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Abstract

Students encounter many cognitive difficulties with the limit concept. A number

of research studies reveal that students often conceive of the notion lim f(x) notas a

X—a

static concept but as a dynamic process of getting close to a fixed value. The goal of

this study is to investigate the effects of conceptual understanding of limit of a

function with the aid of computer algebra system (CAS).

We seek to answers to the following questions.

1. How do the students construct their concept image of limit of a function by
graphical, numerical and algebraic means ?

2. How do the students adopt visual way of reasoning and establish the connection
between the visual representations and the algebraic representations ?

3. How do the students establish the transition between the informal concept
definition in which limit of a function is seen as a never-ending process and the
formal &-¢6 definition ?
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By zooming in the graph of f(x) =

sin(x)
X

on the limit point further, can you

determining how close to 0 ( from either sides of 0) does x have to be to ensure
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find a distance that measures the closeness of x to 0.
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Do you think the statement "If |jm f(x) exists, then we

x—0

can find a distance d o) that
| f(x;)— f(x,) |<% whenever 0<|x, <d and
0<|x, |<kd. istrue ? Give areason to your answer.
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Listening to lecture faces away from computer.
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M- R
Exploring limits

Here we investigate limits of some interesting functions by graphs and
numerical data.

1. lim sin(x)
x—0

sin(x)

(a). Execute the following commands to define the function f(x)=

and to create a table that gives the numerical values of f(x) for x :Zln :

n=1 2 3. 10and for x:_zln n=1,23..10.

[> F:=x->sin(X)/x;

>N:=10:
M:z=matrix(N+1,4, (Row,Col)->0):
ME1,1]:="x": M[1,2]:="F(X)": M[1,3]:="x": M[1,4]:="F(X)":
for 1 from 1 to N
do
x1:=1/2"1: x2:= -1/2"1:
MEi+1,1]:=evalft(x1): M[i1+1,2]:=evalf(f(x1)):
ME1+1,3]:=evalt(x2): M[i1+1,4]:=evalf(f(x2)):
od:
eval(M);

(b). Notice that the column that gives the values of f(x) for x _1 ,

2n
n=1,2 3.., 10 is identical with the column that gives the values of f(x)
for X:‘Zln , n=1213..,10. Canyou explain why ?

[



(c). On the basis of the data in (a) , do you think |im S'”X(X) exists ? If

x—>0
so, what is the limit ? Give a reason to your answer.
[

sin(x)
X

Fill in the limit you get above to get a graph of f(x) =

[>L-=2?7:
plot(f(x),x=-1..1,view=L-0.5..L+0.5,axes=boxed);

(d). According to the graph above, can you determine how close to 0
sin(x)

» (x#0) is close

(from either sides of 0) x has to be to ensure that

to the limit you get in (c) within 0.5 . (Note that f is not defined at x=0)
If so, find a distance that measures the closeness of x to 0.

[

sin(x)
X

(e). By zooming in the graph of f(x) = on the limit point, can you

determining how close to 0 (from either sides of 0) does x have to be to
sin(x)

ensure that »

(x#0) is close to the limit you get in (c) within 0.1 ?

If so, find a distance that measures the closeness of x to 0.
[Pplot(f(x),x=???..7?2??7,thickness=2,view=???_.???,axes=boxe
d);

sin(x)
X

(f). By zooming in the graph of f(x) = on the limit point further,

can you determining how close to 0 ( from either sides of 0) does x have
sin(x)
X

to be to ensure that f(x) = (x=0) is close to the limit you get in (c)

within 0.01 ? If so, find a distance that measures the closeness of x to 0.
[>
plot(f(x),x=???..7?27,thickness=2,view=???__77??,axes=boxed

)

(9). Do the graphical experiments in (d), (e) and (f) confirm your answer



in (b) ? Give a reason to your answer.
[

2. lim xsm(l)-
x—>0 X
(a). Execute the following commands to define the function

(1 : :
9(x) =xsm(xj and to create a table that gives the numerical values of g(x)

1

for x=—, n=1,2 ., 15
2n
[> g:=x->x*sin(1/x);
Nz=15:

M:z=matrix(N+1,2, (Row,Col)->0):

M[1,1]:="x": M[1,2]:="F(X)":

for 1 from 1 to N

do

x1:=1/2"1:

MEi+1,1]:=evalft(x1): M[i1+1,2]:=evalf(g(x1)):
od:

eval(M);

x—0

(b). On the basis of the data in (a), do you think |im xsin()l(j exists ? If

S0, guess the limit. Give a reason to your answer.
[

Fill in the limit you get above to get a graph of  g(x) =x sin[)l(]

[>L-=?2?7:
plot(g(x),x=-1..1,view=L-0.5..L+0.5,axes=boxed);

(c). According to the graph above, can you determine how close to 0

: : (1 :
(from either sides of 0) x has to be to ensure that x sm(xj (x=0)is close

to the limit you get in (b) within 0.5 . (Note that g is not defined at



x=0.) If so, find a distance that measures the closeness of x to 0.
[

(d). By zooming in the graph of g(x) =xsin()1(j on the limit point, can

you determining how close to 0 (from either sides of 0) does x have to be
sin(x)

to ensure that »

(x#0) is close to the limit you get in (b) within

0.1 ? If so, find a distance that measures the closeness of x to 0.

(e). By zooming in the graph of g(x) :xsin()l() on the limit point further,

can you determining how close to 0 ( from either sides of 0) does x have

(1 : . :
to be to ensure that xsm(xj (x=0) is close to the limit you get in (b)

within 0.01 ? If so, find a distance that measures the closeness of x to 0.

