Since A and B are non-negative and « and 3 are positive, verifying that the maxi-

ﬁg ai } and A+ +/af0B are equal is relatively easy. The

proof is complete. O

mum eigenvalue A of [

Now, we can state our computation results for A\, (T2) when T satisfies (3.19)
and (3.20).

Theorem 3.5. Assume that Ty = [ g lj } and A = [ 5 6:12 } and B =
3

[ bl; be } where a,b, az, a3, bz, b3 € {0,1}. Forn > 2, let \,, be the largest eigen-
value of

T, — A\l =0.
Then

)\n =Qp_1+ ﬁn—lv (321)
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where oy and By satisfy the following recursion relations:

Ohy1 = aog +bP, (3.22)
Brer = V(azap + b2B) (azou + bsB), (3.23)

for k>0, and
ao=fo = 1. (3.24)

Furthermore, the spatial entropy h(T2) is equal to log &, where &, is the mazimum
root of the following polynomials Q(§):
(1) ifaz=az =1,

Q)= 48(E—a)’+(v* —49)(§ —a)?

(3.25)
—7%6% = 29(2b — ay)€ — (2b — av)?,
where
v =ba + b3 and 6 = babs. (3.26)
(II) if asaz = 0 and asbs + azbs =1,
Q) =& —at? — 66 +ad —b. (3.27)

Moreover, if azas =0 and asbs + asba = 0, then h(T2) = 0.

Proof. Owing to the special structure of T, it is easy to verify that for any k > 2,
we have

Ty = { é: ﬁ: ] ;
and
Thir = { Ag+1 Bria ] ’
Brt1 Ak
here
Apr = Tp 0 A= { ;3“1‘3’1 ‘fﬁk ] , (3.28)
and
Biy1 =T,0B= [ bifg“k b;ﬁk } : (3.29)
As = A and By = B. Now by Lemma 3.4, |T,,11 — Apt1]| =0, so
|Ans1 + Bogt — Anga| = 0. (3.30)
Let

ag=1 and [y =1.

By induction on k, 1 < k < n, and using (3.28),(3.29),(3.30) and Lemma 3.4, it is
straightforward to derive

lok An—k+1 + BeBn—k+1 — Ant1| =0, (3.31)
with oy, and G, satisfy (3.22) and (3.23). In particular,
Qn = a0p_1+bBn_1, (3.32)

Bo = {(azan_1+b2Bn_1)(azon_1 + b3 1)}, (3.33)
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and
)\n+1 = an + 571

This proves the first part of the theorem.
The remainder of the proof, demonstrates that h(T2) = log A, where A, is the
maximum root of Q(X\). From (3.33), we have

B2 =azaza?_; + (agbs + asba)an—18n-1
(3.34)
+ bebsB2_.

Now, in (3.34), we first solve a;,—1 in terms of 3,,—1 and 3,, then substitute a;,_1
and «, into (3.32) to obtain difference equations involving fB,4+1, G, and Bn_1.
There are two cases:

Case I. If as = a3 = 1, then we have

1 1

Qp—1 = 5{—7ﬂn—1 + (48 + (¥ —48)B2_1)2 ) (3.35)

Substituting (3.35) into (3.32), yields

{482, + (P —49)82}2 = B+ (2b—av)Bus
(3.36)
+ a{4B2 + (v - 40)32_}E.
Now, let
Bn

n=-—", 3.37
¢ Br-1 (3:37)

and after dividing (3.36) by (3,1, we have
En {42, 1+ (VP —40)}7 =46, + (2b— ay) + af4€2 + (1* —48)}2.  (3.38)

(3.38) can be written as the following iteration map:

Ent1 = G1(&n), (3.39)
where
G1(€) = 5145+ 299(6) + (O}, (3.40)
and
9(€) = (2b— am)¢ ™t + afd+ (2 — 40)E72}2. (3.41)

We first observe the fixed point &. of G1(§), ie., & = G(&4), is a root of Q(E).
Indeed, by letting &, = £,+1 = &« in (3.38), we have
(6 — @) (42 + (7 — 40))% =76 + (2b — a),

which gives us Q(&.) = 0.
It can be proven that the maximum fixed point of G1(£) or the maximum root
&« of Q(&) = 0 satisfies 1 < &, <2 and

&y — & as n — oo. (3.42)
Details are omitted here for brevity. By (3.21), (3.35) and (3.37), we can also prove

An+1

— & as n— oo. (3.43)
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Hence, h(T3) = logé&,.

A ; o
ol [ Y | e |
o | [ [ ]elr 0] e 6
ool [0 1] | e |
oo| [ [0] | e |
oo| [0 [ | weer |
T S AN ES I O
i o1
o [[02-00] (1] | v |
o [ [e[t0]] v e

(i) A, = 1.75488, (ii) A, = 1.46557, (iii) A, = 1.32472, (iv) A, = 1.22074
where, g = 1.61803, is the golden mean, a root of A> — A\ —1 = 0.

