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Abstract The complexity in the design and implementation of 2-D filters can be reduced
considerably if the symmetries that might be present in the frequency responses of these
filters are utilized. As the delta operator (γ-domain) formulation of digital filters offers bet-
ter numerical accuracy and lower coefficient sensitivity in narrow-band filter designs when
compared to the traditional shift-operator formulation, it is desirable to have efficient design
and implementation techniques in γ-domain which utilize the various symmetries in the filter
specifications. Furthermore, with the delta operator formulation, the discrete-time systems
and results converge to their continuous-time counterparts as the sampling periods tend to
zero. So a unifying theory can be established for both discrete- and continuous-time systems
using the delta operator approach. With these motivations, we comprehensively establish the
unifying symmetry theory for delta-operator formulated discrete-time complex-coefficient
2-D polynomials and functions, arising out of the many types of symmetries in their mag-
nitude responses. The derived symmetry results merge with the s-domain results when the
sampling periods tend to zero, and are more general than the real-coefficient results presented
earlier. An example is provided to illustrate the use of the symmetry constraints in the design
of a 2-D IIR filter with complex coefficients. For the narrow-band filter in the example, it
can be seen that the γ-domain transfer function possesses better sensitivity to coefficient
rounding than the z-domain counterpart.
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1 Introduction

Two-dimensional (2-D) digital filters find applications in many fields such as image pro-
cessing and seismic signal processing. The design and implementation of 2-D digital filters
is more complicated than 1-D digital filters because the increase in dimension brings about
an exponential increase in the number of filter coefficients and multipliers. Fortunately, the
frequency responses of 2-D filters can possess various types of symmetries and the presence
of these symmetries can be used to reduce the complexity of the design. Symmetry present in
the frequency response induces a relation among the filter coefficients and multipliers. This
reduces the number of design parameters in an optimization scheme, as well as the number
of multipliers in an implementation structure. The usefulness of symmetry relations in the
design of 2-D filters in s-domain and z-domain have been studied extensively (Narasimha and
Peterson 1978; Rajan and Swamy 1978; Aly and Fahmy 1981; Rajan et al. 1982; Lodge and
Fahmy 1983; George and Venetsanopoulos 1984; Pitas and Venetsanopoulos 1986; Swamy
and Rajan 1986; Rajaravivarma et al. 1991; Fettweis 1997; Reddy et al. 2002, 2003). How-
ever, conventional discrete time filters and systems utilizing the shift operator (q) in z-domain
can exhibit unacceptable numerical problems when the filter is narrowband or when the filter
poles are clustered near z = 1 in the complex z-plane, such as when high sampling rates are
needed (Middleton and Goodwin 1990; Goodwin et al. 1992). This translates into very poor
coefficient and filter parameter sensitivity. By replacing the conventional shift operator (q)
in the z-domain approach with the delta discrete-time operator (δ), one can overcome this
numerical ill-conditioning situation (Middleton and Goodwin 1990; Goodwin et al. 1992).
Since the introduction by Middleton and Goodwin, delta operator based designs have been
studied extensively in the area of digital control systems and signal processing due to their
excellent finite wordlength performance under fast sampling (Li and Gevers 1993; Premaratne
et al. 1994; Kauraniemi et al. 1998; Wong and Ng 2000). The delta operator is defined as:

δ [x (nT )] = x (nT + T ) − x (nT )

T
(1)

where T may denote the sampling period or a constant.
It is easy to see that the relationship between the delta operator and the shift operator is

given by δ = (q−1)/T. In the transform domain, δ is represented by the transform variable
γ = (z−1)/T. Or, as a causal element: γ −1 = T · z−1/

(
1 − z−1

)
. It can also be seen from (1)

that as T → 0, the delta-operator becomes the continuous-time operator d/dt :

lim
T →0

δ [x (nT )] = lim
T →0

x (nT + T ) − x (nT )

T
= d

dt
x (t) . (2)

Due to this convergence property, a unifying system theory can be developed using the
delta operator approach to cover both continuous and discrete-time systems.

The objective of this paper is to present a unifying symmetry theory for delta-operator
formulated discrete-time complex-coefficient 2-D polynomials and functions, arising out of
the many types of symmetries in their magnitude responses. We first provide a review of
some of the notations and mathematical relations that are used in the study of 2-D symmetry
properties. This is followed by the definitions for the various types of symmetries. We then
derive the symmetry constraints for complex-coefficient polynomials. The derived symme-
try constraints can then be used for the efficient design of complex coefficient 2-D digital
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Fig. 1 {γ1, γ2} complex bi-plane corresponding to delta-operator formulation

filters. These symmetry results are more in depth and exhaustive than the results presented
earlier in (Reddy et al. 1996, 1997, 1998; Khoo et al. 2001, 2003, 2006). The convergence
of the delta-operator symmetry results to the continuous-time complex symmetry constraints
in Rajaravivarma et al. (1991) is then shown, which demonstrates the unifying property of
the delta operator approach. Finally, a design example is provided to illustrate the use of
the derived symmetry constraints in the design of a complex-coefficient 2-D IIR filter with
symmetry in the specifications. The filter design approach mirrors the real-coefficient one
presented in Khoo et al. (2006). The symmetry constraints result in fewer coefficients in the
filter transfer function. In addition, it can be seen in the example that the narrow-band filter
possesses better coefficient sensitivity to rounding than its z-domain counterpart.

2 Definitions and notations

Following the notations in Khoo et al. (2003, 2006), let γi = (zi − 1)/Ti for i = 1, 2, repre-
sent the delta operator in the transform domain for 2-D systems. Then the transfer functions
of a 2-D system Hz (z1, z2) in the z-domain and Hγ (γ1, γ2) in the γ -domain are related as
follows:

Hγ (γ1, γ2) = Hz(z1, z2)|zi =(1+Ti γi ), i=1,2 (3)

and

Hz(z1, z2) = Hγ (γ1, γ2)
∣∣
γi = (zi −1)

Ti
, i=1,2

(4)

For linear shift invariant discrete time systems, Hz (z1, z2) are restricted to be rational
functions in z1 and z2 and so Hγ (γ1, γ2) are also restricted to be rational functions in γ1 and
γ2. As we will be dealing mostly in γ -domain in this paper, we will omit the subscript “γ ”
in Hγ (γ1, γ2). We will also assume the sampling periods to be the same, i.e., T1 = T2 = T
(a positive real constant). Assuming the sampling periods to be the same is a necessity in
defining some of the symmetries and relating them to one another.

2.1 Frequency response

Let P(γ1, γ2) be a 2-D γ -domain polynomial. Then, its frequency response is given by

P
(

e jω1T −1
T , e jω2T −1

T

)
where ω1 and ω2 are the radian frequencies (Fig. 1).
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The magnitude squared function of the frequency response is given by:

F (ω1, ω2) = P

(
e jω1T − 1

T
,

e jω2T − 1

T

)
· P∗

(
e− jω1T − 1

T
,

e− jω2T − 1

T

)

= P(γ1, γ2) ·P∗
( −γ1

1 + T γ1
,

−γ2

1 + T γ2

)∣∣
∣
∣
γi = e jωi T −1

T , i=1,2
(5)

where P∗ denotes the polynomial obtained by conjugating the coefficients of P .
Let γi∗ = −γi/(1 + T γi ) for i = 1,2. It may be verified that when γi = ((e jωi T − 1

)
/T
)
,

γi∗ = ((e− jωi T − 1
)
/T
)

which means on the unit circle γi∗ = (γi ) ∗, the complex conjugate
of γi . Then using analytic continuation, (5) can be written in γ -domain as:

Fγ (γ1, γ2) = P(γ1, γ2) · P∗
( −γ1

(1 + T γ1)
,

−γ2

(1 + T γ2)

)

= P(γ1, γ2)P∗(γ1∗, γ2∗) (6)

We will also use the notation γ̂ = (γ1, γ2) and γ̂∗ = (γ1∗, γ2∗). We now study several
polynomial operations on the (γ1, γ2)-variable polynomials.

