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SOME REMARKS ON AFFINE PROCESSES

YUAN-CHUNG SHEU

ABSTRACT. Affine processes is a class of Markov processes taking values in
RT" x R™. The rich variety of alternative types of random behavior(e.g., mean
reversion, stochastic volatility, and jumps) and analytically tractable for affine
processes make them ideal models for financial applications. Duffie, Filipovic
and Schachermayer[DFS03] characterized all regular affine processes. Connec-
tions between regular affine processes and superprocesses with a finite base
space were also established. Based on this observation, we construct more
general affine processes and investigate sample path properties and financial
applications of these processes.

1. AFFINE PROCESSES

A Markov transition function in a measurable space (E, B) is a function p(r, z;t, B),r <
t € R,z € E, B € B which is B-measurable in z and which is a measure in B subject
to the conditions:
(A) fE p(r,z;t,dy)p(t,y;u, B) = p(r,x;u, B) for all r < ¢t < u,z € E and all
BeB.
(B) p(r,z;t, E) <1 for all r, z,t.
To every Markov transition function p there corresponds a family of linear operator
T] acting on functions by the formula

Ty f(z) = /E p(r. 2, dy) £ (y).

It follows from (B) that T;77 =T} for all r < s <t € R. We call T the Markov
semigroup corresponding to the transition function p.

We assume that (F, B) is a measurable Luzin space. To every Markov transition
function p there corresponds a Markov process § = (&, F(I),I1, ;) such that

Hf’,fb{ft € B} = p(T,x;t,B),

I, . {&, € Bi, -+ ,&, € By} = p(r,zity, dy)p(t, yista, dya) - p(tn—1, Yn—1;tn, dyn)
By x---XBy,

forn>2t <ty < - <ty
If the transition function p(r,x;t, dy) satisfies a condition

p(r,x;t, B) = p(r + s,x;t, B)

for all 7, s,t,B, then & = (&, F(I),IL, ) is time homogeneous. In this case we
consider only process & = (&, F:, II;) where II, = Iy ., F; = F[0,t], and & is
defined for all t > 0.

Key words and phrases. affine process, superprocess, finite base space, term structure of in-
terest rates, bond option pricing, default risk.
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From this point on we consider £ = RT' x R" and write d = m + n. We say
that & = (&, F(I),11,,) is affine if for every r < t € R and X\ € C%, there exists
v(r,t,\) € C and u(r,t,\) € C% such that

I o[exp{i < X, & >} = exp{u(r,t, A) + u(r,t, A) - z}
for all x € E. Clearly if £ is time homogeneous, then we have u(r,t, \) = u(t —r, \)
and v(r,t,A) = v(t —r,\).
Example (Ornstein-Uhlenbeck process)
Consider an Ornstein-Uhlenbeck process

dgt = O[(l — gt)dt -+ O'd’U.)t

where w is a standard Brownian and «, ! and o are positive constants. Through an
application of Ito’s formula, we get

t
& =e Mg+ (e —1) + O'/ e“*dws).
0

This implies that &; is normally distributed with mean
& = e [z + (e —1)]

and variance
2

g —2«
Varé = %(1 — et
This implies that
e = exp{v(t,\) + u(t, \)z}
with
A2a?

v(t,\) = ide (e — 1) 1o

(1 _ e—Qat)

and
u(t, \) = ixe™ .
Example (Feller’s diffusions)
Feller considered a class of processes that includes the square-rot diffusions

dé, = a(l — &)dt + o~/Edwy

where w is a standard Brownian. We consider the case that «,l and o are pos-
itive constants. Based on results of Feller[Fe51], Cox, Ingersoll and Ross[CIR&5]
noted that the distribution of & given &, for some u < t, is distributed as o?(1 —
e~*(t=w) /40 times a noncentral chi-square distribution x2(\) with degree of free-
dom

e
V= ?
and noncentrality
\_ 4aefa(t7u) gu

02(1 — ealt—u)
Therefore the Laplace transform of &; is given by
1 Aef
(2X\c + 1)2le/a? 2 c+1

with ¢ = 02 /4a(1 — e~ and f = 4xa/(0?(e* — 1)).

ye &t =

}

cap{ -
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2. CHARACTERIZATIONS AND APPLICATIONS OF AFFINE PROCESSES

When m = 1 and n = 0, the affine process £ takes values in Ry and is also
called a continuous- state process with immigration. It was first studied by Kawazu
and Watanabe[KWT71] as a continuous limit of Galton-Watson branchinh processes
with immigration. Kawazu and Watanabe[KW71] showed that if £ is a stocastically
continuous affine process in R, then for every A > 0,¢ > 0 and z € Ry, we have

t
e = capl—wiz — [ o(u.)ds)
0

where u; = u(t, \) satisfies

du
= —p(u) u(0) = A
with
() = ou® — Bu—y + / [ — 1+ u(1 Ay)u(dy)
R+
and

d(u) = c+bu+ / (1 —e "u(dy).

R+

( Here we assume that
a>0,7v>0,>0,c>0,6€eR

and pu, v are two measures on (0, 000 satisfying

/Ooo(l A y)u(dy) < oo
and
| antan < )

For general m and n, Duffie, Filipovic and Schachermayer[DFS03] characterized
all regular affine processes. In particular they obtained that if £ is regular, then

t
e = eap{< u(t,\),x > + / o(u(s, A))ds}
0

where u satisfies some generalized Riccati equations and ¢ is in a class of nonlinear
functions. It is worth noting that if n = 0, then u solves the differential log-Laplace
equation corresponging to some superprocess with a finite base space. Based on
this observation, we can construct more general affine processes through general
superprocesses. We also study sample path properties for general affine processes.

The rich variety of alternative types of random behavior(e.g., mean reversion,
stochastic volatility, and jumps) and analytically tractable for affine processes make
them ideal models for financial applications(see, e.g., Duffie, Filipovic and Schacher-
mayer[DFS03] and references therein.)
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