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Abstract- In single carrier, the two formulations
that are commonly used in the deter mination of the
switching levels are the Torrance cost function and
the Lagrangian optimization. From the
Lagrangian optimization, it can be seen that the
switching levels can be each separately related to
the target bit error rate with the constraint that
the average bit error satisfies the target bit error
requirement. This provides a search direction for
the optimum solution of the Torrance for mulation.
In this case, each switching level is only related to
two adjacent modulation modes. Based on this
relation, we approximate the Torrance for mulation
with a two-mode one-dimensional search problem.
From this decomposition, we further develop a one
mode cost function to derive the switching level.
Thismethod evaluates the cost of using one specific
modulation mode as a function of instantaneous
SNR. Switching levels can be deter mined by simply
comparing these one mode cost function. We then
evaluate these switching levels at the case of
multi-carrier and try to find a way to represent the
mean SNR for the case of multi-carrier.

In adaptive modulation, the aim is to optimize
the set of switching levels s, so that the average

BPS throughput B(F,S) can be maximized

under the constraint P, (r;s) =R, , where

on

throughput of the individual constituent mode
(bit error per symbol) divided by the average
BPS (bit per symbol):
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and P, is the target bit error threshold, ris

the average SNR per symbol, s is the set of
switching levels, K is the number of constituent

coded-modulation modes, b, is the BPS
throughput of the k-th constituent mode and the
mode-specific average BEP B, isgiven as:
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and the average BPS is defined as
K-1 S#

B(F;s):quf(r;F)dr )
k=0 g

Two of the popular methods that are used to
derive the switching levels are the Torrance
method and the Lagrangian method [1][2][3][4].

The Torrance cost function is defined as
Q(s;7) =10log,,(max{ P, (T;s)/ R, 1)
+B o ~Bag (15S)

while the Lagrange method define the cost
function as

A(sT) = B(r;9) + A Pu(r:9) ~R.B(; 9)}
=(1-AR,)B(r;s) + APL(r;s)
The difference between these two formulations

is the way to express the relation between P

avg
and B, . Although it is formulated as a

multidimensional search problem in the
Torrance formulation, actually, the switching



levels can be derived as a function of the B,

only. This fact is indicated by the solution
derived from the Lagrange method.
The Lagrange cost function can be evaluated as:
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When f(s)#0, it can be simplified by
dividing both sidesby f (S, ), toyield

—,@-AR,) +A{b.p, () ~hp, (8} =0

Re-arrange the above equation and assume
¢, # 0, wehave:

1- AR, :é{bK P, (s) _bx—lprml(sk)}

It can be seen that the switching level sis just a
function of the target bit error rate, as long as the
value of A is known. The following set of
functions defines the relation between the
switching level and the mode specific BEP.

%(s) @é{q P () ~DesP, (5} @

The set of switching level needs to satisfy the
congtraint functionY (1, S(S,)) defined as

Y(r,s(s)) @P:(r, ()~ R.B(r,s(s)) (@)

Eq(3) indicates that each of the switching levels
can be separately derived but is a function of

1-AR,, as long as the set of switching level

satisfies the requirement of the Y function in
Eq(4). For the case if the requirement can not be
met, such as in a low average SNR channel, we
will have to use the Torrance constraint. In this

case, assume that there is no B, in the

formulation. From the Lagrange solution, it is
seen that the optimum solution of the switching
level is only related to two adjacent modes. The

consideration of P, makes the Torrance

formulation non-linear. If P, is removed, the

formulation is a linear and each switching level
can be independently derived. A solution for this
case with SNR=25 db is shown in Table 1.

Based on this argument, a successive
optimization method is proposed in this paper.
This method finds the solution from the first
threshold that the system switches from
no-transmission to the first transmission mode,
and successively finds the next threshold up to
the highest transmission mode. During the

successive optimization, the cost function in (1)
considers two modes at atime.

Since our interest is not the actual cost function,
but the switching level for the available
transmission modes. Or more importantly, for a
particular SNR value, we compare the use of two
adjacent transmission modes. We seek the mode
that will result in lower cost function. So we
need only to compare the part of the cost
function that is affected by the use of two
adjacent modes at some particular SNR. For
each particular SNR value, two modes can be
chosen. The objective is to choose the one that
has lower total cost function.