2.2 Inverse operation on a 2-D γ-domain polynomial

Let P(γ1, γ2) be a polynomial of degree M in γ1 and N in γ2.

Definition 1(a) The inverse of P(γ1, γ2) with respect to γ1 is defined as:

P†γ1(γ1, γ2) = P (γ1∗, γ2) · (1 + T γ1)
M (7)

Definition 1(b) The inverse of P(γ1, γ2) with respect to γ2 is defined as:

P†γ2(γ1, γ2) = P (γ1, γ2∗) · (1 + T γ2)
N (8)

Definition 2 The inverse of P(γ1, γ2)with respect to γ1 and γ2 is defined as:

P†(γ1, γ2) = P (γ1∗, γ2∗) · (1 + T γ1)
M · (1 + T γ2)

N (9)

Here, the factors (1 + T γ1)
M and (1 + T γ2)

N are introduced to cancel the denominator in
P (γ1∗, γ2∗) and make the inverse a polynomial.

Note that we have defined the inverse operation differently from the paraconjugate oper-
ation which requires conjugating the complex coefficients. This is to facilitate the derivation
of the polynomial factors in this paper. For instance, it may be noted that the inverse of
the polynomial P(γ1, γ2) with respect to γ1 defined in (7) induces ω2–axis reflection sym-
metry in the frequency response of P(γ1, γ2), i.e., HP†γ1

(ω1, ω2) = HP (−ω1, ω2) where

HP (ω1, ω2) = P
(

e jω1T −1
T , e jω2T −1

T

)
is the frequency response of P(γ1, γ2).

2.3 Self-inverse (“even”) and anti-self-inverse (“odd”) polynomials

If the inverse of a polynomial is the polynomial itself, we call the polynomial self-inverse or
“even” and if the inverse of a polynomial is the negative of the polynomial we call the poly-
nomial anti-self-inverse or “odd”. It is noted that the even and odd polynomial definitions
look different from the conventional odd and even function definitions. This terminology
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Table 1 Definitions of various even and odd polynomials

Type of P Even and odd nature Property

Pee(γ1, γ2) Even in γ1 and even in γ2 Pee (γ1∗, γ2) (1 + T γ1)M = Pee(γ1, γ2)

Pee (γ1, γ2∗) (1 + T γ2)N = Pee(γ1, γ2)

Peo(γ1, γ2) Even in γ1 and odd in γ2 Peo (γ1∗, γ2) (1 + T γ1)M = Peo(γ1, γ2)

Peo (γ1, γ2∗) (1 + T γ2)N = −Peo(γ1, γ2)

Poe(γ1, γ2) Odd in γ1 and even in γ2 Poe (γ1∗, γ2) (1 + T γ1)M = −Poe(γ1, γ2)

Poe (γ1, γ2∗) (1 + T γ2)N = Poe(γ1, γ2)

Poo(γ1, γ2) Odd in γ1 and odd in γ2 Poo (γ1∗, γ2) (1 + T γ1)M = −Poo(γ1, γ2)

Poo (γ1, γ2∗) (1 + T γ2)N = −Poo(γ1, γ2)

is used because the frequency response of the γ-domain odd(even) polynomial satisfies the
conditions for odd(even) functions in the ω-domain. In this sense these definitions may be
termed ω-even and ω-odd polynomials. However, for the sake of simplicity of notations, we
use the odd and even terms in this paper.

As the inverse operation can be taken with respect to the two variables, there are a num-
ber of “odd” and “even” definitions. In Table 1, we define four classes of odd and even
polynomials.

2.4 Decomposition of γ-domain polynomials

It can be shown that an odd polynomial in γi can be expressed as γi times an even polynomial.
Then letting superscript ‘x’ represent a don’t care case (may be even, odd or neither), we
have

Pox (γ1, γ2) = γ1 Pex (γ1, γ2) (10)

Pxo(γ1, γ2) = γ2 Pxe(γ1, γ2) (11)

Poo(γ1, γ2) = γ1γ2 Pee(γ1, γ2) (12)

Further we can show that

Pex (γ1, γ2) = Pee(γ1, γ2) + Peo(γ1, γ2)

= Pee(γ1, γ2) + γ2 Pee
1 (γ1, γ2) (13)

Pxe(γ1, γ2) = Pee(γ1, γ2) + Poe(γ1, γ2)

= Pee(γ1, γ2) + γ1 Pee
1 (γ1, γ2) (14)

Now combining the above results, we get a general decomposition result as stated in
Theorem 1.

Theorem 1 A polynomial P(γ1, γ2) can always be decomposed into the form:

P(γ1, γ2) = Pee (γ1, γ2) + Poo(γ1, γ2) + Poe(γ1, γ2) + Peo(γ1, γ2) (15)

which can also be written as

P(γ1, γ2) = Pee
1 (γ1, γ2) + γ1γ2 Pee

2 (γ1, γ2) + γ1 Pee
3 (γ1, γ2) + γ2 Pee

4 (γ1, γ2) (16)
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where some of the terms may be zero (absent) and each additive term present in the summa-
tion has the same degrees in γ1 and γ2 as those of the given polynomial P (γ1, γ2). Note also
that each term is complex and can be expressed as Pee

i R′(γ1, γ2) + j Pee
i R′′(γ1, γ2) for i = 1..4,

where the subscript ‘R’ denotes a real-coefficient polynomial.

The individual terms can be found using the matrix relation:
⎡

⎢
⎢
⎣

Pee
1 (γ1, γ2)

γ1γ2 Pee
2 (γ1, γ2)

γ1 Pee
3 (γ1, γ2)

γ2 Pee
4 (γ1, γ2)

⎤

⎥
⎥
⎦ = 1

4
·

⎡

⎢
⎢
⎣

1 1 1 1
1 −1 −1 1
1 −1 1 −1
1 1 −1 −1

⎤

⎥
⎥
⎦ ·

⎡

⎢
⎢
⎣

P(γ1, γ2)

P†γ1(γ1, γ2)

P†γ2(γ1, γ2)

P†(γ1, γ2)

⎤

⎥
⎥
⎦ (17)

A general form of Pee(γ1, γ2) can be written as

Pee(γ1, γ2)

=
(

1 + T γ1

2

)α (
1 + T γ2

2

)β

(1 + T γ1)

[
M
2

]

(1 + T γ2)

[
N
2

]

Q

(
γ 2

1

1 + T γ1
,

γ 2
2

1 + T γ2

)

(18)

where

Q

(
γ 2

1

1 + T γ1
,

γ 2
2

1 + T γ2

)

=

[
M
2

]

∑

m=0

[
N
2

]

∑

n=0

amn

(
γ 2

1

1 + T γ1

)m (
γ 2

2

1 + T γ2

)n

the notation [x] represents the integer part of x and

α =0 when M is even and 1 when M is odd
and β =0 when N is even and 1 when N is odd.
and amn are complex coefficients.

2.5 Symmetric and anti-symmetric polynomials

Definition 3 A polynomial P(γ1, γ2) is said to be symmetric if P(γ1, γ2) = P (γ2, γ1).
Such a polynomial is denoted with a subscript “S” as PS(γ1, γ2).

Definition 4 A polynomial P(γ1, γ2) is said to be anti-symmetric if P(γ1, γ2) =
−P (γ2, γ1). Such a polynomial is denoted with a subscript “AS” as PAS(γ1, γ2).