(f). Do the graphical experiments in (c), (d) and (e) confirm your answer
in (b) ? Give reasons to your answer.
[

(a). Execute the following commands to define the function
1

h(x) = to create a table that gives the numerical values of h(x)

1-3"



1

for x=— , n=1 213..10.

2n
[>h:=x->1/(1-3"(1/%X));
>N:=10:

M:z=matrix(N+1,2, (Row,Col)->0):

M[1,1]:="x": M[1,2]:="F(X)":

for 1 from 1 to N

do

X1:=1/2"1: X2:= -1/2"i:

MEiI+1,1]:=evalf(x1): M[i+1,2]:=evalf(h(x1)):

od:
eval(M);
(b). On the basis of the data in (a) , do you think |im exists ? If
x—>0 =
1-3

so, what is the limit ? Give a reason to your answer.
[

Fill in the limit you get above to get a graph of  g(x) =x sin[)l(] .(You

may find it weird, think carefully about what it really means.)
[>L-=2?7:

plot(h(x),x=-1..1,view=L-0.5..L+0.5,axes=boxed);

(c). According to the graph above, can you determining how close to 0
1

( from either sides of 0) does x have to be to ensures that
1-3"

(x#0) is close to the limit you get in (b) within 0.5 . (Note that g is not
defined at x=0.) Does your answer support your answer in (b) ? Why ?

[

(d). Create another table that gives the numerical values of h(x) for
x:—JL , h=1,213..,10.
2n

[>



(e). On the basis of the data in (d) , do you think |im exists ? If

x—0 —

1-3

so, what is the limit ? Give a reason to your answer.
[

Fill in the limit you get above to get another graph of  n(x) = 1

(%)

1-3
[>L-=?2?7:
plot(h(x),x=-1..1,view=L-0.5..L+0.5,axes=boxed);

(f). According to the graph above, can you determining how close to 0
1

( from either sides of 0) does x have to be to ensures that
1-3"

(x#0) is close to the limit you get in (b) within 0.5 . (Note that g is not
defined at x=0.) Does your answer support your answer in (d) ? Why ?

[

(9). With all the investigation above, what can you conclude about the

existence of |im % ? Why ?
x—>0 =

1-3

4. lim ﬂn{n]-
x—>0 X

(a). Define the function k(x) =sin(7;j and create a table that gives the

1

numerical values of f(x) for x= o n=1,23..10 and for

x:—JL ., h=1,213..10.

2n



[>

(b). On the basis of the data in (a) and (b), do you think |im sin[Z]

x—0
exists ? Give reasons to your answers.
[

Here is a graph of  k(x) =sin(;cj :

[>plot(sin(Pi/x),x=-1..1,view=-1._.1,axes=boxed);

(c). By zooming in the graph above properly if necessary, can you
confirm your answer in (b) ? If so, explain why ? If not, do more

calculations and plot more graphs to investigate [im sin(zj until you

x—0

can confirm your answer.
[>
[>



IS - SPEEIHS

1. (a) Here is a Maple plot of y = sin(x)
X

Does the graph of f(x) = sin(x)
X

with viewing rectangle [-1, 1]x][0, 1] -

actually pass through the point (0, 1) ?

Explain briefly.

T

0.81
0.5
wigw

0.4+

0.21

1080604029 02040808 1
¥

(b) The Maple plot of y :M with viewing rectangle [- 0.1, 0.1]x[0.99, 1.01]
X

is shown below. What can you say from the graph ?

0.1 -0.06---0 004 0.05
¥



n(x)

(c) The Maple plot of y _ SInt) with viewing rectangle [- 0.1, 0.1]x[0, 1], is
X

shown below. Explain why the graph looks so much like a straight line and
sin(x)

what does this say about |jm——— . Give a reason to your answer.
x—0 X
1
ik
06
wigw
0.4
0.2

01 oo U o0z 00E 00
X



2. (a) Do you think the statement "If |jm f(x) exists , then we can find a

x—0

distance d so that |f(xl)—f(x2)|<% whenever 0<|x,<kd and

0<|x, |<d. istrue ? Give areason to your answer.

(b) Here is a Maple plot of y= Based on the graph and your answer to

1"

1-3*

1

(a), do you think |im

x—0

exists ? Give a reason to your answetr.

1

1-3*

0.5+

21 -08-06-04-027]

0.5+

3. Here are values of f(x):sin(zj for x=2in where n=1, 2, ..., 10 and the
X

graph of f(x) for xe[-11].



0.5000000000 0.
0.2500000000 0
0.1250000000 0
0.06250000000 0
0.03125000000 0.
0.01562500000 0.
0

0

0

0

0.007812500000
0.003906250000
0.001953125000
| 0.0009765625000

—

(a) Does the table contradict to the graph ? Give a reason to your answer.

(b) What can you say about the behavior of f (x) = sin(zj.
X

(c). What can you say about |imsin(£j ? Give a reason to your answer.
X

x—0

4. Suppose that |jm f(x)=4 and |jmoa(x)=-1.

x—3 x—3

(a) Does it exists a positive number d such that f (x) >2 whenever
0<| x-3|<d ? Explain briefly.

(b) Does there exists a positive number d such that f(x) >2 whenever
| x—3]< d ? Explain briefly.

(c) Does it exists a positive number d such that | f(x)+ g(x)—3|<1 whenever
0<| x-3|<d ? Explain briefly.