Table 3.1
Case II. If asaz = 0 and agbs + agbe = 1, then, from (3.33), we have
On—1 = BaB 1 — 6Bu-1. (3.44)
Again, substituting (3.44) into (3.32) and letting (3.37) lead to
Eoirbn —all — 06 +ad —b=0, (3.45)
ie., &np1 = G2(&,), where
G2(§) = {ag + 6 + (b— ad)s '}, (3.46)

The maximum fixed point &, of (3.46) is the maximum root of Q(§) = 0 in (3.27).
It can also be proven that (3.42) and (3.43) holds in this case.
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Finally, if agas = 0 and asbs + agby = 0, then (3, are all equal for n > 1. Hence,
oy, is at most linear growth in n, implying that h(T2) = 0. The proof is thus
complete. O

For completeness, we list all Ty which satisfy (3.19) and (3.20) and have positive
entropy h(Ts). The table is arranged based on the magnitude of h(T). The
polynomial @(.) in either (3.25) or (3.27) has been simplified whenever possible.

The recursion formulas for \,, are

(1) A =27,

(2) Ant1 = An + (Andno1)?,

(3) (@) A1 =An+ Mnhn = An1))2,
(B) A1 =An + Ano1,

(’7) )\nJrl - >\n + )\nflv

(4) /\n+1 = >\n + (/\n—1(>\n - /\n—l))%a
(5) )\n+1 = ()\nﬁn71>% +ﬁn717
where ﬂn—l = An - >\n—1 + 4+ (_1)71,
(6) /\n+1 = >\n + ()\nﬂn72)% - ﬁn72~
Table 3.2

Remark 3.6.

(i) According to Table 3.2, for cases (1)~(4), An+1 depends only on two preceding
terms, A, and Ap,—1. However, in (5) and (6), A1 depends on all of its preceding
terms A1, , A\p.

(i) From Lemma 3.4 and Theorem 3.5, in addition to the mazimum eigenvalue
we can obtain a complete set of eigenvalues of T, explicitly.

(#ii) In Theorem 3.5, polynomial Q(§) given in (3.25) or (3.27) is the limiting
equation for /\ﬁ. It is interesting to know if there is any limiting equation for
general T,,.

Remark 3.7. Similar to the concept in Theorem 3.5, if To does not satisfy (3.19)
and (8.20), another special structure can allow us to obtain explicit recursion for-
mulas of A, and compute its spatial entropy h(Ts) explicitly.

3.3. 2¢ x 2¢ Systems. The results in last two subsections can be generalized to p-
symbols on Zypxo¢. Given a basic set B C Yopx9¢, horizontal and vertical transition
matrices Hy = [hi,iy]q2xq2 and Vo = [v),,]q2xq2, Where ¢ = p*, can be defined
according the rules (3.2) and (3.3) by replacing Yoxo with Yosxos, respectively.
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Then the transition matrix T3 (B) for B can be defined by

Vi Vs Y,
V +1 V 42 N ‘/2
Ty = To(B) = ! ! . (3.47)
V(q—l)q+1 V(q—l)q+2 tee ‘/:12
where
U, 1 Um,2 o Umg
Um,(q+1 Um,q+2 Ct Um2
Vm _ m (.q ) .‘1 . q ’ (348)
Um,(g—1)g+1  Um,(¢—1)g+2 " VUm,g?

1 <m < ¢*. The higher order transition matrix T,, = [v},,...;,] for B defined on
Zoosne 1s a ¢™ x ¢" matrix, where vj, ;,...;, is given by (3.5) which are either 1 or
0, by substituting y;,...;, by vj,...;, in X,,, see (2.36)~(2.38). For completeness, we
state the following theorem for T,, and omit the proof for brevity.

Theorem 3.8. Let Ty be a transition matriz given by (3.47) and (3.48). Then for
higher order transition matrices T,,, n > 3, we have the following three equivalent
expressions

(I) T,, can be decomposed into n successive ¢ X q¢ matrices as follows:

Tha o T
Tn;q+1 to Tn;2q
T, = . .
Tn;(q—l)q+1 o Ty
Thsjy e st o Ty g
Tosjyoe g+t Togie i2q
Tn;jl"'jk = . .
Toji o gista=Da+1 = Tnggi e gig?
for1<k<n-—2and
Uj1,+ jn—1,1 B Y FIRTR S
Vg1, jn—1,9+1 o Uy ino1,2q
Tijyejnn = ) .
Uj1,esgn—1,(g=D)g+1 """ Vji,ee gn1,62 |
Furthermore,
'Uk,lTn—l;l to Uk,an—l;q
Vk,g+1Tn—150+1 o Uk2qTh—1524
Tn;k - . .
Vk,(q-D)g+1Ln—1;(g-1)g+1 " Vkg2Tn-1;¢2 ]
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(IT) Starting from

Ty T,
Ty T
T2 = . . ’
Tig-1yg+1 -+ Tg
with
vk,l e Uk,q
Uk,q+1 T kg
T, = ) . . ,
L Yk, (¢—1)g+1 " Uk,g?