2.6 Factorization of two-variable polynomials

A two-variable polynomial can be factored into a set of irreducible polynomials, and the
factors are unique within a multiplying constant (Rajan and Swamy 1978). Using the nota-
tion γ̂ = (γ1, γ2), let P(γ̂ ) be factored in two ways as the left-, and right-hand sides of the
following identity:

K1

I1∏

i=1

Pi (γ̂ ) ≡ K2

I2∏

j=1

Q j (γ̂ ) (19)

where all Pi (γ̂ )’s and Q j (γ̂ )’s are irreducible polynomials. Then from the unique factor-
ization property, we have I1 = I2 = I , and for each Pi (γ̂ ), i = 1, 2, . . . , I , there exists a
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Table 2 Definitions of various symmetries in the magnitude squared function

Type of symmetry Conditions

1) Reflection symmetry about ω1 axis F(ω1, ω2) = F(ω1, −ω2), ∀ (ω1, ω2)

2) Reflection symmetry about ω2 axis F(ω1, ω2) = F(−ω1, ω2), ∀ (ω1, ω2)

3) Reflection symmetry about ω1 = ω2 diagonal F(ω1, ω2) = F(ω2, ω1), ∀ (ω1, ω2)

4) Reflection symmetry about ω1 = −ω2 diagonal F(ω1, ω2) = F(−ω2,−ω1), ∀ (ω1, ω2)

5) Centro symmetry F(ω1, ω2) = F(−ω1, −ω2), ∀ (ω1, ω2)

6) Quadrantal symmetry F(ω1, ω2) = F(−ω1, ω2) = F(ω1, −ω2)

= F(−ω1, −ω2), ∀ (ω1, ω2)
7) Diagonal symmetry F(ω1, ω2) = F(ω2, ω1) = F(−ω1, −ω2)

= F(−ω2, −ω1), ∀ (ω1, ω2)
8) Four-Fold (90◦) rotational symmetry F(ω1, ω2) = F(−ω2, ω1) = F(−ω1, −ω2)

= F(ω2, −ω1), ∀ (ω1, ω2)

9) Octagonal symmetry F(ω1, ω2) = F(ω2, ω1) = F(−ω2, ω1)

= F(−ω1, ω2) = F(−ω1, −ω2)

= F(−ω2, −ω1) = F(ω2, −ω1)

= F(ω1, −ω2), ∀ (ω1, ω2)

unique Q j (γ̂ )(i may be equal to j) such that Pi (γ̂ ) ≡ k j Q j (γ̂ ), where k j ’s are constants
such that K2 = K1

∏I
j=1 k j .

3 Symmetry definitions and operations

The various symmetries that could be present in the magnitude squared function of the fre-
quency response are given in Table 2.
From Table 2, we can observe the following properties and relationships among the various
symmetries:

• A real-coefficient polynomial always possesses centro symmetry, as can be seen from
(5).

• Quadrantal symmetry is a combination of ω1–axis reflection, ω2–axis reflection, and cen-
tro symmetries. The presence of any two of the three symmetries implies the existence
of the third and thus is enough to ensure quadrantal symmetry.

• Diagonal symmetry is a combination of ω1 = ω2 diagonal, ω1 = −ω2 diagonal, and
centro symmetries. The presence of any two of the three symmetries implies the existence
of the third and thus is enough to ensure diagonal symmetry.

• The condition F(ω1, ω2) = F(−ω2, ω1) is enough to ensure four-fold 90◦ rotational
symmetry, as it automatically implies the symmetries in the other quadrants as well.

• Octagonal symmetry is a combination of quadrantal, diagonal and 4-fold rotational sym-
metries. The presence of any two of the three symmetries implies the existence of the
third, and is sufficient to guarantee octagonal symmetry.

It is noted that as F(ω1,ω2) is a nonlinear function of ω1 T1 and ω2 T2, F(ω1,ω2) cannot
be equal to F(ω2,ω1) unless T1 = T2. Hence in the case of symmetries that involve the inter-
change of ω1 and ω2 such as reflection symmetry about ω1 = ω2 diagonal or ω1 = −ω2
diagonal, diagonal symmetry, rotational symmetry, and octagonal symmetry, the sampling
intervals T1 and T2 should be identical.
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Table 3 Symmetry operations

Symmetry operation �ω

(
ω̂
)

�(γ̂ )

ω1-axis reflection (ω1, −ω2) (γ1, γ2∗)

ω2-axis reflection (−ω1, ω2) (γ1∗, γ2)

Centro symmetry (−ω1, −ω2) (γ1∗, γ2∗)

ω1 = ω2 diagonal reflection (ω2, ω1) (γ2, γ1)

ω1 = −ω2 diagonal reflection (−ω2,−ω1) (γ2∗, γ1∗)

90◦ rotation about the origin (−ω2, ω1) (γ2∗, γ1)

The frequency domain symmetry definitions can be stated in terms of basic symmetry
operations, such as reflection about an axis, rotation about the origin, etc. Using the nota-
tion ω̂ = (ω1, ω2), let �ω

(
ω̂
)

represent such an operation. Then �ω

(
ω̂
)

is said to be a
2-cyclic operation if �2

ω

(
ω̂
) = �ω

(
�ω

(
ω̂
)) = ω̂. Similarly, �ω

(
ω̂
)

is a 4-cyclic operation
if �4

ω

(
ω̂
) = ω̂. In general, a �ω

(
ω̂
)

operation is said to be n-cyclic if �n
ω

(
ω̂
) = ω̂.

As ωi and γi are related by γi =
(
e jωi T −1

)

T and γi∗ =
(
e− jωi T −1

)

T , �ω

(
ω̂
)

can be translated
to �(γ̂ ) using the correspondence ωi → γi and −ωi → γi∗ through analytic continua-
tion. It is easy to see that �(γ̂ ) retains the cyclic properties of �ω

(
ω̂
)
, i.e., if �ω is 2-cyclic,

then �(γ̂ ) is also 2-cyclic and if �ω is 4-cyclic, then �(γ̂ ) is also 4-cyclic. Table 3 shows
some of the symmetry operations and the corresponding �ω

(
ω̂
)

and �(γ̂ ).
Using the symmetry operations, a magnitude squared function F

(
ω̂
)

is said to possess a
�ω-symmetry if

F
(
ω̂
) = F

(
�ω

(
ω̂
))

(20)

Alternatively, using (6), the symmetry condition can be expressed in terms of the polynomials
P:

P(γ̂ ) · P∗ (γ̂∗
) = P

(
�(γ̂ )

) · P∗ (�
(
γ̂∗
))

(21)

This equation can be made a polynomial equation by multiplying appropriate factors of
(1+Tγ1) and (1+Tγ2) as

P(γ̂ ) ·
{

P∗ (γ̂∗
)
(1 + T γ1)

M (1 + T γ2)
N
}

=
{

P
(
�
[
γ̂
])

(1 + T γ1)
M1 (1 + T γ2)

N1
}

·
{

P∗ (�
[
γ̂∗
])

(1 + T γ1)
M2 (1 + T γ2)

N2
}

(22)

Depending on the � operation, M1, M2, N1, and N2 are appropriate integers such that M1 +
M2 = M, N1 + N2 =N and the denominator factors are eliminated.

To aid the derivation of the symmetry constraints in the next section, the various symme-
tries in Table 2 are classified according to its number of cycles as follows:

• ω1–axis reflection, ω2–axis reflection, ω1 = ω2 diagonal, ω1 =−ω2 diagonal, and
centro symmetries are all 2-cyclic symmetries.

• Four-fold 90◦ rotational symmetry is a 4-cyclic symmetry.
• Diagonal symmetry is a double 2-cyclic symmetry. The reason it is called “double” is

that only two of the three 2-cyclic symmetries {ω1 = ω2 diagonal, ω1 =−ω2 diagonal,
and centro symmetries} are needed to guarantee the presence of diagonal symmetry.
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Using the same reasoning, we can see that quadrantal symmetry is also a double 2-cyclic
symmetry.