From this two-mode cost function, we develop a
simple comparison method to evaluate the cost
associated with each of the transmission mode.
We break the cost function that involves only
two adjacent transmission modes into two
separate partial cost functions. During the
successive optimization, only the partial cost
function is required. The partial cost function is
a measure of only the part of the cost that
involves with transmission mode that has been
used from Odb up to a given SNR. The partia
cost function associated with one particular

mode up to instantaneous SNR ¢ is derived

below. Let us temporarily neglect the BER
threshold by assuming that it is small enough
that the system can not achieve. Also, for
simplicity, the log function is neglected
temporarily. Thus this derivation is not complete
but an intermediate step for the setup of the
following cost function that is to be proposed.
Take BPSK and QPSK as an example.

(T ROTEN -+ RO+

(B[, 2600 [ 2 (1 1)ch)

=(["ROIENT RO | ROTE.N) HBr -
jo"lf (. —2+j;"2f (r,nd)

= ROf.d [ 2 .r)cr) -

(CROEN - 2 (rd)+C

P,(r) :j: P,(r) f(r,r)ar
C=PRy(r) +B,, -2

The meaning of the above cost function is that

when x increases, the part associated with BPSK
will increase and the part associated with QPSK



will decrease. The cost function adds the amount
that is to be increased and subtracts the amount
that is to be removed. Based on the above
derivation, we define the partial cost function as

C(x. 1) =j:1 P(r)f(r,r)dr —ijoxl f(r,r)dr)

The origina cost function becomes the
comparison of the two partia cost functions.
Both the two functions keep increase in BER as
afunction of x. But one isto be added and oneis
to be removed. The optimum solution is when
the two cost functions are equal.

To make the partid cost function a
monotonically decreasing function of the SNR,
we normalize the cost function with the
integration interval. For practical application, we
aso consider the BER threshold. The
normalization is as follows,

([T ROYE(rdr =i [ F(rr)dr)
joxlf(r,F)dr )
% f(r,r) .
P (r)—————dr -
k i(r)joxlf(r,F)olr !

For computational purpose, we modify the new
normalized cost function as

[P

0 i

f(r,r)

T =

p| f(r,r)adr

10log,, max( IO D) =i
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where 0 is a normalization constant. We

normalize the accumulated BER by the
probability interval. This will not change the
final result, because both the partial cost
functions are normalized by the same interval.
The computation is based on the comparison of
the BER value of two adjacent modulation
modes. The threshold is likewise normalized by
£, so the normalized BER is compared with the

normalized threshold. The normalization interval
is afunction of the SNR.

ar

When compared with the case derived by the
peak bit error rate, it can be seen that in order to
increase the throughput, the system derived from
the above cost function will switch to the next
higher transmission mode at a lower SNR. That
is the required SNR for the change to the next
higher transmission mode will be lower than that
obtained by the peak bit error rate. This decrease
of the threshold is at the price of larger bit error
rate. But the increased bit error rate is
compensated by the increased throughput. So the
new switching threshold is at the point where the
increased bit error rate is at equilibrium with the

increased throughput. This is the minimum point
in the two-mode cost function.

A property of the cost function is that when the
SNR is low, the bit error rate dominates the cost
function. This part of the cost function is very
similar to the bit error rate verse SNR curve. But
when the SNR reaches a certain value, the bit
error rate decreases to the level set by the
threshold, and from that on the bit error rate is
no more considered in the cost function and the
throughput dominates the cost function. So an
amost flat curve in the tail of the cost function
results.

As explained above, the cost function is to be
minimized and the switching point is where
these two partial cost functions equal. The first
threshold is the intersection of the cost
associated with BPSK transmission mode with
that of the no-transmission. In this derivation of
the switching level, for any SNR, only two
choices have to be made, the origina
transmission mode or the next higher
transmission mode. Thus, the threshold is the
intersection of two cost functions associated
with two adjacent modes. For each used
transmission mode, when the SNR increases to a
certain value, the bit error rate decrease to a
point where the throughput will begin to
dominate. After this point, higher transmission
mode will be chosen due to higher throughput.