T,, can be obtained from T,_1 by replacing Ty by Ty, ® To according to

v Th s Ty
vk,q+1Tq+1 e Uk,ZqTZq
Ty — T, ©Ty = .
L Ukq-1a+1T(g-1q+1 0 Uk T2

(111)
T, = (Tnfl)qn—1an—1 ® (Eqn—Z ® Tg)
For the spatial entropy h(B), we have a similar result as in Theorem 3.3.

Theorem 3.9. Given a basic set B C Xy, xm,, let £ be the smallest integer such
that 2 > mq and 20 > mq, and let B = Xopxo0(B). Suppose A be the largest
etgenvalue of the associated transition matriz T, , which is defined in Theorem 3.8.
Then

h(B) =2 lim 22,

Proof. As in Theorem 3.3,
. lOgFmﬁxné(BN)
= 1 —_—
MB) mwltrgoo ml x nl

L. 1, log#(Tr(B))
= pJm ~(lim ———"——)

1 1 lo /\g_1

= 5 Jm S m =)
1 . log)\n;é

= — lim ————.

62 n—oo n

The proof is complete. O

3.4. Relation with Matrix Shifts. Under many circumstances, we are given a
pair of horizontal transition matrix H = (h;j)pxp and vertical transition matrix
V' = (vij)pxp, Where h;; and v;; € {0,1}, e.g. [13, 29, 30, 32]. Now, the set of all
admissible patterns which can be generated by H and V on Zi,, xm, and Z? are
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denoted by X, xm, (H; V) and 3(H; V), respectively. Furthermore, ¥, sxm, (H; V)
and 3X(H; V) can be characterized by

oy xmy (H; V) ={U € Ly semap * huguny., =1 and Vugugye, = Ly

where €1 = (170)a €2 = (071)7 o = (Oé]_7042), ﬁ = (ﬁ17ﬁ2) (349)
withl <oy <my—1,1<ap<mgand 1 <f <mg 1< Py <mg—1}

and
E(H;V):{UEE%:h

=1 and vyzuy,., =1

for all o, 3 € Z*%}.

In literature, X(H;V) is often called a Matrix shift, Markov shift or subshift of
finite types, e.g. [13, 30, 32, 38]

As before, we are concerned about constructing X, xm, (H; V). We first show
that the established theories can be applied to answer this question. Indeed, we
introduce S = {0,1,2,--- ,p—1}. On Zayo, consider local pattern U = (tq, a,) With
Uayas € S. Define the ordering matrices Xo = [24,i,]p2xp2 and Yo = [y, 5, ]p2xp2
for Yoy 2. Now, the basic set B(H;V) determined by H and V can be expressed as

B(H7 V) = {U = (uOQOtQ) € Yoxa: hu11u21hu12u22vu11u12vu21u22 = 1} (351)

Therefore, the transition matrix Ty = To(H; V) can be expressed as To =[t;, ,]
with ¢;,;, =1 if and only if y;,;, € B(H;V), ie., t;;, =1 if and only if

UaUatep

(3.50)

p? xp?

Py sy Pug s Vg ugs Vusyugs = 1, (3.52)

where j; is related t0 uq,q, according to (2.12) similarly.
Now, T,, = T,,(H; V) can be constructed recursively from Ty (H; V') by Theorem

3.8. Then )\, and spatial entropy h(H;V) can be studied by Theorem 3.9. It is

easy to verify T, (H;V) = Tg)v, the transition matrix obtained by Juang et al

in [30]. Furthermore, T](J”%, in [30] can also be obtained by deleting the rows and

columns formed by zeros in T, (H; V).

On the other hand, given a basic set B C Xoxo, (0r Xgix21,p), in general there
is no horizontal transition matrix H = (h;;)pxp and vertical transition matrix
V = (vij)pxp such that B = B(H;V) given by (3.51). Indeed, the number of
subsets of Yoy p is 2" and the number of B(H;V) is at most 220" and 220" < ov"
for any p > 2. However, as mentioned in p.468[38], one can recode any shift of
finite type to a matrix subshift.

Notably, the n-th order transition matrix T, (B) is a ¢" X ¢" matrix with ¢ = p
and the n-th order transition matrix T, (H (B); V(B))) generated by To(H (B); V(B)))
is a m™ x m™ matrix. Consequently, if m = #B is relatively small compared with
q = plz, we may study the eigenvalue problems of T, (H(B);V(B)). It is clear,
small m generates less admissible patterns and then smaller entropy. For B with
positive entropy h(B) as in Table 3.1, #B is much larger than ¢ = 2. Therefore, in
general working on T,,(B) is better than on T, (H(B); V(B))).

ZZ
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