• Octagonal symmetry is either a triple 2-cyclic symmetry, or a combination of 4-cyclic
and 2-cyclic symmetries. Recall that the presence of any two of the three symmetries
{diagonal, quadrantal, and 4-fold rotational} is sufficient to guarantee octagonal symme-
try. So, if diagonal and quadrantal symmetries are present, then the resulting octagonal
symmetry is a tripe 2-cyclic symmetry. On the other hand, if 4-fold rotational and either
diagonal or quadrantal symmetries are present, then the resulting octagonal symmetry is
a combination of 4-cyclic and 2-cyclic symmetries.

4 Symmetry constraints for complex-coefficient 2-D polynomials in γ-domain

In this section, we derive the symmetry constraints for complex polynomials, starting with
2-cyclic symmetry.

4.1 Conditions for 2–cyclic symmetry in complex polynomials

We derive first the conditions for irreducible polynomials, followed by reducible polynomials.

4.1.1 Irreducible polynomials

From (22), a complex polynomial P(γ̂ ) possesses a �-symmetry in its magnitude squared
response if:

P(γ̂ ) ·
{

P∗ (γ̂∗
)
(1 + T γ1)

M (1 + T γ2)
N
}

=
{

P
(
�
[
γ̂
])

(1 + T γ1)
M1 (1 + T γ2)

N1
}

·
{

P∗ (�
[
γ̂∗
])

(1 + T γ1)
M2 (1 + T γ2)

N2
}

(23)

where γ̂ = (γ1, γ2) and γ̂∗ = (γ1∗, γ2∗).
As P(γ̂ ) is irreducible, the unique factorization property of 2-variable polynomials states

that P(γ̂ ) should satisfy one of the following two conditions:

(i) P(γ̂ ) = k1 P
(
�
[
γ̂
])

(1 + T γ1)
M1 (1 + T γ2)

N1 (24)

(ii) P(γ̂ ) = k2 P∗ (�
[
γ̂∗
])

(1 + T γ1)
M2 (1 + T γ2)

N2 (25)

where k1 and k2 are constants.
We first consider case (i) above. Letting γ̂ = �

[
γ̂
]

in (24) and multiplying by the appro-
priate (1+Tγ1) and (1+Tγ2) factors, and realizing that �2

[
γ̂
] = γ̂ for 2-cyclic symmetry, we

obtain P
(
�
[
γ̂
])

(1 + T γ1)
M1 (1 + T γ2)

N1 = k1 P(γ̂ ). Substituting this back into (24) we
get P(γ̂ ) = k2

1 P(γ̂ ), i.e. k1 = +1 or −1. For case (ii), substituting γ̂ = �
[
γ̂∗
]

into (25) and
conjugating the equation, we get P∗ (�

[
γ̂∗
])

(1 + T γ1)
M2 (1 + T γ2)

N2 = k∗
2 P
(
�2
[
γ̂
]) =

k∗
2 P(γ̂ ). Substitute this back into (25), we obtain k2 · k∗

2 = 1, i.e. |k2|2 = 1 or k2 = e jθ

where θ is a real constant.
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Thus, an irreducible P(γ̂ ) should satisfy one of the following three conditions to possess
2-cyclic symmetry:

1. P(γ̂ ) = P
(
�
[
γ̂
])

(1 + T γ1)
M1 (1 + T γ2)

N1

2. P(γ̂ ) = −P
(
�
[
γ̂
])

(1 + T γ1)
M1 (1 + T γ2)

N1

3. P(γ̂ ) = e jθ · P∗ (�
[
γ̂∗
])

(1 + T γ1)
M2 (1 + T γ2)

N2 (26)

4.1.2 Reducible polynomials

Now in (23) if P(γ̂ ) is reducible, then it can be expressed as a product of irreducible factors:

P(γ̂ ) = k ·
N∏

i=1

Pi (γ̂ ) (27)

Let Pi (γ̂ ) be one such irreducible factor in P(γ̂ ). Using the unique factorization prop-
erty, we can see that Pi (γ̂ ) must be present in either P

(
�
[
γ̂
])

(1 + T γ1)
M1 (1 + T γ2)

N1

or P∗ (�
[
γ̂∗
])

(1 + T γ1)
M2 (1 + T γ2)

N2 and thus must satisfy one of the following four
conditions:

(i) Pi (γ̂ ) = k3 · Pi
(
�
[
γ̂
])

(1 + T γ1)
M3 (1 + T γ2)

N3

(ii) Pi (γ̂ ) = k4 · Pj
(
�
[
γ̂
])

(1 + T γ1)
M4 (1 + T γ2)

N4 where i �= j

(iii) Pi (γ̂ ) = k5 · P∗
i

(
�
[
γ̂∗
])

(1 + T γ1)
M5 (1 + T γ2)

N5

(iv) Pi (γ̂ ) = k6 · P∗
j

(
�
[
γ̂∗
])

(1 + T γ1)
M6 (1 + T γ2)

N6 where i �= j (28)

Cases (i) and (iii) are identical to the ones for irreducible polynomials, so the previous
results apply. We investigate cases (ii) and (iv) here.

From case (ii), Pi (γ̂ ) = k4 · Pj
(
�
[
γ̂
])

(1 + T γ1)
M4 (1 + T γ2)

N4 . We solve for Pj (γ̂ )

by multiplying both sides by 1/k4 and letting γ̂ = �
[
γ̂
]

(noting that �2(γ̂ ) = γ̂ since it is
a 2-cyclic symmetry). This gives Pj (γ̂ ) = (1/k4) · Pi

(
�
[
γ̂
])

(1 + T γ1)
M4a (1 + T γ2)

N4a .
Multiplying both sides of this equation by Pi (γ̂ ), we get:

Pi (γ̂ ) · Pj (γ̂ ) = Pi (γ̂ ) · 1

k4
·
{

Pi
(
�
[
γ̂
])

(1 + T γ1)
M4a (1 + T γ2)

N4a
}

(29)

Similarly for case (iv), multiplying by 1/k6, using the γ̂ = �
[
γ̂∗
]

substitution, and
conjugating, we can get the product of Pi (γ̂ ) · Pj (γ̂ ) as:

Pi (γ̂ ) · Pj (γ̂ ) = Pi (γ̂ ) · 1

k∗
6

·
{

P∗
i

(
�
[
γ̂∗
])

(1 + T γ1)
M6a (1 + T γ2)

N6a
}

(30)

So, (29) and (30) give the two new classes of polynomials.
Combining the results for both irreducible and reducible polynomials, we have the fol-

lowing theorem:
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Theorem 2 For a complex polynomial satisfying 2-cyclic symmetry, each of its factors must
either alone or jointly satisfy one of the following five conditions:

a) P(γ̂ ) = P
(
�
[
γ̂
])

(1 + T γ1)
M1 (1 + T γ2)

N1

b) P(γ̂ ) = −P
(
�
[
γ̂
])

(1 + T γ1)
M1 (1 + T γ2)

N1

c) P(γ̂ ) = e jθ · P∗ (�
[
γ̂∗
])

(1 + T γ1)
M2 (1 + T γ2)

N2

d) P(γ̂ ) = Q(γ̂ )Q
(
�
[
γ̂
])

(1 + T γ1)
M7 (1 + T γ2)

N7

e) P(γ̂ ) = Q(γ̂ )Q∗ (�
[
γ̂∗
])

(1 + T γ1)
M8 (1 + T γ2)

N8 (31)

where Q(γ̂ ) is any arbitrary complex polynomial. Note that conditions d) and e) above are
(29) and (30) without the constants. The reader is reminded again that appropriate (1 + T γi )

k

factors were introduced above to cancel the denominator that may result from the variable
change to γi∗.