First let us examine the case with no P, in the

Torrance formulation. The optimum solution
with SNR=25db is shown in Table 1 labeled as

Torrance-WT. When P, is not considered, each

switching leve is related only to two adjacent
transmission modes. The best achievable BER

is2.17*10™. The x symbol in the column of
sl means no solution. Because without a
threshold, no-transmission dominates the error

rate. If P, =107°is set, then there are infinite

sets of solution that can achieve this BER
requirement. Any switching levels can be shifted
to left, as long as the requirement is kept. For the
optimum solution, a full multidimensional
search is then performed. The one that
minimizes the cost function is listed in Table 1.
In this case, the switching level is shifted to the
left for higher throughput. The throughput
increases from 4.5172 to 5.0193 and the BER

is7.86*10™. The bit error rate and throughput
for these various switching levels are listed in
Table2.



In the case of two-mode cost function, the
determination of each threshold is concerned
with only two adjacent modulation modes. This
simplifies the search at the price of dightly
reduced throughput, from 5.0193 to 4.97. For
any adjacent two modes, it is the comparison of
the corresponding BER and the throughput when
adjusting the switching level. In the case of two
modes, when one threshold is determined, the
following thresholds for higher mode transition
will not have any effect on it, since each
threshold is only related to two adjacent
transmission modes. The result shown in Fig.1is

with SNR=25db and P, =107°. The result
shown in Fig. 2 is with SNR=25db
and p,, =107°. In the latter case, both s1 and s2

are zero. This is due to the low requirement of
the BER as compared with the case in Fig. 1.
The characteristics of the Torrance cost function
is that when a switching level results in a BER
that is below the threshold only the throughput is
taken into account in the cost function. Starting
the switching level from -co db means the system
uses the higher mode at first. As shownin Fig. 1,
the value of the cost function decreases first
when switching level increases from -co db. The
decrease means using lower mode will reduce
the BER more than the sacrifice of the
throughput. When the switching level increases,
the part of the cost function involving BER will
decrease. The lowest point is the switching point
as shown in the red curve and the green curve in

Fig.1. In the case when p,,, is aways less

than P, , the minimum point is the point where

decrease of BER is less than the value of the
throughput reduction. From that on, the cost
begins to increase.

When we set a threshold, as long as the BER
reaches the threshold, the BER is no more
considered. After this point, we will only see the
reduction of throughput and thus the increase of
cost function. This can be seen in the blue curve
in Fig.1 as well as the blue curve and the green
curve in Fig.2. In Fig.1, in the lowest point, the
cost function has a value of 4.1 with switching
level at 2db. In Fig. 2, the lowest cost is 4 for the
blue curve and 2 for the green curve. Thisis the
lowest available. This is because the low BER
threshold, switching at -co db to run the higher
modulation mode will satisfy the BER
requirement and result in more throughput. As
long as the BER reaches the threshold, the
switching point is determined. From that on, the
adaptive system chooses higher transmission
mode. On the other hand, the result shown in
Fig.3 indicates that no switching levels will

satisfy the BER requirement due to lower SNR
at 20db. In this case, the cost function is not

affected by the threshold [, =107, which is
not attainable.

The BER of higher modulation mode is always
larger than the lower one. So if we compare the
BER it is aways the lower one that will be
chosen. The comparison is thus the compensated
BER with the throughput. If increasing the
throughout one bit can be made to be equivalent
to a certain amount of BER increase, then
modulation mode can be changed. So the cost
function is a measure of the value of one hit in
throughput and the value of BER. Starting from
the lowest mode, when the BER difference of
two adjacent modes becomes smaller than the
value of one bit in throughput, we change the
mode. The cost function considers the difference
of the two accumulations. The difference is the
increase of the BER when switching from the
lower mode to the higher mode.

Now let us investigate the behavior of the
proposed modified cost function involving only
one mode. The result with the proposed cost
function is shown in Fig. 4. The appearance of
the cost function is similar to the bit error rate
curve. The difference is that there is a turning
point specified by the target bit error rate. As
shown in Fig. 4, the turning point is where the
BER has reached the threshold. The intersect
point between two curves is where the switching
level is. As explained above, the switching point
is set when the two partial cost functions equal.
On the left side of the switching point, the part in
the cost function associated with the lower mode
is less than the part associated with the higher
mode, so the cost function keeps decreasing. On
the right side of the switching point, the part
associated with the high mode becomes smaller,
so the cost function begins to increase. The
intersect point is the minimum point in the cost
function. According to the y function in (3), the
worth of one bit in throughput is not a constant,
it depends on where the BER threshold is set.
Thus the distance between the turning point and
the intersect point is a function of the BER
threshold. The movement of the switching level
from the turning point to the intersect point is
indication of the tradeoff for throughput at the
price of BER. The amount of the movement
depends on the worth of one bit in throughput.