With Theorem 2, we will now state the conditions for the various 2-cyclic symmetries:
ω1–axis reflection, ω2–axis reflection, ω1 = ω2 diagonal, ω1 = −ω2 diagonal, and centro
symmetries.

4.2 Reflection symmetry about ω1-axis for complex polynomials

From Table 3, for ω1–axis reflection symmetry, we use �
[
(γ1, γ2)

] = (γ1, γ2∗). So, substi-
tuting this in Theorem 2, we get the following theorem:

Theorem 3 A complex polynomial P(γ1, γ2) possesses reflection symmetry with respect to
ω1-axis in its magnitude response if its factors either alone or jointly satisfy one of the
following conditions:

a) P(γ1, γ2) = P (γ1, γ2∗) (1 + T γ2)
N

b) P(γ1, γ2) = −P (γ1, γ2∗) (1 + T γ2)
N

c) P(γ1, γ2) = e jθ · P∗ (γ1∗, γ2) (1 + T γ1)
M

d) P(γ1, γ2) = Q(γ1, γ2)Q†γ2(γ1, γ2)

e) P(γ1, γ2) = Q(γ1, γ2)Q∗
†γ1

(γ1, γ2) (32)

We can obtain polynomial factors that satisfy conditions (32)(a–c) as follows.

Applying the decomposition of polynomials as in (16), we can write (32)(a) as:

Pee
1 (γ1, γ2) + γ1γ2 Pee

2 (γ1, γ2) + γ1 Pee
3 (γ1, γ2) + γ2 Pee

4 (γ1, γ2)

= Pee
1 (γ1, γ2) − γ1γ2 Pee

2 (γ1, γ2) + γ1 Pee
3 (γ1, γ2) − γ2 Pee

4 (γ1, γ2)

⇒ γ1γ2 Pee
2 (γ1, γ2) + γ2 Pee

4 (γ1, γ2) = −γ1γ2 Pee
2 (γ1, γ2) − γ2 Pee

4 (γ1, γ2)

This implies Pee
2 (γ1, γ2) = 0 and Pee

4 (γ1, γ2) = 0. Thus, the following polynomial factor
satisfies condition (32)(a):

P(γ1, γ2) = Pee
1 (γ1, γ2) + γ1 Pee

3 (γ1, γ2) = Qxe(γ1, γ2) (33)

Following the same procedure, it can be shown that (32)(b) yields the polynomial factor:

P(γ1, γ2) = γ2 · Qxe(γ1, γ2) (34)
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We now work on condition (32)(c). If we multiply both sides of (32)(c) by e− jθ/2, we get:

e− jθ/2 · P(γ1, γ2) = e jθ/2 · P∗ (γ1∗, γ2) (1 + T γ1)
M

Letting P̃(γ1, γ2) = e− jθ/2 · P(γ1, γ2), the above equation becomes:

P̃(γ1, γ2) = P̃∗ (γ1∗, γ2) (1 + T γ1)
M

Applying the decomposition of polynomials to the above, we get the following:

Pee
1 (γ1, γ2) + γ1γ2 Pee

2 (γ1, γ2) + γ1 Pee
3 (γ1, γ2) + γ2 Pee

4 (γ1, γ2)

= Pee∗
1 (γ1, γ2) − γ1γ2 Pee∗

2 (γ1, γ2) − γ1 Pee∗
3 (γ1, γ2) + γ2 Pee∗

4 (γ1, γ2)

Equating the terms on both sides of the equation:
Pee

1 (γ1, γ2) = Pee∗
1 (γ1, γ2) implies that Pee

1 is real, i.e. Pee
1 = Pee

1R(γ1, γ2), where the
subscript ‘R’ denotes a polynomial with real coefficients.

Pee
2 (γ1, γ2) = −Pee∗

2 (γ1, γ2) implies Pee
2 = j · Pee

2R(γ1, γ2)

Pee
3 (γ1, γ2) = −Pee∗

3 (γ1, γ2) implies Pee
3 = j · Pee

3R(γ1, γ2)

Pee
4 (γ1, γ2) = Pee∗

4 (γ1, γ2) implies Pee
4 = Pee

4R(γ1, γ2)

So,

P̃(γ1, γ2) = Pee
1R(γ1, γ2) + γ2 Pee

4R(γ1, γ2) + j
{
γ1γ2 Pee

2R(γ1, γ2) + γ1 Pee
3R(γ1, γ2)

}

Using (13) and (14), we can rewrite the above as:

P̃(γ1, γ2) = Pex
5R(γ1, γ2) + j · γ1 · Pex

6R(γ1, γ2)

Converting back to P(γ1, γ2),

P(γ1, γ2) = e jθ/2 · P̃(γ1, γ2)

= e jθ/2 · {Pex
5R(γ1, γ2) + j · γ1 · Pex

6R (γ1, γ2)
}

(35)

With this understanding, the polynomial factors satisfying Theorem 3 are listed in Table 4.
Note that (34) is omitted there as it can be expressed as the product of (33) and (35).

4.3 Reflection symmetry about ω2-axis for complex polynomials

For ω2–axis reflection symmetry, we substitute �
[
(γ1, γ2)

] = (γ1∗, γ2) into Theorem 2 to
obtain the following:

Theorem 4 A complex polynomial P(γ1, γ2) possesses reflection symmetry with respect to
ω2-axis in its magnitude response if its factors either alone or jointly satisfy one of the
following conditions:

a) P(γ1, γ2) = P (γ1∗, γ2) (1 + T γ1)
M

b) P(γ1, γ2) = −P (γ1∗, γ2) (1 + T γ1)
M

c) P(γ1, γ2) = e jθ · P∗ (γ1, γ2∗) (1 + T γ2)
N

d) P(γ1, γ2) = Q(γ1, γ2)Q†γ1(γ1, γ2)

e) P(γ1, γ2) = Q(γ1, γ2)Q∗
†γ2

(γ1, γ2) (36)
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Table 4 γ-Domain complex polynomial factors possessing symmetry

Reflection symmetry w.r.t ω1 -axis Reflection symmetry w.r.t ω2-axis

a) Qxe (γ1, γ2) a) Qex (γ1, γ2)

b) Qex
1R(γ1, γ2) + jγ1 Qex

2R(γ1, γ2) b) Qxe
1R(γ1, γ2) + jγ2 Qxe

2R(γ1, γ2)

c) Q(γ1, γ2) · Q†γ2 (γ1, γ2) c) Q(γ1, γ2) · Q†γ1 (γ1, γ2)

d) Q(γ1, γ2) · Q∗
†γ1

(γ1, γ2) d) Q(γ1, γ2) · Q∗
†γ2

(γ1, γ2)

Reflection symmetry w.r.t. ω1 = ω2 diagonal Reflection symmetry w.r.t. ω1 = −ω2 diagonal

a) QS(γ1, γ2) a)
Qee

1S(γ1, γ2) + γ1γ2 Qee
2S(γ1, γ2)

+γ1 Qee
3 (γ1, γ2) − γ2 Qee

3 (γ2, γ1)

b) Qee
1RS(γ1, γ2) + γ1γ2 Qee

2RS(γ1, γ2)

+γ1 Qee
3R(γ1, γ2) − γ2 Qee

3R (γ2, γ1)

+ j ·

⎧
⎪⎨

⎪⎩

Qee
4R AS(γ1, γ2)

+γ1γ2 Qee
5R AS(γ1, γ2)

+γ1 Qee
6R(γ1, γ2) + γ2 Qee

6R (γ2, γ1)

⎫
⎪⎬

⎪⎭

b) Qee
1RS(γ1, γ2) + γ1γ2 Qee

2RS(γ1, γ2)

+γ1 Qee
3R(γ1, γ2) + γ2 Qee

3R (γ2, γ1)

+ j ·

⎧
⎪⎨

⎪⎩

Qee
4R AS(γ1, γ2)

+γ1γ2 Qee
5R AS(γ1, γ2)

+γ1 Qee
6R(γ1, γ2) − γ2 Qee

6R (γ2, γ1)

⎫
⎪⎬

⎪⎭

c) Q(γ1, γ2) · Q (γ2, γ1) c) Q(γ1, γ2) · Q† (γ2, γ1)

d) Q(γ1, γ2) · Q∗
† (γ2, γ1) d) Q (γ1, γ2) · Q∗ (γ2, γ1)

Octagonal symmetry

a) Qee
S (γ1, γ2)

b) Qee
1RS(γ1, γ2) + j Qee

2R AS(γ1, γ2)

c) Qee
1RS(γ1, γ2) + jγ1γ2 Qee

2R AS(γ1, γ2)

d) Qee
1R AS(γ1, γ2) + jγ1γ2 Qee

2RS(γ1, γ2)

e) Qee
1RS(γ1, γ2) + jγ1γ2 Qee

2RS(γ1, γ2)

f) γ1 Qee
R (γ1, γ2) ± jγ2 Qee

R (γ2, γ1)

The polynomial factors satisfying Theorem 4 can be derived in the same manner as previously
shown for ω1–axis reflection symmetry, using the polynomial decomposition theorem. They
are listed in Table 4.

4.4 Centro symmetry for complex polynomials

For centro symmetry, we substitute �
[
(γ1, γ2)

] = (γ1∗, γ2∗) into Theorem 2 to obtain the
following:

Theorem 5 A complex polynomial P(γ1, γ2) possesses centro symmetry in its magnitude
response if its factors either alone or jointly satisfy one of the following conditions:

a) P(γ1, γ2) = P (γ1∗, γ2∗) (1 + T γ1)
M (1 + T γ2)

N

b) P(γ1, γ2) = −P (γ1∗, γ2∗) (1 + T γ1)
M (1 + T γ2)

N

c) P(γ1, γ2) = e jθ · P∗(γ1, γ2)

d) P(γ1, γ2) = Q(γ1, γ2) · Q†(γ1, γ2)

e) P(γ1, γ2) = Q(γ1, γ2) · Q∗(γ1, γ2) (37)

The polynomial factors satisfying Theorem 5 can be derived in the same manner and are
listed in Table 5.
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4.5 Reflection symmetry about ω1 = ω2 diagonal for complex polynomials

For ω1 = ω2 diagonal reflection symmetry, we substitute �
[
(γ1, γ2)

] = (γ2, γ1) into
Theorem 2 to obtain the following:

Theorem 6 A complex polynomial P(γ1, γ2) possesses reflection symmetry with respect to
ω1 = ω2 diagonal in its magnitude response if its factors either alone or jointly satisfy one
of the following conditions:

a) P(γ1, γ2) = P (γ2, γ1)

b) P(γ1, γ2) = −P (γ2, γ1)

c) P(γ1, γ2) = e jθ · P∗ (γ2∗, γ1∗) (1 + T γ1)
N (1 + T γ2)

M

d) P(γ1, γ2) = Q(γ1, γ2) · Q (γ2, γ1)

e) P(γ1, γ2) = Q(γ1, γ2) · Q∗
† (γ2, γ1) (38)

The polynomial factors satisfying Theorem 6 can be derived in the same manner and are
listed in Table 4.

4.6 Reflection symmetry about ω1 = −ω2 diagonal for complex polynomials

For ω1 = −ω2 diagonal reflection symmetry, we substitute �
[
(γ1, γ2)

] = (γ2∗, γ1∗) into
Theorem 2 to obtain the following:

Theorem 7 A complex polynomial P(γ1, γ2) possesses reflection symmetry with respect to
ω1 = −ω2 diagonal in its magnitude response if its factors either alone or jointly satisfy
one of the following conditions:

a) P(γ1, γ2) = P (γ2∗, γ1∗) (1 + T γ1)
N (1 + T γ2)

M

b) P(γ1, γ2) = −P (γ2∗, γ1∗) (1 + T γ1)
N (1 + T γ2)

M

c) P(γ1, γ2) = e jθ · P∗ (γ2, γ1)

d) P(γ1, γ2) = Q(γ1, γ2) · Q† (γ2, γ1)

e) P(γ1, γ2) = Q(γ1, γ2) · Q∗ (γ2, γ1) (39)

The polynomial factors satisfying Theorem 7 can be derived in the same manner using the
polynomial decomposition theorem. They are shown in Table 4.

4.7 Four-fold (90◦) rotational symmetry for complex polynomials

Fourfold (90◦) rotational symmetry is a 4-cyclic symmetry and has to be handled differ-
ently. Its conditions are shown in Theorem 8. Because of space constraints, the derivation is
omitted.

Theorem 8 A complex polynomial P(γ1, γ2) possesses 4-fold (90◦) rotational symmetry
in its magnitude response if its factors either alone or jointly satisfy one of the following
conditions:
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a) P(γ1, γ2) = P (γ2∗, γ1) (1 + T γ2)
M

b) P(γ1, γ2) = −P (γ2∗, γ1) (1 + T γ2)
M

c) P(γ1, γ2) = j · P (γ2∗, γ1) (1 + T γ2)
M

d) P(γ1, γ2) = − j · P (γ2∗, γ1) (1 + T γ2)
M

e) P(γ1, γ2) = e jθ · P∗ (γ2, γ1∗) (1 + T γ1)
N

f) P(γ1, γ2) = Q(γ1, γ2)Q†γ2 (γ2, γ1)

g) P(γ1, γ2) = Q(γ1, γ2)Q∗
†γ1

(γ2, γ1) (40)

The polynomial factors satisfying (a–e) of Theorem 8 can be derived in the same manner
as previously shown for the other symmetries, using the polynomial decomposition theorem.
They are listed in Table 5.

4.8 Conditions for double 2-cyclic symmetry for complex polynomials

We now derive the conditions for double 2-cyclic symmetry which can be applied to qua-
drantal and diagonal symmetries. Since there are numerous conditions, we will just focus on
those for irreducible polynomials.

Suppose P(γ̂ ) is irreducible and possesses two 2-cyclic symmetries �1 and �2. Then
according to (31)(a–c), P(γ̂ ) needs to satisfy the following two sets of conditions:

�1 2-cyclic symmetry �2 2-cyclic symmetry

(i) P(γ̂ ) = P
(
�1
[
γ̂
])

· (1 + T γ1)
M1 (1 + T γ2)

N1

(i) P(γ̂ ) = P
(
�2
[
γ̂
])

· (1 + T γ1)
M3 (1 + T γ2)

N3

(ii) P(γ̂ ) = −P
(
�1
[
γ̂
])

· (1 + T γ1)
M1 (1 + T γ2)

N1

(ii) P(γ̂ ) = −P
(
�2
[
γ̂
])

· (1 + T γ1)
M3 (1 + T γ2)

N3

(iii) P(γ̂ ) = e jθ1 P∗ (�1
[
γ̂∗
])

· (1 + T γ1)
M2 (1 + T γ2)

N2

(iii) P(γ̂ ) = e jθ2 P∗ (�2
[
γ̂∗
])

· (1 + T γ1)
M4 (1 + T γ2)

N4

Combining these two sets of conditions, we get the following theorem.