Our proposed method is a non-linear
approximation to the original Torrance method.
The accuracy of our method depends on the
setting of the normalization constant 0. This is

done by iteratively solve the Lagrangian



congtraint. In this case, sl is tried iteratively
(everything is related to sl). After the sl is
determined, we can backward to derive the
normalization constant O in our simplified

method. The other way is to set the value based
on the solution obtained either by the Torrance
method or the two-mode method. The various
switching levels derived from the Torrance
method, two-mode method and our simplified
method are listed in Table 1 for comparison. The
throughput in our method is higher than that
from Torrance method. The reason is due to that
the s4 is 22 in Torrance method [4]. This can be
due to the problem in the full search with the
Matlab package. We will continue to verify this
numerical problem. The above derivation is
aimed at single carrier system at narrow band
channel. For wide band channel and multicarrier
system, still more work is needed.

In the case of single carrier, the SNR is well
defined. For the case of multicarrier, we then
need more complicated methods to define the
SNR for a group of subcarriers, since each
subcarrier in a group hasits own SNR associated
with it. To allow each subcarrier to adapt
independently is not an economic approach. For
group adaptation, we have examined several
methods. The easiest one is to select the lowest
SNR. It can be expected that the performance of
this method is low BEP and low BPS. And the
performance gets worse when the group
becomes larger, since more subcarriers with
good SNR have to be sacrificed. The group size
actualy is a function of the channel condition,
because the best condition is that al the
subcarriers in a group experience the same
channel condition. That is all the subcarriers are
within the coherent bandwidth. However, in the
practical application the group size is usualy
fixed. This represents a problem. Another
problem is that in the 802.16 OFDMA, the
subcarriers are spread out uniformly distributed
across the spectrum, so all the subcarriers will
experience different channel condition. This is
good for channel diversity but is bad for
adaptive modulation. In the following, two
simulations with group consisting of continuous
subcarriers are shown. The purpose is to show
how to select the best subcarrier to represent the
group. Both simulations show the value of
Torrance cost function of the adaptive system as
a function of the group SNR. The cost function
is defined as the sum of log of the bit error rate
and the throughput for al the subcarriers in the
group. In this case, the SNR of one particular
subcarrier is chosen as the group SNR. The chart
indicates the best subcarrier to choose to
represent the group. With proper setting of the
group SNR, the whole group will operate at a

more suitable transmission mode. Thus the
overall error rate will be low while the
throughput can be high to obtain the lowest cost
function. This choice actually depends on the
channel condition and the group size. In the
following year, group based OFDM adaptive
modulation will be investigated more for the
issue of group size, group SNR definition, group
with non-continuous subcarriers, etc..
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Figl. Two mode cost function SNR=25dB ; Pth=10"-3
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Fig2. Two mode cost function SNR=25dB; Pth=10"-2
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Fig4. Cost function for each single mode
(0 =50,R, =10" -3 sNR=25)

Table 1a switching level with 3 methods; Pth=10"-3 ;
SNR=25 sl 2 s3 7]
Torrance WT X 9 18 24
Torrance -0 -2 15 22
Two-mode WT X 1 16 22
Two-mode -0 2 16 22
Ours ( P = 50) 7 9 14 19
ous((p=48) 4 92 142 195

WT—without threshold

Table 1b switching level with 3 methods; Pth=10"-3

SNR=20 sl 2 s3 A
Torrance 0 7 15 22
Two-mode -0 9 15 19
Ours (p = 50) 8 9 14 21
Table 1c switching level with 3 methods; Pth=10"-3
SNR=15 sl 2 s3 A
Torrance 3 6 15 22
Two-mode 3 8 13 16
Ours ( P = 50) 8 10 15 X

Table 2 bit error rate and throughput: Pth=10"-3 ;

SNR=25 Pavg Bavg

Torrance WT 2.17E-04 45172
Torrance 7.86E-04 5.0193
Two-mode WT 3.80E-04 4.936
Two-mode 5.78E-04 4.97
ours (0 =50) 1.7E-03 5.3625
ours (0 = 48) 1.2E-03 5.30

channel A

40 I I I
0 10 20 30 40 50 60 70
kth worst in group

channel B

kth worst in group

Fig 5 cost function as afunction of the group SNR