Theorem 9 For a complex polynomial satisfying double 2-cyclic symmetry, each of its
factors must either alone or jointly satisfy one of the following nine conditions:

a) P(γ̂ ) = P
(
�1
[
γ̂
])

(1 + T γ1)M1 (1 + T γ2)N1 = P
(
�2
[
γ̂
])

(1 + T γ1)M3 (1 + T γ2)N3

b) P(γ̂ ) = P
(
�1
[
γ̂
])

(1 + T γ1)M1 (1 + T γ2)N1 = −P
(
�2
[
γ̂
])

(1 + T γ1)M3 (1 + T γ2)N3

c) P(γ̂ ) = P
(
�1
[
γ̂
])

(1 + T γ1)M1 (1 + T γ2)N1 = e jθ2 P∗ (�2
[
γ̂∗
])

(1 + T γ1)M4 (1 + T γ2)N4

d) P(γ̂ ) = −P
(
�1
[
γ̂
])

(1 + T γ1)M1 (1 + T γ2)N1 = P
(
�2
[
γ̂
])

(1 + T γ1)M3 (1 + T γ2)N3

e) P(γ̂ ) = −P
(
�1
[
γ̂
])

(1 + T γ1)M1 (1 + T γ2)N1 = −P
(
�2
[
γ̂
])

(1 + T γ1)M3 (1 + T γ2)N3

f) P(γ̂ ) = −P
(
�1
[
γ̂
])

(1 + T γ1)M1 (1 + T γ2)N1 = e jθ2 P∗ (�2
[
γ̂∗
])

(1 + T γ1)M4 (1 + T γ2)N4

g) P(γ̂ ) = e jθ1 P∗ (�1
[
γ̂∗
])

(1 + T γ1)M2 (1 + T γ2)N2 = P
(
�2
[
γ̂
])

(1 + T γ1)M3 (1 + T γ2)N3

h) P(γ̂ ) = e jθ1 P∗ (�1
[
γ̂∗
])

(1 + T γ1)M2 (1 + T γ2)N2 = −P
(
�2
[
γ̂
])

(1 + T γ1)M3 (1 + T γ2)N3

i) P(γ̂ ) = e jθ1 P∗ (�1
[
γ̂∗
])

(1 + T γ1)M2 (1 + T γ2)N2 = e jθ2 P∗ (�2
[
γ̂∗
])

(1 + T γ1)M4 (1 + T γ2)N4

(41)

123



164 Multidim Syst Sign Process (2011) 22:147–172

4.9 Quadrantal symmetry for complex polynomials

Recall that quadrantal symmetry is a combination of three symmetries: ω1-axis reflection,
ω2-axis reflection, and centro symmetry. The presence of any two of the three symmetries
is sufficient to guarantee quadrantal symmetry. So we apply �1(γ1, γ2) = (γ1, γ2∗) ,ω1-
axis reflection symmetry, and �2(γ1, γ2) = (γ1∗, γ2∗), centro symmetry, to (41)(a–i) of
Theorem 9 to get the following.

Theorem 10 A complex polynomial P(γ1, γ2) possesses quadrantal symmetry in its magni-
tude response if its factors either alone or jointly satisfy one of the following conditions:

a) P(γ̂ ) = P (γ1, γ2∗) (1 + T γ2)
N = P (γ1∗, γ2∗) (1 + T γ1)

M (1 + T γ2)
N

b) P(γ̂ ) = P (γ1, γ2∗) (1 + T γ2)
N = −P (γ1∗, γ2∗) (1 + T γ1)

M (1 + T γ2)
N

c) P(γ̂ ) = P (γ1, γ2∗) (1 + T γ2)
N = e jθ2 P∗(γ1, γ2)

d) P(γ̂ ) = −P (γ1, γ2∗) (1 + T γ2)
N = P (γ1∗, γ2∗) (1 + T γ1)

M (1 + T γ2)
N

e) P(γ̂ ) = −P (γ1, γ2∗) (1 + T γ2)
N = −P (γ1∗, γ2∗) (1 + T γ1)

M (1 + T γ2)
N

f) P(γ̂ ) = −P (γ1, γ2∗) (1 + T γ2)
N = e jθ2 P∗(γ1, γ2)

g) P(γ̂ ) = e jθ1 P∗ (γ1∗, γ2) (1 + T γ1)
M = P (γ1∗, γ2∗) (1 + T γ1)

M (1 + T γ2)
N

h) P(γ̂ ) = e jθ1 P∗ (γ1∗, γ2) (1 + T γ1)
M = −P (γ1∗, γ2∗) (1 + T γ1)

M (1 + T γ2)
N

i) P(γ̂ ) = e jθ1 P∗ (γ1∗, γ2) (1 + T γ1)
M = e jθ2 P∗(γ1, γ2) (42)

The polynomial factors satisfying Theorem 10 can be derived as before using the poly-
nomial decomposition theorem. For example, the first part of condition (a), P (γ1, γ2) =
P (γ1, γ2∗) (1 + T γ2)

N , is from ω1-axis reflection symmetry. So we know the result as:
P(γ1, γ2) = Qee

1 (γ1, γ2) + γ1 Qee
3 (γ1, γ2). If we apply to this the second part of condition

(a), P(γ1, γ2) = P (γ1∗, γ2∗) (1 + T γ1)
M (1 + T γ2)

N , we get the polynomial factor as the
result: P(γ1, γ2) = Qee

1 (γ1, γ2).
The remaining polynomial factors satisfying the other conditions can be derived in the

same manner. They are summarized in Table 5.

4.10 Diagonal symmetry for complex polynomials

Diagonal symmetry is a combination of three symmetries: ω1 = ω2 diagonal reflection
symmetry, ω1 = −ω2 diagonal reflection symmetry, and centro symmetry. The presence of
any two of the three symmetries is sufficient to guarantee diagonal symmetry. So we apply
�1(γ1, γ2) = (γ2, γ1) ,ω1 = ω2 diagonal reflection symmetry, and �2(γ1, γ2) = (γ1∗, γ2∗),
centro symmetry, to (41)(a–i) of Theorem 9 to get the following.
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Theorem 11 A complex polynomial P(γ1, γ2) possesses diagonal symmetry in its magnitude
response if its factors either alone or jointly satisfy one of the following conditions:

a) P(γ̂ ) = P (γ2, γ1) = P (γ1∗, γ2∗) (1 + T γ1)M (1 + T γ2)N

b) P(γ̂ ) = P (γ2, γ1) = −P (γ1∗, γ2∗) (1 + T γ1)M (1 + T γ2)N

c) P(γ̂ ) = P (γ2, γ1) = e jθ2 P∗(γ1, γ2)

d) P(γ̂ ) = −P (γ2, γ1) = P (γ1∗, γ2∗) (1 + T γ1)M (1 + T γ2)N

e) P(γ̂ ) = −P (γ2, γ1) = −P (γ1∗, γ2∗) (1 + T γ1)M (1 + T γ2)N

f) P(γ̂ ) = −P (γ2, γ1) = e jθ2 P∗(γ1, γ2)

g) P(γ̂ ) = e jθ1 P∗ (γ2∗, γ1∗) (1 + T γ1)N (1 + T γ2)M = P (γ1∗, γ2∗) (1 + T γ1)M (1 + T γ2)N

h) P(γ̂ ) = e jθ1 P∗ (γ2∗, γ1∗) (1 + T γ1)N (1 + T γ2)M = −P (γ1∗, γ2∗) (1 + T γ1)M (1 + T γ2)N

i) P(γ̂ ) = e jθ1 P∗ (γ2∗, γ1∗) (1 + T γ1)N (1 + T γ2)M = e jθ2 P∗(γ1, γ2) (43)

The polynomial factors satisfying Theorem 11 can be derived in the same manner as before
using the polynomial decomposition theorem. They are listed in Table 5.

4.11 Octagonal symmetry for complex polynomials

Octagonal symmetry is a combination of three symmetries: diagonal symmetry, quadrantal
symmetry, and rotational symmetry. The presence of any two of the three symmetries is
sufficient to guarantee octagonal symmetry. Since there are so many possible cases, we shall
consider only those for irreducible polynomials. We can derive these polynomial factors
by applying the rotational symmetry conditions (40)(a–e) to each of the quadrantal sym-
metry polynomials in Table 5. For instance, P(γ1, γ2) = Qee(γ1, γ2) possesses quadrantal
symmetry as per Table 5. Applying to this the rotational symmetry condition P(γ1, γ2) =
P (γ2∗, γ1) (1 + T γ2)

M from (40)(a) yields the polynomial factor: P(γ1, γ2) = Qee
S (γ1, γ2)

which possesses octagonal symmetry. Continuing this manner, the rest of the polynomials
can be derived and are summarized in Table 4.

4.12 Summary of complex polynomial factors possessing symmetry

The polynomial factors possessing the various symmetries are summarized in Tables 4, 5.
In Table 5, the corresponding irreducible polynomial factors in s-domain and z-domain
(Rajaravivarma et al. 1991) are also listed for comparison.

4.13 Convergence of γ-domain results to s-domain results

One major advantage of using the delta operator is that as the sampling period T → 0,
the γ-domain discrete-time system resembles that of a continuous-time system. As seen in
(2), when T → 0, δ [x (nT )] ⇒ d

dt x (t) in time domain. Alternatively, in the frequency or
transform domain, we can observe that:

lim
T →0

e jωi T − 1

T
= jωi

Recall that γi = (e jωi T − 1
)
/T and si = jωi . So as T → 0,

γi ⇒ si .

From the above we also have:
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lim
T →0

γ 2
i

1 + T γi
⇒ s2

i

Thus, as T → 0, the γ -domain even-even polynomial Qee(γ1, γ2) in (18) converges to its
s-domain counterpart Q

(
s2

1 , s2
2

)
, i.e.:

Qee(γ1, γ2)

=
(

1 + T γ1

2

)α (
1 + T γ2

2

)β

(1 + T γ1)

[
M
2

]

(1 + T γ2)

[
N
2

]

Q1

(
γ 2

1

1 + T γ1
,

γ 2
2

1 + T γ2

)

⇒ Q
(
s2

1 , s2
2

)

With this understanding, it is easy to see that the γ-domain symmetry results in Table 5
converge to the s-domain ones when T = 0. Such convergence is not possible with the tra-
ditional z-domain results. It may be noted that the above implies that we can get s-domain
results from γ-domain results. However, it is not easy to generate γ-domain results from
s-domain results.

5 Filter design example

We now utilize the symmetry constraints to design a 2-D γ-domain IIR filter with complex
coefficients. The optimization based procedure is adapted from Khoo et al. (2001, 2006) to
obtain the filter coefficients such that the filter specifications are satisfied. Because of the
symmetry constraints, the number of parameters to optimize is greatly reduced.

The magnitude specification of the filter is shown in Fig. 2a. It is clear that the magnitude
response possesses ω1 = ω2 diagonal reflection symmetry. (Note that θi = ωiT). So from
Table 4, we select the numerator to be NS(γ1, γ2), which is case (a). Recall that the sub-
script ‘s’ means that the polynomial is symmetric, i.e. NS (γ1, γ2) = NS (γ2, γ1). We then
select the denominator to be DR (γ1) · DR (γ2), which is a subset of case (c) in Table 4. The
denominator is chosen to be separable so that its stability can be easily assured. In addition,
the denominator coefficients are chosen to be real to reduce the number of parameters. The
numerator coefficients, however, are complex. The transfer function to be optimized and the
forms for the numerator and denominator are shown in Fig. 2b. We pick the order of the filter
to be (4,4). Because of the ω1 = ω2 diagonal reflection symmetry constraints, the number
of real parameters to optimize is reduced from 58 to 34. Since the numerator coefficients are
complex, each ai j has two parameters to be optimized. The denominator coefficients bi ’s are
real, so there is only one parameter per coefficient.

Because of symmetry, we need only specify the desired response in a reduced
region (180◦ sector) in the frequency plane. In this case, we optimize only in the re-
gion θ2 > θ1 and specify the sample points using rectangular grids. We then use the
“lsqnonlin” routine in Matlab’s Optimization Toolbox to minimize the objective function:
J =∑k

∑
l [F (θ1k, θ2l) − Fd (θ1k, θ2l)]

2. Here, F is the magnitude squared response of the
transfer function following the definition in (5), Fd is the desired magnitude square response
from the filter specification, and (θ1k, θ2l) are the selected frequency points to perform the
optimization. Once the optimal filter coefficients are obtained, the stability is checked by
solving for the poles. This is easy to do as the denominator is separable. Any unstable pole
can be stabilized by replacing it with its inverse pole γi → −γi/(1 + T γi ) without affecting
the magnitude response.

The contour and 3-D magnitude plots of the optimized filter are shown in Fig. 3.
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Fig. 2 a Specification of a lowpass filter with ω1 = ω2 diagonal reflection symmetry (Note that θi = ωiT);
b filter transfer function to be optimized and the forms for the numerator and denominator

Fig. 3 Contour and 3-D magnitude plots of the optimized lowpass filter in γ-domain

5.1 Coefficient sensitivity advantage of γ-domain design

From the filter specifications, it can be seen that the lowpass filter has a narrow passband.
For such filters, the γ-domain design has lower coefficient sensitivity to rounding errors
compared to the z-domain design. The plots in Fig. 4 show the filter responses when the
coefficients are rounded to 2 significant digits. It can be seen that the filter response is still
very similar to the original. The magnitude response only starts to deviate from the original
at 1 significant digit.

We next optimize for a z-domain filter satisfying the same filter specifications. The opti-
mized response is shown in Fig. 5. The response when the coefficients are rounded to 4
significant digits is shown in Fig. 6. It can be seen that the response has deviated signifi-
cantly at 4 significant digits. In fact, the filter has also become unstable.

So, in this example, the z-domain design requires 5 significant digits of precision in order
to maintain the correct magnitude response, while the γ-domain design only needs 2 signifi-
cant digits. This illustrates the sensitivity advantage of the γ-domain design over the z-domain
design for narrowband filters.
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Fig. 4 γ-Domain lowpass filter with filter coefficients rounded to 2 significant digits

Fig. 5 Original (unperturbed) z-domain lowpass filter magnitude response

Fig. 6 z-Domain lowpass filter with filter coefficients rounded to 4 significant digits

6 Conclusions

The delta operator formulated discrete-time system (γ-domain) offers advantages over the tra-
ditional shift-operator formulated discrete-time system (z-domain) such as better numerical
accuracy and lower coefficient sensitivity when high sampling rates are involved. In addition,
it provides convergence to the underlying continuous-time system when the sampling period
tends to zero. With these motivations, a unifying symmetry theory for γ-domain complex-
coefficient 2-D polynomials and functions is established that can be used to aid the design and
implementation of 2-D filters. Symmetry present in the 2-D frequency responses of a filter
induces a relation among the filter coefficients and multipliers which can reduce the com-
plexity of the design. In this paper, the symmetry constraints are identified and corresponding
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polynomial factors derived for 9 different types of symmetries. These symmetry results using
the γ-domain approach merge with the continuous-time results when the sampling period
tends to zero, which is not possible with the traditional z-domain approach. It may be noted
that the symmetry results for real coefficient γ-domain polynomials presented in Khoo et al.
(2006) are subsets of the results for complex polynomials presented here.

An example is then provided to illustrate the use of the symmetry constraints to design a
2-D IIR complex-coefficient filter, where the reduction in the number of independent filter
coefficients is shown. For the narrowband filter in the example, it is also shown that the
γ-domain design possesses better coefficient sensitivity than the z-domain counterpart.

Some of the future research could be focused on the application of 2-D symmetry theory to
2-D FIR/IIR filter bank design based on the works of Charoenlarpnopparut and Bose (1999,
2001).
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